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Abstract

We consider multidimensional integral operators with homogeneous kernels of degree . We obtain the
conditions for @, which are necessary for the boundedness of these operators in Lebesgue spaces. Using the
conditions for &, we establish sufficient conditions for the boundedness of integral operators with homoge-
neous kernels in Lebesgue spaces. In addition, concrete examples of operators are considered in this paper.
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Introduction

At the present time, there are many papers dealing with multidimensional integral operators with homogeneous kernels
of degree (—n). The investigation of such operators was started by L. G. Mikhailov in connection with studying of elliptic
differential equations with singular coefficients (see [1]-[2]). Further, the study of integral operators with homogeneous
kernels was continued by N. K. Karapetyants, S. G. Samko, O. G. Avsyankin, V. M. Deundyak and other authors (e.g.,
see [3]-[11] and the bibliography therein). For operators, whose kernels are homogeneous of degree (—n) and invariant
with respect to the rotation group SO(n), criteria for invertibility and the Fredholm property were obtained, the Banach
algebras generated by these operators were studied, and the conditions for the projection method to apply were found. We
especially note the articles [3, 5], and [10], in which the boundedness of operators with homogeneous kernels in various
spaces was investigated.

The present paper is devoted to multidimensional integral operators whose kernels are homogeneous of degree a, where
a # n. We consider these operators either in the space L,(B,) or in the space L,(R" \ B,), where B,, is the unit ball in R".
We obtain the conditions for the homogeneity degree «, which are necessary for the boundedness of the integral operator
in these spaces. Taking this into account, we establish sufficient conditions for the boundedness of integral operators with
homogeneous kernels in these spaces. The case of kernels, which are invariant with respect to the rotation group SO(n),
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is considered separately. We also give application our results to various concrete examples of operators with homogene-
ous kernels.

We use the following notation:

* R" is the n-dimensional Euclidean space; x = (x|, ...,x,) € R";

o|x| = \/x% +otx2 ) =x/Ixlxcy =Xy XY

B, = (x€R": x| <1};CB, =R"\B,;

S, ={xeR": |x]|=1}

‘R, = (0, ).

eLet]l < p < oo,and D C R” be a measurable set. Then, Lp(D) is the space of (classes of) measurable complex-valued
functions with norm

1/p
Hf”Lp(D) = </ VA3l dx) s <p<oos Iflly ) =ess SDuPlf(x)|-
xXE
D

The necessity of the conditiona > —n(ora < —n)

Let1 < p < 0. In the space Lp([EBn), consider the integral operator

(Ko)x) = / kCx, Y)o() dy, (1)

B

n

where the function k(x, y) defined on R"” X R” (here and below, it is assumed that #n > 2) is measurable and homogeneous
of degree a (a € R), i.e.,

k(Ax, Ay) = A%k(x,y) VA >0. 2)

The purpose of this section is to find a condition for @, which is necessary for the boundedness of the operator K in the
space L,,([Bn). To achieve it, define the operator U, where 6 > 0, as follows:

5n/p 8), |x| <8,
(Ug(P)(x):{O NN

if0< 6 <1, and

(U 0)(x) = 677 p(x/5),

if 6 > 1. Note that for 0 < 6 < 1the operator Uj is left invertible, and the left inverse operator U5‘1 is defined by the equa-
tion U;' = Uy... It is known (see [6]) that || U || = 1.

Lemma 1 If the function k(x, y) is homogeneous of degree a and the operator K is bounded in the space L,(B,), then
o= —n.

Proof Let0 < 6 < 1. Taking into account the property (2), we have

(U;'KU;0)(x) = / k(8x,y)p(y/8) dy

lyl<é
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— st k(Cx, Hp(t) dt = 6n+0t(K(p)(x).

lyI<1

Since K¢ = 6~ " U KU, and || U = 1, then the inequality
1Kol @, < 5_(n+a)”K””§0”Lp([Bn)

is valid. Assume that n + @ < 0. Then, letting 6 tend to zero, we obtain that ”K@”Lp(Bn) = 0 for any function ¢ € L,(B,).
Hence, the operator K is the null operator. This contradiction leads to the inequality n + a > 0.

In the space L,(CB,), we consider the operator
(Ky)(x) = / k(x, )y (v) dy, 3)
CB,

where the function k(x, y) is defined on R” X R” and satisfies the condition (2). Define the operator U, 6 > 0, in Lp(C[EBn)
by the formulas

5Py (x/8), |x| > 6,

Usy)(x) = { 0 x| < 6

if 6 > 1, and

Usp)@) = 677y (x/5),
if 0 < 6 < 1. Note that for 6 > 1the operator U; is left invertible, and the left inverse operator U, 'is given by the equation

U;' = Uy,

Lemma 2 If the function k(x, y) is homogeneous of degree a and the operator K is bounded in the space L,(CB,,), then
a < —n.

Proof Let$ > 1. Using the change of variables y = 6t and taking into account (2), we obtain
Uy Kisyr)(x) = / k(6x, ) (v/8) dy = 8" (KKy)(x).
[yI=é

From here it follows that
KWL (ca,) < 5_(n+a)||’C||||W||Lp(CBn)-

If n + @ > 0, then letting 6 tend to infinity, we obtain that || Cy|| L,(CB,) = 0 for any functiony € L,(CB,). Therefore, Kis
a null operator, which is impossible. Hence, n + a < 0.

Remark 1 In the space L,(R"), consider the operator

(Ko)(x) = / k(x, y)p(y) dy,

R

where k(x, y) satisfies the condition (2). It follows from Lemma 1 and Lemma 2 that if K is bounded, then it is necessary
thata = —n.
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Sufficient conditions for boundedness

In the space Lp([EBn), 1 < p < o0, consider the operator K defined by the formula (1). The aim of this section is to find suf-

ficient conditions for the boundedness of the operator K in L,(B,,).
Theorem 1 Let the function k(x, y) be homogeneous of degree a, where a > —n, and satisfy the following conditions

X, = ess sup/ |k(o, 0)| || ™"/7 dt < oo,

c€S,_;
R

n

X, = ess sup / |k(z, o)||1] /7'~ dt < o0,
c€ES,_,
R}l

where p' = p — 1). Then, the operator K of the form (1) is bounded in the space L, (B,),1 < p < o0, and
pP\n

/P 1/p
X, ||§0||L,,(Bn>-

1
”K(p”L,,([B,,) < 1
Proof Let us consider two cases.

1) Letl < p < oo. Applying the Holder’s inequality, we obtain

|(Kp)(0)| < / k(e Mo dy

lyl<1
= / (1kCe WP [y 1778 (L, ) [P 19177 | ()] ) dy
lyl<1
1/p 1/p
<< / |k(x,y>||y|-"/"dy> ( / |k<x,y)||y|"/P’|(p(y>|"dy> :
[yl<1 lyl<1

Let us transform the first integral. Using the change of variables y = |x|f and taking into account (2), we have

/ JeCe, I[P dy = | 7+ / kG, 12777 de

IyI<t Il
< |x|—n/p+a+n/ |k(x’,t)||t|_”/” dt < x |x|—n/p+a+n.
RH

Thus, we have the inequality

1/p
[(K)x)| S}fll/" || 7/ Pt/ (/ k(e )| |y|"/? I(p(y)l”dy> -

lyl<1

Hence,

“

®

(6)
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/

”K(p“L (@ < }{f/[’ le—n/p’+(a+n)[’/p’ dx k(x, )| Iyln/p’ lo()|P dy

[xl<1 lyl<1

=" / eIy dy / ke, )| ] 7 0D g,

[yl<1 [xI<1
In the inner integral, we make the change of variables x = |y|t and use the condition (2). As a result, we obtain

”K‘p”L . < %P/P / |¢(y)|P|y|(0t+n)P dy / Ik(t,y/)l|t|_"/p/+(“+")(p_l)df-

<l L
i <y
Since a + n > 0, then |¢|@+P < |y|~@+P_ Thus,

1Kol o, <" [ ol dy / k(Y 17 =

Iyl<1 lfl<~

Iyl

N / P dy / e,y 7 =" i

Iyl<1

p/p / |(P()’)|p<esssup/|k(t,y’)||t|—n/p’—a—ndt> dy

[yt

= }{f/p }(2 / |§0()’)|p dy < }{f/[’ %le(plllzp(Bn)

Iyt

From here it follows inequality (6).
2) Let p = co. Then, we have

(Ko@) < / kG loW dy < ol | eoyldy.

Iyl<1 Iyl<1

Using the change of variables y = |x|t and the condition (2), we obtain

(KD < ol Il / kG ) .
Rn

Since n + a > 0, then |x|"** < 1for all x € B,,. Thus,

[(Kp)x)| < ||(P||LM(BM)GSS§SUP/ k(D] dt < xllell;_@,)
Y'es,

for almost all x € B,,. Therefore,
IKoll, @, <ol e, @)

The proof is complete.

Remark 2 For p = 1, it suffices to have only one condition (5). More precisely, if only condition (5) is satisfied, where
p = 1, then the operator K is bounded in the space L,(B,) and

”K(p“L]([EB,l) < }{2”(p“LI([EB,,)'
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Similarly, if only condition (4) is satisfied, where p = oo, then the operator K is bounded in L (B,) and the inequality
(7) holds.

Remark 3 For a = —n conditions (4) and (5) coincide with the well-known conditions of N.K. Karapetyants (see [3]).
For integral operators whose kernels are invariant under all rotations of R”, conditions (4) and (5) are significantly simpli-

fied. Recall that a function k(x, y) is called invariant under the rotation group SO(n) if

k(w(x), o(y)) = k(x,y) VYo € SO(n). 8)

Corollary 1 Let the function k(x, y) be homogeneous of degree a, where a > —n, invariant under the rotation group SO(n),
and satisfy the condition

x= [ e ol d= [ kel dr < o ©

RH R)X
where e; = (1,0, ..., 0). Then, the operator K of the form (1) is bounded in the space L,(B,),1 < p < o0, and

1Kol @, < %ol @,)- (10

Proof In (4) and (5), we make the change of variables t = w_ (), where w,, is any element of the group SO(n) such that
w,(e;) = o. Then, taking into account (8), we reduce the formulas (4) and (5) to the form

% =esssup/|k(a,t)||t|_”/pdt=/|k(el,‘r)||1|_"/pd1<oo,

c€S,
R R

c€S,_

%, = ess sup/ |k(t, o)||¢] /7'~ dr = / |k(T,el)||T|‘”/p/""”d1 < 0.
1
Rn R

To finish the proof, we show that y; = x, = x. Passing to the spherical coordinates t = p8, we have

%1=/|k(€171)||1|_"/”d7=// \k(e,. p0)| """ dpd@.
R 0'S,,

Using the change of variables p = 1/r and using the condition (2), we obtain

[s0)

x, = / / k(re,, 0)|r~"/7" %1 drd®.

0s

n—1

Since k(x, y) satisfies the condition (8), there exists a function k(r, p, #) such that k(x, y) = ky(|x|, [y],x" - ¥") (see [4, p. 68]).
Then,

k(re;,0) = ky(r,1,e; - 0) = ko(r, 1,0 - e)) = k(r, ¢,).

Therefore,

(o)

X = / / |k(r0, e )| "7~ drd = / lk(z,e)| 2|7 =" dr = x,.
0S R»

n—1

Since »x; = x, = x, this consequence follows directly from Theorem 1.
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If k(x,y) > 0 and @ = —n, then the condition (9) is necessary for the boundedness of the operator K (see [3, 4, p. 70]). But
if @ # n, then (9) is not necessary for the boundedness of the operator K with a non-negative kernel. Indeed, in the space

L,(B,) consider the operator
()
Kop)(x) = /
x =yl h

It is known (e.g., see [12, p. 212]) that this operator is bounded in L,(B,). However, (9) is not fulfilled because
/ dt — o
ey = 11211172
Rn

Example 1 Let us provide an example of a function satisfying the conditions of Corollary 1. Consider the function

_ L expli )
K= R+ b7 a

where > = —1, f,¥ > Oand § + y < n. It is obvious that this function is homogeneous of degree & = —(f# + y) and invari-
ant under the rotation group SO(n). Moreover,

1
w= | |k(e,t t‘”/Pdt=/ dt < o
/|<1m| (1 + |t1)le; — tlP[e]/P
Rn er

ifl < p<n/(n—p—y). Thus, the operator K with the kernel k(x, y) of the form (11) is bounded in the space Lp([EBn) for
l<p<n/(n—p—y).
In the case f +y = n, where y > 0, the operator K is bounded in L,(B,) for1 < p < co.

Further, in the space L,(B,,), consider the operator of Volterra type

@@m=‘/kmwmw@

[yI<lxl

Corollary 2 Let the function k(x, y) be homogeneous of degree a, where a > —n, invariant under the rotation group SO(n),
and satisfy the condition

iz/M@ﬁWWmm=/MmquW””m<m 12

1<l HES!

Then, the operator K is bounded in the space L,(B,),1 < p < oo, and
1Kol @, < %”(p”Lp(Bu)' (13)

Proof Represent the operator K in the form (1) with the kernel %(x, y) given by the formula

~ kG, Iyl < Ix],
k“”‘{a vl > Il

Then, (12) is equivalent to the condition (9) for the function %(x, ¥). Therefore, by virtue of Corollary 1 the operator Kis
bounded in L,(B,) and the inequality (10) takes the form (13).

Example 2 Consider the operator K with the kernel k(x, y) of the form (11), assuming that f,y > O and § + y < n. Since
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~ / 1
(L +[t[)]ey — t]P)e|"/p

|tl<1

for1 < p < oo, the operator K is bounded in Lp([Bn) for these values of p.
Let us proceed to the investigation of the operator K of the form (3). We consider this operator in the space L,(CB,).

Theorem 2 Let the function k(x, y) be homogeneous of degree a, where a < —n, and satisfy conditions (4)—(5). Then, the
operator K of the form (3) is bounded in the space L,(CB,),1 < p < o, and

1
”ICW”LP(C[Bn) < %l/p

0Pl o,
Proof The proof is similar to the proof of Theorem 1.

Corollary 3 Let the function k(x, y) be homogeneous of degree a, where a < —n, invariant under the rotation group SO(n),
and satisfy condition (9). Then, the operator K of the form (3) is bounded in the space L,(CB,),1 < p < oo, and

||ICII/||LI,(CB,,) < }(”W”LP(CB,,)'

Proof 1t follows from the equality », = x, = x, which was obtained in the proof of Corollary 1.

Example 3 Consider the operator X with the kernel k(x, y) of the form (11), wherey > 0,0 < f# < rnand § + y > n. Then,

/ 1
x = dt < oo,
(L+[t|)ley — t|P|e|n/p

R)l

if 1 < p < oo. It follows that the operator K is bounded in L,(CB,,) for these values of p.

The one-dimensional case

In this section, we will make some clarifications related to one-dimensional integral operators with homogeneous
kernels of degree a.
In the space LP(O, 1), where 1 < p < oo, consider the operator

1

@NHX) = / q(x, y)f (y) dy.

0

where the function g(x, y) defined on R, X R, is measurable and homogeneous of degree a (@ € R), i.e.,
q(Ax, Ay) = A%g(x,y) for any A > 0.

As in Lemma 1, the boundedness of the operator Q in the space L,(0, 1) implies that « > —1. The following theorem
provides sufficient conditions for the boundedness of the operator Q.

Theorem 3 Let the function q(x, y) be homogeneous of degree a, where a > —1, and satisfy the condition
9= / lg(1, )|t~/ dr = / lq(t, DI /7 =71 dt < co. (14)
0 0

Then, the operator Q is bounded in the space Lp(O, 1),1 < p < oo, and
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“Qf"Lp((),l) < 19“f||Lp(0,1)'

Proof The equality of integrals in formula (14) is verified directly. The proof for the boundedness of the operator Q is analo-
gous to the proof of Theorem 1.

Example 4 In the space L, (0, 1), consider the Hardy-type operator

X

o0 == [ owan
X

0

where 0 < f < 1. The kernel of this operator is the function

1/xP, y < x,

It is easy to see that this function is homogeneous of degree (— /) and satisfies the conditions (14) for1 < p < .
In conclusion, it should be noted that the inequality @ < —11is the necessary condition for boundedness of the operator

o

(QFx) = / G0e ) () dy

1

in the space Lp(l, 00), and the condition (14) is sufficient for the boundedness of this operator.
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