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We establish a conditional optimality result for an adaptive mized finite element method
for the stationary Stokes problem discretized by the standard Taylor—Hood elements un-
der the assumption of the so-called general quasiorthogonality. Optimality is measured
in terms of a modified approximation class defined through the total error. We prove
that the modified approximation class coincides with the standard approrimation class,
modulo the assumption that the data is reqular enough in an appropriate scale of Besov
spaces. Bibliography: 35 titles. Illustrations: 2 figures.

1 Introduction

We consider adaptive mixed finite element methods for the stationary Stokes problem

(1.1)
V-u=0,

discretized by the standard Taylor-Hood elements. Here, u : 2 — R" is the unknown velocity
field, p : Q — R is the unknown pressure field, f € L?(Q2,R") is the given data, and Q C R" is
a bounded polyhedral domain with Lipschitz boundary. One can think of the space dimension
to be n =2 or n = 3. We impose the no slip boundary condition u|sg = 0 on the velocity field,
and in order to ensure uniqueness, we require that the pressure field is of vanishing mean.

Convergence theory of adaptive finite element methods has been an active field of research
especially since the influential paper [1]. A near complete understanding was achieved for Poisson
type problems [2]-[5]. There is a growing body of literature on adaptive discretization of saddle
point problems such as (1.1), but the question of convergence rate for adaptive mixed finite
element methods with standard Taylor—Hood elements is entirely open.
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Building on the pioneering works [6, 7], optimal convergence rates were established for certain
elliptic reformulations of the Stokes problem in [8]. Moreover, for nonconforming discretizations
of the Stokes problem the same question was investigated in [9]- [11]. On the other hand,
adaptive mixed finite element methods for the Poisson problem were treated in [12]— [14].

Getting back to the discussion of adaptive mixed finite element methods with standard
Taylor-Hood elements, the first proof of convergence for such a method was published in [15],
where the standard a posteriori error estimator from [16] was modified. This proof was improved
in [17] to incorporate the a posteriori error estimator from [16] into analysis. We note that the
aforementioned results do not provide information about the rate of convergence.

In this paper, under the assumption of the so-called general quasiorthogonality, we establish
bounds on the convergence rates of adaptive mixed finite element methods for the Stokes problem
discretized by standard Taylor—-Hood elements, and show that these bounds are in a certain sense
optimal. This was motivated by the conceptual understanding of the role played by the general
quasiorthogonality in the analysis of adaptive methods, cf. [18]. What the concept of general
quasiorthogonality provides is a framework to potentially exploit the Galerkin orthogonality for
noncoercive or strongly nonsymmetric problems, a bottleneck that has been faced by researchers
for some time.

In order to discuss our other results, we need to fix some notation and terminologies. The
solution (u,p) € H' (2, R™)x L?(2) of (1.1) is said to be a member of the standard approximation
class o7 % if there exists a sequence of conforming triangulations Py, P, ... of €, obtained from a
fixed initial triangulation Py by applications of newest vertex bisections, such that # Py —# Py <
N and

lu—unllgr@rn) + P —PrllL2@) SCNT® VN, (1.2)

where (un,pn) is the Galerkin approximation of (u,p) from the Taylor-Hood finite element
space (of degree d for the velocity field and degree d — 1 for the pressure field) defined over the
triangulation Py, and C' is a constant independent of IN. Suppose that we have an adaptive
algorithm (based on the same Taylor—-Hood spaces and newest vertex bisections) that takes the
data f € L?(€2,R™) and the initial triangulation Py of 2 as its input, and produces the sequence
of triangulations Pj, Ps, ..., and the corresponding Galerkin solutions (uy,px) for & = 0,1,....
Then it stands to reason to say that the algorithm converges at the optimal rate if

v = vkl g rny + 1P — Prllz2@) < C(#P: —#FP)™ Vk, (1.3)

whenever (u,p) € &/° for some s > 0. For the Poisson equation Au = g, such an optimality
result was obtained in [4], for an adaptive algorithm that uses an inner loop for resolving the data
g. It was later discovered in [5] that if we do not add an inner iteration, the algorithm remains
optimal provided that we modify the approximation class to include in its definition a measure
of resolution of g. The analogue of this modification in our setting is as follows. The solution
(u,p) € HY(Q,R™) x L?(Q2) of (1.1) is said to be a member of the modified approzimation class
75 if there exists a sequence of conforming triangulations Py, Ps, ... of €2, obtained from a fixed
initial triangulation Py by applications of newest vertex bisections, such that #Py — #FPy < N
and

lu—unllmrre) + lp — P llz2@) +osen(f) SCN™* VN, (1.4)

where (uy,pn) is the Galerkin approximation of (u,p) from the Taylor-Hood finite element
space defined over the triangulation Py, and oscy(f) is the so-called oscillation term, which
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depends only on Py and f. Note that <7 is indeed a space of pairs (u, p), because f is completely
determined by u and p. Note also that &/ C &/*, since the membership of &7° has the extra
requirement that the oscillation oscy(f) is suitably reduced as N grows. Although reducing
the oscillation is by no means among our initial ambitions, it turns out that <7° is completely
natural from the perspective of adaptive methods. In particular, the quantity on the left-hand
side of (1.4), called the total error, is equivalent to the error estimator, and so an algorithm
that only “sees” the error estimator will have to reduce the oscillation anyway. With respect
to the approximation classes «7°, we have the following conditional optimality result, which
will be proved in Section 4. The aforementioned general quasiorthogonality assumption appears
here in (1.5).

Main result 1. Let (u,p) € &° for some s > 0, and let Py, P;,... be the sequence
of triangulations generated by the adaptive algorithm defined in Section 4 with the Galerkin
solutions (ug,pk), k = 0,1,.... In addition, we assume that there exists a constant ¢ > 0 such
that

WE

(||ug — Uk_l,_l”%_[l(Q’Rn) + Pk — Prtt H%z(a))
z (1.5)

N T

(|lu— uﬁ”%ﬂ(ﬂ,R”) +p— pﬁH%Q(Q))

for any integer £. Then

lu — ug|lgr @ rny + 1P = Prllz2() +0oser(f) < C(#H Py — #FP)™° V&, (1.6)

where oscy(f) denotes the oscillation on the mesh Py.

We have this conditional optimality result for an algorithm that uses the a posteriori error
estimator from [16]. As a theoretical tool to be employed in the analysis, we introduce a sup-
posedly new a posteriori error estimator, which also yields optimal algorithms. For algorithms
that use the modified estimator from [15], we establish geometric error reduction, but we were
unable to prove optimal convergence rates, because of the apparently nonlocal character of the
estimator.

There is a remark to be made on the nature of the constant C' that appears in (1.6). From
the experience with Poisson-type problems, one would expect that the constant C' must be of
the form C' = c|(u, p)| s, where ¢ does not depend on (u,p), and |(u,p)|ws is the norm of (u, p)
in the space 7°. In Main result 1, however, we do not rule out the possibility that ¢ depends
on (u,p).

The final part of the current paper is independent of optimality results, and concerns interre-
lations between the modified approximation classes «7° and the standard approximation classes
/5. The pairs (u,p) contained in the gap o/° \ <77 can in principle be approximated with the
rate s by some approximation procedure, but Main result 1 cannot guarantee the convergence
of the adaptive finite element methods with the same rate. Our approach to this problem is to
show that (u,p) does not lie in the gap as long as the data f have some regularity in terms of a
scale of Besov spaces. Namely, the following result will be proved in Section 5.

Main result 2. Let f € By (2,R") for some 0 < ¢ < oo and a > n/q — n/2 satisfying
0<a<d—1+max{0,1/¢—1}. Then (u,p) € &/ implies (u,p) € &7 with s = (o +1)/n.
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Figure 1. The shaded region represents the pairs (1/¢, «) allowed in Main result 2. If the
function f € By, was being adaptively approximated in the H ~! norm and By, CH -
then we would expect the rate of convergence to be determined by the vertical offset of
the point (1/¢,«) in relation to the dotted line. Main result 2 basically says that the
same convergence rate is restored for the total error as long as By, is embedded into
L? and (u,p) is regular enough (to be in <7%).

To prove this result, we adapt the techniques from [19] and [20], where the said techniques
have been used to show embeddings of the form By, C «/®. FEarlier influential works in the
same vein include [21] and [22]. We also establish embeddings of the form Bg, C </° in the
context of the Stokes problem, see Theorem 5.2. Note that the regularity of the Stokes problem
in the same Besov scale has been studied in [23].

This paper is organized as follows. In the next section, we discuss assumptions on the
triangulations, the refinement procedures, and the finite element spaces for discretizing the
Stokes problem. Then in Section 3, we introduce three kinds of a posteriori error estimators,
and establish some of their properties. The conditional optimality result mentioned above,
together with a theorem on geometric error reduction are proved in Section 4. In Section 5, we
deal with interplays between the approximation classes and Besov spaces.

2 Discretization of the Stokes Problem

Let 2 C R™ be a polyhedral domain with Lipschitz boundary, where n = 2 or n = 3. We

call a collection P of triangles (or tetrahedra) a partition of Qif Q = |J 7, and 7 No = @
TEP
for any two different 7,0 € P. For refining the partitions we use the so called newest vertex

bisection algorithm; details can be found in [3, 24]. A partition P’ is called a refinement of P
and denoted P < P’ if P’ can be obtained by replacing zero or more 7 € P by its children, or by
a recursive application of this procedure. Throughout this paper, we only consider conforming
partitions that are refinements of some fized conforming partition Py of 2. The newest vertex
bisection procedure produces shape reqular partitions, meaning that

(diam 7)"

: P, P (P, 2.1
vol(7) T € P, P € conf( 0)}<oo, (2.1)

Oy = sup{

where conf(Fy) denotes the family of all conforming partitions that are refinements of Py. This
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family is graded (or locally quasi-uniform), in the sense that

diam o

Og = Sup{diam — o€ P,oNT#a,P¢c Conf(Po)} < 0. (2.2)

Note that the shape regularity and gradedness together imply local finiteness, meaning that the
number of triangles meeting at any given point is bounded by a constant that depends only on
Os, Og, and n.

In general, a naive refinement of a conforming partition would produce a nonconforming
partition, so, in order to ensure conformity, one must perform additional refinements. This pro-
cedure is called completion, and a quite satisfactory theory of completion has been developed in
[3, 24]. We consider the whole process of obtaining a conforming partition from an initial con-
forming partition as a single refinement step that works in the category of conforming partitions.
Given a partition P € conf(FPp) and a set R C P of its triangles, the refinement step produces
P’ € conf(F), such that P\ P’ O R, i.e., the triangles in R are refined at least once. Let us
denote it by P’ = refine(P, R). We have the following on its efficiency: If {P;} C conf(F) and
{Ry} are sequences such that Py, = refine(Py, Ry) and Ry C Py for k=0,1,..., then

/-1

#P — #Py < Ced #Rp, (=1,2,..., (2:3)
k=0

where C;. > 0 is a constant.

Another notion we need is that of overlay of partitions: We assume that there is an operation
@ : conf(Py) x conf(Py) — conf(Fy) satisfying

PeQzP, PoQ=z=Q, #(PoQ)<#P+#Q—#DI (2.4)

for P, € conf(Fp). This assumption is verified in [4, 5], where P®(Q is taken to be the smallest
and common conforming refinement of P and Q.

Let V = H}Q,R") and Q = L%*(Q)/R, the latter being the space of L? functions with
vanishing mean, and let X =V x ) be the Hilbert space equipped with the norm

Io. D)llve = (ll? + llaly) 2. (2.5)

We consider the following weak formulation of the Stokes problem (1.1): Find (u,p) € X
satisfying
a(”? U) - b(U,p) - b(uv Q) = <f7 U>L2 v (’U, Q) € X, (26)

where the bilinear forms a: V x V — R and b: V x () — R are defined respectively by
a(u,v) = /Z@iukaivk, b(u,q) = /qZ@iui, (2.7)
o ik o i

and (-,-);2 denotes the inner L? product. It is known that for any f € L?(Q2,R") the problem
(2.6) admits a unique solution (u,p) € X (see, for example, [25]). In fact, the operator A : X —
X' defined by

(A(u,p), (v,q)) = a(u,v) — b(v,p) — b(u,q), (u,p),(v,q) € X, (2.8)
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is invertible, where (-, -) denotes the duality pairing between X’ and X. It is easy to see that A
is linear, bounded, and self-adjoint. In particular, by the Banach bounded inverse theorem, the
inverse A~!: X’ — X is bounded as well. In terms of the operator A, the Stokes problem (2.6)
can be written as

A(u,p) = F, (2.9)

where the linear functional F' € X' is defined by
(F,(v,0) = (fiv)rz ¥ (v,q) € X. (2.10)

In the discretization of (2.6), we use the classical finite element spaces introduced by [26].
Given a partition P € conf(Fp), we define the discontinuous piecewise polynomial space Sj‘i by

5S4 = {u e L>®(Q) : u|, € Py¥r € P}, (2.11)

where P; denotes the set of polynomials of degree less than or equal to d. Then the Taylor—
Hood finite element spaces are Vp =V N (S%)" and Qp = Q N C(Q) NS4, and the Galerkin
approximation (up,pp) € Vp x Qp of (u,p) from Vp x @Qp is characterized by

a(up,v) —b(v,pp) — b(up,q) = (f,v)r2 V¥ (v,q9) € Vp X Qp. (2.12)
It is proved in [27, 28] that for any d > 2 and for n € {2,3} the pair (Vp,Qp) satisfies the

stability property
b(v,q
lallo < Cs sup (2,9)

veVp HUHV ’

q€Qp, (2.13)

with Cs depending only on the initial partition Py, under the sufficient condition that Py contains
at least three simplices and each simplex has at least one vertex in 2. Earlier works on the
stability of the Taylor-Hood elements include [25] and [29]- [32].

Throughout the paper, we assume that the stability (2.13) holds with Cs depending only on
Py. This assumption implies the well-posedness of the discrete problem (2.12), as well as the a
priort error estimate

lu—upp—pp)lva@ <C. it lw=vp—a)lvee (2.14)
(v,9)EVPXQp

where the constant C! depends only on Cs and the geometry of the domain 2. Moreover, for
any (w,r) € Vp x Qp we have

||(w7r)”VxQ < C; sup CL(U),’U) - b(w,q) - b(?),r)

(2.15)
(0,0)EVPXQp (v, @)llvxq

We close this section by remarking that the Galerkin problem (2.12) can be given in a
convenient operator formulation. Let Xp = Vp x Qp, and let jp : Xp — X be the natural
injection. Then (2.12) is simply

jpAjp(up,pp) = jpF, (2.16)
where jp : X’ — Xp is the dual of jp and A and F are defined in (2.8) and (2.10) respectively.
The significance of the stability assumption in this formulation is that (2.15) gives not only the
invertibility of the operator Ap = j5»Ajp : Xp — Xp, but also it implies the bound ||Ap'|| < C.
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3 A Posteriori Error Estimators

For P € conf(Py) we denote by Ep the set of interior edges (or faces if n = 3) in the partition
P. Let h, = |7|/", and let h, = |e|/(»=1) where |7| and |e| are the n- and (n — 1)-dimensional
volumes of 7 € P and e € Ep respectively. Moreover, for () C P, we denote by Eg the set of
interior edges of @, i.e., the set of edges that are adjacent to two triangles from (). Then for
@ C P we introduce the residual based a posteriori error estimators

(P, Q) =Y R2||f + Aup — Vpplliaey + Y helllDouplllis), (3.1)
TEQ SGEQ
m(P,Q) =m(P,Q)+ Y V- uplizi, (32)
TEQ
m(P,Q) =m(P,Q) + Y hel|V - uplr |72, (3.3)
TEQ

where [0,up] is the jump in the normal derivative of up across the edge e. It is understood that
the differential operators A and J, act on vector functions such as up component-wise. The
estimator 7; was introduced in [16], and the estimator 7y was proposed in [15] as a variation on
m. The estimator nz seems to be new.

As shown in [16], we have the equivalence
lu —uplly + llp = peld S (P, P) S llu—upli + lp — ppl§ + osc(P), (3.4)

for the error estimator i = 71, where the oscillation is defined by

osc(P) = min thHf gHL2 (3.5)

-2y
€(5p TEP

Hereinafter, we often dispense with giving explicit names to constants and use the Vinogradov
style notation X <Y which means X < C -Y with some constant C' that is allowed to depend
only on Py and (the geometry of) the domain Q. Moreover, even when we give names to
constants, we will not explicitly mention that the constants can depend on Py and €2, and this
dependence will always be implicitly assumed.

The equivalence (3.4) also holds for n = g because

IV - uplfa@) S D hell@ur]liag (3.6)
ecEp

and, consequently ([15, §3.3] and [7, Proposition 5.4]),
no(P, P) <mu(P, P) S mo(P, P). (3.7)
Now, that we have (3.4) for both 1y and 7;, we get it also for 7, because
no(P, P) <nma(P,P) S m(P, P), (3.8)

where the second inequality follows from ||V - up|-|[12(9-) < hT_l/QHV “up||2(ry. To reiterate,
the global equivalence (3.4) holds for all three estimators ng, 11, and ;.
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A convenient fact is that each estimator dominates the oscillation in the sense that
osc(P) < no(P, P), P € conf(R). (3.9)

This is immediate because Aup — Vpp € (Sj‘f,_2)" in (3.1), while (3.5) involves the minimization
over the space (S% %)™

By standard arguments, we easily get local discrete upper bounds for 7, and 7y, which we
record in the next lemma. In the statement of the lemma, we note that P\ P’ is the set of
triangles in P that are refined as one goes from P to P’

Lemma 3.1. For P, P’ € conf(Py) with P < P’ the local discrete upper bound holds

lupr = uplS + [lppr — pplly S m(P, P\ P). (3.10)

Moreover, the local equivalence takes place

04771(P; Q) < nQ(Pv Q) < /Bnl(Pv Q)a Q - P7 (311)

where a > 0 and [ are constants.

Proof. For any (v,q) € (Vp,Qp/) and (vp,qp) € (Vp,Qp) Equation (2.12) and integration
by parts give
a(upr —up,v) = b(v,ppr — pp) — blup — up,q)
= a(upr —up,v —vp) = b(v —vp,ppr — pp) — b(upr — up,q — qp)

= (f,v—wvp) —alup,v —vp) + b(v —vp,pp) + blup,q — qp)

:(fﬂJ—UP>+Z</AU'(U—UP)—/3VUP'(U—UP)>
or

TEP T

- /(U—UP)-Vper/(q—qp)V-up- (3.12)

Q Q

Let w =1int |J T, i.e., let w be the interior of the region covered by the refined triangles.
TEP\P’

Then we set (vp,gp) to be equal to (v,q) in Q \ w and to the Scott-Zhang interpolator of (v, q)

in w. In doing so, we choose the Scott—Zhang interpolator to be adapted to the boundary of w,

thus ensuring that vp € Vp and gp € Qp (see [33]). With this preparation, we can continue the

chain of reasoning as follows:

a(upr —up,v) — b(v,ppr — pp) — blupr —up,q)

:Z/(f—i-Au—Vpp)-(v—vp)— Z /[8,/11,]3]'(U—UP)+/(Q—QP)V'UP
Q

TEPT ecEp e

< Z |f + Au— Vpp| L2 llv — vz

TEP\P'
+ > Nowuplllzzmlle = vellem + Y IV -upllizmla = apllzae)- (3.13)
e€Ep\Ep/ TEP\ P’
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Since (upr —up,ppr —pp) € (Vpr, Qpr), we use the stability (2.15), in combination with standard
estimates for the Scott—Zhang interpolator and local finiteness to establish (3.10).
The second inequality in (3.11), namely, n2(P, @) < n1(P, Q) follows from the inverse estimate
IV up|rllr2(9r) < hT_I/2HV-uP||L2(T). In order to prove the other inequality 71 (P, Q) < n2(P, Q),
we localize the argument from [7, 15]. Putting v = 0 in (2.12), we see that V-up is L?-orthogonal
to the pressure space Qp. Since
/ V-u P = 0

Q

by the divergence theorem, this means that V-up is L2-orthogonal to the full space C(2) msg‘i—l.

In particular, (V - up)l, is L?-orthogonal to H{(w) N S$™ on w, where w = int |J 7, meaning
TEQ

that

IV - upllr2@) < IV -up —qllr2w) (3.14)

for any ¢ € Hy(w)NSE L Let S* = {g € L2 (w)nSLt:yg L2y Hi(w) N SE1}. Then we
claim that

92y S 3 hellgllBa + S helgliag (3.15)
ecEqg {e€Ep:eCOw}

for any g € S*, where [g] denotes the jump in g across e. Indeed, the right-hand side defines
a (squared) norm on S* since the vanishing of this quantity implies that g € C(w) N S5
and g|g, = 0, which means that g = 0 by g L2() H}(w) N Sj'lg_l. The local scaling by he
can be deduced by a local homogeneity argument. Finally, plugging in ¢ = V - up and using
straightforward bounds, we complete the proof. O

We end this section with the following standard result.

Lemma 3.2. (a) Let P, P’ € conf(Py) be such that P <X P’, and let

(P, P\ P) > (P, P) (3.16)

for some 0 < 0 < 1. Then

772(P,7P/) < /“72(P7 P) +’YH(UP —up,pp _pP/)H%/XQ7 (3'17)

with ;< 1 and ~ depending only on 0.
(b) Let P, P' € conf(Py) be such that P <X P', and let for some 0 < p < 1/2

(P, P') < pma(P, P). (3.18)

Then
n2(P,P\ P') = 0%(1 — 2u)nz(P, P), (3.19)

where 8% > 0 is a constant independent of .

Proof. (a) By standard arguments, one can prove that
m2(P', P') < (L+8)n2(P, P) = X1+ 8)na(P, P\ P') + Cs||(up — upr,pp — pp)|¥xq  (3:20)
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for any P, P’ € conf(P,) with P < P’ and any § > 0, where Cs can depend on 4, and A > 0 is
independent of 4. Upon using (3.16), this gives

(P, P') < (1+6)(1 = M)na(P, P) + Csl|(up — upr, pp — ppr)l[3r - (3.21)
Choosing § > 0 small enough we get (3.17).
(b) Observe that

ma(P, PN P <2ma(P,POP)+ Y 282 A(up —up) = V(pp — pp)l 72

TEPNP’
+ Y 2kl up —up)lFa + D 2heIV - (up —upr)lr 3200
e€EpNEp TEPNP!
<2n2(P', PO P+ C|(up — up,pp — pp) |t < - (3.22)

By this observation, the property (3.18), and the local upper bound from Lemma 3.1, we infer
(1= 2p)n2(P, P) < mo(P, P\ P') + no(P, PN P") — 2mp(P', P')
< (P, P\ P') + C|l(up = upr,pp — ppr)l[i xo S m(P, P\ P'), (3:23)

which concludes the proof. O

4 Convergence Rate

We are ready to start our discussion of adaptive algorithms and their convergence rates. A
template of an adaptive finite element method is displayed in Figure 2. The a posteriori error
estimator 1 can be chosen to be 7y from (3.1), m from (3.2), or 72 from (3.3). For theoretical
purposes, we think of the algorithm as generating an infinite sequence of triples { (P, ux, px)},
where Py, € conf(Fy) and (ug,pi) € Vp, x Qp, for all k& € Ng. The heart of the method is,
after computing the Galerkin solution (uy,px) on the mesh Py, to identify a minimal (up to a
constant factor) set Ry C Py of triangles satisfying the so-called Dérfler property

1n( Py, Ry) = 0n(Pr, Py), (4.1)

where 0 < 6 < 1 is a global parameter. Then the next mesh is obtained as P41 = refine(Py, Ry).

input : conforming partition Py, and 0 < 6 < 1

output: P, € conf(Py) and (ug,pi) € Vp, x Qp, for all k € Ny

for k=0,1,...do
Compute (ug,pr) € Vp, X Qp, as the Galerkin approximation of (u,p);
Identify a minimal (up to a constant factor) set Ry C Py of triangles satisfying

n(Pe, Ri) = 0n(Pr, Pr);

Set P11 = refine(Py, Ry);
endfor

Figure 2. Adaptive FEM.
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The first important question is if and how fast the approximations (uy,px) converge to the
exact solution (u,p) as k — oo. The following plain convergence result was obtained in [15, §3.3]
for n = and in [17, §4.4] for n = ngy. Following [34], we give here a slightly different proof.

Lemma 4.1. In the context of Adaptive FEM in Figure 2, let n be one of ng, n1, and ns.
Then (ug,pr) — (u,p) in V X Q as k — oo.

Proof. By [15, Lemma 4.2], we have (ug,pr) — (tso,Poo) iIn V X Q as k — oo for some
(Uooy Do) €V X Q.

On the other hand, since no(Px, Ri) < 12(Pg, Ri) and n2(Pg, Pr) < no(Pg, Pr) from the
global equivalences (3.7) and (3.8), the Dorfler property (4.1) for n = 7y implies the same for
n = n2 with possibly a different constant § > 0. Similarly, by the equivalence (3.11), the Déorfler
property (4.1) for n = n; implies the same for n = 7o with possibly a different constant 6 > 0.
The latter argument runs also in the other direction since (3.11) is a local equivalence. To
conclude, we can assume the Dorfler property (4.1) for both = n; and n = 1y with possibly
different constants 6 > 0.

In any case, by Lemma 3.2 (a), there exist constants ;1 < 1 and v > 0 such that

12 (Pis1, Prg1) < pm2(Pe, Pr) + Il (wk — g1, ok — prs1) 950 (4.2)

for all £ € N. The last term converges to 0 as k — oo since (ug,pi) is convergent. Thus,
introducing the abbreviation e = n2( Py, Px), we have

epr1 < pex + oy, (4.3)

with ap — 0. Let € > 0, and let k be such that aji,, < ¢ for all m > 0. Then we have

_ €
Chpm S e +e(l+p+...+pu" 1)<Mm€k+q (4.4)

for all m > 0. This shows that limsup,_,. ex < ¢/(1 — p). Since € > 0 is arbitrary and
er = 0, we conclude that limy_, ., e = 0. Finally, the global upper bound in (3.4) implies the
convergence (ug,pr) — (u,p) in V x Q as k — oc. O

We have the following conditional error reduction theorem for all three estimators.

Theorem 4.1. In the context of Adaptive FEM in Figure 2, let n be one of ng, n1, and ns.
Assume that there exists a constant ¢ > 0 such that

N

> Mk = urr e = prsn) [ g < ell(w = we,p = po) [Fq (4.5)
k=t

for any integers £ and N. Then there are constants p < 1 and C' > 0 such that
1(Py, Pp) < Cp" (P, Py) (4.6)
for all k > 0> 0. In particular,
[(w = wg, p — i) lvxg < C'p" (4.7)

for some constant C".
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Proof. As we have discussed in the proof of Lemma 4.1, we can assume the Dorfler property
(4.1) for both n = n; and n = ny, with possibly different constants # > 0. Hence, by Lemma 3.2
(a), there exist constants p < 1 and v > 0 such that

12 (Pis1, Prg1) < pum2(Pe, Pr) + Il (w — g1, ok — prs1) 550 (4.8)

for all k£ € N. Then, by the assumption (4.5) and the global upper bound from (3.4), we get

N N N
> m2(Prgts Pryt) < 1Y m2(Prs Pr) + 7 Y (ke = g1, ok — piet) [0
o o o
N N
<Y ma(Pe, Pr) + el (w = ue,p = po) g < 10> 12(Pry Pi) + Ca(Py, Py) (4.9)
k=t k=t

for any £ € N and N > £. Since p < 1, this implies the convergence of the series ), 72( Py, Py)
and, consequently,

1+C
a < pag+ (L+ Cyp(Pe, ), aw < 3—12(F2, ), (4.10)
where n2(Py, Py) is added to both sides of (4.9) and
o
ae =Y (P, Pr) (4.11)
k={
is introduced. As a consequence,
nw+C
=ay — (P, Pp) < , 4.12
ags1 = ag —12(Fy, P) < o (4.12)
which means that a, decays geometrically. This yields
+C k-1 +C
(P, Py) < o < (55) na(Pe, o), (4.13)

1+C 1—pu

where we took into account (4.10). Finally, the same geometric decay for both 7y and 7, follows
from the equivalences (3.7) and (3.8). O

Now, we address the question of convergence rate. We start by defining

Ep(u,p) = inf uU—v,p— 4.14
pup) = it (= v = o)l (11

for P € conf(Py) and

NI

o (u.p) = inf (Ep(u,p)’ +osc(P))

for N € N, where &y = {P € conf(P) : #P — #Fy < N}. Note that the oscillation de-
pends on u and p implicitly through Equation (2.6). Following [5], we then define the modified
approzimation class

(4.15)

A ={(u,p) €V xQ :|(u,p)|es = ;fu% Néoy(u,p) < oo} (4.16)
€
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for s > 0. Thus, (u,p) € &7 if and only if for each N € N there exists a partition P € conf(FP)
with #P — # Py < N such that

Ep(u,p)? 4 osc(P) < ¢(#P — #Py)™%, (4.17)
where the constant ¢ = ¢(u, p) is independent of P. The greatest lower bound for such constants
¢ is the quantity |(u,p)|?..

The following is one of our main results alluded to in the Introduction.

Theorem 4.2. In the context of Adaptive FEM in Figure 2, let n be either ny or ne, and
let 0 > 0 be small enough. A sufficient condition is 8 < 6* for n =n9 and 0 < %9* form=mn.
Suppose that f € L*(Q,R™) and (u,p) € <7 for some s > 0. In addition, assume (4.5) for the
solution sequence {(uk,pr)}. Then there exists a constant ¢ > 0 such that

2y (#Ps — #P) 7. (4.18)

Proof. It suffices to consider 1 = 7 since this case is slightly nonstandard. Our strategy is

1(u = wk,p = Pl < + 0s¢(Pr) < el (u, p)

to use the local equivalence (3.11) to relate n; with 7o and use standard arguments for 7. For
P € conf(FR), we set

e(P) = ||[(u—up,p— pp)H%/XQ + osc(P). (4.19)
Note that from the a priori estimate (2.14) and the definition of oscillation (3.5) we have the
weak monotonicity

e(P") < e(P) (4.20)
for any refinement P’ € conf(FPp) of P.
By the definition of 7, there exists a partition P € conf(Fp) such that

#P — #Py <, % |(u,p)f5,  Ep(u,p)® + osc(P) < €2, (4.21)

where e, = dn2(Pg, Pr) and § > 0 is a small constant. Let P’ = P & P;. Then the global lower
bound (3.4) and the a priori estimate (2.14) yield

(P, P') S e(P') S e(P) S e = oma(Py, Pr). (4.22)
Upon choosing § > 0 small enough, this implies 1o (P, P') < une(Py, Px) with
=50 )
F=3 af*/)’

By Lemma 3.2, we have
36
2B, i\ P') 2 == Py, ).
Under the local equivalence (3.11), it becomes 7 (P, Py \ P’) = 0n1(Py, Px). Since, by construc-
tion, Ry C Py is a minimal (up to a constant factor) set satisfying ny (Px, Rx) = 0n1 (Px, Px), we
infer #R;, < #(P, \ P’). Hence
#R S #P, — #P < #P — #P < &, °|(w,p)| )2 (4.23)

where we used the property (2.4) of overlays. Now, we invoke (2.3) and the geometric decay
(4.6) to conclude

/-1 -1
1 -1 -1 1
#P — #Po > #B S ()| e S ey V(w1 (4.24)
k=0 k=0
Recalling that the estimators dominate oscillation, we complete the proof. 0
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5 Approximation Classes

In Section 4, we established optimal convergence rates with respect to the modified approx-
imation classes (4.16). Ideally, however, one would like to have optimality with respect to the
standard approrimation classes

A® ={(u,p) €V x Q: |(u,p)les = sup N* inf Ep(u,p) < oo}, (5.1)
NEN PGKQN

where we recall Zy = {P € conf(Fy) : #P — #Py < N}. Perhaps, a more practical goal is to
know interrelations between &/® and &7°. In this section, we study the interrelations in terms
of Besov space memberships of the data f.

It is convenient to define the oscillation classes

0° ={f € L*(Q,R") : |f|gs = sup N° inf osc(P)% < 00} (5.2)
NEN PE,@N

It is obvious that <7 C /% for all s > 0. In the converse direction, we have the following
well-known result.

Lemma 5.1. Let (u,p) € &%, and let f € O° with s > 0, where u, p, and f satisfy Equation
(2.6). Then (u,p) € 7 with |(u,p)|ws S |(w,p)|as + | flos-

Proof. Let N € N be an arbitrary number. By the definition of 7%, there exists a partition
P’ € conf(Pp) such that

EP/(uap) < 2N_S|(U,p)|£{s’ #P/_#PO < N (53)
Similarly, by the definition of &*, there exists a partition P” € conf(P) such that
osc(P") < 2N%|f|%., #P" —#Py<N. (5.4)

Then for P = P& P” we have #P —#P, < 2N by (2.4). Moreover, the monotonicity arguments
guarantee that

Ep(u,p)* + osc(P) < Epi(u,p)* + osc(P") S N7*(|(u,p) 25 + |f15e), (5:5)

which completes the proof. O

Lemma 5.1 makes us wonder how regular f must be in order for it to be a member of
0*. Using quasiuniform partitions, one can show that H*(2,R™) C ¢ for s = (o + 1)/n and
« > 0. For instance, if we want to recover the optimal convergence rates of the lowest order
Taylor-Hood elements (d = 2), then this would require f € H'(£2,R"), which appears to be a
bit excessive. As it is natural in the current setting, we would like to investigate the question
in terms of the Besov regularity of f. Let us make precise what we mean by Besov spaces. For
0 < g < 0o, the mth order LY-modulus of smoothness is

wm (u,t,2)q = sup [|Afull La(,,), (5.6)
|hl<t
where Qp,p, = {x € Q : [vx +mh] C Q} and A} is the mth order forward difference operator
defined recursively by [Alu](z) = u(z + h) — u(x) and Afu = A}Z(Affl)u, ie.,

Pu(z) =Y (~1)mtF (’Z>u(x + kh). (5.7)
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Then for 0 < ¢,7 < oo and a > 0 with m > a — max{0,1/q — 1} being an integer, the Besov
space By, (2) consists of those u € LI(£2) for which

ulge (@) = lIt — = (st gl L (0,00 (5.8)

is finite. Since €2 is bounded, being in a Besov space is a statement about the size of wy, (u,t,Q),
only for small ¢. From this it is easy to derive the useful equivalence

[ul g, () = | (W wm (u, A7, Q)g) 50l er (5.9)

for any constant A > 1. The mapping | - [[pe () = || - [zs() + | - [Bg, () defines a norm when
¢, > 1 and only a quasinorm otherwise. So long as m > a — max{0,1/q — 1}, different choices
of m result in (quasi-) norms that are equivalent to each other. On the other hand, if we
took m < a — max{0,1/q — 1}, then the space By, would have been trivial in the sense that
By, =Pm1.

We have the subadditivity property

> Mg i) S l5a @ f € Big(), (5.10)

TEP

for P € conf(FPy) and 0 < ¢ < co. A slightly stronger form of this is also true. Let {7} be a
finite collection of disjoint triangles with each 7, € Py for some Py € conf(Fp). Let 7 denote
the star around 7 with respect to Py, i.e., let 7, be the interior of | J{7 € P, : d N Ty # T}
Then
q < | fl9 o
g ‘f‘Baq(?k) ~ |f’ g’q(Qy f € Bq,q(Q)' (511)
Now, we describe various embedding relationships among the Besov and Sobolev spaces.
Since (2 is bounded, it is clear that B, (2) < By () for any o > 0, 0 < r < o0 and oo >
q > q' > 0. From the equivalence (5.9) we have the lexicographical ordering By,.(Q) — Bg‘;,(Q)
for a > o' with any 0 < 7,7’ < 00 and By, (2) < By .(Q) for 0 < 7 < r’ < co. Nontrivial
embeddings are Bf,.(Q) — Bgi:T(Q) for (¢ —a')/n=1/q—1/¢ > 0, and
B @)@, Y=1_1oy (5.12)
s  wTg . .
Finally, we recall the fact that By (2) = H*(Q2) for all a > 0.
We need the Whitney estimate

gle%’f Hf - gHLq(G) SJ wm+1(f7 diam G, G)(;h f S Lq(G)7 (513)

valid for any convex domain G C R"™ with an implicit constant depending only on n, m, and ¢
(see [35]). The same estimate is also true when G is the star around 7 € P for some partition
P € conf(Py) with the implicit constant additionally depending on the shape regularity constant
of conf(Fp) (see [20]).

In the ensuing discussions, we often need vector-valued versions of the Besov and other func-
tion spaces that should, strictly speaking, be denoted by Bgiq(Q,R") or LP(2)"™ etc. However,
for simplicity of the notation we write By (£2) or LP(Q) etc. to mean the same things.
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Theorem 5.1. We have By ,(Q,R") C 0% with s = (a+1)/n as long as 0 < q¢ < o0,
a/n>1/q—1/2, anda<d—1+max{0 1/q—1}.

Proof. In this proof, it is understood that all Besov seminorms are defined by using wq 1.
Hence, in particular, we have |g| Be, =0 for g € Py_o. For any g € (P;y_2)" and convex domain
G CR"?

If = 9llzee) S f = gllLa) + 1 flBe, @) (5.14)
by the embedding (5.12) and

1f = 9llLee) S wa-1(f, diam G, G)q S |flBe (c) (5.15)

by the Whitney estimate (5.13). Since h, = |7|'/", the homogeneity argument gives

osc(P) = Z WS = glia < D171 1B (x (5.16)
gE(SP TEP TEP
for P € conf(Fy), where § = (a+1)/n+1/2—-1/q > 1/n.

The rest of the proof follows that of Proposition 5.2 in [19]; we include it here for the sake
of completeness. Let
e(r, P) = |r*lulf, () (5.17)

for 7 € P and P € conf(Fp). Then for any given € > 0 we below specify a procedure to generate
a partition P € conf(Fp) satisfying

> e(r,P) S (#P)e (5.18)
TEP
and
4P — 4Py < ce~ 1/ (1429) f|2/ L) (5.19)

where s = (o + 1)/n. Then for any given N > 0, choosing
e = (¢/N)"|fl3a o) (5.20)
we would be able to guarantee a partition P € conf(P) satisfying #P < #Py+ N and

osc(P) S Y e(r, P) S N>|f|5, (a)- (5.21)
TEP

Let ¢ > 0. We then recursively define Ry = {7 € Py : e(7, P;) > €} and Py41 = refine(Py, Ry)
for k = 0,1,.... For all sufficiently large k we have Ry = & since ’f’Bt(iq(T) < ‘f’B%q(Q) and ||
is halved at each refinement. Let P = P, where k marks the first occurrence of R = &. Since

e(r, Py) < € for 7 € Py, (5.18) is immediate.

In order to get a bound on # P, we estimate the cardinality of R = RyU R{U...UR;_1 and
use (2.3). Let Aj ={r € R:27771 < |r| <277} for j € Z, and let m; = #A;. Note that the
elements of A; (for any fixed j) are disjoint since if any two elements intersect, then they must
come from different Rj’s since each Ry consists of disjoint elements and hence the ratio between
the measures of the two elements must lie outside (1/2,2). This gives the trivial bound

m; < 2919 (5.22)
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On the other hand, we have e(r, P;) > ¢ for 7 € A; with some £, which means

2651 712 258 £12
e <7l ’f‘B;iq(T) <2 |f|ng(7)‘ (5.23)
Summing over 7 € Aj, we get
42 — o—jqs q —jas) r1a
mjel? < 2771 ZA: f5a ) S 271 f |50 () (5.24)
TEN;

where we used (5.10). Finally, summing over j, we find

> > . - —iqé’ — 14+qd
4R < Z m; < Z min{27, e~9/22-790 ’f’(JJB;q(Q)} <e q/(2+2q6)‘f‘g§qzrg;1)), (5.25)
j=—00 j=—00
which, in view of (2.3) and ¢/(1 + ¢d) = 2/(1 + 2s), establishes the bound (5.19). O

In light of Lemma 5.1, we immediately get the following corollary, which is one of our main
results mentioned in the Introduction.

Corollary 5.1. Let f € ngq(Q,R”) for some 0 < q < 00 and o = n/q — n/2 satisfying
0<a<d—-14max{0,1/q—1}. Then (u,p) € o/° implies (u,p) € & with s = (o + 1)/n.

For sake of completeness we include the following result which establishes a (one-sided)
characterization of the standard approximation classes /¢ in terms of Besov spaces.

Theorem 5.2. We have (B;;”S(Q,R”) NV) x (Bya(Q2)NQ) = /° as long as 0 < ¢ < o0,
s>1/qg—1/2, and 0 < ns < d+ max{0,1/q — 1}.

Proof. Assume that the Besov space seminorms related to the velocity variable are defined
through wgi1 and the seminorms related to the pressure variable are defined through w,y. For
P € conf(Ry), let Zp : V. — Vp be a Scott—Zhang quasiinterpolation operator preserving the
Dirichlet condition on 0f2. Let u € B;fq‘”s (Q,R")NV, and let P € conf(F). Then for any 7 € P
and v € (Py)"

I = Zpuls sy < llu = vllan ) + 1Z00s = 0)llan )
S Il = vl agey + u = ol sy (5.26)

where 7 is the star around 7. Now, we shift to the reference situation where diam 7 = 1. By
the embedding B;fg”s < H', we can bound the last term as

lu—vlmie) S llu—vllpe@) + [u—vlgitnsz) = llu = vllLaE) + |ulgrins ). (5.27)
For the other term we have
lu = vllr2) S llu = vllpo) + [ul grins ), (5.28)
this time using the embedding B(}jq'”s < L?. Finally, the Whitney estimate gives
|u — p”Lft(?) S w1 (u, 7A')q S |U|B;j&m(?)- (5.29)
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Leaving the reference situation by homogeneity and combining the result, we have

TeP

with 0 = s+ 1/2 —1/q > 0. Similarly, one can derive

10— Tppl2aqy S S 1Pl P € B NQ. (5.31)
TeP

where IIp : Q — Qp is the L?-orthogonal projector. The rest of the proof can be completed in
the same way as that of Theorem 5.1. O
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