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THE TWO-DIMENSIONAL BOOLE-TYPE TRANSFORM AND ITS ERGODICITY

A. K. Prykarpatski1;2 and A. A. Balinsky3 UDC 517.9

Dedicated to the commemoration of untimely passed away

outstanding Ukrainian mathematician Prof. A. M. Samoilenko

Based on the Schweiger’s smooth fibered approach and the related Bernoulli shift transformation scheme,
we prove the ergodicity of the two-dimensional Boole-type transformations. New multidimensional
Boole-type transformations invariant with respect to the Lebesgue measure and their ergodicity properties
are also discussed.

1. Introduction

With its origins going back for several centuries, the discrete analysis now becomes an increasingly central
methodology for many mathematical problems related to discrete dynamical systems and algorithms widely ap-
plied in modern science. Our theme related to the study of topological and measure-theoretical ergodicity aspects
of Boole-type discrete dynamical systems [1–12] is of great interest in numerous branches of modern science and
technology [11–25], especially in the statistical mechanics, discrete mathematics, numerical analysis, chaos theory,
statistics, and probability theory, as well as in the electric and electronic engineering. From this viewpoint, the in-
vestigated topic belongs to a much more general realm of mathematics, namely, to calculus, differential equations,
and differential geometry due to the remarkable analogy of the subject, especially for these branches of mathe-
matics. Nevertheless, although the topic is discrete, our approach to treating topological and measure-theoretical
ergodicity and the related arithmetic properties of generalized Boole-type discrete dynamical systems is completely
analytic, which results in the proof of ergodicity of the two-dimensional Boole-type transformation.

2. Ergodicity and Bernoulli-Type Transformations

We consider a class of mappings called [5, 12, 23, 26, 27] smooth fibered multidimensional mappings 'WX !
X if the following conditions are satisfied:

(a) there is an invariant Lebesgue equivalent probability measure �WB ! RC for which there exist positive
constants c

1

; c

2

2 RC such that

c

1

�.E/  �.E/  c

2

�.E/

for every Borel set E ⇢ X I

(b) there is a family of finite or countable infinite digit setsD
j

; j D 1;N I
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(c) there is a mapping kWX ! D; whereD WD D

1

⇥D
2

⇥ : : : ⇥D
N

; such that the sets

X

i

WD k

�1fig D fx 2 X W k.x/ D ig; i 2 D;

are measurable and form a partition of the space X; i.e., the sets t
i2DXi

D X I

(d) the restrictions 'j
Xi
WX

i

! X; i 2 D; are injective and smooth maps.

It is easy to see that the mapping 'WX ! X is equivalent to the Bernoulli shifts mapping T
'

WD1 ! D

1
;

where

T

'

W .k
1

; k

2

; k

3

; : : : ; k

n

; : : :/! .k

2

; k

3

; : : : ; k

n

; : : :/ (2.1)

with respect to the isomorphism  WX 3 x ! .k

2

; k

3

; : : : ; k

n

; : : :/ 2 D1
; and

X.k

1

; k

2

; k

3

; : : : ; k

n

I x/” .k

1

; k

2

; k

3

; : : : ; k

n

; : : :/; (2.2)

determined for the rank-n cylinder sets X
n

.k

1

; k

2

; k

3

; : : : ; k

n

/ ⇢ X; n 2 N W

X

n

.k

1

; k

2

; k

3

; : : : ; k

n

/ WD \
jD1;n

X

kj
: (2.3)

The sequence .k
1

; k

2

; k

3

; : : : ; k

n

/ 2 Dn is called admissible if there exists a point x 2 X such that

X

n

.k

1

; k

2

; k

3

; : : : ; k

n

I x/ ⇢ \
jD1;n

X

kj
; n 2 N:

In numerous concrete cases, the ergodicity of a mapping 'WX ! X can be formulated more efficiently by
using standard-measure theoretical calculations. In particular, based on the construction presented above, we can
propose a slightly alternative to [12, 28, 29] approach to proving ergodicity by using the following two lemmas
from the classical measure theory [30, 31]:

Lemma 2.1 (Hahn–Caratheodory–Kolmogorov extension theorem). LetA be an algebra of subsets ofX and
let B.A/ denote the �-algebra generated by A: Suppose that a mapping �WA ! Œ0; 1ç satisfies the conditions:

(a) �.¿/ D 0I

(b) if A
n

2 A; n 2 N; are pairwise disjoint and if t
n2NAn

2 A; then

�

�
t
n2N A

n

�
D
X

n2N
�.A

n

/:

Then there is a unique probability measure �WB.A/! Œ0; 1ç; which is an extension of the mapping �WA ! Œ0; 1ç:

Lemma 2.2. Let .X;B;�/ be a probability space and let A ⇢ B be an algebra that generates B; i.e.,
B D B.A/: Suppose that there exists C > 0 such that, for a fixed B 2 B; the inequality

�.B/�.I /  C�.B \ I / (2.4)

holds for all I 2 A: Then the measure �.B/�.Bc

/ D 0; where Bc WD XnB 2 B denotes the complement of the
set B 2 B:
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Owing to the special properties of smooth fibered multidimensional mappings 'WX ! X equivalent to the
Bernoulli shifts [27, 28, 32] mapping (2.1), we can formulate the following important theorem:

Theorem 2.1. Let the cylinder sets of a smooth fibered multidimensional mapping 'X ! X satisfy the
conditions of Lemma 2.2 with respect to the Lebesgue measure � onX absolute continuous to the invariant measure
� on X: Then the mapping 'WX ! X is ergodic with respect to its invariant probability measure � on X:

Example 2.1. A simple example is given by the following doubling mapping:

'W Œ0; 1/ 3 x ! f2xg 2 Œ0; 1/; (2.5)

where kW Œ0; 1/ 3 x ! b2xc 2 f0; 1g WD D:

It is ergodic [28, 29] with respect to the finite Lebesgue measure d�.x/ D dx; x 2 Œ0; 1/; and admits a
generating partition

⇠ D fX
0

D Œ0; 1=2/;X

1

D Œ1=2; 1/g; X

0

tX
1

D Œ0; 1/ D X:

As for the ergodicity of the doubling mapping (2.5), it can be easily demonstrated if we represent any number
x 2 Œ0; 1/ in the form of a binary expansion

x WD .�x
0

x

1

x

2

: : : x

n

: : :/ D
X

j2ZC

x

j

2

�.jC1/

; (2.6)

where x 2 f0; 1g D D: For convenience, we denote the set of all expansions of this kind by

Y D f.�x
0

x

1

x

2

: : : x

n

: : :/W x
j

2 f0; 1gg ' f0; 1gZC
:

It is easy to see that mapping (2.5) is equivalent to the left Bernoulli-type shift

T

'

.�x
0

x

1

x

2

: : : x

n

: : :/ D .�x
1

x

2

: : : x

n

: : :/ (2.7)

for any element .�x
0

x

1

x

2

: : : x

n

: : :/ 2 Y:We can now introduce the so-called dyadic intervals or cylinder sets as
the sets

I.k

0

; k

1

; : : : ; k

n�1

/ D
¶
x 2 Œ0; 1/W x

j

D k

j

; j D 1; n � 1
·
; (2.8)

where, for instance, I.0/ D Œ0; 1=2/; I.1/ D Œ1=2; 1/; I.0; 0/ D Œ0; 1=4/; I.0; 1/ D Œ1:4; 1=2/; etc. If A denotes
the algebra of finite unions of cylinders of this kind, then it is easy to see that it generates the ordinary Borel �-
algebra B of the interval Œ0; 1/:Moreover, if we take two separate points x ¤ y 2 Œ0; 1/; then their expansions are
different at a certain place n 2 ZC of the 2-expansions, which means that these numbers belong to different disjoint
cylinders. We now define the following mappings inverse to (2.5): �

0

W Œ0; 1/! Œ0; 1=2/ and �
1

W Œ0; 1/! Œ1=2; 1/;

where

�

0

.x/ D
¸
x=2; if x 2 Œ0; 1=2/;

�

1

.x/ D
¸
.1C x/=2; if x 2 Œ1=2; 1/;

(2.9)
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where, in turn, ' ı �
j

.x/ D x; j D 0; 1; for any x 2 Œ0; 1/; whose actions upon the elements of the set Y are the
corresponding right shifts:

�

0

.: : : x

0

x

1

x

2

: : : x

n

: : :/ D .: : : 0x

0

x

1

x

2

: : : x

n

: : :/;

�

1

.: : : x

0

x

1

x

2

: : : x

n

: : :/ D .: : : 1x

0

x

1

x

2

: : : x

n

: : :/:

(2.10)

Based on the definitions of the cylinder sets (2.8) and actions (2.10), we observe that

I

n

WD I.k

0

; k

1

; : : : ; k

n

/ D �

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.Œ0; 1// (2.11a)

whose Lebesgue measure can be easily found as follows:

�.I

n

/ D 2

�.nC1/

X

j2ZC

2

�j D 2

�n (2.12)

for any n 2 N:
We are now in the position to apply Lemmas 2.1 and 2.2. Assume that a measurable set B ⇢ Œ0; 1/ is invariant:

B D '

�1

B D '

�n

B; n 2 N: The Lebesgue measure is calculated as follows:

�.B \ I
n

/ D
Z

Œ0;1/

�

B\In
.x/ dx D

Z

Œ0;1/

�

B

.z/�

In
.x/ dx D

Z

In

�

B

.x/dx

D
Z

Œ0;1/

�

B

.�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x//d

�
�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�

D
Z

Œ0;1/

� Q'�n
B

�
�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�
d

�
�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�

D
Z

Œ0;1/

�

B

�
Q'n ı �

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�
d

�
�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�

D
Z

Œ0;1/

�

B

.x/d

�
�

k0
ı �

k1
ı �

k2
ı : : : ı �

kn
.x/

�

D
Z

Œ0;1/

�

B

.x/�

0
k0
�

0
k1
�

0
k2
: : : �

0
kn
.x/dx D 2

�n

�.B/ D �.I

n

/�.B/: (2.13)

This means that

�.I

n

/�.B/ D �.B \ I
n

/  C�.B \ I
n

/;

where C D 1: Thus, either the Lebesgue measure �.B/ D 1 or �.B/ D 0; which means that the doubling mapping
is ergodic (2.5).
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Example 2.2. A very interesting example is given by the classical continued-fraction expansion via the Gauss
ergodic mapping

'W Œ0; 1/ 3 x ! f1=xg 2 Œ0; 1/ (2.14)

whose fibering is defined by the mapping k W Œ0; 1/ 3 x ! b1=xc 2 N WD D and the generating partition is given
by the sets X

i

D .1=.i C 1/; 1=i ç; i 2 N; X D t
i2NXi

:

The invariant measure is the well-known Gauss measure d�.x/ D d�.x/=Œ.1Cx/ ln 2ç; where d�.x/ WD dx;

x 2 Œ0; 1/: The ergodicity of mapping (2.14) can be easily stated by reducing it [29] via the continuum-fraction
expansion to a Bernoulli shifting and applying Lemmas 2.1 and 2.2.

Namely, we take a number x 2 Œ0; 1/ and denote by Œx
0

; x

1

; : : : ; x

n

; : : :ç its continuous-fraction expansion:

x D 1

x

0

C
1

x

2

C : : :

1

x

n

C : : :

; (2.15)

where x
i

2 ZC for all indices i 2 ZC: Observe that the induced continuous-fraction mapping acts by left shifting
as T

'

Œx

0

; x

1

; : : : ; x

n

; : : :ç D Œx

1

; : : : ; x

n

; : : :ç for any expansion (2.15). This expansion Œx
0

; x

1

; : : : ; x

n

; : : :ç can be
reduced to the nth order by introducing, for every t 2 Œ0; 1/; a rational t -fraction

Œx

0

; x

1

; : : : ; x

n�1

C t ç WD P

n

.x

0

; x

1

; : : : ; x

n�1

I t /
Q

n

.x

0

; x

1

; : : : ; x

n�1

I t / ; (2.16)

where, by definition,

P

n

.x

0

; x

1

; : : : ; x

n�1

I t /

and

Q

n

.x

0

; x

1

; : : : ; x

n�1

I t /

are coprime polynomials in the variables x
0

; x

1

; : : : ; x

n�1

2 ZC and t 2 Œ0; 1/ for all n 2 N: If we define the nth
order polynomials P

n

D P

n

.x

0

; x

1

; : : : ; x

n�1

/ WD P

n

.x

0

; x

1

; : : : ; x

n�1

I 0/ and Q
n

D Q

n

.x

0

; x

1

; : : : ; x

n�1

/ WD
Q

n

.x

0

; x

1

; : : : ; x

n�1

I 0/; then we can easily observe that the following iterative expressions hold:

P

n

.x

0

; x

1

; : : : ; x

n�1

I t / D P

n

C tP

n�1

;

Q

n

.x

0

; x

1

; : : : ; x

n�1

I t / D Q

n

C tQ

n�1

;

P

n

.x

0

; x

1

; : : : ; x

n�1

/ D Q

n�1

.x

1

; : : : ; x

n�1

/; (2.17)

P

nC1

.x

0

; x

1

; : : : ; x

n�1

; x

n

I t / D x

n

P

n

C P

n�1

C tP

n

;

Q

nC1

.x

0

; x

1

; : : : ; x

n�1

; x

n

I t / D x

n

Q

n

CQ

n�1

C tQ

n

;

for any t 2 Œ0; 1/ and arbitrary n 2 N: By using (2.17) and setting the parameter t D 0; we also derive the
following important iterative relationships for all n 2 NW

P

nC1

D x

n

P

n

C P

n�1

; Q

nC1

D x

n

Q

n

CQ

n�1

(2.18)
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with the initial conditions P
0

D 0; P

1

D 1 and Q
0

D 1; Q

1

D x

0

2 ZC: In particular, the following invariant
conditionQ

n

P

n�1

�P
n

Q

n�1

D .�1/n and the inequalityQ
n�1

 Q

n

readily follow from (2.18) for all n 2 N:
Now let the indices k

0

; k

1

; : : : ; k

n�1

2 N for any n 2 N: We define cylindrical intervals I
n

⇢ Œ0; 1/ as the
corresponding collection of rational t -fractions:

I

n

D I

n

.k

0

; k

1

; : : : ; k

n�1

/ WD
¶
Œk

0

; k

1

; : : : ; k

n�1

C t çW t 2 Œ0; 1/
·
: (2.19)

If, in addition, we define the inverse mappings

Œ0; 1/ 3 x ! k

k C x

2 I
1

.k/ ⇢ Œ0; 1/; k 2 N;

then we can easily show that the composition

�

k0
ı �

k1
ı : : : ı �

kn�1
W Œ0; 1/! I

n

.k

0

; k

1

; : : : ; k

n�1

/ ⇢ Œ0; 1/ (2.20)

for every n 2 N:Moreover, the condition 'n ı�
k0

ı�
k1

ı : : :ı�
kn�1

.x/ D x holds for every x 2 Œ0; 1/ and n 2 N:
We now take any t 2 Œ0; 1/; indicate that

�

k0
ı �

k1
ı : : : ı �

kn�1
.t/ D Œk

0

; k

1

; : : : ; k

n�1

C t ç D P

n

C tP

n�1

Q

n

C tQ

n�1

; (2.21)

and estimate the Lebesgue measure of the interval (2.19):

�.I

n

/ WD
Z

Œ0;1/

�

In.t/dt
D
Z

In

dt D
Z

Œ0;1/

ˇ̌
ˇJ

�k0
ı�k1

ı:::ı�kn�1
.t/

ˇ̌
ˇ dt

D
Z

Œ0;1/

ˇ̌
ˇ̌ d
dt

✓
P

n

C tP

n�1

Q

n

C tQ

n�1

◆ˇ̌
ˇ̌
dt D

Z

Œ0;1/

dt

jQ
n

C tQ

n�1

j2 2

1

4Q

2

n

;

1

Q

2

n

�
; (2.22)

where we have taken into account that 0 < Q
n�1

 Q

n

for all n 2 N:
We are now in the position to estimate the Lebesgue measure �.B \ I

n

/ of the intersection B \ I

n

of an
invariant set B D '

�1

B D '

�n

B ⇢ Œ0; 1/ with an arbitrary cylindrical interval I
n

⇢ Œ0; 1/; n 2 N W

�.B \ I
n

/ D
Z

In

�

B

.x/dx

D
Z

Œ0;1/

�

B

�
�

k0
ı �

k1
ı : : : ı �

kn�1
.x/

�
dx

D
Z

Œ0;1/

�

'

�n
B

�
�

k0
ı �

k1
ı : : : ı �

kn�1
.x/

� ˇ̌
ˇJ

�k0
ı�k1

ı:::ı�kn�1
.x/

ˇ̌
ˇ dx
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D
Z

Œ0;1/

�

B

�
'

n ı �
k0

ı �
k1

ı : : : ı �
kn�1

x

� ˇ̌
ˇJ

�k0
ı�k1

ı:::ı�kn�1
.x/

ˇ̌
ˇ dx

D
Z

Œ0;1/

�

B

.x/

ˇ̌
ˇJ

�k0
ı�k1

ı:::ı�kn�1
.x/

ˇ̌
ˇ dx D

Z

Œ0;1/

�

B

.x/

dt

jQ
n

C xQ

n�1

j2

� 1

4Q

2

n

�.B/ � 1

4

�.I

n

/�.B/; (2.23)

which completely fits the conditions of Lemma 2.2 with constant C D 4: Thus, as a consequence of estimation
(2.23), we conclude that either the measure �.B/ D 1 or �.B/ D 0; which proves the ergodicity both of the
Lebesgue measure d�.x/; x 2 Œ0; 1/; and the invariant Gauss measure

d�.x/ D dx

.1C x/ ln 2
; x 2 Œ0; 1/;

on the unit interval Œ0; 1/:

3. One-Dimensional Boole-Type Mappings and Invariant Ergodic Measures

The classical one-dimensional Boole [4] mapping is defined as follows:

'WRnf0g 3 x ! x � 1=x 2 R: (3.1)

As shown by Adler and Weiss in [33], the Boole mapping (3.1) is ergodic with respect to the invariant � -finite
Lebesgue measure d�.x/ WD dx; x 2 R WD X: Their proof of ergodicity was strongly based on the measure-
theoretic reduction of mapping (3.1) to the corresponding induced [28, 29, 32] transformation '

A

W Œ�1; 1ç 2
Œ�1; 1ç ⇢ R followed by the proof of its ergodicity. The '-invariance of the Lebesgue measure d�.x/ WD dx;

x 2 R; can be easily checked by using the Perron–Frobenius condition: For the preimages u˙ WD u˙.x/ 2 R;
x 2 R; where '.u˙.x// D x; uC C u� D x; u�uC D �1; we can directly verify that the preimage measure

X

˙
du˙.x/ D

X

˙

ˇ̌
ˇ̌du˙
dx

ˇ̌
ˇ̌
dx D

X

˙

dx

jJ
'

.u˙/j
D
X

˙

dx

.1C u

�2

˙ /

D
X

˙

u

2

˙dx
.1C u

2

˙/
D

.u

2

C C 2C u

2

�/dx
1C .uCu�/2 C u

2

C C u

2�
D

�
u

2

C C 2C u

2

�
�
dx

2C u

2

C C u

2�
D dx (3.2)

exactly coincides with the Lebesgue measure on the axis R:
In what follows, we present a modified proof of ergodicity of the Boole transformation (3.1). Namely, the

approach discussed above and applied to the Boole transformation (3.1) proves to be successful and allows one to
obtain a new proof of the Adler–Weiss [33] result on the ergodicity of this Boole transformation.

Theorem 3.1. The one-dimensional Boole transformation (3.1) is ergodic with respect to the invariant
Lebesgue measure � on R:
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Proof. As already indicated, the proof can be reduced to Theorem 2.1, by applying its relation (3.4) mentioned
above to the doubling mapping T

'

W Œ0; 1/ 3 s ! f2sg 2 Œ0; 1/: Moreover, as shown in [12, 23, 34], the Boole
transformation (3.1) can be related to the doubling mapping T

'

W Œ0; 1/ 3 s ! f2sg 2 Œ0; 1/ via the commutative
diagram

Œ0; 1/

cot.⇡ı/! R
'! R

#" Id # ⇡

�1 cot�1

Œ0; 1/

T'! Œ0; 1/

˛

�1
.⇡ı/! Œ0; 1/

; (3.3)

where ˛�1W Œ0; 1/ ! Œ0; 1/ is a diffeomorphism defined by the expression ˛.s/ D ⇡

�1 arccot.⇡s=2/; s 2 Œ0; 1/;
related to mapping (3.1) as follows:

' D cot⇡ ı ˛�1 ı T
'

�
⇡

�1 ı cot�1

�
: (3.4)

Now let Q'W Œ0; 1/! Œ0; 1/; Q' WD ˛

�1 ı T
'

; be the mapping equivalent to (3.4), where

Q'.s/ D ⇡

�1 cot�1

.'.cot.⇡s///

for any s 2 Œ0; 1/: Since every number a 2 Œ0; 1/ has a binary expansion

a WD .�k
0

k

1

k

2

: : : k

n

: : :/ D
X

j2ZC

k

j

2

�.jC1/

; (3.5)

we can define the so-called proper [12, 34] cylindrical sets I
n

WD I

n

.k

0

; k

1;

; : : : ; k

n

/ ⇢ Œ0; 1/; n 2 ZC; as follows:

I

n

D
¶
.�

kn�1
ı ˛/ ı .�

kn�1
ı ˛/ ı : : : ı .�

k0
ı ˛/.t/W t 2 Œ0; 1/

·
; (3.6)

where �
0

.s/ D s=2 if s 2 Œ0; 1=2/ and �

1

.s/ D .1C s/=2 if s 2 Œ1=2; 1/:We also note that Q' ı
�
�

kj
ı ˛

�
.s/ D s

for every s 2 Œ0; 1/; k
j

2 f0; 1g; j D 0; n � 1: The Lebesgue measure of interval (3.6) can be easily estimated as
follows: By definition, we get

�.I

n

/ D
Z

In

dx D
Z

R

�

In
.x/dx

ˇ̌
ˇ̌
ˇ̌
xDcot.⇡ t/

D
Z

Œ0;1/

ˇ̌
ˇJ

.�knı˛/ı.�kn�1
ı˛/ı:::ı.�k0

ı˛//.t/
ˇ̌
ˇ dt

D
Z

Œ0;1/

⇣
�

0
kn�1

˛

0
.t

n�1

/

⌘ ⇣
�

0
kn�1

˛

0
.t

n�1

/

⌘
: : :

⇣
�

0
k0
˛0.t/

⌘
dt; (3.7)

where the derivatives � 0
kj

D 1=2 and ˛0.t
j

/ D 2=

⇥
1 C 3 sin2.⇡ t

j

/

⇤
; where t

j

WD �

kj
ı ˛ ı : : : ı �

k0
ı ˛.t/;

j D 0; n � 1; t 2 Œ0; 1/: In view of the fact that

�.�

0

ı ˛/.Œ0; 1/ç/ D 1

2

D �.�

1

ı ˛.Œ0; 1ç/;

�

kj
ı ˛ ı : : : ı �

k0
ı ˛.Œ0; 1// ⇢ Œ1=2

jC1

; 1=2

j

/

(3.8)
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for any j D 0; n � 1; by the classical mean-value theorem applied to (3.8), we can easily obtain that

˛

0 �N
t

j

/

�
D 2

�j

=

⇥
3 sin2

�
⇡

N
t

j

�
C 1

⇤
; (3.9a)

where the numbers N
t

j

2
�
1=2

jC1

; 1=2

j

�
⇢ Œ0; 1/ for all j 2 0; n: Further, by using the evident inequalities

2t  sin.⇡ t /  ⇡ t for all t 2 Œ0; 1=2/; we derive the following two-sided estimations:

2

�j

exp 3.⇡2�j

/

2

 2

�j

3 sin2.⇡2�j

/C 1

 2

�j

3 sin2.⇡ t
j

/C 1

 2

�j

3 sin2
�
⇡2

�.jC1/

�
C 1

 2

�j

3.2

�.jC1/

/

2 C 1

(3.10)

for any j D 0; n: Thus, by using expressions (3.7) and (3.10), we immediately arrive at the needed Renyi-type
[12, 28, 29, 31, 32] estimations:

exp.�3⇡2

/

2

n.nC1/=2

 exp
⇥
⇡

2

.�4C 4

�n

/

⇤

2

n.nC1/=2

D
nY

jD0

2

�j

expŒ3.⇡2�j

/ç

2

 �.I

n

/


nY

jD0

2

�j

3.2

�.jC1/

/

2 C 1

 2

�n.nC1/=2

X
n

jD0

3.2

�.jC1/

/

2 C 1

D 2

�n.nC1/=2

2 � 4�.nC1/

 4=7

2

n.nC1/=2

(3.11)

for all n 2 ZC: In particular, from (3.11), we conclude that lim
n!1 �.I

n

/ D 0; which means that the family
of these cylindrical sets generates [23, 30, 34] the Borel �-algebra B on the interval Œ0; 1/: Thus, we arrive at
the position allowing us to apply Lemmas 2.1 and 2.2. Hence, let a measurable set B ⇢ Œ0; 1/ be invariant:
B D '

�1

B D '

�n

B; n 2 N:We compute the following Lebesgue measure:

�.B \ I
n

/ D
Z

Œ0;1/

�

B\In
.t/dt D

Z

Œ0;1/

�

B

.t/�

In
.t/dt D

Z

In

�

B

.t/dt

D
Z

Œ0;1/

�

B

�
.�

kn
ı ˛/ ı .�

kn�1
ı ˛/ ı : : : ı .�

k0
ı ˛/.t/

�

⇥ d..�
kn

ı ˛/ ı .�
kn�1

ı ˛/ ı : : : ı .�
k0

ı ˛/.x//

D
Z

Œ0;1/

�

'

�n
B

..�

kn
ı ˛/ ı .�

kn�1
ı ˛/ ı : : : ı .�

k0
ı ˛/.x//

⇥ d..�
kn

ı ˛/ ı .�
kn�1

ı ˛/ ı : : : ı .�
k0

ı ˛/.x//

D
Z

Œ0;1/

�

B

�
Q'n ı .�

kn
ı ˛/ ı .�

kn�1
ı ˛/ ı : : : ı .�

k0
ı ˛/.t/

�
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⇥ d..�
kn

ı ˛/ ı .�
kn�1

ı ˛/ ı : : : ı .�
k0

ı ˛/.t//: (3.12)

Since the composition ' ı .�
kj

ı ˛/ D Id for any j D 0; n; it follows from (3.12) that

�.B \ I
n

/ D
Z

Œ0;1/

�

B

.x/d

�
.�

kn
ı ˛/ ı .�

kn�1
ı ˛/ ı : : : ı .�

k0
ı ˛/.x/

�

D
Z

Œ0;1/

�

B

.x/�

0
kn
˛

0
�

0
kn�1

˛

0
�

0
kn�2

˛

0
: : : �

0
k0
˛

0
.x/dx

� exp.�3⇡2

/

2

n.nC1/=2

�.I

n

/

�.I

n

/�.B/ � 7

4 exp.3⇡2

/

�.I

n

/�.B/;

i.e., the Lebesgue measure �.I
n

/�.B/  C�.B \ I
n

/ for all n 2 ZC; where the constant C D 4 exp
�
3⇡

2

�
=7:

Thus, owing to Lemma 2.2, either the Lebesgue measure �.B/ D 1 or �.B/ D 0; which simultaneously means
that the Boole mapping (3.1) is ergodic with respect to the same invariant Lebesgue measure � on R; which proves
the next theorem.

It is worth mentioning here that the well-known [1, 11, 28, 32, 35, 36] doubling mapping (2.5) is isomorphic
to the following one-dimensional Boole-type transformation:

'WR 3 x ! .x � 1=x/=2 2 R; (3.13)

which is invariant with respect to the probability measure d�.x/ D dx=Œ⇡.1C x

2

/ç; x 2 R: The Boole mapping
(3.1) was generalized as follows:

Rnfb
j

W j D 1;N g 3 x ! '.x/ WD cx C a �
NX

jD1

ˇ

j

x � b
j

2 R; (3.14)

where a and b
j

2 R; j D 1;N ; are some real values and ˛; ˇ
j

2 RC; j D 1;N : This mapping was analyzed in
[1, 2, 9, 37, 38]. In the case where c D 1 and a D 0; a similar ergodicity result was proved in [2, 39–41] by using
a specially devised inner-function method. The related spectral aspects of mapping (3.14) were partly studied
also in [1, 2]. Despite these results, the case ˛ ¤ 1 still persists to be challenging as the only related result [1, 2]
concerning the following special case of (3.14):

R 3 x ! '.x/ WD cx C a � ˇ

x � b 2 R (3.15)

for 0 < c < 1 and arbitrary a; b 2 R and ˇ 2 RC: The invariant measures and ergodicity related to mappings
(3.15) were analyzed in [9, 35–37] due to their equivalence

Œ0; 1/ 3 sW! T

'

.s/ D 2smod 1 2 Œ0; 1/ (3.16)

that follows from the commutative diagram
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Œ0; 1/

T'! Œ0; 1/

f # # f
R

'! R

; (3.17)

for which the following condition holds: f ı T
'

D ' ı f; where f .s/ WD .2ˇ/

1=2 cot⇡s C 2a; s 2 Œ0; 1/. It is
also important to mention here that, within the framework of the theory of inner functions, in [1, 39–41], it was
stated that there exists an invariant measure d�.x/; x 2 R; on the axis R such that the generalized Boole-type
transformation (3.14) is ergodic for any N > 1; c D 1; and a D 0.

If ˛ D 1 and a ¤ 0; then transformation (3.14) appears to be not ergodic being totally dissipative, i.e., the
wandering set D.'/ WD [W.'/ D R; where W.'/ ⇢ R are subsets such that all sets '�n

.W/; n 2 ZC; are
disjoint. A similar statement can be also formulated [1] for the generalized Boole-type transformation:

R 3 x ! '.x/ WD ˛x C aC
Z

R

d⌫.s/

s � x 2 R; (3.18)

where a 2 R; c 2 RC; and a measure d⌫.s/; s 2 R; on R (not necessary absolutely continuous with respect to
the Lebesgue measure) has a compact support supp ⌫ ⇢ R and satisfies the following natural conditions:

Z

R

d⌫.s/

1C s

2

D a;

Z

R

d⌫.s/ <1; (3.19)

ensuring the boundedness of its topological characteristics.

4. Two-Dimensional Boole-Type Transformations and Their Ergodicity

Multidimensional endomorphisms of measurable spaces are of great interest [12, 32] in mathematics from
many points of view, including number-theoretical aspects, numerical theory, theory of dynamical systems, and
diverse physical applications. We especially mention the works [12, 42, 43], where the author reviewed numerous
very interesting measure-preserving and ergodic multidimensional mappings. Relatively recently, in [9, 35, 37, 38],
the authors also proposed a set of new multidimensional Boole-type transformations '

�

WRn ! Rn

; where

'

�

.x

1

; x

2

; : : : ; x

n

/ WD .x

1

� 1=x
�.1/

; x

2

˙ 1=x

�.2/

; : : : ; x

n

˙ 1=x

�.n/

/ (4.1)

for any n 2 N and arbitrary permutations � 2 S

n

(the signs “˙” are chosen from the nondegeneracy condition
J

'

.x/ ¤ 0; x 2 Rnnf0g).
For the case n D 2; .x; y/ 2 R2nf0; 0g; we obtain the following nontrivial two-dimensional Boole-type

mapping:

'.x; y/ WD .x � 1=y; y C 1=x/: (4.2)

At the same time, in the case n D 3; .x; y; z/ 2 R3nf0; 0; 0g; we obtain the following nontrivial three-dimensional
Boole-type mapping:

'C.x; y; z/ WD .x � 1=y; y C 1=z; z C 1=x/;

'�.x; y; z/ WD .x � 1=y; y � 1=z; z � 1=x/:
(4.3)
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We observe that the infinitesimal Lebesgue measure d�.x; y/ WD dxdy; .x; y/ 2 R2 in the plane R2 is
invariant under mapping (4.2), which can be easily checked by using the Perron–Frobenius condition: For the
corresponding preimages

.u˙; v˙/ WD .u˙.x; y/; v˙.x; y//2R2

;

where uCu� D xy

�1

; vCv� D �yx�1

; uC C u� D 2y

�1 C x; vC C v� D y � 2x

�1

; and '.u˙; v˙/ D
.x; y/ 2 R2

; it is possible to check that the measure

X

˙
du˙dv˙.x; y/ D

X

˙

ˇ̌
J

.u˙;v˙/

.x; y/

ˇ̌
dxdy

D
X

˙

dxdy

jJ
'

.u˙; v˙/j
D
X

˙

dxdy

.1C .u˙v˙/�2

/

D
X

˙

.u˙v˙/2dx
.1C .u˙v˙/2/

D
⇥
2.uCvCu�v�/2 C .u�v�/2 C .uCvC/2

⇤
dxdy

⇥
1C .u�v�/2 C .uCvC/2 C .uCvCu�v�/2

⇤

D
⇥
.u�v�/2 C .uCvC/2 C 2

⇤
dxdy

⇥
2C .u�v�/2 C .uCvC/2

⇤ D dxdy; (4.4)

exactly coincides with the Lebesgue measure d�.x; y/ WD dxdy; .x; y/ 2 R2

:

As far as the ergodicity of the Lebesgue measure-preserving mapping (4.2) is concerned, the approach based
on Theorem 2.1 subject to smooth fibered multidimensional mappings failed to be efficient. In view of the fact that
the ergodicity result of [33] subject to the one-dimensional Boole mapping (3.1) is strongly based on the induced
Kakutani transformation technique, one can expect that it can be also employed for the case of the two-dimensional
Boole mapping (4.1).

We now proceed to the notion of induced transformation [28, 29, 32] for a measure-preserving mapping
'WX ! X; which was efficiently used by Adler and Weiss [33], when proving the ergodicity of the one-
dimensional Boole transformation (3.1) being, in part, closely related to the classical Poincaré recurrence theorem
[15, 28]. Namely, let .X IB;�; '/ be a measure-preserving discrete system and let A ⇢ X be a measurable set
with �.A/ > 0 for which the following covering condition is true:

[
n2N'�n

A D X (4.5)

modulo a set of measure zero.

Remark 4.1. It is worth noting [15, 28, 29, 32] that if a measure-preserving system .X IB;�; '/; �.X/ D 1;

satisfies the covering condition (4.5) for any chosen measurable A ⇢ X; �.A/ > 0; then the mapping 'WX ! X

is ergodic. Indeed, if the measure-preserving mapping 'WX ! X is ergodic, then, for any measurable set B ⇢ X

satisfying the condition �.BÅT

�1

B/ D 0; we have either �.B/ D 1 or �.B/ D 0: Now let A ⇢ X be a
measurable set with �.A/ > 0: We construct a set B WD [

n2N'�n

A: Since '�1

B ⇢ B; we conclude that
�

�
'

�1

B

�
D �.B/; which gives rise to the equality �

�
BÅT

�1

B

�
D 0; i.e., either �.B/ D 1 or �.B/ D 0:

Moreover, since '�1

A ⇢ B; we conclude that either �.B/ � �.A/ or �.B/ D 1: The latter evidently means that
B D [

n2N'�n

A D X modulo a set of measure zero.
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Thus, owing to condition (4.5), the first return time ⌧
A

2 N can be defined by the condition that

⌧

A

.x/ WD inf
n2N

fnW'n.x/ 2 A; x 2 Ag (4.6)

exists almost everywhere and is finite.

Definition 4.1. Assume that a measure-preserving system .X IB;�; '/ satisfies condition (4.5). Then a
mapping '

A

WA! A defined as

'

A

.x/ WD '

⌧A.x/

.x/ (4.7)

for almost all x 2 A is called the transformation induced by the measure preserving mapping 'WX ! X on the
set A ⇢ X:

The induced mapping constructed above is characterized by the following important theorems [28, 29, 32]:

Theorem 4.1 (M. Kac’s theorem). Let a mapping 'WX ! X be ergodic and let a measurable set A ⇢ X be
chosen such that 0 < �.A/ <1: Then the average return time is proportional to the measure �.A/; i.e.,

Z

A

⌧

A

.x/d�.x/ D �.A/: (4.8)

Theorem 4.2. The induced transformation (4.7) is a measure-preserving mapping in the space

.A;Bj
A

;�

A

D �.A/

�1

�j
A

; '

A

/;

where Bj
A

WD fB \ AWB 2 Bg and 0 < �.A/ <1: Moreover, if a mapping 'WX ! X is ergodic with respect to
a measure �; then the induced transformation '

A

WA ! A is ergodic with respect to the measure �
A

WD �=�.A/

induced on the set A:

As already indicated, just this theorem was used in [33] to prove the ergodicity of the Boole mapping (3.1).
As shown above, there also exists an efficient second essentially analytic approach that can be used to prove
ergodicity. It would be also useful to present two proofs, if any, of the ergodicity property of the two-dimensional
Boole type mapping (4.2).

Concerning the approach based on Theorem 4.2, its main technical ingredients are strongly related to the
construction of a special generating partition of the measured spaceX suggested by Kakutani and Rokhlin [44, 45]
for the corresponding induced mapping '

A

WA ! A introduced above. In particular, let a mapping 'WX ! X be
ergodic. For a measurable set A ⇢ X satisfying the condition 0 < �.A/ < 1; we consider its induced mapping
'

A

WA ! A: As condition (4.5) is a priori satisfied [15, 28, 29, 32, 33], one can construct the following disjoint
measurable first return iteration subsets:

X

n

WD
¶
x 2 X W'n.x/ 2 A; 'j .x/ … A; j D 1; n � 1

·
; (4.9)

where t
n2NXn

D X; X

n

\X
m

D ¿; m ¤ n 2 N; satisfying the iterative expression

X

nC1

D '

�1

X

n

\ '�1

A

c

: (4.10)
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Based on the sets (4.9), we construct, for all n 2 N; the sets

A

n

WD X

n

\ A; B

n

WD X

n

\ Ac

; (4.11)

satisfying the following important properties of disjoint sum:

'

�1

B

n

D B

nC1

t A
nC1

; t
n2NAn

D A; t
n2NBn

D A

c

: (4.12)

We now consider an arbitrary measurable subset E ⇢ A and note that

'

�1

A

E D t
n2N

�
'

�n

E \ A
n

�
; (4.13)

implies the equality

�

�
'

�1

A

E

�
D �

�
t
n2N

�
'

�n

E \ A
n

��
D
X

n2N
�

�
'

�n

E \ A
n

�
: (4.14)

Further, on the basis of representation (4.12), in view of the invariance of measure, we can easily establish the
equalities

�.E/ D �

�
'

�1

E

�
D �

�
'

�1

E \ .B
1

t A
1

/

�

D �

�
'

�1

E \ B
1

�
C �

�
'

�1

E \ A
1

�
;

�.B

n

/ D �

�
'

�1

B

n

�
D � .B

nC1

t A
nC2

/ D �.B

nC1

/C �.A

nC2

/;

�

�
'

�1

E \ B
1

�
D �

�
'

�1

�
'

�1

E \ B
1

��
D �

�
'

�2

E \ '�1

B

1

�

D �

�
'

�2

E \ .B
2

t A
2

/

�
D �

�
'

�2

E \ B
2

�
C �

�
'

�2

E \ B
2

�
;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

�

�
'

�n

E \ B
n

�
D �

⇣
'

�.nC1/

E \ B
nC1

⌘
C �

⇣
'

�.nC1/

E \ A
nC1

⌘
;

(4.15)

which are true for all n 2 N: As a simple consequence of equalities (4.15), we can also derive the equalities

�

�
'

�n

E \ B
n

�
D

1X

kDnC1

�

�
'

�n

E \ A
n

�
; �.B

n

/ D
1X

kDnC1

�.A

n

/; (4.16)

which are reduced to the following two expressions:
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�

�
'

�n

E \ B
n

�
C

X

kD1;n

�

�
'

�n

E \ A
n

�
D
X

n2N
�

�
'

�n

E \ A
n

�
WD ⌘

A

;

�.A/ D
1X

kD1

�.A

n

/; �.B

1

/ D
1X

kD2

�.A

n

/;

(4.17)

which simply means the invariance of the positive quantity ⌘

A

2 RC with respect to n 2 N and the boundedness
of the measure �.B

1

/  �.A/; since the measure

�.A/ D �

�
t
n2N A

n

�
<1

is bounded by assumption. By using the first equality in (4.15), we immediately conclude that ⌘
A

D �.A/ > 0; i.e.,

�

�
'

�n

E \ B
n

�
C

X

kD1;n

�

�
'

�n

E \ A
n

�
D �.E/: (4.18)

We now recall equality (4.14). Thus, by using (4.18) and (4.17), we obtain

ˇ̌
�

�
'

�1

A

E

�
� �.E/

ˇ̌
D lim

n!1

0

@
1X

kDnC1

�

⇣
'

�k

E \ A
k

⌘
1

AC �

�
'

�n

E \ B
n

�

 2 lim
n!1

0

@
1X

kDnC1

�.A

k

/

1

A D 0 (4.19)

due to the convergence condition (4.10) for the measure �.A/ < 1: Thus, we conclude that �
�
'

�1

A

E

�
D �.E/

for any measurable set E ⇢ A: This means that the measure �
A

D �=�.A/ suitably induced on the set A ⇢ X is
also invariant under the induced mapping '

A

WA! A:

We now assume that the induced mapping '
A

WA! A is ergodic and take a setD ⇢ X; �.D \A/ > 0; since
either �.D \ A/ > 0 or �

�
D \ Ac

�
> 0; which is invariant under the mapping 'WX ! X; that is '�1

D D D:

It follows from expansion (4.13) that

'

�1

A

.D \ A/ D t
n2N

�
'

�n

.D \ A/ \ A
n

�
D t

n2N
�
D \ '�n

A \ A
n

�

D D \
�
t
n2N

�
'

�n

A \ A
n

��
D D \ '�1

A

A D D \ A; (4.20)

since the initial assumption [
n2N'�n

A D X assures that '�1

A

A D A modulo a set of measure zero. As
the induced mapping is assumed to be ergodic, it follows from (4.20) and the condition �.D \ A/ > 0 that
D \ A D A: Thus, based once again on the initial assumption [

n2N'�n

A D X; we can simply obtain that

X D [
n2N'�n

.D \ A/ D [
n2N

�
'

�n

D \ '�n

A

�

D [
n2N

�
D \ '�n

A

�
D D \

�
[
n2N'�n

A

�
D D \X D D; (4.21)
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which means that the mapping 'WX ! X is also ergodic.
Similarly, we state that the converse statement is also true. Indeed, if a mapping 'WX ! X is ergodic and a

set E ⇢ A; �.E/ > 0; is '
A

-invariant, then

'

�1

A

E D t
n2N

�
'

�n

E \ A
n

�
D E: (4.22)

By using the invariance condition (4.22), we construct a set F WD E [ t
n2N

�
B

n

\'�n

E

�
and compute its

'-mapping inverse:

'

�1

F D '

�1

E [ t
n2N

⇣
'

�1

B

n

\ '�.nC1/

E

⌘

D '

�1

E [ t
n2N

⇣
.B

nC1

t A
nC1

/ \ '�.nC1/

E/

⌘

D '

�1

E [
⇣
t
n2N

⇣
B

nC1

\ '�.nC1/

E

⌘⌘

[
'

�1

E [
⇣
t
n2N

⇣
A

nC1

\ '�.nC1/

E

⌘⌘

D
�
A

1

\ '�1

E t B
1

\ '�1

E

�
[
⇣
t
n2N

⇣
B

nC1

\ '�.nC1/

E

⌘⌘

[ �
A

1

\ '�1

E t B
1

\ '�1

E

�
[
⇣
t
n2N

⇣
A

nC1

\ '�.nC1/

E

⌘⌘

D
�
t
n2N

�
B

n

\ '�n

E

��[ �
t
n2N

�
A

n

\ '�n

E

��

D
�
t
n2N

�
B

n

\ '�n

E

��
[E D F; (4.23)

that is '�1

F D F; which means its invariance under the mapping 'WX ! X: Thus, in view of its ergodicity,
we find that F D X modulo a null subset of X: If we now take into account that, by construction, the subset
t
n2N

�
B

n

\ '�n

E

�
⇢ A

c

; then we conclude that the set A ✓ E modulo a null subset of X: Since, by assumption,
E ⇢ A; we finally get A D E; which means, respectively, that the induced mapping '

A

WA! A is also ergodic.
If we now try to apply the measure-theoretic construction proposed in [33] in order to prove the ergodicity

of the two-dimensional Boole mapping (4.2), then we soon arrive at very cumbersome technical complications,
which are quite difficult to overcome. Thus, it is reasonable to apply to this ergodicity problem the analytic
approach based on Theorem 2.1 if we take into account the fact that the two-dimensional Boole mapping (4.2) is
related to the following two-dimensional transformation:

T

'

W Œ0; 1/2 3 .s; t/! .f2sg; f2tg/ 2 Œ0; 1/2

on the square Y D Œ0; 1/

2 ⇢ R2 owing to the following commutative diagram:

Œ0; 1/

2

cot.⇡ı/! R2

'! R2

S # # cot�1

⇡

Œ0; 1/

2

T'.ı/! Œ0; 1/

2

˛

�1

! Œ0; 1/

2

; (4.24)
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where ˛�1W Œ0; 1/2 ! R2 stands for the mapping

˛

�1

 
s

t

!
WD
 
˛

�1

1

.s; t/

˛

�1

2

.s; t/

!
D

0

BBBB@

⇡

�1 cot�1

✓
2 cotf⇡.s C t /g

1C sinf⇡.s � t /g= sinf⇡.s C t /g

◆

⇡

�1 cot�1

✓
2 cotf⇡.s � t /g

�1C sinf⇡.s C t /g= sinf⇡.s � t /g

◆

1

CCCCA
(4.25)

due to the change of variables x D cot.⇡s/; y D cot.⇡ t /; .s; t/ 2 Œ0; 1/

2

; .x; y/ 2 R2

; subject to the new
coordinates .s; t/ 2 Œ0; 1/2 and the transformation

S

�1W Œ0; 1/2 3 .s; t/!.fs C tg; fs � tg/ 2 Œ0; 1/2:

This approach was proved to be successful and made it possible to obtain a proof of the ergodicity theorem for the
two-dimensional Boole transformation (4.1) announced earlier in [35–37].

Theorem 4.3. The two-dimensional Boole transformation (4.1) is ergodic with respect to the invariant
Lebesgue measure � on R2

:

Proof. We can now construct the proper cylindrical sets I
n

WD I

n

.k

0

; k

1;

; : : : ; k

n�1

I l
0

; l

1;

; : : : ; l

n�1

/ ⇢
Œ0; 1/

2

; n 2 ZC:

I

n

D

8
<

:

!Y

jD0;n�1

�
S

�1 ı �
kj ;lj

ı ˛
�
W .u; v/ 2 Œ0; 1/2

9
=

; (4.26)

for the diffeomorphically equivalent Q'-mapping Q' D
�
Q'
1

; Q'
2

�|W Œ0; 1/2 ! Œ0; 1/

2

; where, by definition,
T

'

ı �

kj ;lj
D Id W Œ0; 1/2 ! Œ0; 1/

2

; �

kj ;lj
WD .�

kj
; �

lj
/

�1

; k

j

; l

j

2 f0; 1g; j D 0; n � 1; �
0

.s/ D s=2 if
s 2 Œ0; 1=2/; �

1

.s/ D .1C s/=2 if s 2 Œ1=2; 1/; and

. Q'
1

; Q'
2

/

| D cot�1

.⇡ı/ ˛�1 ı T
'

ı S; (4.27)

satisfy the following obvious conditions:

Q'
1

ı
�
S

�1 ı ⇡�1 cot�1 ı⇡�
kj

ı ˛
1

ı cot.⇡ı/
�
.u; v/ D u;

Q'
2

ı
�
S

�1 ı ⇡�1 cot�1 ı⇡�
kj

ı ˛
1

ı cot.⇡ı/
�
.u; v/ D v

for every .u; v/ 2 Œ0; 1/2; k
j

; l

j

2 0; 1; j 2 0; n � 1: The Lebesgue measure of the cylindrical interval (4.26) can
be now easily estimated as follows: By the definition of the Lebesgue measure of an interval, we get

�.I

n

/ D
Z

In

dudv D
Z

Œ0;1/

2

�

In
.u; v/dudv

D
Z

Œ0;1/

2

ˇ̌
ˇJ

.S

�1ı�kn�1;ln�1
ı˛/ı

.

S

�1ı�kn�2;ln�2
ı˛
/

ı:::ı
.

S

�1ı�k0;l0
ı˛
/

.u; v/

ˇ̌
ˇ dudv
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D
Z

Œ0;1/

2

Y

jD0;n�1

jJ
S

�1 jJ
�kj ;lj

ˇ̌
J

˛

.u

j

; v

j

/

ˇ̌
dudv

D 1

4

n

Z

Œ0;1/

2

Y

jD0;n�1

ˇ̌
J

˛

.u

j

; v

j

/

ˇ̌
dudv; (4.28)

where, by definition, S�1 ı �

kj ;lj
ı ˛.u

j

; v

j

/ WD .u

jC1

; v

jC1

/ 2 Œ2

�.jC1/

; 2

�j

/

2

; Q'.u
jC1

; v

jC1

/ D .u

j

; v

j

/;

j D 0; n � 1; and .u
0

; v

0

/ WD .u; v/ 2 Œ0; 1/2: In view of the fact that

�
S

�1 ı �
kj�1;lj�1

ı ˛
�
ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�

: : : ı
�
S

�1 ı �
k0;l0

ı ˛
� �
Œ0; 1/

2

�
⇢ Œ1=2

jC1

; 1=2

j

/ (4.29)

and 2t  sin⇡ t  ⇡ t; 2s  sin⇡s  ⇡s for all s; t 2 Œ0; 1=2ç; the Jacobian product in the integrand of (4.28) can
be represented as

Y

jD0;n�1

J

˛

.u

j

; v

j

/

D
Y

jD0;n�1

⇥
cos2 ⇡.u

j

C v

j

/C sin2 ⇡u
j

cos2 ⇡v
j

⇤ ⇥
cos2 ⇡.u

j

� v
j

/C sin2 ⇡v
j

cos2 ⇡u
j

⇤

.1 � sin2 ⇡u
j

� sin2 ⇡v
j

C 2 sin2 ⇡u
j

sin2 ⇡v
j

/

D
Y

jD0;n�1

⇥
1 � sin2 ⇡v

j

C sin2 ⇡u
j

sin2 ⇡v
j

� 1=2 sin2 2⇡u
j

sin 2⇡v
j

⇤
�
1 � sin2 ⇡u

j

� sin2 ⇡v
j

C 2 sin2 ⇡u
j

sin2 ⇡v
j

�

⇥
Y

jD0;n�1

⇥
1 � sin2 ⇡u

j

C sin2 ⇡u
j

sin2 ⇡v
j

C 1=2 sin2 2⇡u
j

sin 2⇡v
j

⇤
: (4.30)

One can easily obtain its estimation as follows:

✓
3⇡

2

4

C 1

4

2

� 1
◆✓

⇡

2

4

� 3

2

C 1

4

2

◆
exp

2

4
X

j2ZC

✓
1 � ⇡

2

4

j

C 2.1 � ⇡

4

/

16

j

◆3

5


Y

jD0;n�1

J

˛

.u

j

; v

j

/ 

1 � ⇡

2

2

C
⇣
⇡

2

⌘
4

��1

exp

2

4
X

j2ZC

✓
2⇡

2 C 6

4

jC1

C 1

16

jC1

◆3

5
: (4.31)

Thus, by using estimations (4.30), we get the following inequalities for the measure (4.28):

C

1

4

n

 �.I

n

/  C

2

4

n

(4.32)
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for any n 2 ZC; where the bounded constants are given by the formulas

C

1

WD
✓
3⇡

2

4

C 1

4

2

� 1
◆✓

⇡

2

4

� 3

2

C 1

4

2

◆
exp

2

4
X

j2ZC

✓
1 � ⇡

2

4

j

C 2.1 � ⇡

4

/

16

j

◆3

5
;

C

2

WD

1 � ⇡

2

2

C
⇣
⇡

2

⌘
4

��1

exp

2

4
X

j2ZC

✓
2⇡

2 C 6

4

jC1

C 1

16

jC1

◆3

5
:

(4.33)

Estimation (4.32) means that we can apply Lemmas 2.1 and 2.2. Thus, we assume that a measurable set
B ⇢ Œ0; 1/

2 is invariant:

B D '

�1

B D '

�n

B; n 2 N;

and find the following Lebesgue measure:

�.B \ I
n

/ D
Z

Œ0;1/

2

�

B\In
.u; v/dudv

D
Z

Œ0;1/

2

�

B

.u; v/�

In
.u; v/dudv D

Z

In

�

B

.u; v/dudv

D
Z

Œ0;1/

2

�

B

⇣ �
S

�1 ı �
kn�1;ln�1

ı ˛
�
ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�

: : : ı
�
S

�1 ı �
k0;l0

ı ˛
�
.t/

⌘
d�

⇣ �
S

�1 ı �
kn�1;ln�1

ı ˛
�

ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�
ı : : : ı

�
S

�1 ı �
k0;l0

ı ˛
�
.u; v/

⌘

D
Z

Œ0;1/

�

'

�n
B

⇣ �
S

�1 ı �
kn�1;ln�1

ı ˛
�
ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�

: : : ı
�
S

�1 ı �
k0;l0

ı ˛
� ⌘
.u; v/d�

⇣ �
S

�1 ı �
kn�1;ln�1

ı ˛
�

ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�
ı : : : ı

�
S

�1 ı �
k0;l0

ı ˛
� �
.u; v//

D
Z

Œ0;1/

�

B

⇣
Q'n ı

�
S

�1 ı �
kn�1;ln�1

ı ˛
�
ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�

: : : ı
�
S

�1 ı �
k0;l0

ı ˛
�
.u; v/

⌘
d�

� �
S

�1 ı �
kn�1;ln�1

ı ˛
�
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ı
�
S

�1 ı �
kn�2;ln�2

ı ˛
�
ı : : : ı

�
S

�1 ı �
k0;l0

ı ˛
� ⌘
.u; v//

D
Z

Œ0;1/

2

�

B

.u; v/

ˇ̌
ˇJ
.

S

�1ı�kn�1;ln�1
ı˛
/

ı.S�1ı�kn�2;ln�2
ı˛/ı:::ı

.

S

�1ı�k0;l0
ı˛
/

.u; v/

ˇ̌
ˇ dudv

D
Z

Œ0;1/

2

�

B

.u; v/

Y

jD0;n�1

jJ
S

�1 jJ
�kj ;lj

ˇ̌
J

˛

.u

j

; v

j

/

ˇ̌
dudv

D 1

4

n

Z

B

Y

jD0;n�1

J

˛

.u

j

; v

j

/dudv; (4.34)

where we have used the property that the composition ' ı
�
S

�1 ı �
kj ;lj

ı ˛
�
D Id for any j D 0; n � 1: Further,

it follows from (4.32) that

�.B \ I
n

/ D 1

4

n

Z

Œ0;1/

2

�

B

.u; v/

Y

jD0;n�1

J

˛

.u

j

; v

j

/

� C

1

4

n

�.I

n

/

�.I

n

/�.B/ � C

1

C

�1

2

�.I

n

/�.B/;

i.e., the Lebesgue measure �.I
n

/�.B/  C�.B \ I
n

/ for all n 2 ZC; where the constant C WD C

2

C

�1

1

: Thus,
by virtue of Lemma 2.2, either the Lebesgue measure �.B/ D 1 or �.B/ D 0; which simultaneously means the
ergodicity of the two-dimensional Boole mapping (4.1) with respect to the same invariant Lebesgue measure � on
R2

; which completes the proof.
As mentioned above, the Lebesgue measure on R3 is also invariant under the three-dimensional Boole-type

transformations (4.3), which are also plausibly ergodic. However, the proofs of this statement are still under search.

5. Conclusions

It is shown that Schweiger’s smooth fibered approach based on the Bernoulli-type shift transformations
technique is an efficient tool for proving the ergodicity of discrete measure-invariant dynamical systems. In
particular, we prove that the one- and two-dimensional Boole-type transformations are ergodic due to the infinite
Lebesgue measures.
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