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AN IMPROVED BLOW-UP CRITERION
FOR THE MAGNETOHYDRODYNAMICS
WITH THE HALL AND ION-SLIP EFFECTS

S. Gala and M. A. Ragusa UDC 35Q35; 35L60; 35Q80

ABSTRACT. In this work, we consider the magnetohydrodynamics system with the Hall and ion-slip
effects in R®. The main result is a sufficient condition for regularity on a time interval [0, T] expressed
in terms of the norm of the homogeneous Besov space Bgo,oo with respect to the pressure and the
BMO-—norm with respect to the gradient of the magnetic field, respectively

T
2
J (19501, +1VBO a0 ) it < o
" :
which can be regarded as improvement of the result in [3].
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1. Introduction and Main Result

Magnetohydrodynamics (MHD) is concerned with interaction between fluid flow and magnetic field.
The fundamental governing equations consist of the compressible Navier—Stokes equations of fluid
dynamics and Maxwell’s equations of electromagnetism. In this paper, we consider the Cauchy problem
of the following incompressible MHD equations with the Hall and ion-slip effects in R3:

ou+ (u-V)u+Vr = (V x B) x B+ uAu,
HB+V x (ux B)4+ 0V x((VxB)xB)=krV Xx[Bx(Bx(VxB))]+nAB,
V-u=V-B=0,
u(z,0) = up(z), B(z,0) = By(z).

Here, the nonnegative parameters p and 7 are associated with the properties of the materials: p
denotes the kinematic viscosity coefficient of the fluid and 7 denotes the reciprocal of the magnetic
Reynolds number. x > 0, o are constants. Because of their mathematical and physical importance,
there is a great amount of literature on the mathematical theory of MHD equations with the Hall and
ion-slip effects, for instances see [3, 4] and references therein.

(1.1)

Translated from Sovremennaya Matematika. Fundamental'nye Napravleniya (Contemporary Mathematics.
Fundamental Directions), Vol. 67, No. 3, In honor of the 70th anniversary of Professor V. M. Filippov, 2021.
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The mathematical study of the above system has important applications in fluid mechanics and
material sciences, and has recently attracted considerable attention in the community of mathematical
fluids (see, e.g., [6-8]). Physically u denotes the velocity of the fluid, 7 the pressure, B denotes the
magnetic field, while ug(z) and By(z) are the given initial velocity and initial magnetic field with
V-ug =0 and V- By = 0, respectively in the sense of distribution. Comparing with the usual viscous
incompressible MHD equations, system (1.1) contains the extra term V x ((V x B) x B), which is
the so-called Hall term and V x [B x (B x (V x B))] the ion-slip effect. Here we have normalized the
viscous coefficient and the magnetic diffusion coefficient to be 1 for convenience.

System (1.1) is important to describe some physical phenomena, e.g., in the magnetic reconnection
in space plasmas, star formation, neutron stars and dynamo. In the case 0 = k = 0, system (1.1)
reduces to the standard MHD equations; when xk = 0, system (1.1) reduces to the Hall-MHD system.

In [8], Mulone and Solonnikov proved the small data global existence of strong solutions in a
bounded domain. Therefore, it is important to study a global regularity criterion and structure of
possible singularities of strong solutions. In a recent paper, Fan et al. [3] proved the existence of local-
in-time strong solutions. Various criteria for regularity in terms of the velocity field, the magnetic
field, the pressure and their derivatives have been proposed to (1.1) in [3]. In particular, they proved
that if (u,w, B) satisfies one of the following conditions

we Las(0,T; LUR?)), 3 < q < oo,
2s
Vr € L3s=3(0,T; L*(R3)), 3 < s< o0, (1.2)
Vr € L3 (0, T; BMO(R3)),

and
B € L®(0,T; L®(R®)), VB € L2 (0,T; L*(R%) with 3 < s < oo (1.3)

and 0 < T < oo, then the solution (u, B) can be extended beyond time 7. Here BMO denotes the
Bounded Mean Oscillation space [9].

Later on, Gala and Ragusa [4] extended the results of [3] to the critical Besov space BO_OI’OO and
multiplier spaces. Despite a great deal of efforts by mathematicians, the question of global existence or
finite time blow-up of smooth solutions for the 3D MHD equations is still one of the most outstanding
open problems in applied analysis. For further progresses on this topic, the interested readers are
referred to [1, 6, 7] and references therein.

Motivated by this work in [3, 4], it is reasonable to establish a blow-up criterion on the pressure
and magnetic field for system (1.1). The main purpose is to improve and extend the above regularity
results in [3, 4] and to consider the main mechanism for possible breakdown of strong solutions to
problem (1.1) in terms of the critical Besov spaces BgO’OO by removing the assumption on the magnetic
field B € L>(0,T; L>=(R?)) in [3].

For the sharp blow-up criterion, we need to introduce the following functional setting. We recall the
homogeneous Besov space Bgopo, which is defined as follows. Let {goj}jez be the Littlewood—Paley
dyadic decomposition of unity, where the Fourier transform is supported on the annulus {§ eR3: 21
< [€] < 27} (see, e.g. [2, 9]). Then,

fe BQOM(R?’) if and only if sup ||o; * fll; e = [ fllgo < 0.
jez 00,00
The following is a well-known embedding result (cf. [9, pp. 244]):
L®(R*) < BMO(R?) — BY, (R%). (1.4)

Now our result reads as:
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Theorem 1.1. Let (u, B) be the local strong solution to system (1.1) with initial data (ug, By) €
H2(R3) and V -ug =V - By = 0. Then (u, B) can be extended beyond time T provided that

Vr € L5 (0,T; BY o (R*) and VB e L*(0,T; BMO(RY)), (1.5)
with 0 < T < oo.

Remark 1.1. We would like to compare (1.5) with the corresponding results (1.2)2 and (1.2)3 on
pressure fields. Due to the embedding relation (1.4), our result here obviously improves the previous
ones (1.2)2 and (1.2)3. And it should be mentioned that our regularity criterion result (1.5) covers
the limiting case s = oo in (1.2)9, and also extends it into the larger BgO’OO spaces. Moreover, the
assumption on the magnetic field B € L>(0,T; L>(R?)) was removed.

Remark 1.2. Since the margin case s = oo in (1.3) on magnetic field appears to be more challenging,
we have refined the above results in critical Lebesgue spaces to the BM O spaces in the following sense

VB € L*(0,T; BMO(R?)).

Remark 1.3. In the absence of global well-posedness, the development of blow-up / non blow-up
theory is of major importance for both theoretical and practical purposes. For incompressible Euler
and Navier—Stokes equations, the well-known Beale-Kato-Majda’s criterion [1] says that any solution
u is smooth up to time T under the assumption that

T
/||v X (s )] o dE < 00,
0

Later, Beale-Kato-Majda’s criterion is slightly improved by Kozono—Taniuchi [5] under the assump-
tion

T
/ IV % ul-, )l pao dt < 0.
0

In this paper, we obtain a Beale-Kato—Majda type blow-up criterion of smooth solutions to Cauchy
problem for the Hall-magnetohydrodynamics system in terms of the pressure and magnetic field.

Before proceeding further, we estimate the pressure in (1.1);, which will be needed later. Because
of V.-u=V-B =0, we have

Vx(uxB)=(B-V)u—(u-V)B.
Along the arguments in [10], taking Vdiv operator of both sides (1.1);, and using the identity

(VxB)xB:(B.V)B—V<|BQ|2>,

it follows that
|BJ? ; 23 o
V <7T+ 9 ) = (—A) = 8.%18:1}] (V('LLZ’U,] — BZB])),

where we have used the facts V-« =V - B =0, and then the Calderén—Zygmund inequality implies:
V7l e < Cll(u-V)ullge + C (B V)B|L,, 1<g<oo. (1.6)

Remark 1.4. Due to the velocity growth condition (1.2); and estimate (1.6), it is reasonable to expect
the regularity of the strong solutions by imposing some suitable growth conditions on the pressure.

308



2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The existence and uniqueness of local strong
solutions was be done in [3], thus it is sufficient to establish a priori estimates for (u, B) for any T > 0.
The key step is to establish that |lu(-,t)||;4 and ||B(-,t)|/;4 are bounded due to the standard Serrin
type criterion on the 3D MHD equations.

Proof. First, taking the inner product of (1.1); with u, after integration by parts and taking the
divergence-free property into account, we have

1d

gy I+ 19l = [((7 % B) x B) - udo

R3
:/((B-V)B—;V\B|2)-udm:/(B-V)B-udm’. (2.1)
R3 R3

Similarly, taking the inner product of (1.1)s with B, using the divergence free property, we obtain

1d
5 1 |B||32 + |[VB||72 + || B x (V x B)|[32 = /v x (ux B) - Bdx
R3
:/[(B'V)u—(u-V)B]-Bda;:/(B-V)u-Bda::—/(B~V)B-udm, (2.2)
R3 R3 R3

where the following cancellation property have been applied:

/Vx((VxB)xB)-Bdm:/((VxB)><B)~(V><B)dx:0.
R3 R3
Summing up (2.1) and (2.2), we easily get

1d

gy (llZ2 + 1BIZ2) + [Vulle + [V BIZ2 + 1B x (V x B[} = 0.

This proves
(s B)[ oo 0,72y + 1t Bl 20,7551y < C- (2.3)

Now, we are devoted to obtaining the L* estimate of v and B. Multiplying (1.1); by \u\z u, taking
the divergence-free property into account and integrating the resulting equation lead to

1d

4 2 2 1 2 2
AR AR R U
R3

R3
1
= /((B V)B =V |BI?) - |ul|? udz — /u lul? - Vrde = Ky + K. (2.4)
R3 R3
In similar way, multipling (1.1)2 by |B|? B, we find that

1d

1 2

4 2 2 2

o HBHL4+/|B\ VB dm+2/‘V\B| | da
R3 R3

= /(B -V)u - |B]> Bdz + /(B x (V x B)) -V x (|B|* B)dx

R3 R3
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+ /[((V X B) x B) x B]- (V x (|B]* B))dz = K3+ K4 + K5. (2.5)
R?)

Combining (2.4) and (2.5), we obtain

1d

9 5
it )= D K. (26)

m=1

1 2 1
(lallzs + 1BIL) + Il [Vl 172+ 1BV B2+, (|9 ||+, [V 18]

In what follows, we will deal with each term on the right-hand side of (2.6) separately.
For the term K7, using Holder’s and Young’s inequalities, it follows that

V|B|2‘

3
L o S Cllediza I Bllza IV Bllgaro

K < 0/ BI1VB] uf do < C | juf’
R3
3 4 3 4 2
< C (Jlullfs + 1BII30) IV Bllpaso < € (Ilulifa + I1BIL: ) (1 + IV Blas0), (27)
where we have used the following fact (see [5]):

|VIBP| , < ClIBIVBIL < ClIBIL VBl o

In order to estimate Ko = [ V7 - |u|2 udz, we decompose K> into three parts as follows:

R3
N
Vw:Zgoj*Vw: Z 0 *x VT + Z goj*Vw+Zg0j*V7r
JEZ j<-N j=-N j>N

by using the Littlewood—Paley decomposition, where N is a positive integer to be determined later.
Plugging this decomposition into Ko produces that

N
K, < /Z @; * V- [ul* udz| + / Z @j * V- [u udz| + /Zgoj*Vw'\uPuda:

3 J<—N 3 j=—N 3 J>N
= Ko+ Koo + Ko3.

Recalling the Bernstein inequality [2]:
3i(1_1
s * Flle < C2Y0 7 gy # flly,, 1<p<a<oo (2:8)

with C being a positive constant independent of f and j, we apply the Holder inequality to deduce
that

11
Ka <Y llpy* Vallelulzs < Cllulfs D2 29673 gy V)
J<—N J<=N
] :
3 -
< Clulde | X 227 ) | DD N+ Vs
j<—N j<—N
_3 _3
< 27Nl |97l o < C273Y e (- W)l + (Y % B) x Bll2)
1 1
= (273 ullfe)* (- V)ulze + IV x B) x B:)*
i1 1
< C (2N ullf)" + gl Vulfe + IV x B) x Bl
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Using the Holder and Young inequalities, Koy is controlled as

N N
1 1
Ko < [ 3 lepeVnlluf o= [ 37 Iy« Vnlblo; s Valb u do
R3 j=—N R3 j=—N

N
= > |les = Vi
j=—N

! 3
s w2 s

N 1 1
3
= ullZs | D llopj* Vrlli o Va2,

j=—N
3 1 N 1
< Cllulfs {suplle; « Valze | [ D llg;* V|2,
JEZL =N
81113 2 >
< CONiull}a [V7l2, V]2
00,00

3 1 1
< ONY[ul 9l (I Dl + (Y x B) x Bllya)*

2 1 1
< ONJullfa 19712, + gl Dhulffa + LIV x B) x Bl

For Ks3, with the aid of the Bernstein inequality, the Holder inequality, and the Sobolev inequality,
one shows that

3 2
Ku < % / iVl ful dz < g+ Vel Nl |1
5>Nps j>N
2 _J
< Cllullps [VIaP| , 2 27 lles « Vrll
J>N
1
2 2
2 g 2
< Clull ||V Iul ‘m R S s V2,
j>N J>N
_N 2
< 027 lulla ||V P, 197l

< (2N ull) " (e Dyula + 1V  B) x Bl,2?

1
< 02 ulza)* (- VyulZe + 1V x B) x Bllz)

Plugging the estimates of Koy, Koo, K3 into Ko, it follows that

6
1
K < (027 Jullfs) " +

1
J @ V)l + IV x B) x Bl

2 1
+ON [ulla 9713, + (C27Nlult)* (llu- Vulz + 19 x B) x Bljz) . (29)

log C-+log(||ull} 4 +e)

Now let us choose a fixed positive integer N so that C2~V ||u||74 ~ 1 ie, N = log 4

|

where [a] denotes the largest integer less than or equal to a. Therefore, inserting N into (2.9), we
arrive at
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2 1 1
K < €+ C (logC+loglullfs +)) IVallh, Nullfs + | - Vyulls + IV x B) x Bl

8
(2.10)
For K3, using integration by parts, Holder’s and Young’s inequalities, we can derive
3 3
K3 = Z/Bi(‘)iu- |B]> Bdx = —Z/Biuai(|B|zB)da;
=13 i=lps
3
= —/u|B|2(B-V)de—/B-u-ZBiaiBzdx
R3 R3 =1
< CIB-)Blpllullgs |1BE[, < CIBIE s IV Bl paso
< O (IulZs +1Bl1:) 1+ 1VBIEo0)- (2.11)

In the same way, we get the estimates to K4 and K5 as follows:

Ky — /((B X (V x B)(V B x B)da < C||B x (V x B)|| 4

RS

VB

B

< ClIBIZ IVBIlsa0 < C (1+ 1BI:) IV B0 (2:12)
where we have used the fact (see [5]) that

1B < (V x B)llpa <CIBIVB|p1 < ClIBla VBl paro

and

Ky = /[((v « B) x B) x B|(V |B[? x B)dz
]R3

< C||B x (V x B)| s < CIIBI4 VBl (213)

V|B|2(

BP|

4 L2
We substitute the estimate of K, (m =1,2,...,5) into (2.6) and obtain

1d

1 1 1 2 1
4 4 2 2 2 2
s s+ IBIL) + ) Ml (VallZ + 5 BIVBI + ||V 1uP|| |, + ||V 1P|

2
L2

2
< C+C (logC +log(ullfa +©)) VI3, [l +CO+ [VBIEa0) (I1BIEs + lullfs )

the above inequality reduces to
d 4 4 2 4 4
& (lulta + 1BIE) < €+ CO+ 19 Bur0) (I1BI: + lullf )
3 4 4 4 4
+C1IVrlh, Tog(lullhs +1BIL: +e) (1B + ulls)

for all 0 <t < T. For the sake of clear presentation, we set F(t) = e+ |[u(-,t)||74 + | B(,)||34 . Thus,

we have
dF

dt
Using Gronwall’s inequality, we obtain for all 0 <¢ < T :

(t) < OO+ IVBIbuo)F(t) + CF (1) [ Vrl, _log(F(1) +C.

T T
2
F(t) < (F(0) + CT)exp C/ [Va(r)|l}, log F(r)dr | exp /1 +IVB(T) B0 dr |- (2.14)
0 - 0
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Taking logarithmic on both sides of (2.14), one has

T
2
log F'(t) §log(F(0)+CT)—|—C/||V7r(7')||%0 log F'(T dT—I—/ 14+ ||VB(r ||BMO}dT.
- 0

Employing the Gronwall inequality again, we obtain that

2
log F(t) <log (F(0) 4+ CT) / HV?T(T)HBB& _ dr < o0

for any 0 <t <T'. This implies that

(u, B) € L*°(0,T; L*(R%)) c L3(0,T; L*(R?)). (2.15)

From (2.15) and (1.2), it is easy to conclude that the solution (u, B) can be extended beyond t = T'.
This completes the proof of Theorem 1.1.

9.
10.

REFERENCES

. J. Beale, T. Kato, and A. Majda, “Remarks on breakdown of smooth solutions for the three-

dimensional Euler equations,” Commun. Math. Phys., 94, 61-66 (1984).

. J.-Y. Chemin, Perfect Incompressible Fluids, Clarendon Press & Oxford University Press, New

York (1998).

. J. Fan, X. Jia, G. Nakamura, and Y. Zhou, “On well-posedness and blow-up criteria for the

magnetohydrodynamics with the Hall and ion-slip effects,” Z. Angew. Math. Phys., 66, 1695—
1706 (2015).

. S. Gala and M. A. Ragusa, “On the blow-up criterion of strong solutions for the MHD equations

with the Hall and ion-slip effects in R3,” Z. Angew. Math. Phys., 67, 18 (2016).

. H. Kozono and Y. Taniuchi, “Bilinear estimates in BMO and the Navier—Stokes equations,”

Math. Z., 235, 173-194 (2000).

. M. Maiellaro, “Uniqueness of MHD thermodiffusive mixture flows with Hall and ion-slip effects,”

Meccanica, 12, 9-14 (1977).
G. Mulone and F. Salemi, “Some continuous dependence theorems in MHD with Hall and ion-slip
currents in unbounded domains,” Rend. Accad. Sci. Fis. Mat. Napoli, 55, 139-152 (1988).

. G. Mulone and V. A. Solonnikov, “On an initial boundary-value problem for the equation of

magnetohydrodynamics with the Hall and ion-slip effects,” J. Math. Sci. (N.Y.), 87, 3381-3392
(1997).

H. Triebel, Theory of Function Spaces, Birkhaduser, Basel (1983).

Y. Zhou, “Regularity criteria for the 3D MHD equations in terms of the pressure,” Int. J. Non-
linear Mech., 41, 1174-1180 (2006).

Sadek Gala

E-mail: sadek.gala@gmail.com

Ecole Normale Supérieure of Mostaganem, Mostaganem, Algeria,;
Universita di Catania, Catania, Italy

Maria A. Ragusa

Universita di Catania, Catania, Italy;

RUDN University, Moscow, Russia

E-mail: maragusa@dmi.unict.it

313



	Abstract
	1. Introduction and Main Result
	2. Proof of Theorem 1.1
	REFERENCES

