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ASYMPTOTICS OF THE SPECTRUM OF VARIATIONAL PROBLEMS
ARISING IN THE THEORY OF FLUID OSCILLATIONS
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ABSTRACT. This work is a survey of results on the spectral asymptotics of variational problems arising
in the theory of small oscillations of a fluid in a vessel near the equilibrium position. These problems
were posed by Kopachevsky in the late 1970s and cover various fluid models. The statements of the
problems are given both in the form of boundary-value problems in the domain  C R® occupied by
the fluid in the equilibrium state and in the form of variational problems on the spectrum of the ratio
of quadratic forms. The common features of all the problems under consideration are the presence of
an “elliptic” constraint (the Laplace equation for an ideal fluid or a homogeneous Stokes system for
a viscous fluid), as well as the occurrence of the spectral parameter in the boundary condition on the
free (equilibrium) surface I'. The spectrum in the considered problems is discrete; the spectral counting
functions have power-law asymptotics.
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To the bright memory of Nikolai Dmitrievich Kopachevsky

1. Introduction

Background of the topic. The present paper gives a survey of the results on the spectral

asymptotics of variational problems arising in the theory of fluid oscillations. We study small (linear)
oscillations of the fluid in a vessel near the equilibrium position. In [23, Appendix 1] (see also [3,
21, 22]), Nikolai Dmitrievich Kopachevsky posed a number of problems on the spectrum of normal
fluid oscillations for various physical models: heavy ideal, capillary ideal, heavy viscous, and capillary
viscous fluids. (These problems were also discussed in the later monograph [26] by Kopachevsky,
Krein, and Ngo Zui Kan and in books [24, 25] by Kopachevsky and Krein.) Recall that for the heavy
fluid the main role is played by the mass forces (force of gravity, centrifugal force during the vessel
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rotation). For the capillary fluid the main role is played by the surface forces (surface tension force).
We consider the case of one fluid partially filling a vessel and the case of a system of immiscible
fluids. By the heuristic arguments, Kopachevsky has found the formulas for the principal terms of the
spectral asymptotics in these problems. In the end of 1970s, he raised the question about the rigorous
proof of these formulas and turned for advice to Leningrad mathematicians Birman and Solomyak,
well known specialists in the spectral operator theory. It turned out that in one auxiliary problem for
the heavy viscous fluid the spectral asymptotics followed from the general results of Metivier [31]. In
other problems, the question about the rigorous proof of the asymptotic formulas was open at that
time.

Soon, in the case of the heavy ideal fluid the spectral asymptotics was justified by Karazeeva and
Solomyak [19]. In all other problems stated in [23] the spectral asymptotics was justified by the
author (at that time, the PhD student of Birman). On this subject, the author has published the
short note [40] and has deposited manuscript [38]. A detailed exposition of the results has not been
previously published. The present survey fills this gap.

Solving these problems marked the beginning of many years of close scientific cooperation and strong
friendship between the author and Nikolai Dmitrievich Kopachevsky, a wonderful mathematician and
person.

1.2. On the statements of the problems and the results. The statements of the problems
are given both in the form of boundary-value problems in the domain  C R? occupied by a fluid
in the equilibrium state and in the form of variational problems on the spectrum of the ratio of
quadratic forms. The common features of all the problems under consideration are the presence of an
“elliptic” constraint (the Laplace equation for the ideal fluid or the homogeneous Stokes system for
the viscous fluid), as well as the occurrence of the spectral parameter in the boundary condition on
the free (equilibrium) surface I'. Problems with elliptic constraints in smooth domains are amenable
to the technique of pseudodifferential operators; see [11, 12]. However, now the boundary 02 is not
smooth, since the free surface I' (or the interface of two fluids) and the solid wall S of the vessel form
an edge at the intersection. This is the main difficulty. In addition to the nonsmoothness of 9,
other complications arise in the problems under consideration. They are related to the presence of
the nonlocal operator By 1in the variational formulation for the capillary fluid (this is the resolving
operator for some elliptic boundary-value problem on T'; see Secs. 4, 6), to the vector nature of the
problems and to the additional constraints (divu = 0) for a viscous fluid.

The spectrum of the problems under consideration is discrete; the counting functions of the spectrum
have power-like asymptotics. The main terms of the spectral asymptotic formulas are obtained.

1.3. Method. We start from the variational statements of the problems, i.e., study the spectrum
of the ratio of quadratic forms
Br[u]
Aq[u]”

where Agu] is a positive definite differential quadratic form in the domain €2, and Br[u] is a form
on I', which is compact with respect to Agq[u]. The proof of the spectral asymptotics is based on the
general approach developed by Birman and Solomyak in [6, 7]. The scheme of the proof is as follows.
First, we obtain estimates of the spectrum in terms of appropriate L,(I')-norms of the coefficients of
the form Br. These estimates allow us to consider only coefficients from some dense set in L, (I"), when
calculating the principal term of the spectral asymptotics. It is convenient to take C3°(I") as such set.
For the case of smooth coefficients compactly supported on T, it is possible to compare ratio (1.1)

(1.1)

with a similar ratio defined on a domain 2 with smooth boundary (the domain £ “smooths out” €2).
Next, the problem in the domain € is reduced to the boundary, by parametrizing the solutions of a
homogeneous elliptic equation in terms of their Dirichlet data. From the properties of the Boutet de
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Monvel algebra of pseudodifferential operators [14, 17] it follows that the initial forms are represented!
as the quadratic forms of some pseudodifferential operators on 09Q. After reducing to the boundary,
we arrive at the problem on the spectrum of the ratio of pseudodifferential forms (probably, with
additional constraints on a part of the boundary). Then the spectral asymptotics follows from the
results of [8, 10, 37].

A similar method was applied in the author’s works [39, 42|, where, in a rather general statement,
the spectral asymptotics of variational problems on the solutions of an elliptic equation in a domain
with piecewise smooth boundary was obtained. Two more model problems of the theory of fluid
oscillations were studied in [41].

1.4. A short survey of the results on the spectral asymptotics for problems with the
spectral parameter in the boundary condition. Boundary-value problems considered in the
present paper involve the spectral parameter in the boundary condition. Spectral properties of such
problems have been actively studied by many authors during a long time. Asymptotics of the spectrum
for such problems is discussed in survey [9, Sec. 7] by Birman and Solomyak. We will mention only
a few most important papers, sending the reader to more complete bibliography in [9]. The simplest
problem with the spectral parameter in the boundary condition is the Steklov problem:

—Au =0 in €, au:)\u on 0f2, udS = 0.
871 a0
Here 2 ¢ R™*! is a bounded domain. The eigenvalues of this problem coincide with the consecutive
maxima of the ratio of forms
Jog lul*ds
Jo IVu|?dz’
The counting function N(\) for the eigenvalues of the Steklov problem has the following power-like
asymptotics: N(A) ~ A™"wy,meas 092, as A — +0. Here w,, is the volume of the unit m-dimensional
ball. A more general “Steklov-type problem” with variable coefficients is equivalent to the variational
problem on the spectrum of the ratio

Joo 0)|uly)[? dS(y)

Jo (szzl a;;Oiudju + |u\2) dx
where the coefficients are real-valued, and the matrix {a;;(x)} is symmetric and positive definite. First,
the case where the boundary of the domain and the coefficients are smooth was studied. Sandgren [35]
was the first who obtained the spectral asymptotics, by using the variational method. Rather general
results for the problems with the spectral parameter in the boundary condition were obtained by
Kozhevnikov [20, 27] with the help of the pseudodifferential technique. Vulis and Solomyak proved
the spectral asympotics for the degenerating Steklov-type problem [45]. In the two-dimensional case,
some delicate results on the behavior of the eigenvalues of the Steklov-type problem were obtained by
Rozenblum [33].

The spectral asymptotics in the problems with the spectral parameter in the boundary condition in
a domain with piecewise smooth boundary (a domain with edges) was studied in the above mentioned
paper [19] by Karazeeva and Solomyak and in the author’s papers [38, 40] (the results from [19, 38,
40] are described below in details). Agranovich [1] proved the spectral asymptotics for the Steklov-
type problem in a Lipschitz domain with the “almost smooth” boundary (it was assumed that 02 is
infinitely smooth outside some closed set of zero measure). Rozenblum [34] managed to obtain the
same result in the Lipschitz domain replacing the “almost smoothness condition” by the following
assumption: for any € > 0 there exists a closed set U, C 92 with measure less than € such that on
00 \ U. the vector field n(x) belongs to the VMO class (here n(x) is the unit outer normal vector

u € HY(Q), / udS =0.
o0N

u e HY(Q),

n [11], where the Boutet de Monvel algebra was not used, such representation was obtained only up to the lower order
terms, which does not influence the principal term of the spectral asymptotics, but explicit formulas for the principal
terms of the corresponding pseudodifferential operators on 9¢2 were obtained.
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to 0N at the point x). For the Steklov-type problem, in the case where it is known only that the
boundary is Lipschitz, Rozenblum [34] obtained the two-sided estimates of right order for the counting
function, however, the problem of proving the spectral asymptotics remains open.

Note that recently the properties of eigenfunctions of the Steklov-type problem were actively studied:
they decrease rapidly, as the distance from a point to the boundary grows (see, e.g., [15, 16, 46] and
references therein).

1.5. Plan of the paper. The paper consists of Introduction (Sec. 1) and five more sections. In
Sec. 2, the necessary information about compact operators in a Hilbert space with the power-like
spectral asymptotics is provided. In Sec. 3, the Steklov-type problem (the case of a heavy ideal
fluid) is considered; the results of paper [19] are presented. In Sec. 4, the spectral asymptotics of
the nonclassical Steklov-type problem (the problem on the spectrum of ratio (4.1)) is studied; the
result is applied to several problems of the theory of fluid oscillations, including the problem for the
capillary ideal fluid. Secs. 5 and 6 are devoted to problems for the viscous fluid. In Sec. 5, the spectral
asymptotics for one auxiliary problem for the heavy viscous fluid is studied. In Sec. 6, the spectrum
of small oscillations of the capillary viscous fluid is studied.

1.6. Notation and preliminaries. Let $) be a complex separable Hilbert space. The inner product
and the norm in § are denoted by (-,-)g and || - ||, respectively. Sometimes we omit the indices.

The standard inner product and the norm in C* are denoted by (-,-) and | - |, respectively.

Next, L,(£2; CF), 1 < p < oo, and H*(Q;CF), s > 0, stand for the standard L,-spaces and Sobolev
spaces of CF-valued functions in a domain Q C R". Let Hg(;C*) be the closure of C§°(£2;CF) in
H*(Q;CF). For k = 1 we write simply H*(92), H3(9); but sometimes we use such simple notation also
for spaces of vector-valued functions.

If @ C R™ is a bounded domain with piecewise smooth boundary and v(x) is the unit (inner or
outer) normal vector to 02 at the point x € 92 (defined on smooth parts of the boundary), then the
symbol 0/0v stands for the normal derivative.

Let K be the class of bounded domains 2 C R™ satisfying the assumptions of usual embedding and
extension theorems. A sufficient condition for Q € K is that Q is Lipschitz (i.e., locally, in appropriate
coordinates, the boundary 0f2 is the graph of a Lipschitz function).

If f(x) is a real-valued function in a domain €2, its positive and negative parts are denoted by
Fa(x) = L (0)| £ £(x)).

If D is a smooth compact m-dimensional manifold with or without boundary, then T*D stands
for the cotangent bundle, and T3D stands for the cotangent space at the point x € D, T*D \ {0}
is the cotangent bundle without zero section. We need the notion of semidensity (see [44]). In any
local coordinate system on D, a semidensity u is given by a function. If the functions u(y) and u'(y’)
correspond to the same semidensity u in coordinates related by the transformation h : y’ +— y, then
v = (uo h)jp, where j,% is the modulus of the Jacobian of the transformation h. The classes C!, H®,
etc., for semidensities are introduced via local coordinates. The notion of classical pseudodifferential
operator on semidensities makes sense; the definition can be given in local coordinates. The algebra
of the principal symbols for pseudodifferential operators on semidensities is the same as the similar
algebra for pseudodifferential operators on functions. In particular, the principal symbol of a pseu-
dodifferential operator is a function on the cotangent bundle. The product of two semidensities is a
density. For densities on D, the integral is defined invariantly. This allows one to introduce a complex
separable Hilbert space Ly(D) of semidensities.

2. Preliminaries on Operator Theory

Now, we give the necessary information about compact operators in a Hilbert space; see [6, § 1], [7,
Appendix 1], [13].
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2.1. Spectrum counting functions for compact operators. Let $ be a complex separable
Hilbert space, and let G, = G ($) be the set of all compact operators in . If T' = T € G (9),
then A (T), =\ (T) denote the positive and negative eigenvalues of T'; the values A (T') are numbered
in the nonincreasing order with multiplicities taken into account. By N4 (A, T") we denote the counting
functions for the positive and negative eigenvalues: Ny(\,T) := #{n : XX(T) > A}, A > 0. If T > 0,
we write simply N(A\,T) = Ny (A, T).

The minimaximal principle for the eigenvalues of a self-adjoint operator T' € &, () claims that

T
A5 (T)= min max L (Tu,u)y (2.1)
" codim <n 0#uc® ('LL, u)ﬁ
where & is a subspace of §.

We will systematically use the following statement which follows from (2.1).

Lemma 2.1. Let 1 be a subspace of $2. Let T; = T € Goo(9;), i = 1,2. Suppose that any function
u € 91 such that £(Tiu,u) > 0 satisfies £(Thu,u) < £(Tou,u). Then Ny(A,T1) < Ni(A,T3) for
A> 0.

The following lemma generalizes Lemma 2.1 and allows us to compare the spectra of operators
acting in different Hilbert spaces.

Lemma 2.2 (see [7, Lemma 1.15]). LetT; =T € 6($;), 1 =1,2. Let S : 1 — $H2 be a continuous
operator such that (Thu,u)g, = 0 for u € KerS. If, for some t > 0 and any u € $1 satisfying

+(Thu,u)g, > 0, we have
(Thu,u)g, < i75(T2‘S'u,Su),~32

(u7 u)fn N (Su78u)f)2 ’
then Ny (\,T1) < NL(t71\ Ty) for A > 0.

We will consider operators T' = T* € S, () with power-like asymptotics of the functions N (A, T)).
It is convenient to introduce the functionals

£y o T 6 LY o T iaf )0
Ay (T) = )\li)ril_osup)\ Ni(\T), 0y (T) := )\h_glkolnf)\ Ni(\,T). (2.2)
Here 6 > 0. Note that
: 1/60+ _ (A 1/6 B 1/6+ _ (s* 1/6
nlgl;o supn'/OAN(T) = (A, (1)), nll_I)IQlo inf n YA (T) = (6, (T)) " .

Functionals (2.2) do not change under compact perturbations of the metric of the initial Hilbert
space 9. Let Q = Q* € G () and let A\{ (Q) < 1. We put

(u,v) g, = (u,0)5 — (Qu,v)s5. (2.3)
The inner product (2.3) transforms § into a new Hilbert space $);. The metrics of $) and $; are
equivalent. Let T = T* € &,(9), and let T} be the self-adjoint operator in £); generated by the
sesquilinear form of 7}, i.e., (Thu,v)g, = (Tu,v)g, u,v € 9.

Lemma 2.3 (see [7, Lemma 1.16]). Under the above assumptions, we have A;E(Tl) = A;t(T) and
5;'[(T1) = 5(:;(T) for any 6 > 0.

Now, let us discuss the behavior of the functionals A(jt (1), 5;'[(T ) under additive perturbations of
the operator T. First of all, note that if T; =T € 6 ($), i = 1,2, then

Ni()\—l—,u,Tl —I—Tg) < N:t()\,Tl)—l-Ni(,u,TQ), )\,u > 0. (2.4)

Inequalities (2.4) are equivalent to well-known H. Weyl’s inequalities for eigenvalues of the sum of
self-adjoint operators. The following statement also belongs to H. Weyl.

Lemma 2.4 (see [7, Lemma 1.17]). Let T; = T} € &oo(9), @ = 1,2. Suppose that Ay (Tz) = Ay (T5)
=0 for some 6 > 0. Then AT (Ty + T») = A (Th) and &5 (T1 + Tz) = 55 (Th).

Lemma 2.4 is contained in the following statement, which is important for us.
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Lemma 2.5 (see [13, (6)]). Let T; =T} € 6o(9), i = 1,2. Then
[(A5(m)) =0 — (AF(T) | < (AF (T - To) + Ay (Ty — To)) v,

(5 (T) 50 — (05 (T3) 70| < (AF (T = To) + A (Ty = T)) 2.

Functionals (2.2) do not change if §) is replaced by a subspace of finite codimension.

Lemma 2.6. Let 9 be a subspace of $H1 such that dim $H1 S Hy < co. Suppose that J : $Ho — H1 is
the embedding operator and P is the orthogonal projection of $1 onto $a2. Let Ty =T} € G ($H1) and
let Ty be an operator in $H2 given by Ty := PT1J. Then A;t(Tg) = A;t(Tl) and 5§(Tg) = (5;[(T1).

When calculating the spectral asymptotics for the orthogonal sum of operators, we will use the
following obvious statement. Let T; =T € G0 ($;), i =1,2. Then T' =T, & T5 € G (H1 & H2) and

Ni(A,Tl D TQ) = N:t()\,Tl) + Ni()\,Tg), A>0. (2.5)

2.2. The spectrum of the ratio of quadratic forms. We will consider compact operators gen-
erated by the ratio of quadratic forms. If Flu,v] is a sesquilinear form in $), we put Flu] := Flu, u].
Suppose that a continuous sesquilinear form A[u, v] generates an inner product in the Hilbert space §,
transforming § into the new Hilbert space $) 4. Suppose that Blu,v] is a continuous sesquilinear form
in . This form generates an operator B in the space 4, i.e., B[u,v] = A[Bu,v], u,v € £). Suppose
that B = B* € G4, ($4). Then, by the minimaximal principle (2.1), the numbers \;X(B) coincide with
the consecutive maxima of the ratio of quadratic forms

Blu

.A[[u]]’ u € 9. (2.6)
Therefore, we can speak simply about the spectrum of the form ratio (2.6) and use the notation like
Ni(), (2.6)), A7 (2.6), 57 (2.6) instead of Ni(\,B), A7 (B), 67 (B). If Blu] > 0, then the indices +
are omitted.

We will often deal with the finite-dimensional spectral problems depending on the additional pa-
rameter w (usually, w = (x,£) € T*D \ {0}, where D is a smooth compact manifold). Suppose that
aw and by, are Hermitian sesquilinear forms on a finite-dimensional space Hy,, such that ayw[f] > 0,
0+# f € Hy. Then the spectrum counting functions for the ratio

bw|f]
auif] § € Hw (2.7)

+

+

will be denoted by ny (A, w; (2.7)).

Sometimes, a finite-dimensional spectral problem will be represented in a different form. If ¢(w),
p(w) are Hermitian (I x [)-matrices depending on the parameter w, such that p(w) > 0, then the
counting functions for eigenvalues of the problem

q(w)z = \p(w)z, zeC (2.8)
are denoted by ny (A, w; (2.8)).

2.3. Estimates for the spectrum of the ratio of differential or pseudodifferential forms.
Let © C R™ be a bounded domain such that Q € K. Consider the quotient of quadratic forms

||u||%{51(ﬂ) B
, u€ H%(Q), (2.9)

[[ul7
H52(Q)

where sy > s; > 0. The following statement is well known.

Lemma 2.7. The spectrum counting function for ratio (2.9) satisfy the estimate

N, 29) <A A>o0. 6=_ " .
(A, (29) < 255 — 51)

The constant C depends on m, s1, s, and the domain ).
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Now, we consider the ratio

fQ |2 dy
HUH2 5( ’

(©)

where s > 0 and b(y) is a real-valued measurable function on (2.

ue HY(Q), (2.10)

Lemma 2.8. Let b(y) be a real-valued function such that b € L,(Q2), where r =1 for 2s > m, r > 1
for2s =m, and r = 3. for 2s < m. Then the spectrum counting functions for ratio (2.10) satisfy the
estimates m
Ni(X, (210)) < OXOYbIIT () A>0; 0= 0y
The constant C = C(m,r,s,Q) does not depend on the function b.

For integer s, the statement of Lemma 2.8 coincides with the statement of [7, Theorem 4.1]. The
corresponding proof can be automatically carried over to the case of noninteger s: this proof is based
on theorems about approximations of functions from H*(2) by piecewise polynomial functions, and
these theorems were proved in [6, 7] for the case of arbitrary s > 0.

We also need estimates for the spectrum of the ratio

2Re [q b(y)ur(y)uz(y) dy

. {un,ugy € H(Q) @ H (), (2.11)
et ey ) + 21

where s, s9 > 0.

Lemma 2.9. Let b(y) be a real-valued function such that b € L,(Q2), where r = 1 for 2s; > m,
2s9 >m; 1 < r < 2 for 2s1 = m, 282>m0r281>m 282—77%01“281:282:7’)17 i—%%—fﬁfar
2581 > m, 282<m,7{ 2+81f0r281<m 289 > m; < +82f0r281 m, 2s9 < m; L < —I—Sl
for 2s1 < m, 2s9 = m; T = 81+82 for 2s1 < m, 2s9 < m Then the spectrum counting functzons for

ratio (2.11) satisfy the estimates

— m
Ni(A, (211)) < CXTOYbIIT, (), A>0; 6= . (2.12)

The constant C' = C(m,r, s1,s2,82) does not depend on the function b.

Proof. Tt suffices to check inequality (2.12) in the case where [|b]|1, o) = 1.
For any € > 0 and 0 < a < 1 the absolute value of ratio (2.11) is estimated by
b 2a 2 4 -1 b 2(l—a) 24
S b () dy + e fy PGPy o )
e ) + 2l ez o

Consider the ratios
Jo 16()1** |ua(y)|* dy

,wp € HY(Q), (2.13)
lutll ey
b 2 11—« 2 d
Jo P) P ua(y)] Y us e H2(Q). (2.14)
||U2||Hs2(Q)

According to Lemma 2.1 and (2.5),

Ni(), (2.11)) < N(Ae™l, (2.13)) + N(e, (2.14)), A>0. (2.15)
From the conditions on r it follows that there exist numbers 7y, 7 such that r=* = J(r{ Yyrs!) and
r; = 1 for 2s; > m; r; > 1 for 2s;, = m; r; = 2”;_ for 2s; < m, v = 1,2. Applying Lemma 2.8 for
ratios (2.13), (2.14) and taking (2.15) into account, we obtain

Ni(A, (211)) éO( el [ e Rl (R )
Lry (Q)
where 0; = ;7 , i =1,2. We take ¢ = )\s?ﬂ;’ o= 7"1727"2' Then Ny (A, (2.11)) < CA~? for 1ol (@ = 1.
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We also need the spectral asymptotics for the ratio of two pseudodifferential forms defined on a
smooth compact orientable m-dimensional manifold D without boundary. (In applications, the role
of the manifold D will be played by the boundary of the smooth domain Qc R™HL)

Let p > 0 and let H?(D;C') be the Sobolev space of C!-valued semidensities on D. In H?(D;C!),

we consider a pseudodifferential form (P, 1)) = 227]-:1(772%0]-,1/1@). It is assumed that the operators

Pi; = 73’]*2- are classical pseudodifferential operators of order not exceeding 2p acting on semidensities
on D. Suppose that the pseudodifferential form (P, ) defines an equivalent norm on H?(D;C!):

(Pe,p) = el ), ¢ € H(D;C). (2.16)
The principal symbol of the pseudodifferential operator P (of order 2p) is denoted by p°(w), w €
T*D \ {0}.

Let 2 > 0 and let Q;; = Q;‘fi be classical pseudodifferential operators of order not exceeding
2(p — ») acting on semidensities on D. Then the pseudodifferential form (Qe, ) = Zi i=1(Q4505, i)
is continuous in H?~*(D;C!). The principal symbol of the pseudodifferential operator Q (of order
2(p — »)) is denoted by ¢°(w), w € T*D \ {0}.

We consider the ratio of the forms

(Qep, #)

(Pe,p)’
From condition (2.16) it follows that the matrix p°(w) is positive. Therefore, a finite-dimensional
problem on the spectrum of the ratio

@ € HP(D;Ch. (2.17)

(¢°(w)z,2)
(p°(W)z, 2)
makes sense. The counting functions ny(\, w; (2.18)) are homogeneous in the following sense:
ne(\,x,t€; (2.18)) = ne (%), x,€; (2.18)), x €D, £ € TED\ {0}, t > 0.
The next statement follows from [11, Lemma 1]; see also [8, 10].

. zeC, (2.18)

Lemma 2.10. Under the above assumptions, the spectrum counting functions for ratio (2.17) satisfy
the following asymptotics for A — +0:
Ni(\, (2.17)) ~ (271')_m/ ny (A, w; (2.18))dw = A_9(27r)_m/ ny(l,w; (2.18))dw, 6= _ .
Here dw is the invariant measure on T*D.

m

Finally, we need the spectral asymptotics of the ratio of pseudodifferential forms under additional
constraints on a part of the manifold D. Let Dy be an open subset of the manifold D such that
meas,, 0Dy = 0. Consider the ratio of the forms

(Q(Pa ‘P) l
(Pe, ¢) ’

The following statement is a particular case of the result of [37].

Lemma 2.11. Under the above assumptions, the spectrum counting functions for ratio (2.19) satisfy
the following asymptotics for A — +0:

Ni(), (2.19))~>\—9(27r)—m/ ne(l,w; (2.18))dw, 0= _ .
T+(D\Do) 23¢

m

3. The Spectral Asymptotics of Small Oscillations of the Heavy Ideal Fluid

In paper [19] by Karazeeva and Solomyak, the Steklov-type problem in composite domains was
considered. As the main example, the authors obtained the spectral asymptotics for the problem of
small oscillations of a system of immiscible heavy ideal fluids completely filling a vessel. The method
was based on the general approach to the study of nonsmooth variational problems developed by
Birman and Solomyak. The same method can be used to consider the problem in the case of one fluid
partially filling a vessel. In this section, we will briefly describe the results for the heavy ideal fluid.
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Fig. 1. One fluid partially filling a vessel

3.1. Small oscillations of the heavy ideal fluid. Let Q C R? be a domain occupied by the fluid
in the vessel in the equilibrium position (see Fig. 1); I' is the equilibrium free surface of the fluid;
S =00\ T is the solid wall of the vessel. We start with the classical formulation of the problem.

Let ng(x) be the unit outer normal vector to S at the point x € S, and let n(x) be the unit outer
normal vector to I" at the point x € I'. Suppose that a(x) is a real-valued function on I' such that
fF x) dx # 0. For physical reasons, the function a(x) is positive, but the mathematical problem can
be con51dered without this restriction.

The problem of normal oscillations of the heavy ideal fluid is reduced to the following spectral
boundary-value problem?:

AP =0 in Q, 0P =0 on 5,

6n0

0P 1

(x) =A""a(x)®(x) on T, /a(x)fb(x) ds = 0.
87’L T
Here ®(x) is the amplitude of fluctuations of the potential ®(x,t) of the fluid particles velocity field:
d(x,t) = ®(x)e™?, where w™! = /A and ¢ is the time. The Laplace equation is the continuity
equation, the condition on S is the nonflow condition.

The boundary-value problem (3.1) is equivalent to the problem of finding successive maxima of the
form ratio fr X2 ds

fQ\VCI)de , ®ec HY(Q), /Fa(x)fb(x) ds =0. (3.2)

By the theorem on equivalent norms in Sobolev spaces (see, e.g., [36]), the functional [, |V®|?dx +
| Jra( x) dS|? determmes a norm in H'(Q) equivalent to the standard one. Therefore, on the
subspace {<I> € HY(Q) : [pa(x)®(x)dS = 0} the form [, |[V®|?dx is equivalent to HCIJHHl(Q) The
Laplace equation in Q and the condltlon on S are natural conditions in the variational problem on
the spectrum of ratio (3.2).

(3.1)

Theorem 3.1. Let Q be a bounded domain in R? satisfying the assumptions of usual embedding and
extension theorems: Q € KC; let T be a smooth two-dimensional surface with Lipschitz boundary such
that ' C 0. Let a € Lo(I') be a real-valued function. Then the spectrum counting functions for
ratio (3.2) satisfy the following asymptotics for A — +0:

-2
Ni(), (3.2) ”A4 /Faft(x) dS(x). (3.3)

77
We give the scheme of the proof of Theorem 3.1 by the method of [19]. Applying Lemmas 2.3
and 2.6, we see that the values A3 (3. 2) and 5i (3.2) coincide with the similar values for the ratio
fF x)[2dS
fg IV@P + |@[?) dx’
We start with the estimate for the spectrum.

dc HY(Q). (3.4)

%In [26, Chap. 3, § 3], this problem is discussed in the case where a(x) = 1.
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Lemma 3.1. Under the assumptions of Theorem 3.1, we have AT (3.4) < C’HaH%Q(F)

Proof. By the trace theorem, [ ([V®*+ |®]?) dx > C||<I>||H1/2 )’ ®c HY(Q), C > 0. Applying
Lemma 2.2, we see that the functions Ni()\, (3.4)) are estimated by the spectrum counting functions
for the ratio B (x)|? dS

CH‘I’HHl/z ’

Using Lemma 2.8, we obtain A3 (3.4) < Azi (35) < Clall3,ry

inF & e HY*(T), C>o. (3.5)

Lemmas 3.1 and 2.5 show that the values AS (3.4) and 65 (3.4) are continuous functionals of
a € Lo(T"). Therefore, it suffices to calculate these values for a set of coefficients a dense in La(I"). As
such a set, we take C5°(T").

Now, assuming that a € C§°(I"), we will compare ratio (3.4) and a similar ratio in the domain Q
with smooth boundary. Let Q be a bounded domain with smooth boundary such that Q c Q and
suppa lies strictly inside the set 9Q N T. Let @ € C°°(dQ) be the function that is equal to a(x) for
x € 90 NT and equal to zero for x € 9\ I

Our goal is to compare ratio (3.4) and the ratio

2 S _
iffﬂw)‘z @: )d d € H'(Q). (3.6)

Lemma 3.2. Suppose that the assumptions of Theorem 3.1 are satisfied, and let a € C§°(I"). Then
05 (3.6) < 05 (3.4) < AT (3.4) < AT (3.6). (3.7)

Proof. Obviously, for ® € H'(Q) the numerators of ratios (3.4) and (3.6) are the same, and the
denominator of (3.6) does not exceed the denominator of (3.4). Applying Lemma 2.2, in which the

role of & is played by the restriction operator S : H'(€2) — H'(£2), we obtain:
Ni(A, (34)) < Ni(A, (3.6)), A>0. (3.8)
This implies the right inequality in (3.7).
Let us fix the cut-off function ¥ € C*°(Q2); 0 < J(x) < 1; J(x) = 1 for x € suppa; ¥(x) = 0 in some
neighborhood of 2\ 2. We have

/~(|v<1>|2+ |®[%) dx > 5/~ (IVe] + |@[*) dx + (1 —s)/~192 (IVe|* + |®]*) dx
Q Q Q
:s/w (IVe|* + |2]?) dx+(1—e)/~ (V@) + [92°) dx (3.9)
Q Q
+(1 —E)/~ (P|VD? — |V (WD) %) dx, ® e HY(Q).
Q

The sum of the first two terms in the right-hand side of (3.9) determines an equivalent metric in
H(Q), and the last term is a compact form in HI(Q)

Next, using the relation a(x) = ¥2(x)a(x), x € 99, we obtain
/ a(x)|®(x)]>dS = / o(x)|?dS, @ e H'(D).
According to Lemma 2.3, the values 5i (3 6) do not exceed the similar values for the ratio
Jog )0 (x)2(x)[* dS

* , ®eHY(Q). 3.10
e Ja (VO] + [ )dx+ 1—s ) J5 (IV(@®)[2 + [00]2) dx () (3.10)

For ® € H 1(§~2),~let S® be the function equal to ¥® on © and equal to zero on €\ Q. Then the
operator S : H(€Q) — H*(Q) is bounded. For any ® € H'(Q) such that + Jog a(x)|[9(x)®(x)[* dS > 0,
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ratio (3.10) does not exceed

Jral (x)|?dS
1-2) [ (|v s<1>)|2+|5<1>| ) dx

By Lemma 2.2, this implies that 65 (3.6) < 85 (3.10) < (1 —¢)~265 (3.4). Tending ¢ to zero, we arrive
at the left inequality in (3.7).

+

It remains to establish the asymptotics of the spectrum for the problem in a smooth domain.

Lemma 3.3. Let Q be a_bounded domain in R3 with smooth boundary. Suppose that @ is a smooth
real-valued function on 02. Then the spectrum counting functions for ratio (3.6) satisfy the following
asymptotics for A — +0:

—2
Ne(h, (3.6)) ~ ZW / @2 (%) dS(x). (3.11)
Proof. Let Ly = —A + I. By H'(%, Ly) we denote the subspace in H 1(Q) formed by solutions of the
equation Lou = 0 in €. We have H*(Q) = H*(%, Lo)® H} (€). Since the form in the numerator of (3.6)
vanishes for v € H(Q), then the nonzero spectrum of ratio (3.6) will not change if we consider this
ratio on H'(Q, Ly).

Let Go be the “Poisson operator” taking a function ¢ € H'/? (8§~2) to the solution of the correspond-
ing Dirichlet problem for the equation Lou = 0: the relation u = Gy means that v € H 1(SNZ,LO),
|5 = ¢ The operator G is a homeomorphism of the spaces H 1/2(9Q) and H' (€2, Lo). The problem
on the spectrum of ratio (3.6) is equivalent to the problem on the spectrum of the ratio

Jon @) le(x)[* dS 1/2(50)
(V6o 1oy £ 7OD 12

From the properties of the Boutet de Monvel algebra [14, 17] it follows that

/ﬁ (IVGoal® + [Gool?) dx = (Pog, ), o € HY2(050),

where Py is a classical pseudodifferential operator on 9 of order 1. Calculating the principal symbol
p5(x,&) of the operator Py according to the known computational rules for the Boutet de Monvel
algebra, we obtain: p§(x,§) = [£], x € 99, 0 # & L v(x). Here v(x) is the normal to 9. (Compare
with the calculations in Sec. 4.4 below.)

Obviously, the form in the numerator of ratio (3.12) can be interpreted as the form (Qpy, ¢) of a
zeroth-order pseudodifferential operator Qp on dQ with the symbol q5(x,€) = a(x). Thus, ratio (3.12)
coincides with the ratio of the pseudodifferential forms

(Qow, ») 1/2(90
+ , we H'/7(09). 3.13
(Pog. ) o 19
We have proved that
Ni(A, (3.6)) = NL(A, (3.12)) = NL(A, (3.13)), A >0. (3.14)
By Lemma 2.10, the spectrum counting functions for ratio (3.13) satisfy the following asymptotics
for A — +0: 1
NeO (13)~ oy [ dSeo [ densOuxgs (3.10) (3.15)
41 Jog Elv(x)
where ni (A, x,&; (3.16)) are the spectrum counting functions for the ratio of the (one-dimensional)
forms B0 )P
O, z€eC. (3.16)
pO(x7 E)‘Z|
We have

17 )‘<a:|:(x)|£|_l7

0, A>aa(olel 47

nt (A x,€&; (3.16)) = {
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Fig. 2. System of fluids in a closed vessel

Now, calculating asymptotics of the functions Ny(A, (3.13)) according to (3.15), (3.17) and us-
ing (3.14), we obtain the required asymptotics (3.11).

Completion of the proof of Theorem 3.1. Combining Lemma 3.2, asymptotics (3.11), and the relation
a(x) = a(x) for x € suppa = suppa C I', we obtain asymptotics of form (3.3) for NL(A, (3.4)) in the
case where a € C§°(I"). By closure, this formula is true for a € Ly(I"); see Lemma 3.1. It remains to
recall that AS (3.2) = AT (3.4) and &5 (3.2) = 05 (3.4). This completes the proof of Theorem 3.1.

3.2. Small oscillations of a system of the heavy ideal fluids. By the previous way, we can
obtain asymptotics of the spectrum for the problem on oscillations of a system of immiscible fluids
completely or partially filling a vessel. We restrict ourselves to the statement of the problem and the
formulation of the result for a system of the heavy ideal fluids completely filling a vessel (see Fig. 2);
the proof can be found in [19].

Suppose that a bounded domain Q C R3? is divided into (k+1) parts Q,j=1,...,k+1. Here k+1
is the number of fluids, and €2, is the domain occupied by the j-th fluid in the equilibrium position.
Suppose that

k+1
=), Q=mtQ, unQ=oforitj QUNQ=oforjé{i-1iit+1}. (3.18)
j=1

Denote by
=90, i=1,...,k, (3.19)

the interfaces; let S = 0€2 be the solid wall of the vessel; let S; = 0Q;NS, j =1,...,k+1. We assume
that Q; e K,i=1,...,k+1,and I';, i = 1,...  k, are smooth two-dimensional surfaces with Lipschitz
boundaries. Let ng(x) be the unit outer normal vector to S at the point x € S; and let n;j(x) be the
outer (with respect to §2;) unit normal vector to I'; at the point x € I';.

The problem on normal oscillations of a system of the heavy ideal fluids is formulated for a system
of functions {®;(x)}, j =1,...,k + 1, where ®; is a function in Q;:

@.
Ad; =0 in Qy, gn] =0 onS;, j=1,...,k+1,
0
9, 0D, ,
8n; N a;lj =A"la(x) (pj®) — pj+1®j41) on Ty, j=1,....k (3.20)

, k1
/ a;(x) (pj®; = pj+1®j41) dS =0, j=1,....k; Y

J

/ pj_ch)j(x) dx = 0.
Q;

Here a; € Lo(T'j) are real-valued functions such that fFj aj(x) dx # 0. The constants p; > 0 stand for

i=1

the densities of the fluids. (According to the physical meaning, the functions a;(x) must be positive,
and the densities p; must satisfy the inequalities p1 > pa > --- > pp41, but the mathematical problem
can be considered without these restrictions.)
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Problem (3.20) is equivalent to the variational problem on the spectrum of the form ratio
k
>i=1 Jr, @i ()P ®5 = pj1®1a]* dS . .
k1 5 R (I)jEH(Qj), i=1,....k+1;
2 i=1 P fQj [V®;[* dx (3.21)

) k+1 .
. aj(x) (qu)j —Pj+1q)j+1) dSZO, ] = 1,...,]€; Z 0 pj CI)]'(X) dx = 0.
j i
Proposition 3.1 (see [19]). Under the above assumptions, the spectrum counting functions for ra-
tio (3.21) satisfy the following asymptotics for A — +0:

Ak 2 2
N:I:()‘7 (3'21)) ~ 4 Zj:1 (pj + Pj+1) /Fj (aj):tdx‘
4. The Spectral Asymptotics of a Nonclassical Steklov-Type Problem.
Application to the Theory of Small Fluid Oscillations

A number of problems in the theory of small fluid oscillations (see [3, 21-23]) leads to the question
of the spectrum of the variational ratio

Re [ b(y) (B u)(y)u(y) dS(y)

Aq[u] ’
Here © C R? (see Fig. 1) is the domain occupied by the fluid partially filling a vessel in the equilibrium
position; a smooth two-dimensional surface I' C 9¢2 has the meaning of the free surface of the fluid or
the elastic bottom of the vessel. The quadratic form Ag[u] determines an equivalent metric in H(€2).
The nonlocal operator B, 1is the resolving operator of some elliptic boundary-value problem on T
We call the problem of the spectrum of ratio (4.1) a Steklov-type problem, because: (a) the extremals
automatically satisfy the homogeneous elliptic equation Lu = 0 in the domain 2, where the operator
L corresponds to the form Agq; (b) the extremals satisfy the equation on I', which includes the spectral
parameter. However, this problem differs from the classical Steklov-type problem in that the form
ratio involves a nonlocal operator By .

In this section, we obtain the asymptotics of the spectrum of ratio (4.1). The result is applied to
the question on the spectrum of small oscillations of the capillary ideal fluid, the capillary stratified
fluid, as well as to one auxiliary problem of hydroelasticity. The main difficulty is related to the
nonsmoothness of the boundary 9 (the vessel wall and the free surface of the fluid form an edge at

their intersection). Another difficulty arises from the nonlocal nature of the operator B,

ue HY(Q). (4.1)

4.1. Statement of the problem. Formulation of the result. Let @ C R™*! be a bounded
domain such that Q € K. Suppose that the boundary 92 contains an infinitely smooth m-dimensio
nal surface I' with a smooth (m — 1)-dimensional edge v (here I and ~ are not necessarily connected).
Let n(x) be the interior unit normal vector to 02 at the point x € I

In the domain €2, we consider a Hermitian quadratic form given by

Aglu] == /Q (ZZ: ai;(x) O (x)dju(x) + V(x)|u(x)|2) dx, we H'(Q). (4.2)

Suppose that the coefficients a;;(x) = aji(x) and V(x) are infinitely smooth real-valued functions

in Q. Assume also that the matrix a(x) = {a;;(x)} is positive definite:
m+1
alom.m) =3
and the function V(x) is positive definite:
V(x)>cg >0, xe€. (4.4)
Under the above assumptions, the form Aq[u] determines in H' () the norm equivalent to the standard
one:

aij(xX)nin; > ca|n|2, xeN, ne cmtl ¢, >0, (4.3)

callul o) < Aal] < Callullfp gy, v € HY(S). (45)
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By L we denote the differential expression corresponding to form (4.2):

m+41
L=-% " 9a;(x)9+V(x).

1,]=

Next, let Br be a scalar strongly elliptic differential expression on I' of order 2¢; let 11, ..., Tj be the
differential trace operators acting “from I' to ,” ord T; = 8; < 2¢—1. It is assumed that the coefficients
of the operators Br and T}, j = 1,...,q, are infinitely smooth, in general, complex-valued functions.
Suppose that the problem Bru = f onI', Tju = ¢jon~y, j =1,...,q, is a regular elliptic problem, i.e.,
the Shapiro-Lopatinsky condition is satisfied; see, e.g., [2, 4, 28]. By Br we denote the operator on
Ls(T') given by the expression Br on the domain DomBr = {u € H*/(T") : Tjul, =0, j =1,...,q}
Suppose that Br is self-adjoint and positive definite. Then B 1'is a compact operator on Lo(T). Let
B(x,€), x € T, £ L n(x), be the principal symbol of the differential expression Br. From the strong
ellipticity and the self-adjointness it follows that B(x,&) > ¢l€|?4, x € T, € L n(x), ¢g > 0.

Consider the quadratic form Br[u] := Re [}, b(x) (B 1u) (x)u(x) dS(x), where b(x) is a real-valued
function on I' such that

1 1 1
be L.(I'), r>1form=1; = _+ for 1 <m < 4q+1;
r 2 2m
L1, 1, A mo ) (4.6)
—dg+1; 1= 1.
r<2+2m or m q+1; r 2 +1 or m > 4q +
Consider the ratio of quadratic forms
Br[u] 1
+ , u€ H (Q). 4.7
Aofu] (€) (4.7)

Let x € T, & L n(x). Denote M(x,£) i= ((a(x)€, £)(a(x)n(x),n(x)) — (a(x)¢,n(x))?)"*.

The main result of this section is the following theorem.

Theorem 4.1. Under the above assumptions, the spectrum counting functions for ratio (4.7) satisfy
the following asymptotics for A — +0:

~ A X x)B7(x “1(x 0
N () [aseo [ as©) (BT e u 8) o

. m
2417

4.2. Estimates of the spectrum.

Lemma 4.1. Suppose that b(x) is a real-valued function satisfying conditions (4.6). Then we have

AT (4.7) < CHbH(zT(F), 0 = o1, where the constant C' does not depend on b.

Proof. By the trace theorem (see, e.g., [2, 28]), the lower estimate (4.5) implies that Aq[u] > caHuH%{l(Q)
> Clﬂqul/z(F), u € HY(2), with some constant C; > 0. In (4.7), we denote g = Br'u. By the the-
orem on homeomorphisms (see, e.g., [2, 4, 28]), we have Hu|’§{1/2(1—‘) > C2|’9H§{2q+1/2(1'\)7 u e HY2(T),

Cy > 0. Applying Lemma 2.2, we obtain that the functions Ny (), (4.7)) are estimated from above in
terms of the spectrum counting functions for the ratio

. Re fF b(x)g(x)u(x) dS(x)

Hu”?qlm(p) + ”gH?;qurl/z(F)

. {u.gy € HVAT) @ H*FV2(D). (4.8)

By Lemma 2.9, we have AF (4.7) < A7 (4.8) < C’HbH@LT(F).
Lemmas 4.1 and 2.5 show that the values A;t (4.7) and 5;t (4.7) are continuous functionals of
b € L.(T'). Therefore, it suffices to calculate these values for a set of coefficients b(x) dense in L,(T).

As such a set, it is convenient to take C§°(I).
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4.3. Comparison with the problem in a smooth domain. Below it is assumed that b C’O (I).
We proceed similarly to Sec. 3.1. Let Q be a bounded domain with smooth boundary such that QcQ,
and let suppb lie strictly inside the set OQ NT. Then there exists an open subset I' of the boundary
o0 lying strictly inside dQNT and such that suppb C I'. We can assume that I' is an m-dimensional
surface with sufficiently smooth boundary. Let v(x) be the inner unit normal vector to 99 at the
point x € 9Q. Let b € C*°(9Q) be the function equal to b(x) for x € I and equal to zero outside I'.

Let Byg(x,£), x € 8@, ¢ 1 v(x), be a homogeneous polynomial of € of order 2¢, whose coefficients
are smooth functions of x, and Bg(x,&) = B(x,§) for x € 0 NT, &€ L v(x), and also the following
strong ellipticity condition is satisfied: B,g(x, &) > c[€]*, x € 99, € L v(x), ¢> 0. It is easily seen
that such a “strong elliptic” continuation of the symbol B(x, §) is always possible. By B,5 we denote
some differential expression of order 2¢ on dQ with smooth coefficients and the principal symbol
Baﬁ (Xv 5) :

Let B,g be the operator in L(89) given by the expression B, on the domain H 24(9()). By
choosing lower order terms, the expression By can be chosen so that the operator B g is self-adjoint

and positive definite. The inverse operator Bgé is a pseudodifferential operator on 0% of order (—2q).
Denote Byg[u] := Re [,5 b(x (Bgéu) (x)u(x) dS(x).

By Ag we denote the form Ag| fQ< Z”;;ll a;j(x)Oju(x)0ju(x) + V(x)|u(x)|2> dx, u € H(Q).
The coefficients of this form are the same as in (4.2) (restricted to ). Our goal is to compare ratio (4.7)
and the ratio

B 90 [u]

Aglul’
This comparison is carried out in two steps; they correspond to Lemma 4.2 and Lemma 4.3. Consider
the ratio

uwe H'(Q). (4.9)

Bgul
+7090 e HY(Q). 4.10
Aol (€) (4.10)
Lemma 4.2. We have
AE (A7) = AE (410), 6F (47) =6 (4.10), 0= _"" (4.11)
2q+1
Proof. Consider the ratio
LT e ), (4.12)
Agqlu]

where Flu] := Byg[u] — Brlu]. By Lemma 2.4, relations (4.11) will be proved as soon as we show that
AF (4.12) = Ay (4.12) = 0. Let u € H(Q). Denote g = Bp'u, f = Bgéu. Then

Flu] = Re/ﬁb(f—g)Baﬁde = Re/ﬁBaﬁ(b(f—g))de
:Re/fb(Baﬁf—Bpg—l—(Bp—Baﬁ)g)de—l—Re/f(Baﬁ(b(f—g)) CB(f —g)) fdS. (4.13)

We take into account the following: (a) (B,gf)(x) = (Brg)(x) = u(x) for x € T; (b) (Br — Byg) on
I" is a differential expression of order 2¢ — 1, since the principal symbols of Br and B,g coincide for
x el (ie, B(x, &) = Byg(x,€) for x € T, ¢ 1vx): (c) (Baﬁg—gBaﬁ) is a differential expression of
order 2¢ — 1. Then from (4.13) it follows that the form F[u] is represented as

Flu] = Re /f (B'g+ B"f)f dS, (4.14)

where B’ and B” are some differential expressions on T of order 2q — 1 with smooth coefficients.
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Using (4.5), the trace theorem, the homeomorphism theorem for B, and the continuity properties
of the pseudodifferential operators on Sobolev spaces on 92, we conclude that

Aalu] 2 callulid ) = Cs (Il + 1120 ) = Co (I90Zm00120y + 1 Pz 2oy )
> Cs (I1Bg + B FIaa iy + 1120 m)) we H\(Q). (4.15)

Denote B'g + B"”f = 1. Applying Lemma 2.2 and taking (4.14) and (4.15) into account, we obtain
that the values A;t (4.12) do not exceed the similar values for the ratio

Re [z 4(x)f(x) dS(x)

. A, f} e HP(T) @ H* (D), 4.16
12,02 +HfHH2qH/2 g errme () (4.16)

+C
By Lemma 2.9, N1 (A, (4.16)) = O(A~ 20+ ). Hence, A;t (4.16) = 0for 6 = , . Then also Af (4.12) =
A, (4.12) =0.

Now, we compare ratios (4.10) and (4.9).

Lemma 4.3. We have
m

57 (4.9) < 0F (4.10) < AF (4.10) < AF (4.9), 6= 241 (4.17)
Proof. By (4.4) and (4.3), we have Aglu] > Aglu], v € H' (). Applying Lemma 2.2, in which
S: HY(Q) — HY(Q) is the restriction operator, we obtain

Ni(), (4.10)) < Ni(A, (4.9)), A > 0. (4.18)

This implies the right inequality in (4.17).
We fix a cut-off function ¢ € C*°() such that 0 < J(x) < 1; J(x) = 1 for x € suppb; and J(x) =
in some neighborhood of Q \ Q. Then

Aglu] > eAg] (1—¢ / 92 (x Vu(x), Vu(x)) + V(x)|u(x)|2) dx

_ (419)
= eAglu] + (1 — e) Ag[du] + (1—5—:)/~ (9*(aVu, Vu) — (aV(Ju), V(Ju))) dx, ue H'(Q).
Q
The sum of the first two terms in the right-hand side of (4.19) determines an equivalent metric in
H'(€), and the last term is a compact form in H'(Q). Next, using that b(x) = 9?(x)b(x), x € 9Q, we
obtain

Boglu] = Byg 0] + /a ] b(x) ((19355 - Bgéﬂ)u) (x)0(x)u(x) dS(x). (4.20)

The second term in the right-hand side of (4.20) is the form of a pseudodifferential operator of order
—(2¢+ 1), i.e., it is a lower order form. According to Lemmas 2.3 and 2.4, the values 5;t (4.9) do not
exceed the similar values for the ratio

Byg [Yul]

isAﬁ[u] (1 - &) Aq 0] ue HY(Q). (4.21)

For u € H(Q), by Su we denote a function coinciding with Yu on € and equal to zero on 2\ Q. Then
the operator S : H'(2) — H* (1) is bounded. For all u € H'(2), for which +B,5[0u] > 0, ratio (4.21)
Bya [S“}
does not exceed :l:(1 a8’
53 (49) < (1—¢) 95i (4.10). Letting ¢ tend to zero, we arrive at the left inequality in (4.17).

Then we are under the assumptions of Lemma 2.2, which implies
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4.4. Asymptotics in the smooth case. According to Lemmas 4.2 and 4.3, we have
m

55 (4.9) <65 (4.7) < AF (4.7) < AF (4.9), 0= 241’ (4.22)
Now, we establish an asymptotic formula for Ny (A, (4.9)).
Lemma 4.4. For A — +O we have
Ni(), (4.9)) / dS(x / €) (Ei(x)B—l(x &M (x 5))9 o=_" .
a9 £Lu(x): €= 1 o0 ’ ’ 2 + 1
(4.23)

Here M(x,€) := ((a(x)€, &) {a(x)v(x), v(x)) — (a(x)€, v(x))2) .

Proof. By H L(Q, , L) we denote the subspace in H L(2) formed by solutions of the equation Lu = 0 in
Q. We have HY(Q) = HY(Q, L) &4 H} (€2). Here the orthogonal sum is understood in the sense of the
inner product Ag[u,v]. Since the form in the numerator of ratio (4.9) vanishes for u € H&(ﬁ), then
the nonzero spectrum of ratio (4.9) will not change if we consider this ratio on H'(Q, L).

Let G be the “Poisson operator” that takes a function ¢ € HY/2(9Q) into the solution of the
corresponding Dirichlet problem for the equation Lu = 0: the equality u = Gy means that u €
HY(Q, L), |5 = . The operator G is a homeomorphism between the spaces HY2(8Q) and HY(Q, L).
The problem on the spectrum of ratio (4.9) is equivalent to the problem on the spectrum of the ratio

Baﬁ [¢]

. pe H?09). 4.24
AglGe (o) (4:24)
From the properties of the Boutet de Monvel algebra [14, 17] it follows that

AslGel = (Pp, @), ¢ € H'?(09), (4.25)

where P is a classical pseudodifferential operator on dQ of order 1. Let us calculate the principal
symbol of the operator P, using the recipe from [11]. The principal symbol of the operator L is given
by L°(x,m) = a(x)n-n = Z;”lill aji(x)n;jm. For each pair (x,&), where x € 80, 0 # € L v(x), we
should consider the ordinary differential equation L°(x,& + v(x)D;)f(t) =0, t € Ry. This equation

takes the form
2
~taowx).060) I~ sitaoe vy T+ taoe €00 =

Let F(x,€) be the space of solutions of this equation, vanishing as ¢ — 4oo. This space is one-
dimensional. We choose the basis function Y(x,&;t) in it satisfying the condition Y'(x,£;0) = 1

Then Y (x,&;t) = "8 where k(x, &) = _M(?éf))c;rnjéi()xzf;)l)(x»‘ The principal symbol p°(x, &) of the
pseudodifferential operator P is calculated by the rule
o m+1
P8 =300 [ a0l me0DOY (x (& ~ 1 ID)Y (x, 60 e
A calculation shows that — ~
Px8) = M(x.€), xed, & L) (4.26)
Obviously, Bygle] = (Qw, ®), where Q is the pseudodifferential operator on 99 of order (—2¢) with
the principal symbol

¢°(x,€) =b(x)B2(x,€), x€0Q, & Lv(x) (4.27)
Thus, ratio (4.24) coincides with the ratio of pseudodifferential forms
(Qv,¢) 1/2/90
+ . e H2(09). 4.28
Po.o) ¢ (092) (4.28)
We have proved that
Ni(A, (4.9)) = Np (A, (4.24)) = NL (A, (4.28)), A >0. (4.29)
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By Lemma 2.10, the spectrum counting functions for ratio (4.28) satisfy the following asymptotics
for A — +0:

NaO (@29) ~ (20" [ ase) [ dgma(x.gs (43D) (4.30)
89 £Llv(x)
where ni (A, x,&; (4.31)) are the spectrum counting functions for the ratio of the (one-dimensional)
forms (8|2
’ , ze€C. 4.31
(. £)|2P s

Taking (4.26) and (4.27) into account, we obtain
. 1, A<bi(x)B, 1( ,S)M 1( )

Q
Now, calculating asymptotics of the functions Ny (A, (4.28)) by (4. 30), (4 32) and taking (4.29) into
account, we arrive at the required result (4.23).

(4.32)

Completion of the proof of Theorem 4.1. By (4.22) and (4.23), taking into account that b(x) = b(x)

for x € suppb = suppb C I' and B,5(x,§) = B(x,§), M(x,§) = M(x,€) for x € suppb, § L v(x), we

obtain:

AF (1) =55 (@) / 00 [ dS(©) (bx9B &M x,6)
£ln(x): [¢]=1

for any b € C§°(I'). By closure, this formula is valid for b € L,(I'); see Sec. 4.2. This completes the

proof of Theorem 4.1.

. m
C2¢+1’

4.5. Application to the study of the spectrum of small oscillations of the capillary ideal
fluid. Application of Theorem 4.1 allows us to solve the problem on the spectral asymptotics of small
oscillations of the capillary ideal fluid (see [3, 23], and also [26, Chap. 4, § 1]). In this case Q C R? (see
Fig. 1) is the domain occupied by the fluid in a vessel in the equilibrium position; I" is the equilibrium
free surface of the fluid; S = 99 \ T is the solid wall of the vessel; v = JI' is the wetting line. Let us
first give a classical formulation of the problem assuming that the following condition is satisfied.

Condition 4.1. Q is a bounded domain in R with piecewise smooth boundary 0Q = I' U S, where
I' and S are smooth two-dimensional surfaces, the intersection of which is a smooth one-dimensional
edge v, and the inner angle at the edge is greater than zero and less than 27 (I, S and v are not
necessarily connected).

Let ng(x) be the unit outer normal vector to S at the point x € S, and let n(x) be the unit outer
normal vector to I' at the point x € I". Finally, let 1(x) be the unit outer (with respect to I') normal
vector to 7 lying in the plane tangent to I' at the point x € ~. Note that, after passing to the variational
formulation of the problem, the smoothness requirement on S can be lifted (see Condition 4.2 below).

Let o0 > 0 and let h € C*°(T"), x € C°°(v) be real-valued functions. Here o is the surface tension
coefficient (see [3]), the function h is related to the normal derivative of the potential of mass forces
and to the principal curvatures of the surface I'. It is assumed that

/ (oI Vru(®)? + h)u(x)[?) dS(x) + / ox () dy > ¢ / () ? dS (),
T T

¥
u € HY(T), /u(x)dS(x) =0; c¢>0.

r
Condition (4.33) imposes a restriction on the problem data. Physically, it means that the equilibrium

position of the fluid is stable. Denote Lo(I') © {1} := {u € Ly(T) : [pudS = 0}. Let P be the

orthogonal projection of the space Lo(T") onto Lo(I')©{1}. The quadratic form on the left-hand side of
inequality (4.33) corresponds to the self-adjoint positive definite operator Br in the space Lo(T') ©{1}.

(4.33)
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The operator Br is called the operator of potential energy. Let Ar be the Laplace—Beltrami operator
on I'. Then Br is given by the expression P(—oAr + h) on the domain

8u+ u=0on /

The resolving operator B, L of the corresponding boundary-value problem on I is a compact operator
on Ly(T) © {1}.

The problem of normal oscillations of the capillary ideal fluid is reduced (see [3, Chap. 4, § 2]) to
the spectral boundary-value problem:

Dom%p:{u€H2(F): udSzO}.

AP =0 in Q, gq) =0 on 5,

no
9 _ 19 on T, / ®dS =0, (4.34)
on T

g (0P 0 0
ol <8n> tXgp =0 OO
Here ®(x) is the amplitude of oscillations of the potential ®(x,t) of the fluid particles velocity field:
d(x,t) = ®(x)e™!, where w™! = VA and ¢ is the time. The Laplace equation is the continuity
equation, the condition on S is the impermeability condition, the third-type boundary condition on
is the linearized condition for maintaining the contact angle during movement.

The boundary-value problem (4.34) is equivalent (see [3, Chap. 4, § 5]) to the problem of finding
the successive maxima of the ratio of quadratic forms

Jp(Brle)®dS
fQ IVO[2dx

The Laplace equation in €2 and the condition on S are natural conditions in the variational problem
on the spectrum of ratio (4.35). We consider ratio (4.35) under the following condition.

P(—cAr +h)

®c H(Q), / ®dS = 0. (4.35)
r

Condition 4.2. Q is a bounded domain in R? such that Q € KC; T is a smooth two-dimensional surface
with smooth one-dimensional boundary v and I' C 0N2.

Proposition 4.1. Suppose that Condition 4.2 is satisfied. Let o > 0. Suppose that h € C*®(T") and
X € C*(v) are real-valued functions satisfying inequality (4.33). Then the spectrum counting function
for ratio (4.35) satisfies the following asymptotics for A — +0:

_g/3measl’

N, (4.35) ~ A

(4.36)

Proof. Let Br = B + CI be the operator in Ly(I') © {1} given by the expression P(—cAr + h+ C)
on the domain Dom Bp. Let Br be the operator on Lo(I") given by the expression —cAp + h + C

on the domain Dom Br = {u € H*(T) : %1; + xu = 0 on ’y}. We assume that the constant C' is so

large that the operator Br is positive definite. By the Hilbert identity, ‘%E l—(I+K )B 1 L where

K= —C%;l is a compact self-adjoint operator in Lo(I') © {1}, and K commutes with Br*. Together
with Lemma 2.4, this implies that the values Ay/3 (4.35) and dy/3 (4.35) coincide with the similar

values for the ratio "
Jp(Brle)®dS

Jo IV®|2dx
By Lemma 2.6, the principal term of the spectral asymptotics of ratio (4.37) does not change if we
consider this ratio on a subspace of finite codimension in $ = {® € H}(Q) : Jr ®dS = 0}, namely, on

the subspace & := {<I> e H(Q): [(®dS =0, [, B'®dS = 0}. Note that %Elé =B;'® for ® € &.

, ®eHY(Q), / ®dS = 0. (4.37)
r
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Further, applying Lemma 2.3, we obtain that the values Ay/3 (4.37) and dy/3 (4.37) are the same as

for the ratio 1
fr D) dS

Ja( |V<I>|2+|<I>| ) dx
Finally, by Lemma 2.6, the principal term of the spectral asymptotics does not change if (4.38) is
replaced by the ratio

De . (4.38)

Jr(Br'®)®dS
k\VMLH@H x'

Applying Theorem 4.1 to ratio (4.39) and taking into account that b(x) = 1, B(x,&) = o|¢|? and
M(x,&) = ||, we arrive at asymptotics (4.36).

dc HY(Q). (4.39)

4.6. Small oscillations of the capillary stratified fluid. Theorem 4.1 also allows us to find the
spectral asymptotics of small oscillations of the capillary stratified fluid. In the classical statement,
we assume that Condition 4.1 is satisfied. The constant ¢ and the functions h and x satisfy the same
conditions as above. In addition, let p € C°°(Q2) be a positive function, which has the meaning of the
fluid density.

The problem of small oscillations of the capillary stratified fluid is reduced to the following spectral
boundary-value problem:

div (p_1V<I>) =0 in £, p_lgcI> =0 on S,
o
P(—aAp—l—h)(p_la(I)) — 2! onT, /(I)dS:O, (4.40)
871 T
8/ _ 0b 0D
az(” " on ) g, =0 o

The boundary-value problem (4.40) is equivalent to the variational problem on the spectrum of the

form ratio 1
fr D)D dS

o L[V dx
QP

where the operator Br is the same as in Sec. 4.5. We consider the variational problem already under
Condition 4.2.

By analogy with the proof of Proposition 4.1, it is easy to deduce the following statement from
Theorem 4.1.

® c HY(Q), / ®dS =0, (4.41)
r

Proposition 4.2. Suppose that Condition 4.2 is satisfied. Let o > 0. Suppose that h € C*(I') and
X € C®(v) are real-valued functions satisfying (4.33). Let p € C*°(R2), p(x) > 0. Then the spectrum
counting function for ratio (4.41) satisfies the following asymptotics for A — +0:

N\, (441)) ~ 23 1 / */3(x) dS ().
dro?/3 Jp
4.7. An auxiliary problem of the theory of hydroelasticity. Theorem 4.1 finds application
also in the theory of hydroelasticity. In this case, I' has the meaning of the elastic bottom of the
vessel. The following auxiliary problem of hydroelasticity corresponds to oscillations of the system in
the case where the elastic bottom has zero mass:

A® =0 in €, 88:) =0 on 5,
0
( —1A28¢)_x—1q> on T, /(I)dSzo, (4.42)
T
ad 9 /9D
on =% 8l<8n)_0 on
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Here A% is the biharmonic operator on I', conditions on ~ are the rigid fixation conditions. The
constant D > 0 is the coefficient of elasticity, the constant p > 0 is the fluid density?.

By Br we denote the operator in Ly(T') © {1} given by the expression PDp~tAZ on the domain
Dom B = HAT)N HZ(T) N (L2(T) ©{1}). The operator B is self-adjoint and positive definite. The
boundary-value problem (4.42) corresponds to the variational problem on the spectrum of the ratio

of quadratic forms 1
fr D)ddS

Jo |V<I>\2 dx ’

Proposition 4.3. Suppose that Condition 4.2 is satisfied. Let D > 0 and p > 0. Then the spectrum
counting function for ratio (4.43) satifies the following asymptotics for A — +0:

2/5 I
N(X, (4.43)) ~ >\‘2/5( g) m‘zf

Proof. Let Br be the operator in Lo(T') given by the expression Dp~1AZ on the domain Dom Br =

dc H'(Q), / ddS = 0. (4.43)
r

(4.44)

H*T)NHZ(T). The operator B is selfa-djoint and positive definite. It is easily seen that the principal
term of the spectral asymptotics will not change if we replace ratio (4.43) by the ratio

[.(Bl®)d ds
Ja \VCW +[®[?) dx’
Applying Theorem 4.1 to ratio (4.45), we arrive at asymptotics (4.44).

d e HY(Q). (4.45)

4.8. Oscillations of a system of the capillary ideal fluids. The asymptotic formulas of the
spectrum obtained above for the problems of small oscillations of a single fluid partially filling a vessel
can be generalized to the case of oscillations of a system of immiscible fluids completely or partially
filling a vessel. Let us consider as an example the problem of oscillations of a system of capillary ideal
fluids completely filling a vessel (see Fig. 2).

Condition 4.3. A bounded domain Q C R? is divided into (k+1) parts Q;,j =1,...,k+1, and (3.18)
is satisfied. The surfaces 'y, j =1,...,k, are defined in (3.19). We assume that I';, i =1,...,k, are
smooth two-dimensional surfaces with smooth one-dimensional boundaries ~; = 0';, S is a smooth
two-dimensional surface, and the angles between I'; and S are greater than zero and less than 2m.
Moreover, S, I';, and ~y; are not necessarily connected.

As in the case of a single fluid, the smoothness requirement on S can be relaxed after the transition
to variational formulation of the problem. Let ng(x) be the unit outer normal vector to S at the point
x € S; let n;(x) be the unit outer (with respect to ;) normal vector to I'; at the point x € I';; and
let 1;(x) be the unit outer (with respect to I';) normal vector to «; at the point x € 7; lying in the
plane tangent to I'; at the point x.

The problem of normal oscillations of a system of capillary ideal fluids (see [3, Chap. 4, § 6]) is

formulated for a system of functions {®;(x)}, j =1,...,k+1, where ®; is a function in €2;:
A®; =0 in Qy, on 7 =0 onS;, j=1,...,k+1,
no
b, o
0®; = _ 95 onl';, j=1,...,k,
8((%) on;
Pj (—0jAr; + hj) an]' =21 (pj®; — pj+1®j41) on Ty, j=1,...,k, (4.46)
0 8<I>j]+ '8<I>j =0 on 1,.
8lj anj Xj anj N A ] N I<:+l
/ (qu)j - pj—i—l(I)j-l—l) ds = O, j = 1, .. / 1(1) dx = 0.

J

3Boundary-value problems, in which the order of the operator in the boundary condition is higher than the order of
the equation in the domain were discussed, e.g., in [29].
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Here o; > 0 are constants, h; € C°°(I';) and x; € C*°(y;) are real-valued functions. The constants
p; > 0 are the densities of the fluids. The operator P; is the orthogonal projection of the space
Ly(T';) onto La(I';) & {1}. By B; we denote the self-adjoint operator in the space Lg( ;) © {1} given
by the expression Pj(—o;Ar, + h;) on the domain DomB; = {u € H*(I;) : 81 + xju =0 on v;,
frj udS = 0}. It is assumed that the operators 9B are positive definite for all j =1,...,k (cf. (4.33)).
Then the operators ‘Bj_ are compact on Lo(I'j) © {1}.

Problem (4.46) is equivalent to the variational problem on the spectrum of the form ratio

B dS
]k—"l_lfl" CI)jEHl(Qj), j=1....k+1;
S5t i o, VR 2 dx (4.47)

) I<:+l 1
\Ifj = ij)j - pj+1<1>j+1a \Ifj ds = 0, ] = 1, . (I) dx = 0.
j
We consider the variational problem under the following condition.

Condition 4.4. A bounded domain Q C R? is divided by the smooth two-dimensional surfaces 'y, ...,
Iy into (k+ 1) disjoint domains Q, ..., Q,11. Suppose that relations (3.18) and (3.19) are satisfied.
Assume that Q; € K, j=1,...,k+1, and I';, j =1,...,k, are smooth two-dimensional surfaces with
smooth boundaries y; = OI';.

Proposition 4.4. Under the above assumptions, the spectrum counting function for ratio (4.47) sat-
isfies the following asymptotics for X — +0:

_ k i+ pir1\2/3measT;
N 4.4 ~ 2/3 p] J ].
O (1 a3 (0 Py

By Br, we denote the self—adjoint Operator in Ly(T';) given by Br, = —0;Ar; + hj(x) + C; on the
domain Dom Bp, = {u € H3(Ty) : l + xju =0 on %} The constants C; > 0 are so large that the

operators Br, are positive definite for all j = 1,...,k. For ® = {®;}1<j<pq1 € ZkH ®H(Q;), we
put

k _
= ijl Re T bj(x)(Br, W) W;dS,  W;:=p;®; — pjs1®ji1,
J
k+1
= ijl Pj _(|V<I>j|2 +1@5[%) dx

Here bj(x) are real-valued functions on I'; such that b; € Ly/3(L'y), j=1,... k.

By analogy with the reasoning from the proof of PI‘OpOSlthIl 4.1, it is easy to show that the values
Agy3 (4.47) and dy/5 (4.47) for by =1 (j =1,...,k) coincide with the similar values for the ratio
B[®]
Al®]

Proposition 4.4 now follows from the following statement.

k
+ P e Z]: SHY Q). (4.48)

Proposition 4.5. Suppose that the assumptions of Proposition 4.4 are satisfied. Let bj(x) be real-
valued functions on I'j such that b; € Ly/3(I'y). Then the spectrum counting functions for ratio (4.48)
satisfy the following asymptotzcs for A — +0:

2—2/3 k 4 2/3
N @as) ~ TS (P ) [ s,

47 0j i

Remark 4.1. It would be possible to obtain a generalization of Theorem 4.1 for the case of composite
domains, and then Proposition 4.5 would be a special case. We will confine ourselves to discussing
Proposition 4.5, so as not to go into details of the general formulation of the problem.

173



Proposition 4.5 is proved by the same way as Theorem 4.1. We outline the main steps omitting
details (details of the proof can be found in [38]). By analogy with the proof of Lemma 4.1 it is
not difficult to obtain estimates of the spectrum: A2/3 (4.48) < C’Z] 1 1105 ||i/j . Together with
Lemma 2.5, this allows us, when calculating the spectral asymptotics of ratio (4. 48) to consider only
the case where b; € C3°(I'y), 7 =1,... k.

Further, in the case of smooth compactly supported coefficients b;, ratio (4.48) is compared with
similar ratios of forms defined on smooth domains. Let Q;E, j =1,...,k, be disjoint domains in

3 with smooth boundaries such that QJ_ C Qj, Q;r C Qj41, and suppb; lies strictly inside the set
89; N 89;, j=1,...,k. Then there are open sets I'; C 8Qj_ N 89; such that suppb; C I';. It can be

assumed that fj are two-dimensional surfaces with smooth boundaries.
Let hji(x) be smooth positive functions on 89? Consider the operators B+ given by the ex-
J

pressions Byo+ = —0jA 0+ + h;c on the domains Dom B+ = HQ(OQ;-E), j =1,...,k The inverse
J J J

operators B(;éi are pseudodifferential operators on 8jS of order (—2). For & = {@;,@j}lgjgk €
j

Zle ® (HI(QJ_) ® Hl(Qj)) =: H, we put
~ o~ k _
B[®] := ijl Re/f_bj(x Baé,cp p]HBamcp N (pi®; — pj1®)) ds,
J

o~ k B _
A[®] := Zj:l (pj /Q(\VCDJ. 2+ |2 %) dx + pjt1 /Q+(|V<I>;r|2 + |<I>;r‘2) dx) .
J

J

We consider the form ratio S
Blo] o =
Lo Bed. (4.49)
Al®]
By analogy with the proofs of Lemma 4.2 and Lemma 4.3, it can be verified that 555/3 (4.49) <
+ + +
8373 (4.48) < Ay (4.48) < Ay (4.49).

It remains to establish the spectral asymptotics of ratio (4.49). Clearly, the problem decomposes
into the orthogonal sum of k independent problems on the spectra of the ratios

LB G, ey ety € By = 0 0)) @ HAQ)) (450
AP

where

B,[3,] = Re / B0 (0B 07— piaBoh BF) (2] — pya®)) dS,

J
A;[®;] := pj /Q(|V<I>j—|2 + |<I>j—|2) dx + pjt1 /m(IV(I);rP + \@;rP) dx

j j
It is clear that the nonzero spectrum of ratio (4.50) will not change if we consider this ratio on the
subspace H;(Lo) := H (2, Lo) ® H' (U}, Lo), H'(Q", Lo) := {u € H' () : Lou = —Au+u = 0}.
By Gj-[ cHY 2(89]4[) —H I(Q]i, Lg) we denote the Poisson operator solving the corresponding Dirichlet
problem in Qjc (cf. the definition of the operator G in Sec. 4.4). Putting <I>jE GjE and using the
properties of the Boutet de Monvel algebra, we obtain the representation
TR Do - - - + +
Aj[®;] = A; (G ¢ @ G;FSO;F] = p;i(P; ¢;.¥; )LQ(aQ;) + Pj+l(P;r90;ra‘P;r)L2(an)v (ZI Hl/z(an ).
Here P]-i are first-order positive definite pseudodifferential operators on aQi

Substituting 1, = p;/z (73;)1/290;, 1/1+ p;i21(7;+)1/290+ we see that the problem on the spectrum

of ratio (4.50) is equ1valent to the problem on the spectrum of the ratio

Tjl;] = {7, TV € Ly(00T) @ Loy(00T 451
nwmm«wwhm+i%{%%} 2(09) @ La(02)), (4.51)
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where
1/24— —\— - 1/2
Tilt5] = Re /F b < o "B (P) V205 = B (PF) ”%*)
j J
1/2 —1/2

x (0} 2(P7) 1205 = p5(PF) V20 ) as.
The problem on the spectrum of ratio (4.51) is reduced* to the problem on the spectrum of a matrix
pseudodifferential operator of order (—3/2) on 8(2]-_ N GQ;F. Therefore, the spectral asymptotics of
ratio (4.51) follows from the results of [8, 10]. This completes the proof of Proposition 4.5.

Remark 4.2. In the same way, one can obtain a result on the spectral asymptotics of small oscillations
of a system of capillary ideal fluids in the case where the vessel is partially filled, as well as in the case
where p; are positive smooth functions in €; (not constants).

5. The Spectral Asymptotics of Small Oscillations of the Heavy Viscous Fluid

In the present and the following sections, we study problems related to viscous fluid oscillations;
for problem statements, see [3, 21-23].

Let Q C R? be the domain occupied by the fluid in a vessel in the equilibrium position. The problems
are posed for the vector-valued function u(x) having the meaning of the fluid particles velocity field
and the scalar function p(x) having the meaning of pressure. Statements are given in the form of
spectral boundary-value problems in the domain 2, as well as in the form of variational problems on
the spectra of the ratios of quadratic forms. The functions u and p satisfy a homogeneous system,
which is elliptic in the generalized sense, namely, the Stokes system; the spectral parameter is included
into the boundary condition on the free surface I'.

5.1. Statement of the problem and formulation of the result for the heavy viscous fluid.
Suppose that 2 satisfies Condition 4.1. (After passing to the variational statement of the problem,
the smoothness conditions on S and v will be weakened.) Let p > 0 be a constant having the meaning
of the viscosity coefficient. Consider a sesquilinear form

8 0 0 0
= Z / Yy u] ( Vi v]> dx, u,ve H(Q;C?).
i,j=1 83:] Ox;  Ox;
Note that puFEgq[u] is the rate of energy dlssmatlon in the entire volume of the fluid.
Let n(x) be the unit outer normal vector to 9 at the point x. By u,(x) we denote the normal

component of the vector-valued function u(x) on the boundary: u,(x) = (u(x),n(x)), x € 9§2. By
7(x) = 7(u(x), p(x)) we denote the stress tensor in the fluid:

) = (). ) = —pda+ (U + PUI) im0

Next, on I we define a vector field 7, (x) with the coordinates 7, (x) = Zzzl Tik(X)ng(x), i = 1,2, 3.
Let 74,(x) be the vector field tangent to I' that is the tangent component of the field 7,(x). Let
Ton(X) = (T7(x)n(x),n(x)) be the normal component of the field 7, (x).

For any sufficiently smooth functions u,p and v, the Green formula is valid:

pEq[u, v] :/Q<—uAu+Vp,v> dx—i—/ﬂ(—u(Vdivu,v)—l—pdivv) dx+/m(7'n( p),v)dS(x). (5.1)

Below we use the following notation
JHQ) = {ue H (Q;C3) : divu=0},  J&Q):={ueJ(Q):uls=0} (5.2)

“Difficulties related to the fact that o0 N (9(2].+ is a manifold with boundary do not arise, since we are dealing with
a negative order pseudodifferential operator.
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The following spectral boundary-value problem is related to small oscillations of the heavy viscous

fluid (see [23]): —pAu+Vp=0, divu=0 in Q,

u=0onS, T4 =0 onl, (5.3)

a(X)up (x) = ATpp(x) on I
The real-valued function a € C*°(I") is related to the normal derivative of the potential of mass forces.
To proceed to the variational statement, one should multiply the last equation in (5.3) by u, and
integrate over I'. By the Green formula (5.1), taking conditions on u and p into account, from (5.3) we

obtain: [ Tpnty dS = pEq[u]. Problem (5.3) is equivalent to the variational problem on the spectrum
of the ratio of quadratic forms
Jp a)un (x)[? dS(x)
[1Eq[ul] ’

The first equation in (5.3) and the condition of zero tangential stresses on I' are natural conditions in
the variational problem on the spectrum of ratio (5.4).

We will study the spectrum of the form ratio (5.4) under the following condition on the domain 2
and the function a(x).

e JL(). (5.4)

Condition 5.1. Suppose that Q C R? is a bounded domain such that Q € K. Suppose that T' is a
smooth two-dimensional surface with Lipschitz boundary v = OI', and I' C 0. Let a € Ly(I") be a
real-valued function.

Note that, in contrast to the case of the capillary ideal fluid (see Sec. 4), now the smoothness of
is not needed. (In Sec. 3 we did not require the smoothness of ~ either.)
General theorems on the conditions of coercivity of differential operators (see, e.g., [5, § 11]) imply

the inequality
Balu) 2 cljulfp o) — Cllul, o uwe HHCY), c>o0. (55)

Moreover, the requirements on the domain ensuring (5.5) are rather weak. If the sticking condition
u|g = 0 is satisfied, then the Korn inequality holds (see [32]):
Eqlu] > cHuH%p(Q), uec H(Q;C?), uls=0, ¢>0. (5.6)
Now, we formulate the result on the spectral asymptotics of ratio (5.4).

Theorem 5.1. Suppose that Condition 5.1 is satisfied. Then the spectrum counting functions for
ratio (5.4) satisfy the following asymptotics:

1
-2 2
Ni(A, (54)) ~ A 167,22 /ai(x) dS(x), X — +0.
r
5.2. Estimates of the spectrum.

Lemma 5.1. Suppose that Condition 5.1 is satisfied. Then
A (54) < Cllal, 0. (5.7)
where the constant C' does not depend on the function a.

Proof. From (5.6) and the trace theorem it follows that Eqlu] > C’HuHHl/2 > é|’“n”§{1/2(p)v u €

H'(Q;C3?), ulg = 0. By Lemma 2.2, the functions N1 (), (5.4)) do not exceed the spectrum counting
functions for the ratio 2
as
ff x)|7dS(x ), e HY(D). (5.8)
CNHUHH1/2
For AT (5.8) the required estimate follows from Lemma 2.8.

From Lemma 2.5 and inequality (5.7) it follows that the functionals AT (5.4), 65 (5.4) continuously
depend on the coefficient a in Lo(T"). Therefore, it suffices to calculate the principal term of the spectral
asymptotics of ratio (5.4) in the case where a € C§°(I).
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5.3. Comparison with a problem in a smooth domain. Below it is assumed that a € C§°(I).
Let € be a bounded domain with smooth boundary such that Qc (2, and let suppa lie strictly inside
the set QNT. Then there exists an open subset I' of the boundary o0 lying strictly inside oQNT and
such that suppa C I'. We can assume that the boundary of T' is sufficiently smooth. Let a € C°°(99)
be the function equal to a(x) for x € 0 NT and equal to zero for x € 9N \T.

To estimate AT (5.4) from above, we consider the ratio

faQ x)|uy (x |2 dS(x)

uBgfl + Clale o * €T 9

Here u,(x) is the normal component of the functlon u on 99, and the constant C is so large that
the form in the denominator determines an equivalent metric in H'(£2;C3); see (5.5). Let S be the
operator of restriction of functions u € H(€;C3) onto Q. Then S takes JL(Q) to JHQ). For any
u € J§(Q) such that + [ a(x)|un|*dS > 0, we have

Jra(x)lun|? dS < Joq @x)|(Su), | dS
pEolu] + Cllul2, ) = uEQ[Su]+C|!SuHi2@

By Lemmas 2.3 and 2.2, + +
AT (5.4) < AT (5.9). (5.10)

To estimate Ny (A, (5.4)) from below, we consider the ratio

faQ X)|uy (x ‘2 dS(x)

pEgul ’

Here S := 8Q\F and J~( ) :={ue Jl(Q) : u|g = 0}. By the Korn inequality, Fg[u] > c||ul|?
ue Jg(Q), ¢ > 0.

Let II be the operator of extension of functions in € by zero to 2\ . Let us check that II is a linear
continuous operator from Jé(fl) to J(Q). Fix a function ¢ € C>(€) such that ¢(x) = 1 for x € T
and ((x) = 0 in some neighborhood of dQ\ I'. Let u € Jé(ﬁ) Obviously, II(¢u) € H'(Q;C3). Next,
(1-¢u € HYQ;C?) and (1—¢)u = 0 on 9Q. Then we have I1 ((1 — ¢)u) € H(Q; C3); see [28] or [36].
Thus, Hu = II(¢u) + I ((1 — {)u) € {II(Q;C3). Obviously, ITu = 0 on S. The condition divIIu = 0
in Q is satisfied, because divu =0 in Q, [Tu =0 in 2 \ Q, and ITu € H'(Q; C?). Thus, ITu € J(Q).

u e JL(9Q). (5.11)

HY (@)

W a0l (P ASe) _ | fpaGIlMma RSt e
p1Eg[ul uEn[Hu] ’ U
Applying Lemma 2.2, we obtain that
Ni(\, (5.11)) < Ni(), (5.4)), A>0. (5.12)

5.4. Asymptotics of the spectrum of the problem for the heavy viscous fluid in the
smooth case. Inequlities (5.10) and (5.12) show that Theorem 5.1 will be proved if we establish the
following lemma.

Lemma 5.2. For A\ — 40 the following asymptotic formulas hold:

1
Ni(A, (5.9)) ~ Ni(A, (5.11)) ~ A2 a2 (x) dS(x). 1
SO 6:9) ~ Na( (510) X |G as(x) (1)
Proof. By inequality (5.5) for the domain €, the space
={ue HY(QC? :divu =0, Es[u] =0}
is finite-dimensional. By Z we denote the set of the traces of functlons from Zy on 9. Then Z is a
finite-dimensional subspace of Ly (0€2; C?). We put W(Q) := ={ue JY Q) : (u, ¢)L2(aﬁ) =0, Vo € Z}.

Note that if u € H} (€; C3) and Eg[u] = 0, then u = 0. Hence, if u e W(Q) and Eg[u] = 0, then u = 0.
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In a standard way, this implies that Eg[u] =< HuHHl(ﬁ) for u € W(€) (the symbol < is understood as

two-sided estimates with some constants).

Consider the form ratio
faQ x) |uy, (x |2 dS(x) ~
, ueW(Q). 5.14
B @) (514)
Applying Lemmas 2.3 and 2.6, we obtain
A (5.9) = AF (5.14), 6F (5.9) = 6F (5.14). (5.15)
We put Wy(€) := ={uce HO(Q) divu = 0}. Let W (€2, £) be the subspace of W () formed by the

solutions of the Stokes system, i.e.,
W(Q, L) = {ue W () : there exists p € Ly(Q) such that £{u,p} =0 in ﬁ}
Here L{u,p} := {—pAu + Vp,divu}. The relation £{u,p} = 0 is understood in the sense of distri-
butions.
We have the following orthogonal decomposition: W (Q) = Wy(€2) &% W (Q, £), where orthogonality
is understood in the sense of the inner product Eg[u,v]. Since ratio (5.14) vanishes on Wo(€2), then

the nonzero spectrum of ratio (5.14) will not change if we consider this ratio on W (Q, £).
Similarly, the nonzero spectrum of ratio (5.11) will not change if we consider this ratio on the

subspace Hé(ﬁ,ﬁ) = {ue HY(Q;C3) : £{u,p} = 0 for some p € Ly(), u=0 on §}

Let G be the operator taking a vector-valued function ¢ € H'/ 2(85 C3), for which [og o0 v dS =0,
to the solution of the first boundary-value problem for the Stokes system (see [43]): the relation
{u,p} = Gy means that the pair of functions u € Hl(Q C3), p € Ly(Q) is a weak solution of the
boundary-value problem £{u,p} =0 in €, u = ¢ on Q.

The operator G is a homeomorphism of the space {cp € H1/2(8§~2;(C3) : faﬁ o, dS = O} and the
space {{u,p} € HY(Q; C3) x (Lg(ﬁ)/{l}) : L{u,p} = 0}. Here Ly(€)/{1} is the quotient space of
L5(Q) by the one-dimensional subspace of constants. As noted in [18], G is a Poisson operator from
the Boutet de Monvel algebra. From the properties of this algebra it follows that

Eﬁ [11] = (g(P, (P)LQ(E?SN))’ {uvp} = g‘Pv (516)
where £ is a matrix first-order pseudodifferential operator. Up to lower order terms, representa-

tion (5.16) can also be obtained from the considerations generalizing the arguments from [11] to the
case of systems elliptic in the sense of Douglis—Nirenberg. Similarly to (5.16), we have

lall?, @) = (Qoe: ), 0m), {wp}=de, (5.17)
where Qp is a matrix pseudodifferential operator of order (—1). From (5.16), (5.17) and inequality (5.5)
for Q it follows that
1/2(90. 3 _
((5 + CQO)QO ‘P)LQ(QQ CH‘PHHl/z(aQ) p < H (aQa C )7 /‘8(2 Pv dsS = 07 c>0. (518)

Inequality (5.18) shows that, changing the lower order terms in the pseudodifferential operator & if
necessary, we can assume that

(2. 0) 1,00 2 clelopmy € HP(04CY, c>o0. (5.19)
Assuming that (5.19) is satisfied, consider the form ratios

L Jon a)leu (x)* dS(x)

w(Ep, e )Lz(aﬁ)
faQ x| ( )‘2 dS(x)

WEp, )LQ(aﬁ)

Summarizing all that has been said and applying Lemmas 2.3 and 2.6, we obtain that

A¥ (5.14) = AT (5.20), 05 (5.14) = &5 (5.20), (5.22)

. @ e HY?2(00;C?), (5.20)

. € H200;C), |z=0. (5.21)

178



AF (5.11) = AT (5.21), 65 (5.11) = &5 (5.21). (5.23)

Ratios (5.20) and (5.21) are ratios of pseudodifferential forms like (2.17) and (2.19), respectively.
The spectral asymptotic formulas for them follow from Lemma 2.10 and Lemma 2.11. We need
to calculate the principal symbols of the corresponding pseudodifferential operators. Denote by Q
the matrix pseudodifferential operator on 0f2, corresponding to the form in the numerator of (5.20)
and (5.21): [, a(x)|ey (x)[>dS(x) = (Q¥.9),, o0 Locally, in a neighborhood U of some point

Xg € 89, we choose a curvilinear orthogonal coordinate system so that the coordinate lines for the third
coordinate on 99 are directed along the inner normal v = v(x), and the corresponding Lamé coefficient
on 9 is equal to 1. With this choice of the coordinate system, the symbol of the pseudodifferential
operator @ is given by

00 O
¢°(x,€)=10 0 0 |, xel, &Lv(x). (5.24)
0 0 a(x)

Let €°(x, &) be the principal symbol of the pseudodifferential operator £ calculated in the same local
coordinates. Consider the algebraic problem

¢°(x,8)z = \ue®(x,€)z, z € C3 (5.25)
By Lemma 2.10, for A — +0 we have
1
Ni(A, (5.20)) ~ 5 / dS(x)/ dEni(A\x,&; (5.25)). (5.26)
(27T) a0 Elv(x)
Lemma 2.11 implies the following asymptotics for A\ — +0:
1
Ne(h, (20)~ L / dS(x) / dEns(\x, & (5.25)). (5.27)
(271') r Elv(x)

We calculate the symbol e°(x, &) according to the rules from [18]. We write down the principal
symbol L°(x,n) = {Lg;(x,M) }1<s,j<4 of the operator L: L3;(x,n) = wln?8s5, 8,5 =1,2,3; L2 (x,m) =
LS, (x,m) =ins, s =1,2,3; Li,(x,n) = 0.

Further, for each point (x,£), x € 99, & L v(x), we consider the following system of ordinary
differential equations on the semiaxis:

4 (o]
ijl Ly(x, € +v(x)Dy)f(t) =0, s=1,2,3,4; teR,. (5.28)

With our choice of the coordinate system, we have &5 = 0, 1 = 15 = 0, v3 = 1, and system (5.28)

takes the form 2

u(le - dt2) §(6) +i& (1) =0, j=1,2,
w(lie? - L)+ ¢ nw =0, zflf1<t>+z'szf2<t>+jtf3<t>:

By F(x,€&) we denote the linear space of the solutions of system (5.29) Vanishing as t — +oo. The

characteristic determinant of system (5.29) is equal to D(k) = u%(|€|?> — k?)3. The solution vanishing
as t — 400 corresponds to the threefold root k = —|&|. Hence, the space F'(x, &) is three-dimensional.

(5.29)

We consider a basis in F(x,£) consisting of vector-valued functions Y'U)(x, £, t) = {Yi(j)(x, €. 1) <i<a,
j = 1,2,3, which are the solutions of system (5.29) vanishing as ¢ — +oo and satisfying the initial
conditions YZ-(])(X,S, 0) = 6i5, i, = 1,2,3. Calculations show that Y@ do not depend on x and are
given by

&3t _&ibat .
N ‘% :_ 1 52:‘5'2 —Zflt
&1t _ _ _ —1é9t _
YW(g,t) = Lk e Yy @(g, ) = |§1§+t1 e 8 Y@ (g ) = |£|§5j1 e el
—¥Q1 —1G2
— i —9uis 20/
(5.30)
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The following finite-dimensional sesquilinear form on F'(x, §) corresponds to the form Eg[u, v]:

exelfiali= y 30 | [ (& +rDO ) + (6 + D))

x ((& = vj(x)De)gr(t) + (& — vi(x)Di)g;(t)) dt,  f.g € F(x,§).
The principal symbol €°(x,&) = {e;-’l (x,& )} i< of the pseudodifferential operator £ can be calcu-
lated by the formula €7, (x,£) = exe[YU)(¢, ) Y( )(E, J], 4,1 = 1,2,3. Calculations show that

6?’)3(}(75) = 2|€‘7 ]3(X E) = eio’)j(x7£) = 07 ] = 172 (531)
(There is no need to calculate the rest of €7,.)
From (5.24) and (5.31) it follows that the algebraic problem (5.25) has the eigenvalues 0,0 and
a(x)/2p|€|. Therefore,
1, A<a 2
ne(hx.€: (5.25)) — 4 b A< a00/20é]
0, A>ax(x)/2p/g]
By (5.26) and (5.27), for A — +0 we have
1
Nz (A, (5.20)) ~ Nx(X, (5.21)) ~ A72 a2 (x) dS(x).
SO0 (5:20) ~ Na (O (20) =4 L [ G ds(x)
Combining this with (5.15), (5.22), and (5.23), we obtain the required asymptotics (5.13).

Lemma 5.2, and Theorem 5.1 with it, are proved.

5.5. Oscillations of a system of the heavy viscous fluids. Theorem 5.1 can be generalized to
the case of oscillations of a system of the heavy viscous fluids partially or completely filling a vessel.
For definiteness, consider the case of complete filling (see Fig. 2). Here we restrict ourselves to the
statement of the problem and formulation of the result; the proof can be found in [38].

Suppose that  C R3 is a domain satisfying the assumptions of Sec. 3.2. We consider the following
boundary-value problem for a system of vector-valued functions {u;(x)}, j = 1,...,k+1, and a system
of scalar functions {p;(x)}, j=1,...,k+ 1

—ujAuj—l—ijzo, divu; =0 in Qj, j=1,...,k+1,
u; =0 onsS;, j=1,...,k+1,

. 5.32
w; = w1, Tm(uj) =7Tm(uj41) only, j=1,...k, ( )
aj(X)an = )\ (Tnn(u]',pj) — Tnn(u]'+1,pj+1)) on F]’, j = 1, e ,k.
Here we use the notation wj,(x) := (u;j(x),n;(x)). The constants p; > 0, j = 1,...,k + 1, are
the viscosity coefficients of the fluids; a;(x) are smooth real-valued functions on I';, j = 1,... k.
Problem (5.32) is equivalent to the problem on the spectrum of the form ratio
35—t Jr, a5 (0)lujnl* dx
T T w e HNQECY), =1k
>j—1 HiEo, [uy] (5.33)
divu; =0 inQ;, uw;=0onS;, j=1,...,k+1,
u; = ;41 onfj, ]:1,,k
We consider the form ratio (5.33) under the following condition.
Condition 5.2. A bounded domain Q C R3 is divided by smooth two-dimensional surfaces T'q, ..., T

into (k + 1) disjoint domains Q1,...,Qr11. Suppose also that relations (3.18), (3.19) are satisfied.
Let Q5 € K, j = 1,...,k + 1. Suppose that the curves v; = OU'j, j = 1,...,k, are Lipschitz. Let
a; € Lo(I'y), j =1,...,k, be real-valued functions.
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Proposition 5.1 (see [38]). Suppose that Condition 5.2 is satisfied. Then the spectrum counting
functions for ratio (5.33) satisfy the following asymptotics for A\ — +0:

)
NeOv 6533~ 1 S ) [ (@)tas (5.34)

6. The Spectral Asymptotics of Small Oscillations of the Capillary Viscous Fluid

6.1. Properties of solutions of the Stokes system in a domain with edges. In the present
subsection, we establish a number of technical statements needed to solve the problem associated with
oscillations of the capillary viscous fluid. We rely essentially on the results from [30] on the solvability
in weighted Sobolev classes of the first boundary-value problem for the Stokes system in domains with
edges.

Suppose that a domain 2 C R3 satisfies Condition 4.1. We need to introduce some notation. Let
I > 0 be an integer number, s € R, and let V!(Q2) be the Kondratyev space (the weighted Sobolev
space) with the norm

1/2
ullvi) == </Q <|V1u|2r25 + |Vi_qu?r2eD 4y |u|2r2(8_l)) dx> ,

where r = r(x) is the distance from a point x € €2 to the edge 7. The symbol V;u means the “gradient
of u of order j,” i.e., the set of all derivatives 0*u of order |a| = j. By Vgl_lp(ﬁfl) we denote the space
of traces on JQ of the functions from V() with the induced norm:

_ = inf v .
Iellyirzom =yl ol

For s = 0 we write simply V/(Q) = V{(Q) and V!=1/2(0Q) = 1/01_1/2(89). Let p(x) be the regularized
distance on 9 from a point x to . In the space V!=1/2(9Q), we can define an equivalent norm by

2 [Vi—1p(x) — Vl—lSD(Y)|2 2 1-21
1l 17200 = ” mdS(x)dS(y) x — yJ? - dS(x) [p(x)["p(x)" 7,
and in Vsl_l/z(@Q) we consider an equivalent norm given by ||SO||VI_1/2(8Q) = ||PSSO||V1—1/2(8Q). By

VH(©Q;C?) and vty ?(99); C3) we denote the corresponding spaces of vector-valued functions.
Let Holéz(F) (see [28]) be the closure of C§°(T") in the norm

_ o) — o)1 wooP)
Il s ey = (/F/FdS(x)dS(y) 3P +/Fd5(x) ) > |

Note that {¢ : p € VY/2(09Q), ¢ls =0} = {p:¢lr € H&F(I‘), ¢ls = 0}. By (HS(F(F))’ we denote
the dual space to H&F(I’ ) with respect to the duality in La(I") (see [4]).
An important role in the study of the problem for the capillary viscous fluid will be played by the
space
Hi = {{u,p}:ue HY(Q;C?), pe Ly(Q)/{1}, —pAu+Vp =0, divu=0, ulg = 0}.
Here Lo(Q)/{1} is the quotient space of Ly(€2) by the one-dimensional subspace of constants; the

equation —pAu + Vp = 0 is understood in the sense of distributions.
We will need the following statements.

Proposition 6.1. Let v € H*(Q). Suppose that v =0 on S. Then v € V1(Q) and
[vllvi) < Cllvllgq)- (6.1)
Proof. To prove (6.1), it suffices to check the inequality

oGP : S
[ ax <l v e @), s 0.
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Let € > 0 be sufficiently small. We put Q. := {x € Q: r(x) > e} . Obviously,

v
/Q|r2 /|v )2 dx.

For sufficiently small € the set 2\ €. can be divided into a finite number of parts U;, 1 < j < N, such
that there exist C'-diffeomorphisms fj mapping U; onto U, where U is a subset of the dihedral angle
Ui = {(rw,z3): 0<r<1, 0<w<wj, 0<z3<1},0<w; < 2w, and SN OU; transforms to the
set {(r,w,z3): 0<r <1, w=0, 0<x3<1}. Here (r,w,x3) are cylindrical coordinates in R?. Let
v E Hl(Z/{ and v(r,w,z3) =0 forw—O Then

w / 2

/ 1 av(r,w/,xg) d
0

/|v|2 2dx—/ o2~ rdrdwdajg—/
r ow

< wj/ 10v(r, o, z3)|?
U

T ow'’
J

rdr dw dxs

rdr dw' drs < C/ |Vo|2dx.
Uj

Proposition 6.2. The form Eqlu] determines an equivalent norm in the space Hi, i.e.,
Eq[u] < (Hu”%{l(n) + HPH%Q(Q)/{H)’ {u,p} € Hi.

Proof. By Proposition 6.1, for {u,p} € H; we have u € V!(;C?) and |July1(q) < |lullg1(q)- Let T
be the trace operator taking a pair {u,p} € H; to the trace of u on 9Q: ¢ = T{u,p} = ulypq. By
the theorem on solvability of the first boundary-value problem for the Stokes system (see [30]), we
have [ullvio) + [Pl )01y < Cllellvireen). Obviously, [[@llyizpq) < [[allyig). Combining what
has been said with the Korn inequality (5.6), we obtain the required statement.

Proposition 6.3. The space Ho:={{u,p}: u € V(% C?), p e VH(Q) A1}, —pAu+ Vp =0, divu =
0, uls =0} is dense in H;.

Proof. From the theorem on solvability in the weighted spaces of the first boundary-value problem for
the Stokes system (see [30]) it follows that T is a homeomorphism of the following pairs of spaces:

Hi — Hijo = {p € VI/2(00;C%) : ls =0, /gpndS:()},
r

Ho — My = {p € V2 (00;C%) : |5 = 0, /gondS =0}.
r

Note that for ¢ € H, /o we have @|r € Hl/Q(F; C3). Since C§°(I'; C?) is dense in Holéz(F; C?), then the
set {cp elr € C°(T;C3), ¢ls =0, JrondS = O} is dense in H;/,. Hence, a wider set Hs/, is also
dense in H,/p. It follows from what has been said that H, is dense in H;.

Let z € Ly(T) and [ zdS # 0. By P, we denote the (nonorthogonal) projection in Ly(I") acting as

follows:
Jr f(y)z(y) dS(y)
Jrz(y)d ( )
The operator P, projects onto the subspace {v € Ly(I) : fr vzdS = O} The adjoint projection
P} acts by the formula (P} f)(x) = f(x) — 2(x) I f®) dSE ). Note that Jo(Prf)(x)dS(x) = 0. The

z z Jr2(y)dS(y)
following statement plays an important role below.

(P-f)(x) = f(x) - (6.2)

Proposition 6.4. Suppose that {u,p} € Hi, z € Hl/2

Sec. 5.1. Then

(), JpzdS # 0. Let Tpn(u,p) be defined in

||Pz7_nn(u7p)||(H1/2(F))/ < OHuHHl(Q) (63)
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Proof. For a function w € Hééz () satisfying [.wdS = 0, let f,,(x) denote the vector-valued function

on 09, equal to w(x)n(x) for x € T' and equal to zero for x € S. Then f, € V/2(9Q;C?) and
Jo0(fw)n dS = 0. Let M be the operator resolving the first boundary-value problem for the Stokes
system. Then

It suffices to prove estimate (6.3) on the set Ho, which is dense in H;. Let us apply the Green
formula (5.1) to functions {u,p} € Hy and v,, = Mf,, (it is easy to check that all expressions in (5.1)

make sense and are finite on these functions). We obtain: puFEq[u, Mf,] = fF Tonw dS. Together
with (6.4), this implies that
/Tnnw dS' < Clall oy llwll gryegy, w e HY* (1), /wdS = 0. (6.5)
r 00 r

Next, let f € Hy)*(T'). Then Py f € Hy*(T), [ PXfdS = 0, and 122 Fll gz ey < Cllfll sz ey
By (6.5),

zTnnf dS' =

nnP* < / P*
[Pz ras| < €l o172 Ly

(6.6)
f e Hy ().

!
<C CZHU-”Hl(Q)|’f”Héé2(F)a
By definition of the negative norm, from (6.6) we obtain:

_ | Jp Petonf dS|
HPZTHTL”(HS({?(F))/ = sup

0£feHL?(T) HY?(T)

Corollary 6.1. Let zieﬂoléz(F), i=1,2, [ 21dS#0. Then the functional I({u,p})= [1(P: Tan)z2dS
s a linear continuous functional over H.
Proposition 6.5. Let {u,p} € Hy. Suppose that 1, (u) is defined in Sec. 5.1. Then

ITen (W 12y, < Cllull o). (6.7)

Proof. Let us carry out the estimates locally. We choose some finite atlas {Uj,o;}1<j<n on the
manifold I'. Let {w;}1<j<n be a partition of unity subordinate to the covering of I" by the sets {U;}.
Let egj )(x), egj )(x) be smooth tangent vector fields in U; forming a basis in the tangent plane to I" for
each x € U;.

Let w € Holéz( I'). Then wjw € Ho/z( I') and ijwHHééz(F

Vector-valued function on 99 equal to wj( )w(x)egj ) (x) for x € U; and equal to zero for x € 902\ Uj.

Then g;) V1/2(8Q C?) and faﬂ g2)ndS = 0. Let M be the same operator as in the proof of
Propositlon 6.4. Then

. ij
) < CJHwHH&{?(F)' By guw(x) we denote the

Melyr oy < o ol
It suffices to prove inequality (6. 7) for {u,p} € ’Hg Applymg the Green formula (5.1) to the functions

{u,p} € Hy and Mg, we obtain pEq[u, Mghl] = Jo(Tin(u), eg )>w]w dS. Together with (6.8), this
implies that

/F<Tm(u),e§j>>ijds‘ < Cyjllullm@ 1wl iz gy we HI’(T), 1<j<N, i=12 (6.9)

1<j<N, i=12 (6.8)

Since HTt””(Héf(F))/ < Z;\le 2 ij<7'm, e§j)>H(H1/2(F))' , then (6.9) and the definition of the nega-
00
tive norm imply (6.7).

We put HT := {{u,p} € H1: Tn(u)|r = 0} . It is meant that 74,(u) is the zero element of the space
(Héf(l’))’. The set H] is a closed subspace of the space H1. Let Hy := {{u,p} € H1 : un|r = 0}.
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Proposition 6.6. The following orthogonal decomposition is true: Hy = H] &F ﬁl, where the or-
thogonality is understood in the sense of the inner product Equ,v].

The proof of Proposition 6.6 is preceded by the following considerations. Consider the boundary-

value problem

—pAu+Vp=0, divu=0 in Q, 6.10
u=0onS, T4, =0 Ty=19 onl, (6.10)

with ¢ € (Hééz (I'))". Suppose that the space J& () defined in (5.2) is endowed with the inner product
Eq[u,v]. A function u € JL(2) satisfying the integral identity

pEqu,v] = /Fdwn ds, veJiQ). (6.11)

is called a generalized solution of problem (6.10). If u, p, and v are smooth functions satisfying (6.10)
in the classical sense, then it is easily seen that u is also a generalized solution of problem (6.10).

Proposition 6.7. For any € (Hééz(I’))’ there exists a unique generalized solution of problem (6.1

0).
Proof. If v € JL(2), then from Proposition 6.1 it follows that v € V1(Q;C?) and [Vlvi@ <
Cl[v| 1 (q)- Then v|gq € V1/2(99; C?) and v|g = 0. Consequently, v|r € Hééz(I’; C?) and ||V||H1/2(F <
00
ClIv]l (o)
Let ¢ € (HéO/Q(F))’ . Then [n.1vy, dS is an antilinear continuous functional over v € J§(2). By the

Riesz theorem, there exists a unique function u = u(y) € JE(Q) such that [ Yv, dS = pEqlu, v],
v € JL(Q).

)

As usual, it can be shown that if u is a generalized solution of problem (6.10), then there exists a
function p € L(§2) such that {u,p} is a solution of problem (6.10) in the following weak sense: (a)
u € J§(Q); (b) —pAu+ Vp = 0 in the sense of distributions; (¢c) 74, = 0, Tpn = ¥ as elements of

1({2(I’))’. Note that then {u,p} € HJ.

(Hy
Proof of Proposition 6.6. Let {v,q} € H; and {v,q} L H], i.e., Eq[u,v] = 0 for any {u,p} € HJ.
For any function ¢ € (Héé2 (I'))’, we denote by uy, the generalized solution of problem (6.10). Then
Eqluy,v] = 0 for any ¢ € (Hééz(I‘))’. According to (6.11), this means that [ ¢v, dS = 0 for any
Y E (H(%2(I’))’. Therefore, v,, = 0 on L ie, {v,q} € H,. We haze proved that (H])+ C Hi.

Now we prove the reverse inclusion H1 C (H])*. Let {v,q} € H;. Then, by the Green formula (5.1),

we have Eq[u,v] = 0, {u,p} € Ha, T4,(u) = 0. By closure, Eq[u,v] =0 for any {u,p} € H], ie.,
{v.a} € HD*.

6.2. Statement of the problem associated with oscillations of the capillary viscous fluid.
Formulation of the result. The problem was formulated in [26, Chap. 8, § 2]. Suppose that
a domain © C R? satisfies Condition 4.1. By Br we denote the differential operator given by the
expression Br = —oAr + h(x) on the domain Dom Br = H?(I') N H}(T). Here 0 > 0, h(x) is a
smooth real-valued function on I'. The coefficients ¢ and h have the same meaning as in Sec. 4.5. The
operator Br is self-adjoint in Ly(T"), its kernel Zp := {v € Dom Br : (—oAr+ h)v = 0} coincides with
the cokernel, is finite-dimensional and consists of infinitely smooth functions. The inverse operator
Br !is defined on Ly (I") © Zp; it is the resolving operator for the first boundary-value problem on I':
¢ =Bp'f with f € Ly(T') © Zp means that (—cAr+h)p=fonl, o =0on+, and ¢ L Zp.

We assume that the operator Br is positive definite on Dom Br N (Ly(T") © {1}). This condition is
equivalent to the inequality

o|Vrul? + h(x)|ul?) dS > ¢ [ |ul?dS, we HN D), udS =0; c¢>0. 6.12
0
r r r
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Condition (6.12) imposes a restriction on the problem data. Physically, it means that the equilibrium
position of the fluid is stable in the linear approximation. From (6.12) it follows that dim Zp < 1.
Denote by z; the basis vector in Zp; in the case where Zg = {0} we put z; = 0.
Consider the following boundary-value problem in Q:
—puAu+Vp=0, divu=0 in €,
u=0onS, T4 =0 onl, (6.13)

Bru, = A7y, +¢;) onT.
Here the constant ¢, is not specified, but is searched for together with the solution. The boundary
condition uy,|, = 0 is fulfilled automatically due to uls = 0.
As will be shown below, the boundary-value problem (6.13) corresponds to the variational form
ratio, which defines a nonnegative compact operator in the space H]. The main result of this section
is the following theorem.

Theorem 6.1. Under the above assumptions, the spectrum counting function for problem (6.13) sat-

isfies the following asymptotics for A — +0:
2
o M
N(), (6.13)) ~ X2 r.
(A ( ) -2 eas

6.3. Variational formulation of the problem for the capillary viscous fluid. On the solu-
tions of problem (6.13), the function 7, + ¢, belongs to the range of the operator Br, and therefore

/(Tm +cr)z1dS =0. (6.14)
r

In addition, from the continuity condition (divu = 0) and the adhesion condition u|g = 0 it follows

that
/ up dS = 0. (6.15)

r
We start with the case where Zp # {0}. Then, by (6.12), [.21dS # 0, and the constant c, is

—fFfT";Z;;S; see (6.14). Hence, 7y, + ¢ = P, Thn, where the projection P,, is defined
T

according to (6.2).
On the solutions of problem (6.13), we have

given by ¢, =

My, = Brl Py T + Oz (6.16)
By (6.15), the constant C' can be found from the condition
r

We multiply (6.16) by 7, and integrate over I': X [ u,Tpyn dS = fF(BflelTnn + C2z1)Tyn dS. Under
conditions from (6.13), using the Green formula (5.1), we obtain [ unTn, dS = pEq[u]. On the other
hand, by (6.17) and the obvious equality [ 21 P, Ty dS = 0, we have fF(BflelTnn + C21)Tpn dS =
Jp (Bt Pey T ) Pey T dS.

Let us now consider the case where Zp = {0}. Then on the solutions of problem (6.13) we have

My, = B (Tan + ¢7). (6.18)
By condition (6.15), from (6.18) it follows that
/ B! (7 + &) dS = 0, (6.19)
r

which is equivalent to the relation fF(Tm + ¢ )z0dS =0, zp := Br 1. Note that, in the case under
consideration, we have fr zodS = fr BrzgzgdS # 0. It follows that the constant ¢; can be found from
Jr Tnzo dS
Ffr 20 dS

A fpunTnndS = [(Bf L P, Tn) Tnn dS. As before, from the Green formula it follows that Jr unTun dS =

uEq[u]. On the other hand, by (6.19), we have fF(BflPZOTW)Tm dS = fr(BflPZOTm)PZOTTm ds.

the condition ¢, = — . Then 7, +cr = Py Tinn. We multiply (6.18) by 7, and integrate over I':
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As a result, we made sure that problem (6.13) is equivalent to the variational problem on the
spectrum of the form ratio
Jp (B! Poyn) Pon dS
1Eq|u]
Here z = 2 if Zp # {0}, and z = 2z if Zp = {0}. By Proposition 6.2, the form FEq[u] defines an
equivalent norm in H7.

Note that the comparison functions in (6.20) must satisfy the equation —pAu+ Vp = 0, as well as
the condition that the tangential stresses on I" are equal to zero (in contrast to the spectral problem for
ratio (5.4), in which these conditions were natural). The reason is that the numerator of ratio (6.20)
depends on 7,,, and thus on the function p, and the denominator depends only on u (while ratio (5.4)
depends only on u). Therefore, the function p must be linked to u. At a certain step of solving the
problem, the above “links” will be removed after p is expressed in terms of u.

Let us check that the form in the numerator of ratio (6.20) is compact® in H7. By the homeomor-
phism theorem, the operator Br is a homeomorphism of the following pairs of spaces:

HE(T) := H*T)NHy(D)N(Lo(T)© Zp) — Lo(D)0 Zp, Hp () == Hy(D)N(L2(T)©Zp) — H,'(T).
Here H,'(T') denotes the dual space to H (T') with respect to the (Ls(I') © Zp)-duality.

Using the interpolation theory (see [28]), we see that Bp is a homeomorphism of the spaces
[HZ.(T), HE (1] e = [Ly(I) @ZB,HEI(I‘)] 12 Here by [$)1,92];/, we denote the intermediate
space between the Hilbert spaces $); and $o, where 1 C $9, 1 is dense in o and continuously
embedded in it; see [28, § 1.2.1].

Using the fact that [Hz(I’),Hl(F)]l/2 = H*?%(T), it can be shown that [HZ (T), HL (1]

3/2

H32(T) N H(T) N (Lo(T) © Zp) =: H,.“(T).
Theorem 1.12.4 from [28] states that [Ly(I'), H'(T')] i (HSAQ(I‘))’, where H~1(T) = (H}(T))".
—1/2

Taking this fact into account, it is easy to show that [Lo(I') © ZB,HEI(F)] 12 = H, '°(T'), where
1

Hb_cl/2(F) is the dual space to Hbéz(F) = Holéz(F) N (L2(I') © Zp) with respect to the (L2(I') © Zp)-
duality. The space H;C1/2(F) can be identified with {¢ € (HéO/Q(F))’ : (p,z1) =0}. Thus, Br is a
homeomorphism of the following pair of spaces:

. {up) e HT. (6.20)

1/2

Br: HY*(T) — H, (1). (6.21)

Since Hg’/z(F) is compactly embedded into H]i(/JQ (T'), then the operator By." is compact from Hb_l/Q(F)

C C
to Héf([‘). Together with Proposition 6.4, this shows that the form in the numerator of (6.20) is
compact in H7.
Let b € C*(), z € HS(F(I’), and [, 2dS # 0. Denote Br.[¢] := Re [ b(x)(Bp' P.p) P dS(x).
Instead of (6.20) we consider the form ratio of more general form
BF,Z[Tnn]
pEq[ul
Theorem 6.1 follows directly from the following theorem.

, {u,p} e H]. (6.22)

Theorem 6.2. Suppose that ) satisfies Condition 4.1. Let b(x) be a smooth real-valued function on

I. Then the spectrum counting functions for ratio (6.22) satisfy the following asymptotics for A — +0:
2
Ni(), (6.22)) ~ )\_2:02 / b2 (x) dS(x). (6.23)
r

We will prove Theorem 6.2, using the same scheme as for the previous problems.

5Note that in the case of the third boundary condition on «, the corresponding form is not even bounded in H7;
see [38, § 8].
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6.4. Estimates of the spectrum of the ratio (6.22).

Lemma 6.1. Let b(x) be a smooth real-valued function on T. We have AT (6.22) < C’Hb|]%2(r), where
C' does not depend on the function b.
Proof. By Proposition 6.4 and the Korn inequality (5.6), Eq[u] > C'||P, Tnn” B2y {u,p} € Hy,

C > 0. By Lemma 2.2, this implies that the functions Ny (A, (6.22)) do not exceed the spectrum
counting functions for the ratio

iCRe @} T’nglzz;)qp ds
(Hy* (T)

We substitute Bp'y) = f in (6.24). Then (see (6.21)) f € H3?(I') N HY(T) and [ fll g2y <

, e (Hy) (I))- (6.24)

C||z/;|| HY2(r ,- Applying Lemma 2.2, we obtain that the functions Ny (A, (6.24)) do not exceed the
spectrum counting functions for the ratio
Re [.bf Brf dS

. fe H¥2(T)n HLD). (6.25)
HfHH3/2(F

Integrating by parts in the numerator of (6.25) and discarding the lower order terms, we obtain that
the values A;E (6.25) do not exceed the similar values for the ratio

J bV f2ds

+C
HfHHd/Q(F

. f e HYAD). (6.26)

Substituting Vrf =: g and using Lemma 2.8, we arrive at the estimate AT (6.26) < C’Hb|]%2(r).

Lemmas 6.1 and 2.5 allow us, when calculating the principal term of the spectral asymptotics of
ratio (6.22), to consider only the case where b € C5°(T").

6.5. Comparison with the problems in a smooth domain. Let us fix a real-valued function
z € C§°(T) such that [z dS = 1. According to Lemma 2.6 and Corollary 6.1, the values A¥ (6.22)

and &5 (6.22) coincide with the similar values for the ratio
Br,z, [Tan]
pEqlal

A¥ (6.22) = AT (6.27), 05 (6.22) = &5 (6.27). (6.28)

Thus, let b € C§°(I"). Suppose that Q) is a bounded domain with smooth boundary such that QcC Q,
supp b and supp 23 lie strictly inside the set OONT. Let b € 000(8(2) be the function that is equal to b(x)
on QNI and equal to zero outside this set. Similarly, we define a function z € C*° (8?2) Let d(x) be a
smooth positive function on 9. Consider the differential expression By 1= —0A 5+d(x), where A )5

{U.,p} € HL P.1pp = Pzﬂ'nn' (627)
We have

is the Laplace—Beltrami operator on O8). The Operator B,g (cf. Sec. 4.3) is given by the expression B,g
on the domain H2(8<2). The inverse operator B 1s a pseudodifferential Operator on 99 of order (—2).

By P;, we denote a projection in Lo ) actlng as follows: (Pz, f)(x) — [sa f y)dS(y),
x € 09

Let v(x) be the unit inner normal vector to dQ. On 99 we define a function 7, = 7, (u,p) (which
is similar to 7, on I'). We have 7,,(x) = (7(x)v(x),v(x)), x € 8. Note that 7, (X) = Tpp(x) for
x € 0QNT. We put Blg] := Re [, b(x) (Bgészégo)P%gpdS(x).

Consider the form ratio ~
BT,
pEqlu]’
The following statement is an analogue of Lemma 4.2.

{u,p} € HI. (6.29)
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Lemma 6.2. We have
AF (6.27) = AT (6.29), 65 (6.27) = 65 (6.29). (6.30)

Proof. According to Lemma 2.6, the values AT (6.29), 65 (6.29) will not change if we consider the
ratio on the subspace of finite codimension in H] distinguished by the condition P,7,, = P.,Tnn.

Denote A[{u,p}] = Br 2, [Tnn] — B[7,,]. Consider the form ratio
Al{u, p}]
pEqu] ’

By Lemma 2.4, relations (6.30) will be proved as soon as it is shown that A (6.31) = A (6.31) = 0.

Let {u,p} € H] and let P,7,, = P.,7,. Denote f = B PZQTnn and g = B P , Tyw. Suppose

{u,p} € ’HI, P,y = Pngnn- (6.31)

that T is an open set lying strictly inside I' N 89 suppb C F supp 2z C I'. We can assume that T’
is a two-dimensional surface with sufficiently smooth boundary. Note that P,,7,,(x) = Pz, 7, (x) for

x € I'. Consequently, (Brf)(x) = (Byg9)(x) for x € I. We transform the form A[{u,p}] (cf. the proof
of Lemma 4.2):

A[{u,p}] = Re (/F bfBrfdS — /aﬁ’EgBaﬁgds>

~ Re /F (—o(AB)(f — g)g — 20Vb - (Vf — Vg)g +b(d — h)fg) dS.

It follows that A[{u,p}] = Re [5(B'f+B"g)g dS, where B’ and B" are first-order differential operators.
We have

Eolu] = C (19120 o5, + 152 ) s € >0. (6.32)
Indeed, the inequality ||f]|? H3/2(T < CEq[u] was obtained in the proof of Lemma 6.1. A similar
inequality for || gHH3 12(58%) is only easier to check, because 9Q € C*.

From (6.32) it follows that Eqlu] > C’(HgHH&/2 +||B'f + B//gHHI/2 ) C > 0. By Lemma 2.2,

the functions N1 (A, (6.31)) do not exceed the spectrum counting functlons for the ratio

Re ff g dS
Applying Lemma 2.9, we see that Ni(A, (6.33)) = O(A™ 1), hence, AT (6.33) = 0. Then AT (6.31) = 0.

. {w, g} € HY2I) @ H2(T). (6.33)

Now, our goal is to compare ratio (6.29) with a similar ratio of forms given in a smooth domain Q.
Direct making such a comparison is hampered by the presence of constraints: the equation —uAu +
Vp = 01in Q and the boundary condition 74, = 0 on I'. Let us transform the numerator of ratio (6.29)
in order to “remove” these constraints (see Lemma 6.3 below). For {u,p} € H; denote ¢ = ulg.
Then we have {u,p} = Gy in Q. The operator G was defined in Sec. 5.4. From the properties of the
Boutet de Monvel algebra it follows that

T (Gp) = T + Const, (6.34)
where 7 is a first-order pseudodifferential operator on 9. Relation (6.34) contains an arbitrary
constant associated with the fact that the function p = p(¢) is defined up to an arbitrary constant.
Locally in a neighborhood U of some point xq € 9 we choose an orthogonal curvilinear coordinate
system so that the coordinate lines for the third coordinate at the point x € 09 are directed along the
normal v(x), and the corresponding Lamé coefficient on o9 is equal to 1. In this coordinate system,
the principal symbol of the pseudodifferential operator 7 is a row t°(x, &) = {t{(x,&),t5(x, &), t3(x, &)}
with the entries

(008 = ¥ e 0 v P en)| . oxel €1v),
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where the functions V') are defined in (5.30). Calculation shows that £$(x, &) = t5(x, &) = 0, t3(x, &) =
—2u|€|. From (6.34) it follows that

B7] = Re /a _U(BAT)Tds + Dyl (6.35)

where D is a finite-rank form. Let R be a matrix pseudodifferential operator on o8 of order zero
corresponding to the first term in the right-hand side of (6.35). The principal symbol of the pseudo-
differential operator R is given by

b(x)
olél?

00 0
(t°(x,€)) " t°(x,€) = [0 0 0 . (6.36)
0 0 4p%0 'b(x)

r°(x,8) =
We put
Je( L) = {u € J§(Q) : —pAu+ Vp =0 for some p € Ly(Q)},

JE(Q, L) = {fue Ji(2L): Ti(u)=0o0onT}.

Consider the ratio
(Rep, ‘P)LQ(aﬁ)

71
Q =Ul,5- .
WEfu] ue Js(,L), ¢ u!m (6.37)
By Lemma 2.4, representation (6.35) implies that
AF (6.29) = AT (6.37), 05 (6.29) = &5 (6.37). (6.38)

Let us show that the principal term of the spectral asymptotics will not change if we remove a part

of constraints and replace (6.37) by the ratio
(Rep, ‘P)LQ(aﬁ) 1
Q =U|,5. .

Lemma 6.3. We have
A¥ (6.37) = AT (6.39), 05 (6.37) =65 (6.39). (6.40)
Proof. Denote J}(2) := JH(Q) N HE(Q). We have J(Q) = JE(Q) &F JL(Q, L), where the orthogonal
sum is understood in the sense of the inner product Eqlu,v].
Next, we put %(Q,E) = {u € J§{(Q,L) : u, = 0 on I'}. Proposition 6.6 shows that J&(2, £) =
JL(, L) @ JL(, £). Thus,
JLQ) = JHQ) & TJLQ, L) & JE(Q, L). (6.41)
We put (Rep)(x) = 4420~ 1b(x) ¢, (x)v(x), x € OS2, where ¢, is the normal component of ¢ on 9.
Then R is a matrix pseudodifferential operator on 99 of order zero with the principal symbol 7°(x, &).
Therefore, (R — ﬁ) is a pseudodifferential operator of order less than or equal to (—1). Consider the

ratio ~
((R - R)‘Pa ‘P)LQ(aﬁ)
pEqul

Using the inequality Eql[u] > OHQOH?{lM(@Q)’

N1 (A, (6.42)) do not exceed the spectrum counting functions for the ratio
(R=R)¢e,#)p, 00
2
NCH‘P”Hl/z(@ﬁ)

Since N1 (), (6.43)) = O(A™!), then AT (6.43) = 0. Hence, by Lemma 2.4 it follows that the values
A (6.39) and 05 (6.39) coincide with the similar values for the ratio

(Rep, ‘P)Lz(aﬁ)
nEq[u]

., ueJi(Q), ¢:= u!aﬁ. (6.42)

C > 0, by Lemma 2.2 we obtain that the functions

. @ e H'Y?(00;CP). (6.43)

, ueJi(Q), ¢:=u 565 (6.44)
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and the values AT (6.37), 65 (6.37) coincide with the similar values for the ratio
(Rep, ‘P)LQ(aﬁ)
nEq[u]

Note that Ry = 0 for u € JHQ) @ jé(Q,ﬁ) Therefore, from (6.41) it follows that Ni(A, (6.44)) =
N1 (A, (6.45)). In view of the above, this implies relations (6.40).

From Lemma 6.3, Lemma 6.2, and relations (6.28), (6.38) it follows that
AF (6.22) = AT (6.39), 0F (6.22) = 65 (6.39). (6.46)
Now, we compare ratio (6.39) with the form ratios in €. To estimate A¥ (6.39) from above, consider
the ratio

, uEJHLL), @i=ulg (6.45)

(R‘Pa ‘P)LQ(aﬁ)

pEgful + Cllull?_ o

Here the constant C' is so large that the form in denominator of (6.47) defines an equivalent norm in
H'(Q). We have

. ueJY(Q), ¢:i= u‘aﬁ. (6.47)

A¥ (6.39) < AT (6.47). (6.48)
The proof of inequality (6.48) is similar to the proof of inequality (5.10): one should use Lemma 2.2,
in which § is the restriction operator.

To estimate Ny (A, (6.39)) from below, we consider the ratio

(Rep, ‘P)L2(a§)
1Eg[u]
Here S = 8Q\ T and Jslq(ﬁ) ={uecJYQ): u|z = 0}. By analogy with the proof of inequality (5.12),
using Lemma 2.2 and the operator of extension by zero, we obtain that
Ni(A, (6.49)) < Ni(A, (6.39)). (6.50)

, ue€ Jé(ﬁ), P = u!aﬁ. (6.49)

6.6. Asymptotic formulas in the smooth case. Using (6.46), (6.48), and (6.50), we conclude
that the spectral asymptotics for ratio (6.22) will be found as soon as the following statement is proved.

Lemma 6.4. For A\ — +0 we have
2 ~
Ni(\, (6.47)) ~ Ni(), (6.49)) ~ A2 ¥ , [ _bA(x)dS(x). (6.51)
e o0
Proof. By analogy with the proof of Lemma 5.2, it is easy to show that the problem on the spectrum

of ratio (6.47) is equivalent (in the sense of the spectral asymptotics) to the problem on the spectrum

of the ratio
(Re, ‘P)LQ(aﬁ)

1(EP )1, 00
and the problem on the spectrum of ratio (6.49) is equivalent (in the sense of the spectral asymptotics)
to the problem of the spectrum of the ratio

(Rep, ‘P)L2 (09)
1EP, )1, 00)

The pseudodifferential operator £ is defined in Sec. 5.4. As before, by changing the lower order terms
in £, we assume that inequality (5.19) holds. Consider the algebraic problem

. e HY?(00;C?), (6.52)

. p e H00:C%), lg=0. (6.53)

r°(x,€)z = \ue®(x,€)z, zc C3. (6.54)
Lemma 2.10 and Lemma 2.11 imply the following asymptotic formulas for A — +0:
Mo, 652) ~ oo [ aseo [ dgns(ixgs (659), (6.55)
(2m)* Jog £1u(x)
1
Ni(A, (6.53)) ~ 02 /~dS(x)/ dEni(A\x,&; (6.54)). (6.56)
( 7'(') r Elv(x)
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According to the expressions for 7°(x, §), €°(x, &) (see (5.31) and (6.36)), we have

1, A< 2“5?2("‘),
n+(\,x,§; (6.54)) = 0, A> QMFEE(‘X)‘

Calculating by formulas (6.55) and (6.56), we get (6.51).

Relations (6.46), (6.48), (6.50), and Lemma 6.4 imply (6.23) in the case where b € C§°(I"). By
closure, the asymptotics is valid for any b € C°°(I'). Theorem 6.2, and Theorem 6.1 with it, are
proved.

6.7. Oscillations of a system of the capillary viscous fluids. Theorem 5.1 allows generalization
to the case of oscillations of a system of the capillary viscous fluids, partially or completely filling a
vessel. For definiteness, consider the case of complete filling. We restrict ourselves to the statement
of the problem and formulation of the result.

Suppose that a domain Q C R3 satisfies Condition 4.3. We consider the following boundary-value
problem for a system of vector-valued functions {u;(x)}, j = 1,...,k + 1, and a system of scalar
functions {p;(x)}, j=1,...,k+ 1

—,ujAuj—l—ij:O, divu; =0 iHQj, i=1,...,k+1,
u; =0 onsS;, j=1,...,k+1,
u; = Uiy, Tm(w) =T7m(uj) only, j=1,...k, (6.57)
(oA, + hj(x)) ujy = A1 (qu]n) — U+ 4 cj) onT, j=1,... k.
Here ujp(x) := (u;(x),n;(x)), 9 = Ton(Wj,pj); pj > 0, 0; > 0 are constants; h; € C>°(I';) are
real-valued functions. The constants c; are searched along with the solution.

By B; we denote the operator in La(I';) given by the expression —o;Ar; + hj(x) on the domain
DOIIlBj = Hz(F]) N HOI(F])

Let us give a variational statement of problem (6.57) in the case where the operators B; are
invertible (the general case can be considered by analogy with Sec. 6.2). Let z; = Bj_ll and let P,
be a projection in Ly(I'j) defined similarly to (6.2).

Problem (6.57) is equivalent to the problem on the spectrum of the form ratio

Shes Jr, (B Py () = 7)) Py () = i) a5
+

k
St i Ea, ]
UjEHl(Qj;(Cg), ijLQ(Qj), j=1,...,k+1,
—pjAu; +Vp; =0, divy; =0 inQ;, uw;=0onS;, j=1,...,k+1,

u; = w1, Tm(uj) =7Tm(uj41) only, j=1,... k.

)

(6.58)

Proposition 6.8. Under the above assumptions, the spectrum counting function for ratio (6.58) sat-
isfies the following asymptotics for X — +0:
omeas’;

k
N(), (6.58)) ~ A2 ijl(uj tpie)T
J
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