DOI 10.1007/s10958-023-06841-z
Journal of Mathematical Sciences, Vol. 277, No. 3, December, 2023

DIFFERENTIAL EQUATIONS WITH FRACTIONAL
DERIVATIVES AND CHANGING DIRECTION OF
EVOLUTION

Aleksandr Artyushin

Sobolev Institute of Mathematics SB RAS
4, Koptyuga Pr., Novosibirsk 630090, Russia
alexsp3@yandex.ru

Sirojiddin Dzhamalov*

Romanovsky Institute of Mathematics

of the Academy of Sciences of the Republic of Uzbekistan
9, University St., Tashkent 100174, Uzbekistan

Central Asian University

264, Milliy bog St., Tashkent 111221, Uzbekistan
siroj63@mail.ru

We study the fractional diffusion equation with changing direction of evolution. We
consider the boundary value problem for this equation and prove the existence of a gen-
eralized solution. Bibliography: 10 titles.

1 Introduction

Introduce the notation: 7' > 0, Q C R™ is a bounded domain with smooth boundary I' = 912,
Q=(0,T)xQ,5=(0,T)xTI,0<v<1. In the cylinder @, we consider the following mixed
problem for the model equation with the Gerasimov—Caputo fractional derivative:

Oy (k(t,z)u(t,z)) — Au(t,x) + yu(t,z) = f(t, x),

(1.1)
u(t,x)|ls =0, u(0,x) = up(x).
The case k(t,z) > ko > 0 has been well studied.

In the case of a constant coefficient k(x,t) = kg, the study of this problem is based on the
separation of variables or the use of the Laplace transform.
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In the case of variable coefficients, integral inequalities of the form

T
/ (t, w)D” (ku) dt > C(ulp),
0

where B is a Banach space, are usually used. Based on these inequalities, it is possible to obtain
necessary a priori estimates. Some general inequalities of this kind can be found in [1]. We also
mention the related works [2]-[6].

In this paper, we are interested in setting a well-posed problem in the case of an arbitrary
behavior of the coefficient k(t,z). It is clear that the Cauchy initial condition in (1.1) should be
replaced in this case. For example, if k(¢,2) > 0, a part of the set € is free from the initial data
(see [6]). In the case of ordinary derivatives, the problem

k(t, x)u(t, x) — Au(t, z) + yu(t,x) = f(t, x),

(
(

u(0,z) = up(z), =€ Qf = {x|k(0,2) > 0},
(T,z) =ui(z), xz€Qp={z|k(T,z)<0}

is well posed under certain conditions (for more details we refer to [7], where the uniqueness of
a generalized solution was studied). In the case of fractional derivatives, a similar problem is
also well posed.

We reduce the problem to solving an equation of the form
(k(t,z)u(t,x))s — D' Au(t, z) + yDHu(t,x) = D' f(t, x).

Such equations (without degeneracy and sign change) were considered, for example, in [8] (see
also the references therein).

2 Notation. Auxiliary Estimates

For 0 < v < 1 and ¢t > 0 we introduce the fractional integral of order v with origin at a
point a

o saa(t—a) [ y(s)
20 = 55" [ e i

a

the Riemann—Liouville fractional derivative of order v

t
1 d
Diy(t) = ¢ -
IO =i w /|t—s|l’

and the Gerasimov—Caputo fractional derivative

s 1 [ )
%y(t) = T =0 / = o
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In the case a = 0, we write J"y(t), D"y(t), 0" y(t).
Let y(t) € C1(0,T). Then for some constant C > 0 we have (see [1, 6])
T

[vwp o dt>c/ ﬁﬁ)dtwuym o1y

0
Using the equality

t

v y(t) v /y(t) —y(s)

D"y(t) = d

VO =ora =y TTa=y ) G-

0
it is easy to get
2(1) /
v _ v, 2 Yy t
2yDy(t)—Dy(t)—|—tlT(1_ l—u/ t—sHV ds.

Then the estimate (2.1) immediately follows from (2.2).

(2.2)

Further, a direct calculation shows that D¥.J"y(t) = J"D"y(t) = y(t). Moreover, for 0 <

p<r<l
DIJVy(t) = JVy(t) = JUIIED y(t) = JY Dy t),
JEDYy(t) = DY"HJ"RJEDYy(t) = DY Py(t) = DY J y(t).

It is obvious that the same equalities hold for operators with the origin at the point 7'

For any smooth functions f(t) and g(¢) we denote

T
- / F(®)g(t) dt
0

T T
9) z/f(t)J%D;g(t) dt:/J”f(t)D%g(t) dt.
0

Then

For 0 < p < 1/2 we have the estimates (see [9])

Cl[D*g() | Lo 0,1y < 1D g ()| 120,7) < C2llD*g ()| 120,17
which imply
[(f, 9| < Csll T f ()]l o 0,0 1D (B Lo 0,1
where the constant C'5 depends on p and T

(2.3)

In what follows, we need to regularize fractional differentiation operators. For 0 < p < 1

and 0 < 0 < 1 we put
t

d
Tuoy(t) I‘,u/terH %
0

t
1

d
Ku,ey(t) d_ / t—s ‘|‘ 9
0
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d
It is clear that K, gv(t, ) = EJI_M’Q' As in the case (2.1), for some constant Cx = Cx(u, T) >

0 independent of # the following inequality holds:

T

/ YO Kyt dt > Crcly(®) Lao.r-
0

Moreover,
T
[ oK vt de > CluOI, 12 ) = Co0 POl 01
0

Indeed, to prove this we need to estimate the term D*y(t) — K, gy(t). Denote

T
/ K,uoy(t))2(t) dt.
0

Lemma 2.1. There exists a constant C(u,T) > 0 independent of 0 and such that for any

smooth functions y(t), z(t)

|D(y(t), 2())| < C(u,T)G(l_“wlly(t)Hw;(o,:r)HZ(t)HWg(o,Ty
Proof. Denote

1 1 1
polt) = T(1—p) (t_u a (t+9)u>'
Then

t
DYy(t) = Kpau®) = y0)pal®) + [ o (hpult ~ ).
0
It is easy to see that
T
/ po(t)dt < C(T' 40" — (T +0)' ") <CO',
0

t+0 —th(t+0)+ 0

0<rolt) = C— STt o)

Denote .
w(t) = [ v(s)oalt ) ds.
0
Using (2.7) and the Hausdorff-Young inequality, we get

ol zo01) < CO T ly®)llwi o.1)-

Thus, with the help of (2.8), we obtain the inequality

ID(y(t), 2())] < COly®)llwp 0.0 12O 20,7 + Cly(O)IL,

(2.6)



where

T
I REOL
L= / i+ 8y &
0

T 1/2 T 1/2
L < /z%) dt : /Ldt /
= tH th(t + 6)2 '
0

To estimate the last integral, we divide the interval (0,7) into two subintervals and write

It is obvious that

T
62 dt 62 dt
— —— < CO'H, 2.1
| wro / /tw ¢ (210
0
Combining (2.9) with (2.10) and using the embedding theorems, we obtain (2.6). O

Corollary 2.1. For any smooth function y(t) the estimate (2.5) holds with some constants
Ci(p, T) >0 and Ca(p, T) > 0.

Proof. It suffices to note that
T

T T
/Ku,ey(t)y(t) dt = /D“y(t)y(t)d /(D“ (t) — Kpoy(t))y(t) dt
0 0

0

and use the inequality (2.1) and Lemma 2.1. O

3 Statement of the Problem. Existence Theorem

Consider the problem

0" (k(t,x)u(t,z)) — Au(t,x) + yu(t,z) = f(t,x), (3.1)
u(t,z)|s =0, (3.2)
u(0,z) =0, z€Qf ={z/k(0,z) > 0}, (3.3)
w(T,x) =0, ze€Qp = {zk(T,z) <0} (3.4)

We set xo(z) = k(0,2)u(0,2) and xr(x) = k(T,z)u(T,x). Formally applying the operator J¥
to Equation (3.1), we arrive at the equality

k(t, x)u(t,z) — J"Au(t, z) +vJ" u(t,z) = JV f(t,x) + xo(z), t€[0,T]. (3.5)
In particular, for ¢t =T we have

xr(z) — xo(x) — JYAu(T, x) + vJ u(T,z) = J* f(T, x). (3.6)

Taking into account (3.3) and (3.4), we get
supp xo(z) € Qg supp xr(z) C Q7 (3.7)
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where €y and . are introduced in the same way as (3.3) and (3.4). Respectively, a function
u(t,x) € La(0,T; WH(Q)) is referred to as a generalized solution to the problem (3.1)—(3.4) if

Ju(t,z) € C([0, T Wi (Q)),  k(t,z)u(t,z) € C([0,T), Wy H(Q)),

and (3.5)—(3.7) hold for some functions xo(z), x7(z) € L1().
Everywhere below, we set =1 — v.
Theorem 3.1. Let v > 0, k(t,z), ki(t, ) € Loo(Q), D2 f(t,x) € La(0,T; W5 1(2)), and
for some vp >0
20Ky + ke(t,x) = v, (t,z) € Q, (3.8)

where the constant Cg is taken from (2.4). Then the problem (3.1)-(3.4) has a generalized
solution such that

Proof. As in [6], we use the regularization method proposed in [10]. However, we first
formally apply the operator D* to Equation (3.1)

(k(t,x)u(t,x))y — D*Au(t,x) + yD u(t,z) = D* f(t, x).

Let 0 < € < 1. We introduce a family of smooth functions f.(¢,x) such that

f(0,2) =0, (3.9)
il_l;% ||f€(t7$) - f(t’x)HW;/Q(O,T;W;l(Q)) = 07 (310)
gg%ngs(ta x)”%vg(o,T;LQ(Q)) = 0. (3.11)

We note that the condition (3.9) is compatible with (3.10) since u < 1. Then we consider the
problem (see [10])

— euy + (k(t, x)u(t, x))e — D*Au(t, x) + YD u(t, ) = D" f-(t, ), (3.12)
u(t, z)ls =0,

—eug(0,2) + k1(0,2)u(0,2) =0, (3.13)
—ew(T,z)+ k™ (T,z)u(T,x) =0, (3.14)

where we use the conventional notation

n o n>0,  _ n, n<0,
nt = n=
0, n<0, 0, n=0.

In turn, the solvability of the problem (3.12)-(3.14) is proved by a modified Galerkin method.
Let {wy(x)}ren be the system of Lo(£2)-orthonormal eigenfunctions of the problem

— Awy, = Mgwy,  wy(z)|r = 0.
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For any n > 0 we denote by E,, C L2(Q2) the subspace of functions spanned by the vectors wy,
k =1,...,n. Denote by P, the orthogonal projection in Ls(2) onto the space E,. Assuming
that 6 = 6(e,n) (we specify this value below), we consider the following problem in FE,:

— n(t, ) + Pu(k(t, 2)v(t, 2)) — K pAvn(t, @) + YK, gvn(t, ) = K pfae(t, ),  (3.15)
un(t, z)|s =0, (3.16)
— eUne(,0) + P (kT (0, 2)v,(0,2)) = 0, (3.17)
— vy (T, ) + Po (k™ (T, z)v, (T, z)) = 0. (3.18)

Here,

vn(t, ) =Y Vewi(@),  fre(t,z) = Pufelt,z) = ZF,% w(z

k=1

We will omit the superscript n if this does not cause confusion. We note that the kernel K, 9 has
no singularity and can be integrated by parts. Therefore, we obtain a system of ordinary integro-
differential equations with respect to the coefficients Vi () the solvability of which follows from
the uniqueness theorem. Hence it suffices to derive a suitable a priori estimate for the solution.

We multiply Equation (3.15) by 2v(¢,z) and integrate over the cylinder @

/ (6(0, 2)02(0, 2) + K(T, 2)o(T, ) + 2¢ / W2dQ + / k2 dQ

Q Q Q
+ 2/((K#,QVU, V) + K, gv) dQ = 2/1}[(#’9]“8 dQ. (3.19)
Q Q

By (2.4), the operator K, ¢ is positive and the inequality (3.8) is satisfied. By (3.19), for some
sufficiently large constant C' (independent of #) the following estimate holds (see also (3.9)):

elonll3 i) + 1001 0i0) < CEwof i@y < CIF B omitateny- (3.20)

Using (2.5), we obtain the lower estimate

_ Cg(l—u)/2“v 2

2 [ (8,070, V0) + 70K, dQ > C1lo 110y

Q

WE/2(0,T;W(Q))

Since the space E, is finite-dimensional, for some constant C'(n) we have
1Bl @) < CIAIT ) Vh € En.

By the estimate (3.20), for a sufficiently small 0

2/((KN7QVU,VU) “‘VUKM,GU) dQ > CHUHWu/z (0,75 W2(Q)) 5”f‘|12/v21(07T;L2(Q))- (3~21)

Q
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The right-hand side of (3.19) can be estimated with the help of (2.3) and Lemma 2.1 as

/ﬁkyﬁﬂdQ=i/vD“ﬁdQ+l/wI¢@ﬁ—IWE)MQ
Q Q Q
T

> Vi(t)D* Fre(t) dt+/ZVk K 0Fke(t) — DFFic(t)) dt
k

0

O\ﬂ

< Oy 72 0z W sy + OO0 208 g o o Il oy

As above, choosing 6 sufficiently small and taking into account the condition (3.11), we obtain
the estimate

/UKM,Gfs dQ < CHf”W;/Q(O,T;ng(Q))Hv”Wé"”(O,T;W;(Q)) + €Hf|’%/1/21(07T;L2(Q))' (322)
Q

Combining the estimates (3.19), (3.21), (3.22), we finally obtain the estimate

/(\k(O,x)|U2(O,:U)+ |k(T,x)]v2(T,x))dx+€/th dQ+/v2dQ
Q Q Q

/(\D”/QVUF + |DM2y[2) dQ < C||D#/2f5”L2(0TW_1(Q) + 05||f”%4/21(0,T;L2(Q))- (3.23)
Q

Thus, we have established the desired estimate, which means that the system (3.15)—(3.18) is
uniquely solvable. We note that for all (t,z) € @

(—etnt + Pa(kva))|y = Juo(Pufe + Avy — yu,).
By (3.17) and (3.18),
Py (kT v, (T, 2)) — Po(k™vn(0,2)) = Jyg(Pofo(T, ) + Avy (T, x) — you (T, x)).

Now, we can pass to the limit as n — oo. Taking, if necessary, a subsequence, we can assume
that for some functions z.o(x), ze7(x), us(t, z) the following convergences hold:

VIEQ, 2)[v, (0, 2) = z0(x)  weakly in Ly(€), (3.24)

5(T, 2)[vn(T, 2) = zer(z)  weakly in Ly(Q), (3.25)
vnlt, ) = u(t,z) weakly in W2/2(0, T; Wi (Q)), (3.26)
Unt(t, %) — ugy(t,2)  weakly in Ly(Q) (3.27)

as n — oo. By (3.23),

N

€||u5tHL2(Q) + [ S ue]| 14w (3.28)

Wy 2 (0,155 ()
In particular, JYu.(t,x) € C([0,T]; W(2)) and J"u.(0,x) = 0. The functions
Xoe(z) = =k~ (0,2)|ze0(x),  x7e(@) = VIET (T, 2)|2e0(2)
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satisfy (3.7), and, by the conditions (3.17) and (3.18), the following equalities hold:

— EUgt + kUe — X0e = Ju(fe + Aue — '7“6):
XT5($) - XOa(x) = Ju(fa(T’i) + Aua(Tux) - ’Yua(TafC))-

Now, we can pass to the limit as ¢ — 0 and then argue in a standard way. We only emphasize
that, by the estimate (3.28), we can assume that cus(¢t,z) — 0 as e — 0 in La(Q). O
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