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Locally finite ultrametric spaces and labeled trees

Oleksiy Dovgoshey, Alexander Kostikov

Abstract. It is shown that a locally finite ultrametric space (X, d) is generated by a labeled tree if and
only if for every open ball B C X there is a point ¢ € B such that d(z,c) = diam B whenever z € B
and x # c¢. For every finite ultrametric space Y, we construct an ultrametric space Z having the smallest
possible number of points such that Z is generated by a labeled tree and Y is isometric to a subspace of
Z. It is proved that for a given Y such a space Z is unique up to isometry.

Keywords. Complete multipartite graph, diameter of ultrametric space, labeled tree, locally finite ultra-
metric space.

1. Introduction

In what follows, we denote by R™ the half-open interval [0, c0).
The metric on a set X is a function d: X x X — R™ such that for all z, y, 2 € X

Lo d(z,y) = d(y, x),
2. (d(z,y) = 0) & (z =y),
3. d(z,y) < d(z,z) +d(z,9).
A metric space (X, d) is ultrametric if the strong triangle inequality
d(z,y) < max{d(zx, z),d(z,y)}.
holds for all x, y, z € X. In this case, the function d is called an ultrametric on X.

Definition 1.1. Let (X,d) and (Y,p) be metric spaces. A mapping ®: X — Y is an isometric
embedding if
d(z,y) = p(®(z), 2(y))

holds for all z, y € X. A bijective isometric embedding is said to be an isometry. Metric spaces are
isometric if there is an isometry of these spaces.

Let (X, d) be a metric space. An open ball with a radius r > 0 and a center ¢ € X is the set
By(c) ={z € X:d(c,x) <r}.

Definition 1.2. A metric space (X,d) is called locally finite if card B is finite for every open ball
BCX.

In addition to open balls, we also need some other subsets of (X, d), which we will call the centered
spheres.
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Definition 1.3. Let (X, d) be a metric space. A set C C X is a centered sphere in (X, d) if there are
¢ € C, the center of C, and » € R™, the radius of C, such that

C={zeX:d(z,c)=r}U{c}. (1.1)

Equality (1.1) means that C is the sphere {x € X : d(x,c) = r} with the added center c.
We denote by Bx = By 4 and Csy = Csx 4 the sets of all open balls of the metric space (X, d)
and, respectively, the sets of all centered spheres of this space.

Definition 1.4. The labeled tree is a pair (T,1), where T is a tree and [ is a mapping defined on the
vertex set V(7).

In what follows, we consider only the nonnegative real-valued labelings [: V(T) — R*.
Following [6], we define a mapping d;: V(T) x V(T) — R" as

0 if u=w,

dy(u,v) = ! it
o, (w) ifu#o,

where P is the path joining u and v in T'.

Theorem 1.5 ( [7]). Let T'=T'(I) be a labeled tree. Then the function d; is an ultrametric on V(7'
if and only if the inequality
max{l(u),l(v)} >0

holds for every edge {u,v} of T

Let us introduce a class UGVL (Ultrametrics Generating by Vertex Labelings) by the rule: An
ultrametric space (X,d) belongs to UGVL if and only if there is a labeled tree T' = T'(I) satisfying
X = V(T) and d(z,y) = di(z,y) for all z, y € X. If (X,d) € UGVL, then we say that (X,d) is
generated by a labeled tree or that (X, d) is a UGV L-space.

The following conjecture was formulated in [7].

Conjecture 1.6. Let (X, d) be a nonempty, totally bounded ultrametric space. If all points of X are
isolated, then the following statements are equivalent:

1. (X,d) € UGVL.

2. BX,d - CSX,d.

E. Petrov proved in [10] the validity of the conjecture for finite ultrametric spaces using some other
terms and the technique of Gurvich—Vyalyi representing trees. We repeat this result in Theorem 4.4
in Section 4 of the paper.

In Theorem 4.6, it is shown that the equivalence

((X, d) S UGVL) = (BX,d - CSX7d)

is valid for all nonempty locally finite ultrametric spaces (X, d).

Theorem 4.9 shows that Csx 4 € Bx 4 holds if and only if d is a discrete metric on X.

In Theorem 5.9, we construct the “minimal” UGV L-extensions of an arbitrary finite ultrametric
space and prove that all such minimal extensions are isometric.
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2. Preliminaries. Trees and complete multipartite graphs

The simple graph is a pair (V, E) consisting of a nonempty set V' and a set E whose elements are
unordered pairs {u,v} of different points u, v € V. For a graph G = (V, E), the sets V = V(G) and
E = E(G) are called the set of vertices and the set of edges, respectively. We say that G is empty if
E(G) = @. A graph G is finite if V(G) is a finite set. A graph H is, by definition, a subgraph of a
graph G if the inclusions V(H) C V(G) and E(H) C E(G) are valid. In this case, we simply write
HCG.

The path is a finite nonempty graph P whose vertices can be numbered so that
V(P) ={zo,z1,...,ax}, k> 1,
E(P) = {{zo, 21}, ..., {zr—1, 2} }
In this case, we say that P is a path joining ¢ and x.
A graph G is connected if for every two distinct u, v € V(G) there is a path in G joining u and v.

A finite graph C with card V/(G) > 3 is a cycle if there is an enumeration of its vertices without
repetitions such that

V(C) =A{v1,...,vn},
E(C) = {{v1,v2}, .. s {vn-1,0n}, {vn,v1}}.

Definition 2.1. A connected graph without cycles is called a tree.

A tree T may have a distinguished vertex r called the root; in this case, T = T'(r) is called a rooted
tree.

Definition 2.2. If u and v are vertices of a rooted tree T' = T'(r), then u is a successor of v if the
path P C T joining u and r contains the node v. A successor u of a node v is said to be a direct
successor of the node v if {u,v} € E(T) holds.

Let T = T(r) be a rooted tree and let v be a node of T. Denote by §*(v) the out-degree of v,
i.e., 7 (v) is the number of direct successors of v. The root r is a leaf of T' if and only if 67 (r) < 1.
Moreover, for a vertex v different from the root r, the equality §*(v) = 0 holds if and only if v is a
leaf of T

Recall the definition of the isomorphic rooted trees.

Definition 2.3. Let 71 = Ti(r1) and Ty = T5(r2) be rooted trees. A bijection f: V(T1) — V(Tb) is
an isomorphism of the rooted trees of Ty and T» if f(r;) = ro and

({u,v} € E(T)) & ({f(u), f(v)} € E(T2)).

The rooted trees 77 and T% are isomorphic if there exists an isomorphism f: V(T1) — V(T3).

Definition 2.4. Let T; = T;(r;,l;) be labeled rooted trees with the roots r; and the labeling
li: V(T;) = RT, i =1,2. An isomorphism f: V(T}) — V(T%) of the rooted trees T1(r1) and Ty (rs) is
an isomorphism of the labeled rooted trees Ti(r1,1l1) and Ta(rg,ls) if the equality

la(f(v)) =li(v)

holds for every v € V(T1). The labeled rooted trees Tj(r1,11) and T5(r2,l2) are isomorphic if there is
an isomorphism of these trees.

616



We will say that a tree T" is a star if there is a vertex ¢ € V(T'), the center of T, such that ¢ and v
are adjacent for every v € V(T') \ {c}.

Proposition 2.5. A finite connected graph G with card V/(G) = n is a tree if and only if card E(G) =
n— 1.

For the proof see, for example, Corollary 1.5.3 in [3].
The next simple proposition directly follows from Definition 2.1 and the definition of subgraphs of
a graph.

Proposition 2.6. Let T be a tree and let G be a connected subgraph of T. Then G is a subtree of
T.

Let {G;: i € I} be a nonempty family of graphs such that
(U V(GQ) N (U E(Gi)> =g.
i€l el

Then the union (J,c; G; is a graph H with

V(H)=JV(G), EH)=|]JEG)).
el el

The definition of connectedness of graphs implies the following.

Proposition 2.7. Let {G;: i € I} be a nonvoid family of connected subgraphs of a graph G. If the
set [;c; V(G;) is nonempty, then (J;c; Gi is a connected subgraph of G.

In the proof of Theorem 4.6, we will also use the following simple fact.
Proposition 2.8. Let 17, 15, T35 ... be a sequence of trees satisfying the inclusion
T; C Tita (2.1)

for every integer ¢ > 1. Then the graph

~
I
3
=
©
s

&
I
—

is a tree.

Proof. Indeed, T is a connected graph by Proposition 2.7. Suppose that we can find a cycle C C T.
Since C' is a finite graph, inclusion (2.1) and equality (2.2) imply that there is an integer igp > 1 such
that

T, 2 C.

The last inclusion is impossible, since Tj, is a tree. Thus T also is a tree. ]

Definition 2.9. Let G be a graph and let k£ > 2 be a cardinal number. The graph G is complete
k-partite if the vertex set V(G) can be partitioned into k nonempty, disjoint subsets, or parts, in such
a way that no edge has both ends in the same part and any two vertices in different parts are adjacent.

We will say that G is a complete multipartite graph if there is a cardinal number k such that G is
complete k-partite.
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Lemma 2.10. Let G be a complete multipartite graph. Then the following conditions statements are
equivalent:

1. There is a star S C G such that V(5) = V(G).

2. At least one part of GG contains exactly one point.

Proof. 1 = 2. Let S C G be a star with the center ¢ and let V(S) = V(G). Then there is a part A
of G such that ¢ € A. If u is a point of A and u # ¢, then, by Definition 2.9, the points v and ¢ are
nonadjacent in G. Now S C G implies that these points are also nonadjacent in S, contrary to the
definition of stars. Thus, the part A contains the point ¢ only.

2 = 1. Let A be a part of G and let card A = 1 hold. Write ¢ for the unique point of A and
consider the star S with the center ¢ and V(S) = V(G). Then S C G follows from Definition 2.9. [

3. Preliminaries. Balls and centered spheres in ultrametric spaces

Let (X, p) be a metric space and let A be a subset of X. Recall that the diameter of A is the
quantity
diam A = sup{p(z,y): =,y € A}. (3.1)

Definition 3.1. If (X, p) is a metric space with card X > 2, then the diametrical graph of (X, p) is a
graph G = Gx , such that V(G) = X holds and

({u,v} € E(G)) < (p(u,v) = diam X)
is valid for all u, v € V(G).
The following theorem directly follows from Theorem 3.1 in [4].

Theorem 3.2. Let (X, p) be an ultrametric space with card X > 2. If a diametrical graph Gx , is
nonempty, then it is a complete multipartite graph.

The next lemma shows that the radius of any centered ultrametric sphere is equal to its diameter.

Lemma 3.3. Let C be a centered sphere in an ultrametric space (X, d) and let cardC > 2. If c€ C
and r € RT satisfy the condition

C={zxeX:d(z,c)=r}U{c}, (3.2)

then the equality
r = diam C (3.3)

holds.

Proof. The inequality card C' > 2 implies that there is a point € C such that d(z,c) = r. Conse-
quently,
r < diam C (3.4)

holds. Now using (3.2) and the strong triangle inequality, we obtain
d(u,v) < max{d(u,c),d(v,c)} <r (3.5)

for all u, v € C. Equality (3.3) follows from (3.4) and (3.5). O
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Lemma 2.10, Lemma 3.3 and Theorem 3.2 give us the following.

Corollary 3.4. Let (Y,p) be an ultrametric space with a nonempty diametrical graph Gy,,. Then
the following statements are equivalent:

1. Y e CSY7p.
2. At least one part of the complete multipartite graph Gy, contains exactly one point.

3. There is a star S C Gy, such that V(S) = V(Gy,),).

The next result is a special case of Proposition 3.3 from [1].

Lemma 3.5. Let (X, p) be a metric space with card X > 2. If a diametrical graph G'x , is complete
multipartite, then every part of Gx , is an open ball with a center ¢ € X and the radius r = diam X
and, conversely, every B,(c) € Bx with r = diam X is a part of Gx .

Using the last lemma, we obtain a refinement of Theorem 3.2.

Theorem 3.6. Let (X, p) be an ultrametric space with card X > 2. If a diametrical graph Gx , is
nonempty, then Gx , is complete multipartite and, moreover, the set of all parts of Gx , is the same
as the set of all open balls of radius r = diam X.

The following proposition claims that every point of an arbitrary ultrametric ball is the center of
this ball.

Proposition 3.7. Let (X, d) be an ultrametric space. Then for every ball B,(c) and every a € B,(c),
we have B,(c) = By(a).

This directly follows from Proposition 18.4 in [12], so we omit the proof here.

Corollary 3.8. Let (X, d) be an ultrametric space. Then the inclusion
Bpdp,.s S Bxad

holds for every B € By.

As in the case of Corollary 3.8, Proposition 3.7 implies the following.
Corollary 3.9. Let (X, d) be an ultrametric space and let B € By 4. Then the inclusion

Cspd|pys C Csxa

holds.

The following proposition describes some useful properties of locally finite ultrametric spaces.

Proposition 3.10. Let (X, d) be a locally finite ultrametric space, ¢ € X, and let B 4 be the set of
all open balls containing the point c,

ngd = {B S BX,d cE B}
The following statements hold:
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1. The mapping
B4 > B~ diam B € RT (3.6)

is injective.

2. If X is infinite, then there is a sequence (B, Ba, ..., By, ...) of balls such that

By ={Bi, Bs, ..., Bn, ...}, (3.7)
with
lim diam B,, = o (3.8)
n—,oo
and
diam B,, < diam By, 11 (3.9)

for every positive integer n.
Proof. (i). Since (X,d) is locally finite, every B € B 4 can be represented as
B ={z € X:d(z, c) < diam B},

which implies the injectivity of mapping (3.6).
(77). Let X be infinite. Since (X,d) is locally finite, the set

{d(c,z): z € X} N0,
is finite for every t € R*. Moreover, the set
Df ={d(c,x): z € X}

is unbounded because every bounded locally finite metric space is finite. Using the last two assertions,
it is easy to check that the sets D{ and

N={1,2,...,n,...}

are order-isomorphic as subsets of the order set (R™,<). Let ® : N — D{ be an order-isomorphism of
N and Df. Write
tn: = ®(n)

for every n € N. Then, by definition of the order-isomorphisms, we have
ty < tnt1 (310)
for each n € N. Furthermore, the limit relation

lim ¢, = o0 (3.11)

n—o0

holds, since DS is an unbounded subset of R¥.
Let us now denote by D$ the set {diam B: B € B ;}. We claim that the equality

D = Ds (3.12)
holds.
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Indeed, since (X, d) is locally finite, in each B € B ; we can find p € B satisfying the equality
d(c,p) = diam B.

Consequently, the inclusion
Df C D5 (3.13)

holds. Now, again using the local finiteness of (X, d) for each a € X, we can find € > 0 such that the
set
{z € X:d(c,a) <d(c,x) < d(c,a) + ¢}

is empty, which implies the equality
diam B, (c) = d(c, a),
whenever r € (d(c,a),d(c,a) + €). Thus the inclusion
D5 D DS (3.14)

holds. Equality(3.12) follows from (3.13) and (3.14).
Statement (i) implies that there is a bijection F': D§ — Bg(’ 4 satisfying the equality

diam F'(t) =t

for every t € D5.
Let us consider now the bijective mapping

® Id F
N — Df — D5 — S(Vd,

where Id: Df — D3 is the identical mapping, and define By, € B ; as the value of this mapping at
point n € N. Then (3.8) and (3.9) follow from (3.10) and (3.11), respectively. O

4. Characterization of locally finite UGV L-spaces

First of all, we note that the class UGVL contains all nonempty ultrametric spaces with at most
3 points.

Proposition 4.1. Let (X, d) be a nonempty ultrametric space. If the inequality card X < 3 holds,
then (X,d) € UGVL and every B € Bx is a centered sphere in (X, d).

Proof. If card X = 1 or card X = 2, then the proposition is trivially valid. Let us consider the case
when card X = 3, X = {z,y, z}.
Every triangle in any ultrametric space is isosceles, and its base has a length less than or equal to
that of its legs. Thus, we may suppose that
d(z,y) =d(y,z) = a and d(z,z) = b,
with @ > b > 0. Let us consider now a labeled path P; = P (l) with
V(P1) ={y,z, 2} and E(P) = {{y, =}, {z, 2}}
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and th labeling [: V(P;) — R™ such that
lly)=a, l(x)=0 and I(2)=0b

(see Figure 1). Then P; is a labeled tree. A simple calculation shows that d = d; holds, where d; is

defined by (1.2) with 7" = P;. Thus, (X, d) belongs to the class UGVL by definition.

Let us prove that every B € By is a centered sphere in (X,d). The last statement holds if

card B = 1, which follows from (1.1) with S = B and r = 0.

If card B = 2 or card B = 3, then to see that B is a centered sphere, one can use Corollary 3.4

with (Y7 p) = (Bad‘BXB)‘

(X,d) %

T z

Figure 1: The ultrametric triangle (X, d) is generated by the labeled path P;(1).

The following example shows that 3 is the best possible constant in Proposition 4.1.

O]

Example 4.2. Let us consider the four-point ultrametric space (X, d) depicted by Figure 2. To see

that there is no labeled tree for which
d=d

(4.1)

holds, suppose that, for some tree T' with V(T) = {z,y,2,t} and I: V(T) — R", (4.1) holds. Then,

using (1.2), we obtain

di(z,z) =1 =max{l(x),l(2)},
di(y,t) = 1 = max{l(y), (1)},

which implies

diam X = max{l(x),(y),l(2),l(t)} =1
contrary to diam X > d(z,y) = 2.

X.d
( Y ) 2
x Y
2 1 1 2
t z
2

Figure 2: The four-point ultrametric space (X, d) does not belong to UGVL.

Let us show that every open ball in a UGV L-space is also a UGV L-space.
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Lemma 4.3. Let (X,d) € UGVL and let T'(I) be a labeled tree generating (X, d). Then, for every
B' € Bx there is a subtree T of T such that

V(T = B? (4.2)
and

d|Bl x Bl — dll (43)
holds, where [! is the restriction of the labeling [: V(T) — RT on the set V().

Proof. Let B! = B,,(c1) be an arbitrary open ball in (X,d). If card B! = 1 holds, then the empty
tree T with V(T?) = {c1} satisfy also (4.3).
Suppose that card B! > 2 and consider the family

Fpi ={P%: x € B,z # ¢},
where P? is a unique path joining ¢; and x in 7. Then, by Proposition 2.7, the union

= |J P° (4.4)
PreF

is a connected subgraph of 7' and, consequently, T is a subtree of 7' by Proposition 2.6. It follows
directly from (4.4) that the inclusion V(T') O B! holds. Thus, to prove equality (4.2), it suffices to
show that the inclusion

V(P®) C B! (4.5)

is valid for every P* € Fpa.
Let us consider an arbitrary P* € Fp1,

V(Px) = {.11?0,.112‘1, e ,l’k},
E(Px) = {{ZCOaxl}a{xl)xQ}a"'7{xk‘—17xk}}7 k> 17
xo = ¢1 and g = x. Then, using (1.2), we obtain
d(zo, zj) = di(zo, z;) = 12123[(”1)
< max [(v;) = d(xg,x) <1

1<i<k

for every j € {1,...,k}. Thus,
T € B1 (4'6)

holds for every j € {1,...,k}. Now 2o = c1, ¢1 € B and (4.6) imply (4.5).

To complete the proof, it suffices to note that (4.3) follows from (1.2), since we have d = d; and,
for every pair of distinct u, v € V(T?), there is a unique path P joining v and v in T, and that P C T
(because T is a subtree of T). O

The next theorem can be proved using the Gurvich—Vyalyi representing tree technique (see Theo-
rem 4.1 in [10]) but we will give an independent proof, which allows us to obtain a similar result for
locally finite spaces.
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Theorem 4.4. The statements

1. (X,d) e UGVL

and
2. Bxgq C Csxy

are equivalent for every finite nonempty ultrametric space (X, d).

Proof. 1 = 2. By Proposition 4.1, the logical equivalence 1 < 2 is valid if card X < 3 holds. Thus,
without loss of generality, we can assume that

card X > 4. (4.7)

Let (X, d) belong to the class UGVL. Then there is a labeled tree T' = T'(I) such that V(T') = X
and d; = d hold. We must show that the inclusion

Csxq 2 Bxg (4.8)

is valid, i.e., every open ball B in (X, d) is a centered sphere in (X, d). Let us make sure that the last
statement is true for the case B = X.

The finiteness of X and inequality (4.7) imply that the diametrical graph Gx 4 is nonempty.
Using Corollary 3.4, we obtain that X € Csx 4 holds if and only if at least one part of the complete
multipartite graph Gx 4 contains exactly one point. Let {Ay,..., A;} be the set of all parts of Gx 4.
Suppose on the contrary that the inequality

card 4; > 2 (4.9)

holds for every i € {1,...,k}. Let us consider a subset {ci,...,cx} of the set X such that ¢; € A; for
every ¢ € {1,...,k}. Then, by Theorem 3.6 and Proposition 3.7, for every i € {1,...,k} we have

with » = diam X. Lemma 4.3 implies now that all ultrametric spaces (A1, d|a,xA,); -, (Ak, d|a, xA,)
belong to the class UGVL. In particular, by Lemma 4.3, there are labeled subtrees T (l1), ..., Tk(lk)
of the labeled tree T'(1) such that

V(T') = A; and  d|a;xa, = di, (4.11)

hold with [; =] 4, for every i € {1,...,k}. Now using formula (4.10) with r = diam X and (4.11), we
obtain the strict inequality

max [(u) < diam X (4.12)
ucA;

for every i € {1,...,k}. Since the number k of the parts of Gx 4 is finite and {Ay,..., Ax} is a
partition of X, inequality (4.12) gives us

max /(u) = max maxl(u) < diam X. (4.13)
ueX 1<i<k ueA;

Now to complete the proof of the validity of 1 = 2, it suffices to note that the finiteness of X and the
definition of the ultrametric d; imply the equality

max [(u) = diam X,
ueX
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contrary to (4.13).
2 = 1. We must show that

(X,d) e UGVL (4.14)

whenever (X, d) is a finite nonempty ultrametric space satisfying the inclusion
BX,d g CSX,d- (415)

To prove the above statement, we will use the induction on card X.

By Proposition 4.1, we obtain that (4.15) = (4.14) is valid for every ultrametric space (X, d) with
1 <card X < 3.

Let n > 3 be a given integer number. Suppose that (4.15) = (4.14) is valid if

1<card X < m. (4.16)

Let us consider an arbitrary fixed ultrametric space (X, d) such that card X = n+1 and (4.15) holds.

Let {Aq,..., A} be the set of all parts of the diametrical graph Gx 4. By Theorem 3.6, every A;,
i€{l,...,k}, is an open ball in (X, d). Now, using Corollaries 3.8 and 3.9, we see that (4.15) implies
the inclusion

BAivdlAiXAi g CSAiadlAixAi (417)

for every i € {1,...,k}. Since each A; is a proper subset of X, the induction hypothesis gives us the
membership

(A;,d|a;xa,) € UGVL
for every i € {1,...,k}. Consequently, for every i € {1,...,k}, we can find a labeled tree T%(;) such
that
V(T') = A; and  d|a,xa, = d,. (4.18)

Let {c1,...,ck} be a subset of the set X such that ¢; € A; holds for every i € {1,...,k}. By
Corollary 3.4, equality (4.15) implies that there is ¢ € {1,...,k} such that card A; = 1. Without loss
of generality, we may assume that the set A; is a singleton, A; = {c1}.

Let us expand the labeled tree T% = T%(l;) to a labeled tree T} = T#(l;1) by the rule:

V(T}) = {c1 } UV(TY), E(TY) = {c1,¢i} U E(T?) and

th{QW) if u e V(T (@19)

diam X ifu=c¢

for every i € {2,...,k}.
By Proposition 2.7, the graph

k
7=
1=2

is connected. Now, using Proposition 2.5, we can prove that T is a tree. Indeed, by Proposition 2.5,
T is a tree iff earlier—“if and only if”

cardV(T) — card E(T) = 1. (4.20)
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To prove the last equality we note that

k k
card V(T) = > card A; =1+ Y card V(T")

i=1 =2
=1+ Z(card V(T —1)=2—k+ anrdV(Tf).
=2 1=2
and
k .
card E(T) = Z card E(T7).
i=2
Consequently, we have
k . .
cardV(T) —card E(T) =2 — k + Z(card V(T7) — card E(T})). (4.21)
i=2

Since every T} is a tree, card V(T}) — card E(T}) = 1 holds for each i € {2,...,k}. Thus, the right
half of formula (4.21) can be written as

k
2—k+ Y (cardV(T}) —card B(T})) =2 — k+ (k—1) =1,
1=2

which implies (4.20).
Using (4.19), we can find a labeling [: V(T') — R* such that

l|V(TiL) - li71 (422)

holds for every i € {2,...,k}. Then we have V(T') = X; in addition, equalities (4.18), (4.19), and
(4.22) imply the equality d; = d. Thus, (4.14) is valid. O

The second part of the proof of Theorem 4.4 (see, in particular, formula (4.22)) gives us the
following.

Corollary 4.5. Let (Y, p) € UGVL be finite, let the diametrical graph Gy, be complete multipartite
with parts BY ..., BY andlet Ty = T1(l),...,T,, = T(l) be labeled trees generating, respectively, the

ultrametric spaces <Bf, PIBY xBY )+ BY, pBY xBy )- Then there exists a labeled tree T' = T'(l)
generating (Y, p) such that 7; C T and ljy () = l; for every i = 1,2 ..., n.

Let us now turn to the case of locally finite ultrametric spaces.
The following theorem is the first main result of the paper.

Theorem 4.6. Let (X, d) be a locally finite nonempty ultrametric space. Then the following state-
ments are equivalent:

1. (X,d) € UGVL.

2. BX,d - CSX,d.
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3. For every B € Bx 4 with card B > 2, there is a star S such that V(S) = B and S C GB,d\Bva
where Gp,q 5, , is the diametrical graph of the space (B,d|BxB)-
Proof. Corollaries 3.7, 3.8, and 3.4 show that the logical equivalence (i7) < (4i7) is valid.

Moreover, if (X,d) € UGVL holds, then, for every B € By 4 we have (B,dgxp) € UGVL by

Lemma 4.3. Consequently, using Corollary 3.7, Corollary 3.8, and the finiteness of balls in locally
finite metric spaces, we see that the validity of (i) = (i7) follows from Theorem 4.4.
To complete the proof, it suffices to show that (i) = (¢) is also valid.
Let us consider the case when (X, d) is infinite. In the case when (X, d) is finite, the validity of
(74) = (i) was proved in Theorem 4.4.

Suppose that (ii) holds. Let ¢ be a point of X and let

%4 ={1B €Bxgq: c€ B}.
Then, by Proposition 3.10, there exists an infinite sequence (B),en of open balls satisfying the
conditions:
(s1) diam By, < diam B4 for every n € N;

(s2) B 4= {Bn:n €N}

T,, = T,(l,) such that:

Every open ball is a finite subset of X because (X, d) is locally finite. Consequently, by Theorem 4.4,
Now using Corollary 4.5 and statements (s1), we can find a sequence (7,)nen of labeled trees

the ultrametric space (Bn, d‘angn) belongs to the class UGVL for every n € N.

(s3) (Bn, d|anBn) is generated by T),(l,);

(s4) Ty, C Tpy1 and lns1v (1) = In for every n € N.
Write

o0
T: = UTn.
n=1

Then T is a tree by Proposition 2.8. From statements (s4) and the equality

o0
V(T) = |J V(T (4.23)
n=1
it follows that there is a labeling I: V(T') — R™ such that
v =ln
for every n € N. Statements (s2) and (s3) give us

(4.24)

X=JB,=J V),
n=1 n=1

which together with (4.23) implies the equality

V(T) = X.
Now using the last equality, equality (4.24), and (s3)—(s4), it is easy to show that (X, d) is generated
by the labeled tree T' = T'(I).

O]
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Theorem 4.6 claims, in particular, that the inclusion Bx 4 € Csy 4 implies (X,d) € UGVL for
locally finite ultrametric spaces (X, d). In the rest of the Section, we want to show that the reserve
inclusion Csx 4 € Bx 4 holds iff the metric d is discrete.

We say that a metric d: X x X — R" is discrete if there is a constant k& > 0 such that

d(z,y) =k (4.25)

whenever x and y are distinct points of X.

Remark 4.7. The standard definition of discrete metric can be formulated as follows: “A metric
on X is discrete if the distance from each point of X to every other point of X is one.” (See, for
example, [13, p. 4].)

Lemma 4.8. The following conditions statements are equivalent for every metric space (X, d):

1. The metric d is discrete.

2. For each z € X there is k > 0 such that (4.25) holds whenever y € X \ {z}.

Proof. 1 = 2. This implication is trivially valid.
2 = 1. Let 2 hold but d not be a discrete metric. Then there are some points x,y, u,v € X such
that

d(z,y) # d(u,v), (4.26)

and
min{d(z,y),d(u,v)} > 0. (4.27)

If the sets {z,y} and {u,v} have a common point, then, without loss of generality, we suppose
x = u. From (4.26) and (4.27), it follows that

z#y, uF v, and d(z,y) # d(u,v),

contrary to 2. Consequently, the sets {z,y} and {u,v} are disjoint.
Now using condition 2 again, we obtain

d(z,y) =d(z,u) #0

and

d(u,z) = d(u,v) # 0,

which implies d(z,y) = d(u,v). The last equality contradicts (4.26). The validity of 2 = 1 follows. [

Theorem 4.9. Let (X,d) be a nonempty ultrametric space. Then the following statements are
equivalent:

1. BX,d D) CSX,d .
2. The metric d is discrete.

3. BX,d = CSX,d.
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Proof. The implications (i) = (i4i) and (iii) = (i) are evidently valid. Let us prove the validity of
Let (7) hold but d not be a discrete metric. Then, by Lemma 4.8, there are distinct points a, b, c € X
such that

d(c,a) > d(c,b) > 0. (4.28)

Write
C: ={xeX:d(z,c)=r}U{c}, (4.29)

where
r=d(c,a). (4.30)

Then C is a centered sphere in (X, d),a € C, and
b¢C, (4.31)
by (4.28)—(4.30). By condition (%), there is By € Bx 4,
By: ={zeX:d(z,c)<r1}

such that By = C. Since ¢ € C, Proposition 3.7 implies that a center ¢ of the centered sphere C also
is the center of the ball By,
By ={r e X:d(z,c) <ri}. (4.32)

Now using (4.30) and a € C, we obtain the inequality r < 1. Consequently, b € By holds by (4.28)
and (4.32). To complete the proof, it suffices to note that b € By and B; = C give us b € C, contrary
to (4.31). O

5. Isometric embedding of finite ultrametric spaces in UGVL-spaces

Now we want to show that any finite ultrametric space can be extended to some minimal UGVL-
space, and that such an extension is unique up to isometry.

Definition 5.1. Let (X, d) be an ultrametric space. An UGVL-space (Y, p) is a UGVL-extension of
(X,d) if there is Y1 C Y such that (Y1, ply;xy;) is isometric to (X, d).

In what follows, we will say that a UGVL-extension (Y, p) of (X, d) is minimal if, for every proper
subset Yy of YV, the ultrametric space (Yo, p|yvyxv,) is not a UGVL-extension of (X, d).

Example 5.2. Let (X,d), X = {z,v, z,t}, be a four-point ultrametric space depicted in Figure 2. It
was shown in Example 4.2 that (X,d) ¢ UGVL. Let us consider the five-point set X = {x,y, z,t,w}
and define an ultrametric d on X such that d|yxx = d and d(w, p) = 2 whenever p € X (see Figure 3).
It is easy to see that only X, {,z}, and {t,y} are non-singleton open balls in (X, d). Since each of
these sets is a centered sphere, (X,d) € UGVL by Theorem 4.4.

Example 5.3. Let (X, d) be infinite and let d: X x X — R™ be discrete. Then (X,d) is a UGVL-
extension of itself, but there is no minimal UGV L-extension of (X, d).

To construct minimal UGV L-extensions of a finite ultrametric space, we will use the Gurvich—
Vyalyi representing trees. Recall the procedure for constructing such trees.

With every finite nonempty ultrametric space (X, d), we can associate a labeled rooted tree T'(X, 1)
by the following rule (see [9,11]). The root of T'(X,1) is the set X. If X is a one-point set, then T'(X,1)
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(X, d)
X,d
(X,d) 4 5
. 2 y 2 2
x Yy
2 1 1 2
t z
2 t Z

Figure 3: The pyramid (X, d) is a minimal UGV L-extension of the quadruple (X, d).

is a rooted tree consisting of one node X with the label 0. Let |X| > 2. According to Theorem 3.6,
the diametral graph Gx 4 is complete multipartite with the parts Xy,..., X}, where all X;,..., X}, are
open balls in (X, d). In this case, the root of the tree T'(X,1) is labeled by diam X > 0 and, moreover,
T(X,1) has the nodes X1, ..., Xg, k > 2, of the first level with the labels

The nodes of the first level labeled by 0 are leaves, and those indicated by diam X; > 0 are internal
nodes of the tree T'(X, ). If the first level has no internal nodes, then the tree T'(X,[) is constructed.
Otherwise, by repeating the above-described procedure with X; corresponding to the internal nodes
of the first level, we obtain nodes of the second level, etc. Since X is a finite set, all vertices at some
level will be leaves, and the construction of T'(X,1) is completed.

We will say that the labeled rooted tree T'(X, 1) is a representing tree of (X, d).

It can be shown that for any finite ultrametric space (X, d) the vertex set of the representing tree
T = T(X,1) coincides with the set of all open balls of (X, d),

V(T) =By (5.2)

(see, for example, Theorem 1.6 in [9]). Using Theorem 1.5 and equality (5.2), we see that the defined-
above labeling [: V(T) — R™T generates an ultrametric on the set Bx. It is interesting to note that
this ultrametric is the Hausdorff metric dy on By,

dp(By, B2) = max{ sup d(z, Ba), sup d(z, B1)},
z€B; z€B2

where
B) = inf i
d(z, B) = inf d(z,b)
Proposition 5.4. Let (X, d) be a finite nonempty ultrametric space with the Gurvich—Vyalyi rep-
resenting tree T'(X,1). Then (Bx,dy) is a UGVL-ultrametric space generated by the labeled tree
T() =T(X,1I).

For the proof, see Theorem 2.5 in [5].
The next characterization of finite UGV L-spaces can be considered as a reformulation of Theo-
rem 4.1 from [10].
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Theorem 5.5. Let (X, d) be a finite nonempty ultrametric space. Then (X, d) € UGVL if and only

if every internal node of the representing tree T'(X, 1) has at least one direct successor which is a leaf
of T(X,1).

(X,d) Tx

2

B  {x) {2} {y} {t}

{z} {z} {y} {t}

Figure 4: The representing trees of the quadruple (X,d) and the pyramid (X,d). The singleton {w}
is a leaf of the root of 1.

The next proposition and equality (5.2) show that Theorems 4.4 and 5.5 are really equivalent.

Proposition 5.6. Let (X,d) be a finite ultrametric space, B € By be an internal node of the
representing tree T'(X, 1), and let ¢ be a point of B. Then the ball B is a centered sphere with the
center c¢ if and only if the singleton {c} is a leaf of T'(X,[) and, simultaneously, a direct successor of
the internal node B.

Proof. The validity of this assertion is checked using the above procedure for constructing 7'(X,1),
and Corollary 3.4 with Y = B and p = d|pxp- O

The proofs of the following two theorems can be found in [8].

Theorem 5.7. Let (X,d) and (Y, p) be nonempty finite ultrametric spaces. Then the representing
trees of these spaces are isomorphic as labeled rooted trees if and only if (X, d) and (Y, p) are isometric.

Theorem 5.8. Let T' = T'(r,1) be a finite labeled rooted tree with the root r and the labeling
[: V(T) — R*. Then the following two conditions are equivalent.
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1. For every u € V(T'), we have 6% (u) # 1 and

in addition, the inequality
1(v) < I(u) (5.3)

holds whenever v is a direct successor of wu.

2. There is a finite ultrametric space (X, d) such that the representing tree of (X,d) and T are
isomorphic as labeled rooted trees.

For every finite nonempty ultrametric space, we denote by A(X,d) the number of open balls that
are not centered spheres in (X, d),

A(X, d) := card (BX,d \ CSXyd) . (54)
The following theorem is the second main result of the paper.

Theorem 5.9. Let (X, d) be a finite nonempty ultrametric space. Then the following statements
hold.

1. Every UGVL-extension (Y, p) of (X, d) satisfies the inequality

cardY > A(X,d) + card X. (5.5)

2. A UGVL-extension (Y, p) of (X,d) is minimal if and only if the equality
cardY = A(X,d) + card X (5.6)
holds.

3. All minimal UGVL-extensions of (X, d) are isometric.

Proof. Let (Y, p) be a UGVL-extension of (X,d), and let ®: X — Y be an isometric embedding of
(X,d) in (Y, p). Write
Yi: =®(X) and p1: = py;xv;-

Then (Y, p) is a UGVL-extension of (Y7, p1), the equalities A(X,d) = A(Y1, p1) and card X = card Y}
hold, and, moreover, (Y, p) is minimal for (X,d) iff it is minimal for (Y7, p1). Thus, without loss of
generality, we may consider only those UGV L-extensions of the space (X, d) that are superspaces of
this space.

(7). Let us consider an arbitrary UGV L-extension (Y, p) of (X,d). Since X is finite, inequality
(5.5) evidently holds if Y is infinite.

Suppose that (Y, p) is a finite ultrametric space, and define a mapping F': Bx 4 — By, as

F(B): ={y€Y:p(y,b) <diam B}, (5.7)

where b is an arbitrary given point of B.
We claim that F' is an injective mapping. Let us prove it. As in the proof of statement (i) of
Proposition 3.10, we have the equality

B ={x € X:d(x,b) < diam B} (5.8)
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for all B € Bx 4 and b € B. Since (X, d) is a subspace of (Y, p), (5.7) and (5.8) imply
B C F(B) (5.9)

for every B € Bx 4.
Let By and Bz be open balls in (X, d) such that

F(B;) = F(Bs). (5.10)
We must show that
By = Bs. (5.11)

Inclusion (5.9) and equality (5.10) give us
By C F(B;) and B; C F(B»). (5.12)
Let b; be an arbitrary point of B;, i = 1, 2. The equality d = pxxx, (5.7), and (5.12) imply
d(b1,be) < diam By

and
d(bl, bg) < diam BQ.

Hence the membership relations by € By and by € B; are valid. Since b; is an arbitrary point of B;,
1 =1,2, it implies
Bl g B2 and BQ Q Bl.

Equality (5.10) follows. Thus F': Bx g — By, is injective.

Let us prove the validity of inequality (5.5).

Since (Y, p) belongs to the class UGVL, Theorem 4.4 implies that the ball F'(B) is a centered
sphere in (Y, p) for every B € Bx 4. If c is a center of the centered sphere F(B) € Csy,, and

B € Bx,a\ Csx, (5.13)

then ¢ is not a point of the ball B,
c¢ B. (5.14)

Indeed, since (X,d) is a subspace (Y, p), Definition 1.3 and the membership ¢ € B imply that B is a
centered sphere in (X, d)
B e Cs X,ds

contrary to (5.13). Thus, (5.14) holds. By Proposition 5.6, the set {c} is a leaf of Ty and, at the
same time, a direct successor of the node F'(B) of the representing tree Ty . Since different nodes of
Ty do not have common direct successors, inequality(5.5) follows from the injectivity of the mapping
F: BX,d — By7p.

(17). Let (Y, p) be a UGVL-extension of (X,d), and let equality (5.6) hold. Then Y is a finite set.
Since every proper subset Yy of the finite set Y satisfies the inequality

card Yy < cardY,

equality(5.6) implies
card Yy < A(X,d) + card X.
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Consequently, (Yo, pjy,xy,) is not a UGVL-extension of (X, d) by statement (7). Thus, if equality (5.6)
holds, then (Y p) is a minimal UGV L-extension of (X, d).
Let (Y, p) be a minimal UGV L-extension of (X, d). We will prove that (Y, p) satisfies equality (5.6).
First of all, prove that any minimal UGV L-extension W () of a given finite nonempty ultrametric
space S(6) is also a finite ultrametric space. By Proposition 4.1, it suffices to consider the case

card S > 4. (5.15)

Let T = T(I) be a labeled tree generating the space (W, \). As was noted in the first part of the
proof, we may also suppose that W O S. Hence S is a subset of the vertex set V(7). The union of all
paths connecting in 7' different points of S is a finite subtree T of T. It should be noted that this
union is nonempty due to (5.15). Let us define a labeling °: V(T%) — Rt as ¥ = ljy(rsy- Then the
ultrametric space (V(T°),6%) with
0% = Ny (rs)xv(rs)

is a superspace for (S,6) and a finite subspace of (W, \); moreover, (V(T°%), %) is generated by the
labeled tree T°(1%). Consequently, (V(T),5°) € UGVL holds, which implies

(V(T%),6%) = (W, \)

due to the minimality of (W, \).
Thus (Y, p) is a finite ultrametric space.
Let Bg{ g and B{’,p be defined as

B ,: = {B € Bxg: diam B > 0}, (5.16)
and
B{/’p: = {B € By,,: diam B > 0}. (5.17)
We claim that the equality
diam(B N X) = diam B (5.18)

holds for every B € B{/7 ,- For the case B =Y, equality (5.18) can be written as
diam(Y N X) = diam Y. (5.19)

Suppose, on the contrary, that
diam(Y N X) < diamY.

Then, by Theorem 3.6, there is an open ball B,(yo) € By,, with r = diam Y such that
X C B (yo)- (5.20)
The diametrical graph Gy, is complete multipartite; hence the set Y\ B,(y) is nonvoid,
card(Y \ By(yo)) > 0. (5.21)

The Gurvich-Vyalyi representing tree Tp () is a subtree of the representing tree Ty with a vertex
set V (T, (y)) consisting of all successor of the vertex B,(yo) in Ty. By Theorem 5.5, the ultrametric
space (Br(y0)7 P\ By (yo) x Br(yo)) belongs to the class UGVL. Hence it is a UGVL-extension of (X, d) by
(5.20). Now inequality (5.21) shows that (Y, p) is not a minimal UGV L-extension of (X, d) contrary
to the supposition. Thus (5.19) holds.
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Let BY, BY, ..., BY be the paths of diametrical graph Gy,p. Suppose that B € B{Cp and diam(BJ N
X) < diam BY. Then using Theorem 3.6 and Corollary 3.8, we can find B} € B{/p such that Bf is a

path of the complete multipartite graph G BY.p 50 50 satisfying
%P1
Bl > BN X. (5.22)
Write
Yi: = (Y \BY)uBi. (5.23)

Then BY, BY, ..., BY are the paths of the diametrical graph GYI:P\leYl and, consequently,

By, € By,

PlYyxY, —

holds by Corollary 3.8. Now using Theorem 5.5, we see that (Y1, py,xy;) € UGVL and X C Y} by
(5.22)~(5.23). Consequently, (Y1, pjy;xy;) is a UGVL-extension of (X, d). Since Bf is a proper subset
of BY, equality (5.23) implies

cardY; < cardY.

Hence (Y, p) is not a minimal UGVL-extension of (X,d), contrary to the supposition. Thus the
equality

diam(B{ N X) = diam B}
holds.

Similarly, we obtain
diam(BY N X) = diam BY (5.24)

whenever i = 2,...,n and B) € B{/W. Thus (5.18) holds for all internal nodes of T'x having the first

level. Now considering the diametrical graphs G BY.p s 0xp0 Gpo, P50 5 instead of the graph Gvy,,,

we obtain (5.18) for the nodes of the second level, and so on. Consequently, (5.18) holds for every
B e B{/’ , due to the finiteness of (Y, p) and the equality

V(Ty) = By,.

Let Tx and Ty be the representing trees of (X, d) and, respectively, (Y, p). Using Proposition 5.6,
we can find a subset Yj of Y such that for every yy € Yj, the singleton {yo} is a leaf of an internal
node F'(B) with

B eByxg\ Csxg;

in addition, for different points y1,y2 € Yp, the singletons {y;} and {y2} are leaves of different internal
nodes of Ty. Removing from Ty all leaves of type {y} for y € Y\ (X UY)), we obtain a labeled rooted
subtree T of Ty-. Let us define a subset Y; of Y as

Vi: = XUYp.

Using Theorems 5.7 and 5.8, we can prove that 7' and the representing tree Ty, of the ultrametric
space (Y1, p‘ylxyl) are isomorphic as labeled rooted trees. We only note that

diam B = diam(B N X))
holds for every B € B{ because (5.18) and

Y1,01vy xvy

BNXCBNY,CB
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are valid for every B € B{/’ o It follows directly from the definition of 7 that every internal node of
T! has a leaf. Since T! and Ty, are isomorphic as labeled rooted trees, every internal node of Ty, also
has a leaf. Consequently, (Y1, pjy;xy;) is @ UGVL-extension of (X, d). The sets X and Yp are disjoint
and the equality

card Yy = card(Bx 4 \ Csx q)

holds. Consequently, we have
card Y] = card X + card Y = card X + A(X, d).
To complete the proof of equality (5.6), it suffices to note that

<Y7 p) = (Y17 Plv1 ><Y1>

because (Y, p) is a minimal UGV L-extension of (X, d), (Y1, py;xy;) is a UGVL-extension of (X, d),
and Y1 CY.

(131). Let (Y1,p1) and (Y2, p2) be minimal (UGVL)-extensions of (X,d). We must prove that
(Y1, p1) and (Y3, p2) are isometric as metric spaces. It was noted above that we can consider only the
case when

Y1 QX and YQ:_DX

It was noted in the final part of the proof of statement (i7) that, for every minimal UGV L-extension
(Y, p) of (X, d), the representing tree Ty is isomorphic to the labeled rooted tree that can be obtained
from T'x by gluing a leaf to each vertex B € Bx 4\ Csx 4.

Hence the representing trees Ty, and Ty, are isomorphic. Consequently, (Y71, p1) and (Y2, p2) are
isometric by Theorem 5.7. 0

Let 9% be a set of finite nonempty ultrametric spaces. A UGVL-space (Y, p) is said to be M-
universal if (Y, p) is a UGVL-extension for every (X,d) € 9.

We say that (Y, p) is minimal M-universal if, for every proper UGVL-subspace (Y1, p|y; xy;) of
(Y, p), there is (X, d) € M such that (Y1, py,xy;) is not a UGVL-extension of (X, d).

Problem 5.10. Find a condition under which 9t admits a minimal universal UGV L-extension.

Some results connected to minimal universal metric spaces can be found in [2].
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