DOI 10.1007/s10958-023-06721-6
Journal of Mathematical Sciences, Vol. 276, No. 1, October, 2023

THE LIMIT BEHAVIOR OF SOLUTIONS TO THE
RADIATIVE TRANSFER EQUATION IN A SYSTEM

OF SEMITRANSPARENT BODIES AS THE ABSORPTION
AND SCATTERING COEFFICIENTS TEND TO INFINITY
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We consider the boundary value problem describing radiative transfer in a system of
semitransparent bodies with the diffuse reflection and diffuse refraction conditions. Un-
der the assumption that the absorption and scattering coefficients tend to infinity, we
study the limit behavior of the solutions. Bibliography: 6 titles.

1 Introduction

m R —
Let G = |J G, be a system of bodies G; C R? such that G; N G; for i # j. Assume that body
j=1
Gj is a bounded domain with boundary dG; of class CHHN 0 < Aj < 1.
We assume that each body G; is occupied by a semitransparent (under radiation) optically
homogeneous material with the extinction 3; = s; + s, scattering s; > 0, absorption s; > 0
and refraction k; > 1.

Propagation of a monochromatic radiation in G is described by the integro-differential ra-
diative transfer equation

w-VI+BI=s7()+ xk*F, (w,z)€ D. (1.1)

The sought function I(w,x) is defined on the set D = Q x G, where Q = {w € R3 | |w| = 1}
is the unit sphere in R3 (the sphere of directions) and is interpreted as the intensity of the
radiation at the point z € G propagating along the direction w € €.

3 0
In Equation (1.1), w-VI = > wiﬁ—l is the derivative of I along the direction w. Here, .
i=1 0%
denotes the operator

() (w,z) = i /I(w’,w) do', (w,z) € D.
Q
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Furthermore, (x) = B, s(v) = s, #(x) = »j, k(x) = kj forx € Gj, 1 < j<m; F = F(x) is
the density of isotropic volume of the radiation sources.

In this paper, we assume that for each body G; the extinction coefficient 3; tends to infinity,

ie., Bj = 1/e;, where ¢; — 0. We introduce the albedo w(x) = w; = s;/8; for x € G,
1 < j < m and assume that the values of w; are constant. We set e(x) = ¢; for x € Gj,
1 < j <m, and assume that ¢ — 0, i.e., max g; — 0.

1<j<m
In the case under consideration, the absorption and scattering coefficients take the form
»x=(1—w)/e, s=w/e and tend to infinity as ¢ — 0, whereas Equation (1.1) takes the form

l—-w

E*F., (w,z)€ D. (1.2)

1 w
w-VI,+-I. =—Y(I.) +
€ € €
We denote by n;(x) the outward normal to the boundary 0G; at the point x € 0G;. We
introduce the sets

I} = {(w.2) € Qx 8G; |w-nyx) <0}, T~ =|Jr.
j=1

m

I'f = {(w,2) € Qx0G; |w-ni(x) >0}, T*=Jr}.

j=1
We denote by I.|p- and I.|p+ the values (traces) of the solutions to Equation (1.2) on I'™ and
I'" respectively.

Let 0G; be the diffuse reflecting and diffuse refracting surfaces. We denote by 6; the coeffi-
cient 0 < §; < 1 characterizing the reflection properties of 0G;. We set 0(x) = §; for x € 9G},
I<jsm.

For Equation (1.2) we consider the boundary condition of diffuse reflection and diffuse re-
fraction of radiation

Llp- =% (Llr+) + 27 (), (w,z)el™ (1.3)
and the equation
J6 - T[‘%+<J5) + ‘@+(Ia‘F+)] + J*,&v (w,x) € Fi? (14)

describing the connection between the intensity J. of radiation falling on G and the intensities
of the reflected radiation Z+(J;), refracted radiation 2" (I |r+), and the radiation .J, . coming
from outside.

Here, Z~ and #Z* are the diffuse reflection operators, 22~ and £ are the diffuse refraction
operators, and T is the translation operator. These operators will be defined in Section 2.

We note that Equation (1.4) is also necessary in the case where G consists of only one, but
nonconvex body. If G is a single convex body, then J. = J, . and Equation (1.4) is not necessary.

The goal of the paper is to study the limit behavior of solutions (I, .J.) to the problem
(1.2)—(1.4) as ¢ — 0. The limit behavior of the values I.|p+, I:|[p— of the solutions on I't and
I'™ is of a particular interest. In the simplified version, when G consists of only one body and
Equation (1.4) is omitted, the limit behavior of the solution was studied in [1].

The paper is organized as follows. In Section 2, we introduce necessary function spaces and
operators and recall some their properties. In Section 3, we recall properties of the spatially



one-dimensional problem for the transfer equation. In Section 4, we study an auxiliary problem
about the limit behavior of the solutions in the case where the set G is a single body. In Section
5, we establish the main result of the paper, the theorem about the limit behavior of solutions
to the problem (1.2)-(1.4) as ¢ — 0.

2 Function Spaces and Operators

Let Z be a set with a given measure du, and let Z; be its measurable subset with respect to
the measure du. We denote by LP(Z1;du), 1 < p < oo, the Lebesgue space of functions f that
are defined on Z;, measurable with respect to the measure du, and possess the finite norm

1/p
£l ze(Z15d0) = ( /|f(2)|pdﬂ(2)> -
Z1

We note that D = x G = U Dy, where D; = Q x G;.
j:

We denote by do(x) and dw the measures on OG and in €2 induced by the Lebesgue measure
in R3. We set

17(0G)) = I/(9G;do),  LP(Dy) = LP(Djidwda), 1< j<m,
LP(0G) = LP(0G;do), LP(D) = LP(D;dwdz),
introduce the following measures on I'™ and I'*:
Al (w, ) = |w - nj(z)|dwdo(z), (w,z)€ly, 1<j<m,
Al (w,z) = w - nj(x) dwdo(z), (w,z)€ Fj, 1<j<m,

and define Ep(FjE) = LP(F;E;CTFi), 1<j<m,and E”(Fi) = L”(Fi;c/l\f‘i).

On I'", we define the function
TH(w,z) =sup{t >0|z+swe€G Vse(0,t)}
and pay attention to the following formula [2, 4]:

7t (w,z)

/f(w,m) dwdx = /[ / fw, z + tw) dt] Al (w,z) Vfe€ LY(D;). (2.1)
D; 0

r;

In what follows, we need the following property of 7+.

Lemma 2.1. Assume that jig € (0,1) and 1 < j < m. Then there exists £j(110) > 0 such that
7H(w,z0) = €;(po) for all (w,z0) € T such that w € Q;’“O(l'o) ={weQ|w-nj(xo) < —po}-

Proof. We set V;, = {y/ = (y1,42) € R? | |¢/| < ro}. By the assumption 9G; € O,
0 < Aj < 1, for each point xy € G there exists a Cartesian coordinate system with origin g, a
basis €1, €2, €3 = ny(20), a cylinder (20) = {x = x0 + yres + yaca + yan (o) | [y] < ro. |ys| <



70}, where rg > 0 is independent of xg, and a function v,, € C'*%(V},) depending on xq such
that

GiNE (o) = {x =m0+ y1e1 + y2e2 + ysnj(xo) | |v'| <ro, —10 < y3 < vao(¥')}-
Furthermore, 7,,(0,0) = 0, Vy72,(0,0) = (0,0) and
Voo (W) < Cly' [T VY € Vi,

where C' is a constant independent of xg.
Assume that (w,zg) € IV and p=w- nj(zg) < —po. Then xg + sw = zo + y1e1 + y2e2 +
ysnj(xo), where y; = s(w-e1), y2 = s(w - e2), y3 = sp. We note that |y'| = sy/1 — p? and

—rg < yz = spp < —Cs' TN (1= p?)ITA2 = —Cly "N <y (y)

if

_ Fo Y2
0<s<tj(po) = mln{mv [0(1 _ Mg)(1+xj)/2} }

Consequently, zo + sw € G; for all s € (0,£;(10)). Therefore,
THw,z0) =sup{t >0|zo+sweG Vse (0,t)}=£;(po) > 0.
The lemma is proved. O
2.1. The spaces %’(Dj) and %’(D). By the weak derivative in direction w of a function

[ € L'(D;) we understand a function w € L'(D;), denoted by w = w - V f, which satisfies the
identity

/[f(w,a:) w-Vo(z) + w(w, z)p(x)]Y(w) dwde =0 Yo e C°(Gj), Y e L>(Q).
Dj

We denote by #P(D;), 1 < p < oo, the Banach space of functions f € LP(D;) possessing
the weak derivatives w -V f € LP(Dj), equipped with the norm

1 llwnoy) = Wy + 190 V)7

We denote by f|.- and f|.+ the traces of a function f € #P(D;) on I'; and F;r respectively.
J J
In #7(D;), we introduce the linear manifold #7(D;) = {f € #?(D;) | fl+ € LP(T})}.
J

Let us list some properties of f € %(Dj).
1.If fe %(Dj), then f|F; € Ll(l“j_) and

/w-VfszIZ/f|Fj+ JF*—/ﬂFj dr-. (2.2)
rt r;

D;



2. 1f f e %’(Dj), then |f|P € 7//\1(Dj), flp- € EP(F;); moreover, p|f[P"lsgn f(w-Vf) =
w - V|f|P and

[ V187 dode = U1t 12, ) = 171 1 (2.3
J

D;

Let #P(D) = {f € LP(D) | f € #?(D;), 1< j < m}. We denote by f|p- and f|r+ the
traces of f € #P(D) on I'” and f|p+. For further properties of the functions f € #P(Djy),
f € WP(D) and their traces f|F_i, flp+ we refer to [3, 4].

2.2. The reflection and refraction operators. Let z € G, 1 < j < m. We set
Qj(a:) ={weQfw-nj(x) >0}, Q(r)={weQ|w- n;(z) <0}
We define the operators .4+ : LP(I'T) — LP(dQ), .4~ : LP(I") — LP(dG) and M
LP(T]) — LP(0Gy), M  LP(T;) — LP(0G;), 1 < j < m, by

M) = (D) =+ [ pomen@)do, 2€0G; 1<

o (@)

AW = 0)@) = [ V)o@l e, w06 1<i<m.

Q; (2)

N

m,

We note that ,///;r(l) =1, #; (1) =1and
Hf//j—i_HEp(rJr)_@p(an) = 1/77 Hf///j_HEp(rf)%Lp(an) = 1/77- (2-4)

We introduce the diffuse reflection operators #~ : LP(I't) — LP(I'7), x; EP(FJr)
Lp( o), BT LP(I) — LP(I'Y), 725 Lp( )= Lp(F+) and the diffuse refractlon operators
;@ .Lp(r ) — LP(T7), e LP(F )—>Lp( o), @ L LP(DF) — LP(TH), 77 Lp(rj)
Lp(l“j) by the formulas

% (9)(w,2) = %5 () S o1<j<m,
B () r2) = () ) — Oyl ) (wa)eTh, 1<j<m,

P~ () w,) = P; ()w,2) = (1 - M (), (w,2)€T5, 1<j<m,
P w) = PPN a) = LM g), (wa) €T, 1<j<m

Here, ¢ € EP(FJF), (DRS EP(I‘*).
2.3. The translation operator 7. We recall the definition and some properties of the

translation operator (or the shooting operator) T' [2, 4].
Let (w,x) € I'". We define the ray ¢~ (w,z) = {x — tw | t > 0} and introduce the set

*

'™ ={(w,2) €T | (w,2)NG = &}



Let (w,x) € T~ \ I'". Then the ray ¢/~ (w, ) intersects G. We set
T (wyr)=inf {t>0|r—tweG}, X (waz)=1—7 (W, 2)w.

It is clear that X~ (w,x) is a point of the boundary OG from which the point x € 9G is “visible”
in the direction w and 77 (w,z) > 0 is the distance between the points z and X~ (w, x).

We introduce the set

~ *

I ={(w,z) eT"\I'" | (w,X (w,2)) €T}
and define the operator T by the formula

o(w, X (w,z)), (w,z)el,

0, (w,z) e T\ T

As known, T : EP(F+) — EP(I‘_) for all p > 1; moreover, HT”ZP(FH%ZP(F—) < 1.

3 One-Dimensional Problem

The limit properties of the solutions to the problem under consideration are closely connected
with the values at 7 = 0 of the solutions to the following problem with one spatial variable which
describes radiative transfer in the half-space:

1

d . .
D i = 2 [, we LU0, Tel o), (31
el
1
03(0.0) =205 [ 30000 dul +1-0;, e -0, (32)
0
Uyl toc) =0, e (0.1] (3.3

The properties of the solution to this problem which will be used below were studied in [1]. By
(3.2), the value g j = 1;(11,0) is independent of p € [—1,0). From [1] it follows that

(1-6;)2— @)

Q—Wj —ijj

< 1. (3.4)

1-0; <o <

Furthermore,

w;
o 0< <l 3.5
9 _ wj¢071a K ( )

On 0G, we introduce a piecewise constant function ¢y with the values ¥g(x) = 1o ; for
z € G, 1 < j < m, and define the function ¢ on I'" by

~

1/’+(W737) :{/;-i-,j(wvx) :%(W"g(l'),o); (w,x) EF;—, I<j<m.



We note that

1
A= [ v m@).0do =2 vy o di'

QF (2) 0

Therefore, from (3.2) it follows that Hj///]-*(izﬁj) =10 — (1 —46;), 1 <j < m. Hence

~ 1— ~ 1—
MG =10 -G = T (3.6)
4 Auxiliary Problem
We consider the auxiliary problem
w VI + é[s = T+ “kazp, (w,2) € D, (A1)
Llp- =% (Llr+) + (1 -0)g, (w,z)el", (4.2)

where F € WHH(G), g € LY(0G).

By a solution to the problem (4.1), (4.2) we mean a function I, € e (D) satisfying Equation
(4.1) almost everywhere in D and the boundary condition (4.2) almost everywhere on I'~. From
[3, 4] it follows that the solution to this problem exists and is unique. By the boundary condition
(4.2), the value I.|p- is independent of w.

The problem (4.1), (4.2) naturally splits into m independent problems

1 W, 1—w;

w-VIj+ —L;= 2SI+ LE3F;,  (w,x) € Dj, (4.3)
€j £j j

Lejlps = %5 (Iejlr+) + (1= 05)g5,  (w,2) €T (4.4)

Here, I. ; is the restriction of I. on D;, F} is the restriction of ' on G, and g; is the restriction
of g on 9Gj, 1 < j < m. We denote by Fj|ag, the trace of F; on 0G; and by F|sc the trace of
F on G coinciding with Fj|aq, for z € 9Gj.

4.1. The operators < and ;. We introduce the operator % : L'(dG) — LY(r)
mapping a function g € LY(dG) to the trace I.|p+ on I'" of the solution to the problem (4.1),
(4.2) with F' = 0. We also introduce the operator .27 ; mapping a function g; € Ll(an) to the
trace I&J"Fj* on Fj of the solution to the problem

1 (ol
w-VI;+ ;Ig,j = 5—"y(lw-), (w,z) € Dj, (4.5)
J J

(4.6)

Ia,j‘p; = %;(IE,j’F;L) + (1 - 9j)9j7 (w’ x) € Fj_7

i.e., the problem (4.3), (4.4) with F; = 0.
We note that o7 (g)(w, ) = o j(g;)(w,x), (w,z) € Fj, 1<j<m.



From [1] it follows that

Ae(g) —1hrg in LMTT), -0 (4.7)

Lemma 4.1. Let I ; be a solution to the problem (4.5), (4.6). Then
—w;

- 1
(1 — Hj) /Ie,j|p{r dar+ + 5 /IEJ‘ dwdzr = (1 - 9j)7‘l' / gj do. (48)
j
rf ’ D; 9G;

Proof. Integrating (4.5) over D;, using formula (2.2), and taking into account that

/y(lg,j) dwdr = /Ia,j dwdz,

D; D;
we arrive at the identity

~ 1—w; -~
/Is,j|r\;— dF++ ] J /Ie,j dwdm: /I&jh—\j— dF_

€j

+ D. _
Fj J Fj

From (4.6) it follows that
/Is,j\rj dr- = /[%j_(l’e,j!m) + (1= 6;)g;]dr ™ =0, /Is,j|r;r dr't + (1= 6;)r / g; do.
r; r; rf aG;
Thus, the equality (4.8) holds. The lemma is proved. O
Lemma 4.2. The following estimate holds:

dim 5l ey 521y S @i (4.9)

Proof. We represent a solution to the problem (4.5), (4.6) in the form I.; = Ig‘fj -1,
where I ;r ; and I_; are the solutions corresponding to g;-r = max{g;,0} and g; = max{—g;,0}
instead of g;. It is clear that I;fj > 0 and I;j > 0. We note that the equality (4.8) for I;rj takes

J E“; J 1( j) Ej €7j LI(DJ') J g] Ll(an)’ :

Let us estimate ||Is+j||L1(Dj) from below. Since y([;j) > 0 and ,@]-_(I:j|r+) > 0, we have
2. % 2 ]

1 j ;2 I Jg i where [ Jg j is the solution to the problem

1
w- VIt + ggﬁj =0, (w,) €Dy, (4.11)

It - =(1—=0)gf, (w,2)eT;. (4.12)

J

Formula (2.1) applied to f =1 Jg ; Yields the equality

7+ (w,x)
|][£j||L1(D].)—/[ / [&(w,x%—tw)dt] dl'™ (w, x).
s 0

J



Using the explicit formula [4]-[6], for solutions to the problem (4.11), (4.12)
I j(w,z + tw) = (1= 0))gf (x),
we have
7?—‘" w,T)/E4
I oy =< [ [ [ a-eT e o ) dw] (1~ 09 () do (z).
9G; Q7 (x)
Let 0 < po < 1. Since 7+ (w,z) > £;(po) > 0 for w € Q;"(x) by Lemma 2.1, we get

1 o) e
Izl oy > / [ / (1= et/ J)\wm(azﬂdw]<1—0j>gf<x>do<x>
J

0G; = QM0 (x)
—Ho

= [2n [ llau(t - 590 1 - 6))g7 (@) do (o)

oG;  —1
= (1= pg)(1 — e W) (1= 0)) g7 |11 o0,

Thus, from (4.10) we obtain the estimate

12t ey < 1= (1= @) (1 = )1 = 02 mlgF o,
The following estimate is proved in a similar way:
1z ey < [U= (1= @) (1 = ) (1 = e ¥ %) m| g7 | 11 oy -
eI NI S J 0 j 1LY (0G)
As a consequence,

r+) + ” |r;r||fl(rj+)

SA-0-w)- Mo)(l - 6_4 10)/2) |95 L1 oc)-

9500 72y = Ml Ny = N2

Hence

|| oz ; 1— e—f]‘(uo)/ﬁj)]ﬁ

Ll(agj)ﬂfl(pj) <[I-(1- wj)(l - M(%)(
which implies
T 2
aljlino H”Q{aj”Ll(aG )—>L1(F+) <[L—-(1- w])(l — pp)]m.
Using the arbitrariness of the choice of g, we obtain the estimate (4.9). t
Corollary 4.1. The following estimate holds:

i (] 1 gy 21 oy S [ax @ . (4.13)



Corollary 4.2. If g.,g € L'(0G) and g. — g in L*(0G) as ¢ — 0, then
Ae(ge) = g in LYTT), e—0. (4.14)
Corollary 4.2 follows from (4.7) and (4.13).

4.2. The operators %, and %. ;. We introduce the operator %, mapping a function

F € WHY(Q) to the trace I|p+ on I'T of the solution to the problem (4.1), (4.2) with g = 0.

We also introduce the operator %, ; mapping a function F; € W11(G;) to the trace I j|p+ on
J

F;r of the solution to the problem

1 0
w-VIj+—I;=—L7(;) +
€j Ej

r- = ‘%)j_([avjh‘j)’ (w,:):) € Fj_’

1—w;

kiFj,  (w,z) € Dy, (4.15)

J J

Ie,j

(4.16)

i.e., the problem (4.3), (4.4) with g; = 0. We recall that F} is the restriction of F' on Gj.
It is clear that A.(F)(w,z) = A, ;(F;)(w,x), (w,z) € I’;r, 1 < j < m. From [1] it follows
that

B(F) = (1= )k*Flag in L'(TF), e—0. (4.17)

Lemma 4.3. Let F.,F € WYYG), and let F.|log — Flag in L'(0G) as e — 0. Assume
that for every 1 < j < m there exists p; > 1 such that

. 1-1/p;
VEj e LP(Gy), e "IVE il 0, & —0. (4.18)

Then
B.(F.) = (1 = )k*Flog in LYIT). (4.19)

Proof. It suffices to show that . ;(F ;) — (1 —1Z+7j)k32-F}\3(;j in IAJl(F;“) forall1<j<m.
We express the solution to the problem (4.15), (4.16) in the form I, ; = k]ngjj + Ie(}j) + 1@

€,J7

where Ie(lj) is the solution to the problem (4.5), (4.6) with g; = —k?Favj\an, and Igj) is the
solution to the problem
2, 1.2  wj 2
w- VI + g—jfa(d? = g—jﬂy(fgj)) — K (w-VFE.;), ()€ Dy, (4.20)

1(2)&; - %.—(1;72]?&;), (w,z) €T (4.21)

€,J J J

It is clear that %. ;(F. ;) = kaFg,bej +%7j(_k‘72~F57j|an) +Ie(,2j)|rjv where ,%7j(—k§Fa7j\an) —
_/l/p\+7jk?Fj|6Gj in L1 (F;L) by Corollary 4.2. Therefore, it suffices to prove that IE(ZJ»)|F+ — 0 in
I
71+
LYIT).
Since w - VF, j € LPi(Dy), from (3, 4] it follows that I{_g) € WPi(D;).
Multiplying (4.20) by |1 é?|pﬁ_1 sgn [ 5(2]) and using (2.3), we obtain the inequality
1 1 o ._ _
s VI P+ I < LA ENIE P IVENIGP T, (@,0) € D,
j J j

10



Integrating over D; and taking into account that H&’(\I ])HLPJ H e HLp] , we have

L@ p
s—jllfml y

p_HI £, |F+| LZ)J(F+ LP(DJ)
—|| by |r . = || s ) + B APV s e 1N (4.22)
Dj LPi( ) (Dj) (Dj)
By (4.21),
2
12 - g oy = 185 22 N g oy < 051 ot Do oy
( ; )
Therefore, from (4.22) we obtain the inequality
b,
— J] 1 - w] Dj
7” €,j |1“ ’ij F*) + H ’LP(D )
1 &j 2p; P; pj— 11— wJ P
< _<1—w> k] J47THVFE||LJPJ(GJ)+ p || |L]PJ(D)
j J
which implies
1—w; €5 12
P j P J p
(= NI o W oy + — M W,y < (12 wj) AT VE | ) O
as €; — 0. Consequently, I6(2j)\F+ — 0in El(F;r) as €; — 0. The lemma is proved. O
I

4.3. The operators . and %, ;. We define operators ¢; : LY (™) — LY(T'") and Cej -
Ll(Fj) — Ll(F+) by €. = # + Pl k®> #~ and ‘KEJ = <%’+ ,@J“;z%,jkz//[_ We note
that €.(J)(w,z) = 6.;(J;)(w, ), (w,z) € Fj, 1<j<m, forall J e Ll( ~), where J; is the

restriction of J on F;.

Lemma 4.4. The following estimate holds:
Jim 1eeillzr ooy zry) < 05+ (1= 05)a;. (4.23)

Proof. Taking into account that

1-6; 1
+ + J - _
H'@j Hfl(I‘j’)afl(F;r) <05, ”‘@j Hljl(Fj*)afl(F;r) < 2 ”///j HEl(F;)HLl((?Gj) -
J
we have -
Hcgs,j”fl(rj)%fl(r;) < 9]' + J ”'Q{’JHLl oG )aLl(FJF)
By the estimate (4.9), we obtain (4.23). The lemma is proved. O

Corollary 4.3. The following estimate holds:

Tn (1% 7. max [0+ (1= 0;)e;). (4.24)

HLI(FJ") 1<j<m
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4.4. The operator %, . We introduce the operator % : LY(T'") = LYI'") by the

lim
equality Z;1 (J)(w, ) = Oy (x).4~(J)(x), (w,z) € T'F, where

1—
Hlim:9+(1—0)(1— 01/}0)
From (3.4) it follows that

_1—w0< (1—9)’@
0 T (1-0)w+2(1-w)

Thus, 0 < O, < 0+ (1 — 0)w < 1. Consequently,

0<1

< .

12|z -y 2y < Otim = max [0 + (1= 0)w;] < 1. (4.25)

1<gsm
Lemma 4.5. Let ., € LY(T'™), and let o. — ¢ in L*(T') as ¢ — 0. Then
Co(pe) = Ao () in LMI7), &= 0. (4.26)
Proof. By (4.14) and the first formula in (3.6), we have
Cle) = B (pe) + PHAK> M () = 0M (pe) + (1= 0)M " el ™ ()

S 0.4 (p) + (1= 0.4 (G )t~ () = [0+ (1 - 0) (1= L0 ] () = a2 )

in L(I'"). The lemma is proved. O

5 Theorem on Limit Behavior of Solutions

We recall that our goal is to study the limit behavior of the solutions to the problem

1 1—
w- VL +-L = %y(e) + Twm, (w,z) € D, (5.1)
Lir- =% (L|lr+)+ 2 (Je), (w,x)el, (5.2)
Jo = TR (J) + PH(L|ps)] + Jue,  (w,z) €T, (5.3)

as € = 0 where F. € WHH(G), J.. € El(I‘*). By a solution to this problem we understand
a couple of functions (I, J.) € VZ\l(D) that satisfy Equation (5.1) almost everywhere in D,
the boundary condition (5.2) and Equation (5.3) almost everywhere on I'". The existence and
uniqueness of a solution to the problem (5.1)—(5.3) follow from [3, 4].

Theorem 5.1. Assume that F € WYL(G), J, € LHT™), F.log — Flog in LYG), and
Jie = Juin LYT™) ase — 0. If for all 1 < j < m the condition (4.18) holds, then the solutions
(I, J2) to the problem (5.1)—(5.3) possess the following limit properties as e — 0 :

I. - K*F in LY(D), (5.4)
Llrs = O3B (Jim) + (1= $1)K*Flog in L'(I'), (5.5)
I |- = ok~ (Jim) + (1 — ¥o)k*Flog  in LY(0G), (5.6)
Je = Jim in LT, (5.7)
where Jiim 18 a solution to the equation
Jim = TR (Jiim) + T[(1 = Oim) Flog] + Jo,  (w,z) €T (5.8)

12



Proof. From the estimate (4.25) it follows that

HT‘@hmHLl =Ly H‘@hmHL1 VLT < alim <L

Therefore, a solution to Equation (5.8) exists, is unique, and is expressed by the convergent
Neumann series in L'(I'7)

o0

Jiim = Y (T (T = i) Flog] + ) (5.9)

k=0

Since 2~ = (1 — 0)k*>.#~, we have
I|ry = Skt~ (J.) + B(F.). (5.10)

Hence Z* (I |p+) = PT ot k> 4~ (J.) + P+ PB.(F.). Substituting this formula into (5.3), we
obtain the equation

Je =TC(J.) + TP B(F.) + Jue, (w,2) €T, (5.11)
for J.. We recall that 6. = ZT + P+, kz.///*. Using the estimate (4.24), we find

Consequently, for sufficiently small ¢ the solution J. to Equatlon (5.11) is represented by the
Neumann series convergent in L'(I'~)
oo
Je =Y (TC) TP BF) + J.c,
k=0
where we can pass term-by-term to the limit as € — 0. Thus, using (4.19) and (4.26), we find

Je = Jim = Y (T,

(T2 [(1 = )k Flag) + J.) i LY(I7).
k=0

Taking into account that, in view of the second formula in (3.6),

PH =B RFla] = (L= 0.4+ (1 = D) Floa = (1~ )= 50 =1~ G,

we see that Jyy,, coincides with the solution (5.9) to Equation (5.8). Passing to the limit in the
identities (5.10) and (5.2) and taking into account (4.14) and (4.19), we find

Llp+ = Aek® M (J2) + Be(F2) = ikl (Jim) + (1= V1)K Flog in LN(I),
Llp- = 2 (Ilp+) + 27 (J.) = B~ (04 k>l (i) + 2~ (1 = 1)K Flog) + 27 (Jiim)
= (044 (1) + (1= O™ (i) + 04 (1 = 01K Flog
= Yok~ (Jim) + (1 —¢o)k2F|aG in L1(0G).
By [1, Lemma 4.2] for all 1 < j < m the following estimate holds:

2
e = K7 Fe jlloap;) <

which implies I. — k*F in L1 (D) as € — 0. The theorem is proved. O

[47THVF€]||L1(G + (1 = 0j)mll#; (Je) — Fe

oc; |21

Remark 5.1. In the case F. = F, i.e., if the right-hand side of (5.1) is independent of ¢,
the assumption (4.18) is not required. This assumption was used only to justify that Z.(F.) —
(1 — 9 )k?F in LY(T'"). In this case, it suffices to use (4.17).
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