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GENERATING SETS OF THE COMPLETE SEMIGROUP
OF BINARY RELATIONS DEFINED BY SEMILATTICES
OF THE CLASS ¥,(X,6)
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Abstract. In this paper, we study generating sets of the complete semigroup of binary relations defined
by X”=semilattices of unions of the class ¥1(X, 6).
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1. Introduction. Let X be an arbitrary nonempty set, D be an X-semilattice of unions, which is
closed with respect to the set-theoretic union of elements from D, and f be an arbitrary mapping of
the set X to the set D. To each mapping f, we assign a binary relation oy on the set X satisfying the
condition

ap = (J ({z} x f(2)).
reX

The set of all these ay (f : X — D) is denoted by Bx (D). It is easy to prove that Bx (D) is a semigroup
with respect to the operation of multiplication of binary relations, which is called a complete semigroup
of binary relations defined by an X-semilattice of unions D.

We denote by @ the empty binary relation or the empty subset of the set X. The condition (z,y) € «
will be written in the form xay. Further, let

ryeX, YCX, aeBx(D), D=|JV, TeD.
YeD
We denote by the symbols ya, Y, V(D,«), X*, and V(X*, ) the following sets:
ya={zr € X |yazx}, Ya= U ya, V(D,a)={Ya|Y € D},
yeyY
XY |0 £Y C X}, V(X'a)={Va|o£YCX},
Dr={ZeD|TCZ}, Yr={yeX|ya=T}.

The following assertions are well known.

Theorem 1.1. Let D = {D,Zl,Zg,...,Zm_l} be a finite X-semilattice of unions and C(D) =
{Po, P1, Pa,...,Pp_1} be the family of sets of pairwise nonintersecting subsets of the set X (the set
& can be repeated several times). If ¢ is a mapping of the semilattice D to the family of sets C(D),
which satisfies the conditions

D Zy Zy ... Zm ~
7 (Po P P Pm_1>’ 2z =D\ Dz,
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then the following equalities hold:

D=PRUPIUPU...UPy, Zi=RU |J o) (1.1)
TEﬁzi

In the sequel, these equalities are said to be formal.

It was proved earlier that if elements of the semilattice D are represented in the form (1.1), then,
among the parameters P; (0 < i < m — 1), there exist parameters that cannot be empty sets for D.
Such sets P; are called basis sources, whereas the sets P; (0 < j < m — 1), which can also be empty
sets, are called completeness sources.

It is well known that, under the mapping ¢, the number of covering elements of the preimage of
the basis source is always equal to one, while the number of covering elements of the preimage of the
completeness source is either zero or greater than one (see [2, Chapter 11]).

Let Py, Py, Ps, ..., Ppn_1 be parameters in the formal equalities and S be any binary relation from
the semigroup By (D) and

m—1

5:U(PwayJU ({t'} x Bs(t)), (1.2)

=0 tep; t EX\D

where 3, is any mapping of the set X \ D to the set D. Then the representation of the binary relation
[ of the form  is said to be subquasinormal.

If 8 is a subquasinormal representation of the binary relation g, then, for the binary relation 3, the
following assertions hold:

(a) B € Bx(D);

m—1 o
(b) U (PZ- x U tﬁ) C B and B = 3 for some mapping 3, of the set X \ D in the set D;
=0 tep;
(c) the subquasinormal representation of the binary relation J is quasinormal;
) P, P ... P,
d) if =
() i 5, <P0ﬁ P3 ... Py
Du{gz}.

Note that if P; (0 < j < m — 1) are completeness sources such that P; = @, then the equality

P;3 = @ always holds. There also exist basis sources P; (0 <7 < m — 1) such that |J t8 = @, i.e,
teP;

> , then (3, is a mapping of the family of sets C'(D) in the set

Pif=2.

Definition 1.1. In the sequel, the elements 3, and 3, are called normal and complement mappings,
respectively, for the binary relation § € Bx (D).

Theorem 1.2. Let D be a finite set and o, 3 € Bx (D). Then, for any subquasinormal representation
B of the binary relation 3, the equality ao 8 = ao B holds (see [1, Theorem 1.2]).

Theorem 1.3. Let B be any generating set of the semigroup Bx (D). If, for some o and § from the
set B and a subquasinormal representation 8 € Bx (D) of the binary relation 3, the inequality oo # 603
holds, then the relation o # 6 o 3 is also true (see [1, Theorem 1.3]).

Definition 1.2. We say that an element « of the semigroup Bx (D) is external if a # § o 8 for all
0, € Bx(D) \ {a} (see [2, Definition 1.15.1]).

It is well known that if B is the set of all external elements of the semigroup Bx (D) and B’ is any
generating set for the Bx (D), then B C B’ (see [2, Lemma 1.15.1]).
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Definition 1.3. A representation
a= ] xT)
TeD

of a binary relation « is said to be quasinormal if

UYr=X and YNV =2 foranyT,7'€D, T#T

TeD
2. Generating sets of the semigroup of binary relations defined by semilattices of the
class ¥9(X,6), where P=@ and | X \D|>1or X = D.

Definition 2.1. We denote by ¥1(X,6) the class of all X-semilattices of unions whose elements are
isomorphic to an X-semilattice of unions D = {Zs5, Z4, Z3, Zo, Z1, D}, which satisfies the relations
ZyCZysCZiCD, ZsCZsCZiCD, ZyCD, Zs\Zy+# o,
Z4\Z57£®7 Z3\ZQ7£®7 22\237&@7 ZQ\ZI#®7 ZI\Z27£®7

v

ZsUZy =13, ZsUZy=7,Uly=7F3UZy=71UZy=D
(see Fig. 1).

Fig. 1.

It is easy to see that D= {Z5,Z4,Z5, Z1} is an irreducible generating set for the semilattice D.
Let C(D) = {Py, P1, Py, P3, Py, Ps} be a family of sets, where Py, P, P2, P3, Py, P5 are pairwise
disjoint subsets of the set X and

- (D Zy Zy Zs Z4 Z5>
P P P Py Py B
is a mapping of the semilattice D onto the family of sets C(D). Then the formal equalities of the
semilattice D have the following form:
D=PUPLUP,UP;UP U Ps,
Z1=FPyUP,UPsUPyU Ps,
Zy=PyUP,UP3UPyU Ps,
Z3=PyUP,UPyU P5,
Zy=PyUP,U Ps,
Zs = Py U Py U Py.

(2.1)

Here the elements P5, Py, P53, P», and P; are basis sources and the element F, is a completeness source
of the semilattice D. Therefore, | X| > 5 since |Ps| > 1, |Py| > 1, |P3| > 1, || > 1, and |P1| > 1
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(see [2, Chapter 11]). The formal equalities of the semilattice D immediately imply that

Ps=7Z4\Zs, Pyi=25\2Zy, P3=271\Zs,

2.2
PQZZl\ZQ, P1:ZQ\Zl, Po=25NZyN Zs. ( )

In this paper, we study irreducible generating sets of the semigroup Bx (D) defined by semilattices
of the class X;(X,6).
Definition 2.2. We denote by 25, 24, s, As, and 2A; the following sets:
As = {{25,24,23,22,D}, (Zs, 24, 73, Z1, DY, {Zs, Zs, Zo, Z1, DY, {24,23,22,21,1”)}},

Ay = {{25,24,23,21}, {Zs, 24, Z3,D}, {Zs, 23, Zo, DY, {Zs, Zs, Z1, D}, {Z4, Zs, Zs, D},
{Z4, 25,21, D}, {Z3, Za, Z1, D}, {Zs,Z3, 71, D}, {Z4,Z3,Z1,lu)}},
Az = {{25,24,23}, {Zs5,Z2, DY, {Z4, Z,D}, {Zs, 21, D}, {Zs5, 73,71}, {Z4, Zs, 71},

(Zs, Z3, DY, {Zs, 21, DY, {Z4, Z3, DY, {Za, 21, DY, {Zs, Zo, D}, {Zg,Zl,f)}};
Ay = {{25,23}, (Zs, Z0}, {24, 23Y, {Za, 20}, {Zs, 20}, {25, D),

{24, D}, {23, D}, {22, D}, {21, D}},
W = {{Z}, {4}, (%), {2}, {2}, (D}

Definition 2.3. We denote by ¥ 0(X,6) all semilattices D = {Z5,Z4,Zg,Zg,Zl,f)} of the class
¥1(X,6) such that Zs N Zy N Zy # @. The last inequality and the formal equalities (2.1) of the
semilattice D imply that

ZsNZyNZy =Py # D,
ie., |X| > 6, since
Ps+9, P1#+0, P3s#+0, P#@, PI#9, P #0.
In this case, we assume that D € ¥ ¢(X,6).

Lemma 2.1. Let D € %1 ¢(X,6) and a« = § o 5 for some «,d,5 € Bx(D). Then the following
assertions hold.

(@) Let T\T' € {Zs5,Z4,Z>}, T # T'. If T,T' € V(D,«), then « is an external element of the
semigroup Bx (D).
(b) If T € {Z3,Z1} and T, Zy € V(D, ), then « is an external element of the semigroup Bx (D).

Proof. Let Zy = D and o = § o 3 for some 6,3 € By (D) \ {a}. If the quasinormal representation of
the binary relation § has the form

6= (Y2 x Zs) U (Y x Zyg) U (YD x Z3) U (YS x Zo) U (Y x Z1) U (YY x Zy),
then

a=080f= (Y x ZsB) U (Y] x Z4B) U (VS x Z33)
U (YY) x ZoB) U (Y x Z18) U (Y x Zoff). (2.3)
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From the formal equalities (2.1) of the semilattice D we obtain that
Zop=PRpUPBUPBUPBUPRABUPPS,
Z1p = RpUPLUPBUPLUPPS,
Zof = RpUPBUPBUPLUPS,
Z3f = PyBU PBU Py U Psf3,
Zyf = PRBU P U P50,
Zsp = PR U P U Py,

where P;5 # @ for any P; # @ (i =0,1,2,3,4,5) and € Bx (D). Indeed, by the assumption, P; # &

for any ¢ =0,1,2,3,4,5 and 3 # @ since & ¢ D. Let y € P; for some y € X. ThenyED,ﬂ:af for
some f: X — D, and

ar = |J ({z} x @) 2 {y} x fv),
reX

i.e., there exists an element z € f(y) such that yayz and yBz. Thus, by the definition of the set
P;3, we obtain that z € P;f since y € F;, y8z. Finally, we see that P, # @, i.e., P, € D for any
1=0,1,2,3,4,5.

Now let Z;8 =T and Z;3 =T' for some 0 < i # j <b5and T #T',T,T" € {Zs5,Z4, Z>}. Then it
follows from Eq. (2.4) that T'= Py8 = T’ since T and T" are minimal elements of the semilattice D.
The equality T'= T" contradicts the inequality T # T”. Ttem (a) of Lemma 2.1 is proved.

(b) Let Z;8 = Zy and Z;3 =T (T € {Z3,Z1}) for some 0 <i# j <5.If 0 <4 <5. Then from the
formal equalities of a semilattice D, we obtain that
Zop=PRpUPIBUPBUPBURLBURSL =R =PF=PRb=PB=Ppf=PFp=12,
Z1B=PRpUPBUPBURBUPRSL =R =PB=PB=Pp=PFp=12,
Zofp=PRpUPSUPLBURLURSL =R =PF=Pf=Pp=PFp=12,
Z3p=RpUPBUPBUPRS =R =Pp=Pp=PFp="2,
Zyp=PRpUPBUPRL =R =Pp=DPFp=2,
Zsp=RpUPBURS =R =P =P =2y,
since Z, is a minimal element of the semilattice D. Now, let i # j.
(1) If Zop = PyB = P1f = Poff = P38 = Py = Ps = Zy and j = 1,2,3,4,5, then
T =2718= 2B =238 = Zsf = Zs = Z3,
which contradicts the inequality 1" # Zs.
(2) If Z1 = PB = Pof = P38 =Py =P =7y and j =0,2,3,4,5, then
T=208=2B=20PB, T=2Z3p=27p="2sp= 2,
where P13 € D. The last equalities are impossible since T' # Zo U Z for any Z € D and T # Zo
by the definition of the semilattice D.
(3) If Zgﬁ = Poﬁ = Plﬁ = Pgﬁ = P4ﬁ = P5ﬂ = ZQ and ] = 0, 1,3,4,5, then
T'=ZoB=21p=238 = ZsB = Zs8 = Z2 U P23,
where P, € D. The last equalities are impossible since 7' # ZU Z for any Z € D by the definition
of the semilattice D.
(4) If Z3 = Py = Po8 = Py8 = P58 = Zy and j =0,1,2,4,5, then
T=208=28=2UP1BUPsB,
T'=72Z18=2UP8, T =2Z4= 258 =2y,
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where P13, P33 € D. The last equalities are impossible since T'# Zo U Z U Z', T # Zy U Z, and
T # Zy for any Z,Z' € D by the definition of the semilattice D.
(5) If 245 = Poﬁ = Pgﬁ = P55 and j = 0, 1, 2,3, 5, then

T =708 =228 =22UPBUP3BU P,
T=2Z18=2UP8UPSB, T=238=27258= 23U PP,

where Py, P33, Py € D. The last equalities are impossible since T' # Zo U Z U Z' U Z", T #
ZoUZUZ'  and T # Zy U Z for any Z, 7', 7" € D by the definition of the semilattice D.
(6) If 255 = Poﬁ = Pgﬁ = P45 and j = 0, 1, 2,3,4, then

T =208 =2 =2 UPSUP3U P53,
T=718=2UPBUPsB, T =2738=2748=272UP5p,

where P38, P33, Ps3 € D. The last equalities are impossible since T' # Zo U Z U Z' U Z", T #
ZoUZUZ  and T # Zy U Z for any Z, 7', Z" € D by the definition of the semilattice D.

Item (b) of Lemma 2.1 is proved. O
Let D € ¥1,9(X,6). We denote by 21y, B(2ly), and By the following sets:

A = {{25,24,23,22,[)}, {Zs, Z4, Z3, Z1, DY, {Zs, Z3, Za, Z1, DY, {Zs, Zs, Zs, Z1, D},
{Zs, Z4,Z3, 21}, {Zs, 24, Z3, D}, {Zs, Z3, Zo, D}, {Zs, Za, Z1, DY, {Z4, Zs, Zs, D},
{Zs, 24,7, D}, {Zs, Zy, Z3}, {Zs5, Za, D}, {Z4, Zo, D}, {Zs, Zy, D}, {22,21,1“)}},
B(%) = {a € Bx(D) | V(X*,a) € %},
Boz{aeBXun|deﬁay:D}
Lemma 2.1 implies that the sets By and B(2ly) are external elements for the semigroup Bx (D).

Lemma 2.2. Let D € ¥1¢(X,6). Then the following assertions hold.

(a) If a quasinormal representation of a binary relation has the form
o = (Y x Z5) U (Y§ x Z3) U (Y x Z1) U (Y¢* x D),

where Y, Y, Y™ & {@}, then « is generated by elements of the elements of the set By.
(b) If a quasinormal representation of a binary relation has the form

o = (Y x Z4) U (Y{* x Z3) U (Y{* x Z1) U (¥¢ x D),
where Y, Y, Y™ & {@}, then « is generated by elements of the elements of the set By.

Proof. (a) Let quasinormal representations of binary relations ¢ and 3 have the form

6= (Y2 x Zs) U (Y] x Zy) U (Ys x Zy) U (YL x Z1) U (YY x D),

B =(Zs x Zs) U ((Zs\ Zs) x Za) U ((Z2\ Z1) x Z2) U (((Zo N Z1) \ Z3) x Z1) U ((X \ D) x D),
where }/5017 }/4a7 Y2a7 }/la ¢ {®}7

Zs5 U (Z4 \ Z5) @] (ZQ \ Zl) U ((ZQ N Zl) \ Zg) U (X\D)
= (RUPRUP)UPUPUPRsU(X\D)=DU(X\D)=X
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(see Egs. (2.1) and (2.2)). Then 4, 5 € By and
Zsf =25, Zsff= 25U 7y = Z3,
ZoB = (PyUPLUPsUPLUP;)B = D,
Z\8=(PyUPyUPsUP)B =2, DB=D,
a=80f= (Y] x ZsB) U (Y] x ZiB) U (Y3 x Zof) U (YY x Z18) U (Y5 x Dp) =
= (Y5 x Z5) U (Y] x Z3) U (Y3 x D)U (Y} x Z1) U (Vg x D) =
= (Y3 x Z5) U (Y] x Z3) U (Y{ x Z1) U (Y UYE) x D) = a,

Y2 =Y V) =V VP =YY, and Y UYY = Y. The last equalities are possible since |Y{ UY| > 1
(]Y?| > 0 by the assumption). Item (a) of Lemma 2.2 is proved.

(b) Let quasinormal representations of binary relations ¢ and /5 have the form
6= (Y2 x Zs) U (Y] x Zu) U (Y5 x Zo) U (Y] x Z1) U (Y§ x D),
B=((Zs\ Zs) x Z5) U (Z5 x Zs) U((Z2\ Z1) x Za) U (((Z2 N Z1) \ Z3) x Z1) U ((X \ D) x D),
where Y, V)", Y3, Yi* ¢ {2},
(Zu\ Z5) U Z5 U (Za\ Z1) U ((Z2 N Z1) \ Z3) U (X \ D)
=PU(PRPUPRUP)UPUPU(X\D)=DU(X\D)=X
(see Egs. (2.1) and (2.2)). Then 4, 5 € By and
ZsB =24, Zsff=Z4UZs=273 Zof=(PyUPLUPsUP,UPs)B=D,
Z\B=(PRUP,UPsUP)B =2, DB=D,
a=2080p= (Y x ZsB) U (Y x ZufB) U (VS x ZoB) U (Y x Z18) U (YY) x DB)
= (Y2 x Z) U (Y x Z3) U (Y9 x DYU (Y x Z1) U (YQ x D) =
= (Y2 x Z) U (Y x Z3)U (Y x Z1) U (Y2 UYY) x D) = a,
ifY9 =Y, YY) =Y VY =Y, and YY UYY = Y. The last equalities are possible since |Yy UY| > 1
(|YQ| > 0 by the assumption). Item (b) of Lemma 2.2 is proved. O

Lemma 2.3. Let D € 1 ¢(X,6). Then the following assertions hold:

(a) if a quasinormal representation of a binary relation has the form
o= (}/5a X Z5) U (}/304 X Zg) U (Yla X Zl),

where Y2, Y Y & {@}, then « is generated by elements of the elements of the set B(Rlp);
(b) if a quasinormal representation of a binary relation has the form

a= (Y& x Z) U (Y x Z3) U (Y x Zy),

where Y, Y Y & {@}, then « is generated by elements of the elements of the set B(ly);
(¢c) if a quasinormal representation of a binary relation has the form

o= (Y& x Zs) U (Y x Z3) U (Y x D),

where Y2, Y Y & {@}, then « is generated by elements of the elements of the set B(Rlp);
(d) if a quasinormal representation of a binary relation has the form

o= (Y x Zy) U (Y x Z3) U (Y x D),
where Y, Y Yt & {@}, then « is generated by elements of the elements of the set B(Rlp);
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(e) if a quasinormal representation of a binary relation has the form
a= (Y& x Zs) U (Y2 x Z) U (Y x D),

where Y2, Y*, Y & {@}, then « is generated by elements of the elements of the set B(2ly);
(f) if a quasinormal representation of a binary relation has the form

a= (Y x Z) U Y2 x Z) U x D),

where Y, Y*, Y§* & {@}, then o is generated by elements of the elements of the set B(y);
(g) if a quasinormal representation of a binary relation has the form

a= (Y3 x Zs) U (Y x Z1) U (Yg* x D),
where Y, Y* Y & {@}, then « is generated by elements of the elements of the set B(2lp).

Proof. (a) Let quasinormal representations of binary relations d, # have the form

6= (Y2 x Zs) U (Y x Z4) U (Y x Z3) U (Y x Zy),

B=(Zsx Zs) U ((Zs\ Zs) x Zo) U ((Za\ Z1) x Z3) U ((X \ (D \ (Z1\ Z3))) x Z1),
where Y55, Y}, Y} € {@}. Then, by the definition of the set g, we have that &, 3 € B(p),

Z5U(Z4\ Z5) U (Za\ Z1) N (X \ (D \ (Z1\ Z3)))
= (RUPUP)UPUPLU(X\(D\Py))=(D\P)U(X\(D\P))=X
and Zs0 = Zy, Z4 = ZsU Ly =73, L3 = L5 ULy = L3, 71 = ZsU ZyU Ly = 72,
doB= (Y2 x ZsB) U (Y] x Z4B) U (YS x Z3B) U (Y] x Z1)
= (Y5 x Zs) U (Y] x Z3) U (Y3 x Z3) U (Y x Z1)
= (Y3 x Zs) U((Y UYY) x Z3) U (Y? x Z1) = o,

if V) =Y, YJUYY = YV and Y7 = Y. The last equalities are possible since [Y) UY{| > 1 (|[Y2]| >0
by the assumption). Item (a) of Lemma 2.3 is proved.

(b) Let quasinormal representations of binary relations ¢, 8 have the form
6= (Y2 x Zs) U (Y x Zy) U (YD x Z3) U (YL x Zy),
B=((Zs\ Zs) x Z5) U (Zs x Zsy) U ((Z2\ Z1) x Z3) U ((X \ (D\ (Z1 \ Z3))) X Z1),
where Y9 Y0 Y? € {@}. Then, by the definition of the set Ay, we have that 6,3 € B(p) and
Z5f =2y, ZuP = Z5s U Zy =23, Z30 = Z5 U Zy = Z3, 21\ = Z5 U Zy U Zy = 7y,
b0 f= (Y5 x ZsB) U (Y] x ZaB) U (Y x Zsf) U (Y x Z1f)
= (Y2 x Zs) U (Y] x Z3) U (Y5 x Z3) U (Y] x Z1)
= (Ys x Zo) U((Y) UYS) x Zs) U (Y x Z1) =,

if Y2 =Y, YUY = Y, and Y = Y. The last equalities are possible since [Y/UY{| > 1 (|[Y9]| >0
by the assumption). Item (b) of Lemma 2.3 is proved.

(c) Let quasinormal representations of binary relations 4, f have the form
6= (Y3 x Zs) U (Y x Zs) U (Y3 x Z3) U (Y x D),
B=(Z5x Zs) U ((Za\ Z5) x Za) U ((Z2\ Z1) x Z3) U ((X \ (D \ (Z1\ Z3))) x D),
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where Y55, Y, Y05 € {@}. Then, by the definition of the set 2y, we have that 4,5 € B(lp),

Z5 U (Zy\ Z5) U (Zo\ Z1) N (X \ (D \ (Z1\ Z3)))
= (P UP,UP)UPUPLU(X\(D\ )= (D\ P3)U(X\(D\Py)) =X,
and ZsfB = Zs, Zaff = ZsU Zy = Zs, Zs3 = Zs U Zy = Z3, DB = Zs U Z4 U Z3 U D = D,
508 =(Y?x ZsB) U (Y)Y x ZyB) U (YS x Z3B) U (Y{ x DB)
= (Y3 x Z5) U (Y] x Z3) U (Y4 x Z3) U (Yg x D)
= (Y3 x Zs) U((Y/ UYS) x Z3) U(Yy x D) = a

if Y2 = Y2, YUY = Y, and Y = Y. The last equalities are possible since [YUYJ| > 1 (|Y2]| >0
by the assumption). Item (c) of Lemma 2.3 is proved.

(d) Let quasinormal representations of binary relations ¢, 8 have the form
0= (Y5 x Z5) U (Y x Za) U (Y3 x Z3) U (Y5 x D),
B=((Zs\ Z5) x Zs) U (Zs x Zs) U ((Z2\ Z1) x Z3) U ((X \ (D \ (Z1\ Z3))) x D),
where Y2 Y0 Y9 € {@}. Then, by the definition of the set g, we have that §,3 € B(Ro) and
ZsB = Zy, ZafB = Z5 U Zy = Z3, Zaff = Zs U Zy = Zs, DB = Zs U Z, U Z3UD = D,
50 f = (Y3 x Z58) U (VP x Z4B) U (Y§ x ZsB) U (Y x D) =
— (VP x Z4) U (Y x Zg) U (Y] x Zg) U (Y{ x D)
= (V¥ x Zy) U((Y) UYY) x Z3) U (Y x D) =

if Y9 =Y, YUY = Y, and Y = Y. The last equalities are possible since [Y/UY{| > 1 (|Y9]| >0
by the assumption). Item (d) of Lemma 2.3 is proved.

(e) Let quasinormal representations of binary relations 4, have the form
6= (YO x Zs) U (Y] x Zo) U (Y x Z) U (YY x D),
B=((ZaNZ1) x Zs) U ((Za\ Z1) x Z3) U ((Z1 \ Z2) x Z1)U((X \ D) x D),
where Y55, Yy, Y} € {@}. Then, by the definition of the set g, we have that &, 8 € B(p),
(ZoNZ1) U (Zy\ Z1) U (Z1\ Zo) N (X \ D)
= (PPUPSUP,UP)UPLUPRUX\D)=DU(X\D)=X
and ZsB = Zs, Zoff = Z5 U Zo U Zy = D, Z18 = Z5 U Zy = Z1, DB = D,
§oB = (Y2 x ZsB) U (YL x Zof) U (Y x Z18) U (Y x Dp)
= (Y§ x Z5) U (Y3 x D)U (Y x Z1) U (Yy x D)
= (Y3 x Zs) U (Y x Z1) U ((YS UYY) x D) =

if Y2 =Y, YY) = Y2, and YUY = Y. The last equalities are possible since [Yy UY| > 1 (|YQ] >0
by the assumption). Item (e) of Lemma 2.3 is proved.

(f) Let quasinormal representations of binary relations ¢, 8 have the form
6= (Y9 x Zs) U (Y x Zy) U (Y x Z1) U (YY x D),
B=((ZaN2Z1) x Zs) U ((Za\ Z1) x Za) U((Z1\ Z2) x Z1) U((X \ D) x D),
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where YE“S,Y; YY) € {@}. Then, 13y the definition of the set 9[03 we have that 0,5 € B(%ly) and
ZsB = Zu, Zofi= Zs U ZoUZ1 =D, Z1f = Zs U Z1 = Zy, DG = D,
b0 = (Y5 x Zs) U (Y3 x Zof) U (YY x Z15) U (¥y x Dp)
— (V8 x Z4) U (v x D)U (VP x Z1) U (Y§ x D)
— (V3 x Z) U (P x Z) U (YUY x D) =a

if V9 =Y, YY) =Y and Y UYY = Y§. The last equalities are possible since |Y UYZ| > 1 (|YQ] > 0
by the assumption). Item (f) of Lemma 2.3 is proved.

(g) Let quasinormal representations of binary relations 4, 5 have the form
6= (Y9 x Z3) U (Y x Zo) U (Y x Z1) U (Y x D),
B=(Zsx Z3) U ((Za\ Z1) x Z3) U ((Z1 \ Z3) x Z1) U((X \ D) x D),
where Y, Yy, Y € {@}. Then, by the definition of the set g, we have that &, 3 € B(o),
Z3U(Zo\ Z1)U(Z1\ Z3) N (X\ D)= (BRUP,UP,UP)UPLUPsU(X\D)=DU(X\D)=X
and Zsf = Zs, Zoff = Z3U Zo U Zy = D, Z18 = Z3U Zy = Z1, DB = D,
5o =(Y{ x Z3B) U(YS x ZoB8) U (Y] x Z18) U (Y{ x DB)
= (¥ x Zg) U (Y3 x D)U (Y x Z1) U (Y7 x D)
= (Y3 x Zg) U(Y{ x Z1) U (Y7 UYG) x D) =,
if VY =Y, YY = Y2, and Y UYY = Y. The last equalities are possible since [Yy UYJ| > 1 ([YQ] > 0
by the assumption). Item (g) of Lemma 2.3 is proved. O
Lemma 2.4. Let D € X1 ¢(X,6). Then the following assertions hold:
(a) if a quasinormal representation of a binary relation has the form
a = (Y5" x Z5) U (Y3" x Z3),

where Y, Y & {@}, then « is generated by elements of the elements of the set B(y);
(b) if a quasinormal representation of a binary relation has the form

o = (Y5a X Z5) U (Y'la X Zl),

where Y, Y™ & {@}, then o is generated by elements of the elements of the set B(y);
(¢) if a quasinormal representation of a binary relation has the form

o= (Yf X Z4) U (YE;’Q X Z3),

where Y, Y & {@}, then o is generated by elements of the elements of the set B(p);
(d) if a quasinormal representation of a binary relation has the form

a= (Y x Zy) U (Y™ x Zy),

where Y, Y™ & {@}, then « is generated by elements of the elements of the set B(y);
(e) if a quasinormal representation of a binary relation has the form

a=(Y3" x Z3) U (V" x Z1),

where Y, Y™ & {@}, then a is generated by elements of the elements of the set B(yp);
(f) if a quasinormal representation of a binary relation has the form

o= (Y& x Zs) U (Y$ x D),
where Y, Y & {@}, then o is generated by elements of the elements of the set B(p);
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(g) if a quasinormal representation of a binary relation has the form
o= (Y x Zy) U(YQ x D),

where Y, Y & {@}, then o is generated by elements of the elements of the set B(p);
(h) if a quasinormal representation of a binary relation has the form

o= (Y& x Z3) U (YQ x D),

where Y, Y & {@}, then o is generated by elements of the elements of the set B(y);
(i) if a quasinormal representation of a binary relation has the form

o= (Y§ X Zo) U (YQ x D),

where Y, Y & {@}, then o is generated by elements of the elements of the set B(y);
(j) if a quasinormal representation of a binary relation has the form

a= (Y x Z1)U(YQ x D),
where Y*, Y & {@}, then o is generated by elements of the elements of the set B(2p).

Proof. (a) Let quasinormal representations of binary relations d,  have the form
6= (Y3 x Zs) U (Y x Za) U (Y3 x Z3),
B=(Zsx Zs) U ((Z1\ Z5) x Z) U ((X \ (D\ (Z2\ Z1))) x Z3),
where Y2,V € {@}. Then we have §, 3 € B(2l),

ZsU(Z1\ Z5) U (X \ (D \ (Z2\ Z1)))
= (R UPRUP)U(PsUP)UX\(D\P))=([D\P)U(X\(D\P))=X
and Zs0 = Zy, Z4f = Z5U Zy = Z3, Z30 = Z5 U Zy = Zs,
o= (Y3 x ZsB) U (Y x ZuB) U (Y5 x Z3p3)
— (V4 x Z5) U (Y] % Zs) U (Y x Zy) = (Y x Z5) U((Y] UYS) x Z3) = a

if 2 = Y Y) UYY = Y. The last equalities are possible since |V UY{| > 1 (|Y{| > 0 by the
assumption). Item (a) of Lemma 2.4 is proved.

(b) Let quasinormal representations of binary relations 6, 8 have the form
8= (Y3 x Zs) U (Y x Za) U (Y3 x Z3),
B =(Zsx Zs) U ((Za\ Z1) x Z3) U (X \ (D\ (Z1\ Z5))) x Z1),
where Y, Y € {&}. Then item (a) of Lemma 2.3 implies that (3 is generated by elements of the set
B(o), 6 € B(2o),
Z5U(Za\ Z1) U (X \ (D\ (Z1\ Z5)))
= (PyUP,UP)UP U (X \ (DU (P3U F5)))
= (DU(PsUPs)) U(X\ (DU(PsUP))) = X,
and Zsf8 = Zs, Z4ff = Zs U2y = 7y, L3P = Zs U Zy = Zq,
§of=(Yd x ZsB) U (Y] x Z4B) U (Y] x Zsp)
= (Y9 x Zs) U (YY) x Z1) U (Vg x Z1) = (Y3 x Z5) U((Y UYS) x Z1) =
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if Y2 =Y, Y)UY{ = Y. The last equalities are possible since |Y) UY{| > 1 (|YY| > 0 by the
assumption). Item (b) of Lemma 2.4 is proved.

(c) Let quasinormal representations of binary relations 4,  have the form
0= (Y3 x Zs) U (Y x Za) U (Y3 x Z3),
B=((Z1\ Zs) x Zs) U (Zs x Zs) U (X \ (D \ (Z2\ Z1))) % Z3),
where Y2, Y} € {@}. Then 6,8 € B(o) and Zs8 = Zy, Z4B = Z5 U Zy = Z3, Z33 = Z5 U Zy = Z3,
b0 f =¥y x Z58) U (Y] x ZaB) U (Y5 x Z3p)
= (Y2 x Za) U (YY) x Z3) U (Y9 x Z3) = (Y2 x Zs) U((YPUYY) x Z3) = a

if Y2 =Y, Y)UY{ = Yy The last equalities are possible since |Y) UY{| > 1 (|YY| > 0 by the
assumption). Item (c) of Lemma 2.4 is proved.

(d) Let quasinormal representations of binary relations 6, 8 have the form
6= (Y3 x Zs) U (Y x Za) U (Y3 x Z3),
B =(Zs x Zs) U((Zs\ Z1) x Z3) U (X \ (D \ (Z1\ Z5))) x Z1),
where Y2 Y € {@}. Then item (b) of Lemma 2.3 implies that 3 is generated by elements of the set
B(2ly), 6 € B(y), and Zs = Zy, Zuf = Zs U Zy = Zy, Z38 = Z5 U 2y = Z,
5o B = (Y x ZsB) U(Y{ x Z4B) U (Y5 x Z33)
= (Y2 x Zy)U(Y) x Z1)U (Y9 x Z1) = (Y2 x Zs) U (Y UYS) x Z1) = a

if Y2 =Y, Y)UY{ = Y. The last equalities are possible since |V UY{| > 1 (|YY| > 0 by the
assumption). Item (d) of Lemma 2.4 is proved.

(e) Let quasinormal representations of binary relations 4, f have the form
8= (Y3 x Zs) U (Y x Za) U (Y3 x Z3),
B=((Z2\ Z1) x Zs) U (Zs x Z3) U (X \ (D \ (Z1\ Z5))) x Z1),
where Y2 Y € {@}. Then item (b) of Lemma 2.3 implies that 3 is generated by elements of the set
B(p), 6 € B(2y), and Zsff = Z3, Zuf = Zs U Z1 = Zy, Z3f = Zs U Z) = 73,
§of= (Y x ZsB) U (Y] x Z4B) U (Y] x Zsp)
= (Ys x Z3) U (YD x Z1) U (Y5 x Z1) = (Y5 x Z3) U (YL UYS) x Z1) = a

if Y2 =Y, Y)UY{ = Y. The last equalities are possible since |Y) UY{| > 1 (|YY| > 0 by the
assumption). Item (e) of Lemma 2.4 is proved.

(f) Let quasinormal representations of binary relations ¢, 5 have the form
6= (Y2 x Zs) U (Y x Zy) U (Y3 x Z3),
B=((PoUPUPy) x Zs) U (P x Z1) U ((X\ (D \ (PsUP5))) x D),
where Y?,Y) € {&}. Then item (e) of Lemma 2.3 implies that 3 is generated by elements of the set
B(2y), 6 € B(Uo), and ZsB = Zs, ZaS = ZsUD =D, Z3 = Zs UD = D,
dof = (Y5 x ZsP) U (Yy x Z4B) U (Y5 x Z3P)
= (Y x Z) U (Y x D)U (Y] x D) = (Y x Z5) U((Y) UYS) x D) = a
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if Y2 =Y, V) UY{ = Y§. The last equalities are possible since |Y) UY{| > 1 (|YY| > 0 by the
assumption). Item (f) of Lemma 2.4 is proved.

(g) Let quasinormal representations of binary relations ¢, 5 have the form
6= (Y2 x Zs) U (Y x Z4) U (Y x Z3),
B=((PoUPUPy) x Zs)U (P x Z1) U ((X\(D\ (PsUPs))) x D),
where Y2, Y € {@}. Then item (f) of Lemma 2.3 ir{lplies that /8 is ugenefated by elements of the set
B(2lp), d € B(p), and Zsp = Zy, Zsf = Z5; UD =D, Z3f=ZsUD =D,
b0 f= (Y5 x ZsB) U (Yy x ZaB) U (Y5 x Z3B)
= (V8  Z5) U (Y x D)U (Y] x D) = (V2 x Z1) U (¥ UYP) x D) = a

if Y2 = Y, Y)UY) = Y. The last equalities are possible since |V UY{| > 1 (|Y{| > 0 by the
assumption). Item (g) of Lemma 2.4 is proved.

(h) Let quasinormal representations of binary relations 6, 8 have the form
6= (Y2 x Zs) U (Y x Zy) U (Y3 x Z3),
B=((PoUPUPy) x Z3) U (P x Z1) U ((X\ (D \ (PsUPs))) x D),
where Y2, Y € {@}. Then item (g) of Lemma 2.3 ir{lplies that isugenefated by elements of the set
B(2lp), d € B(lp), and Zsp = Z3, Zyf = Z5; UD =D, Z3f=ZsUD = D,
00 f = (Y5 x ZsB) U (Y] x Z4B) U (Y3 x ZsP)
= (Y5 x Z5) U (Y x D)U (Y5 x D) = (Y3 x Z3) U((Y{ UY§) x D) = a

if Y9 = Y&, Y)UYY = Y. The last equalities are possible since |V UY{| > 1 (|Y{| > 0 by the
assumption). Item (h) of Lemma 2.4 is proved.

(i) Let quasinormal representations of binary relations ¢, 8 have the form
6= (Y9 x Zy) U (Y{ x Z1) U (YY) x D),
B=((PyUPLUPsUP,UDPs) X Zo)U(Py x Z1) U ((X\ D) x D),
where Y9, V? € {@}. Then we have 6,3 € B() and Zo3 = Zy, Z1f = Zy U Z; = D, DB = D,
§of= (Y3 x Z2B) U (Y x Z18) U (Yy x DB)
— (Yf x Z) U(Y{ x DYU (V¢ x D) = (¥§ x Z) U((Y{ UY§) x D) = a

if VY = Yy, Y UYY = Y§. The last equalities are possible since |Y? UY{| > 1 ([YZ| > 0 by the
assumption). Item (i) of Lemma 2.4 is proved.

(j) Let quasinormal representations of binary relations 4, 5 have the form
6= (Y3 x Z) U (Y x Z1) U (Yy x D),
B=((PoUP,UP;UPUPs) x Z1) U(Py x Z2)U((X \ D) x D),
where Y3, Y} € {@}. Then we have §,3 € B(2o) and Z18 = Zy1, Zoff = Z1 U Zg = D, DB =D,
§of= (Y9 x Zof) U (Y] x Z1B) U (Y x DB)
— (Y x D)UY x Z1) U(Y¢ x D) = (v x Z) U ((Y$ UYE) x D) = a
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if Y = Y2, Y UYS = Y§. The last equalities are possible since |Yy UYJ| > 1 ([YZ| > 0 by the
assumption). Item (j) of Lemma 2.4 is proved. O

Lemma 2.5. Let D € 1 ¢(X,6). Then the following assertions hold.

(a) Let T € {Zs, Zl,lu)} and o = X x T, then « is generated by elements of the elements of the set
B(y).

(b) If X\ D| > 1 and T € {Zs, Zs, Zo}, then the binary relation o = X x T is generated by elements
of the elements of the set B(2y).

(c) If X = Dand T e {Z5,Z4,Z5}, then the binary relation « = X x T is an external element for
the semigroup Bx (D).

Proof. Ttem (a).
(1) Let quasinormal representations of binary relations d, 5 have the form
6= (Y9 x Zy) U (Y{ x Z1) U (YY) x D),
B=(Z5 x Za)U((D\ Zs) x Z1) U ((X \ D) x D),

9]

where %@5,3/15 € {@}. Then we have 6,8 € B(o) and Zoff = Zo U Zy = D, Z18 = Zy U Z; = D,
Dg =D,
b0 f=(Ys x ZB)U (Y] x Z1B)U (Y7 x DB)
= (VP xDYU (Y] x DYU (Y x D) = (Y9 x Zy) = X x D = q,
(2) Let quasinormal representations of binary relations ¢, 5 have the form
0= (Y5 x Zs) U (Y{ x Z),
B =(Zs x Z3) U((D\ Zs) x Z1) U ((X \ D) x D),

where Y{,Y{ € {@}. Then, by item (e) of Lemma 2.4 and by item (g) of Lemma 2.3, binary relations
0 and (3 are generated by elements of the set B(Rly) and Z3sf8 = Zs U Zy = Z1, Z1f = Z3 U Zy = 74,

b0 =Y x Z3B)U (Y x Z18) = (Y x Z)U (Y x Z)) =X x Z, = a,
(3) Let quasinormal representations of binary relations ¢, 5 have the form
6= (Y2 x Zs) U (Y] x Zy) U (Y] x Z3),
8= (25N Zs) x Z5) U ((D\ (Z5 N Za)) x Z4) U (X \ D) x Zy),

where Y2V} € {@}. Then we have 6,3 € B(lo) and Zs8 = Zs U Zy = Z3, Z4f = Z4 U Zs = Z3,
ZS/B - Z37

S0 B = (YD x ZsB) U (Y] x ZuB) U (Y9 x Z3B) = (Y2 x Z3) U (Y x Z3) U (YD x Z3) = X X Z3 = a,
Item (a) of Lemma 2.5 is proved.
(b) Let a quasinormal representation of a binary relation ¢ have the form
6= (Y2 x Zs) U (Y x Zy) U(YS x Z3) U (Y x Zy),

where Y2, Y/, VY € {@}, then § € B(p) \ {a}. Let a quasinormal representation of a binary relation

3 have the form 3= (D xT)U |J ({t'} x f(t')), where f is any mapping of the set X \ D to the
t'eXx\D
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set {Zs, Za, Zo} \{T'}. It is easy to see that § # « and two elements of the set {Z4, Z3 , Z>} belong to
the semilattice V(D, ), i.e., 6 € B(20p) \ {a}. In this case, we have Z58 = Z40 = Zsf = Z18 =T,
bof= (Y] x Z:5) U (Y] x Z4B) U (Y x Z3B) U (Y] x Z13)
=YW xT)UY) xTHYUYIxTYU Y xT) =Y UY UYSUY) xT=XxT = a,

since the representation of the binary relation § is quasinormal. Thus, element « is generated by
elements of the set B(2lp). Item (b) of Lemma 2.5 is proved.

(c)Let X =D, o= X x T for some T € {Zs,Z4, Zo} and oo = § o 8 for some 0,3 € Bx(D) \ {a}.
Then, from Egs. (2.3) and (2.4), we obtain that
Zsp =248 = 238 = Zofp = Z1f = DB =T,
Pp=Pf=Pp=Pp=P3=Pp=T,

since T' is a minimal element of the semilattice D.
Now, let a subquasinormal representation 5 of a binary relation  have the form

8= ((POUP1UP2UP3UP4UP5) XT)U U ({t,} XBQ(t,)),
t'eXx\D

where 8, = <];9 ?1 ];2 ];f’ };4 ?f’) is a normal mapping. But the complement mapping [, is

empty since X \ D = J, i.e., in this case, the subquasinormal representation 8 of a binary relation
B is uniquely defined. Therefore, we have g8 = f = X x T = «, which contradicts the condition that

B¢ Bx(D)\ a. }
Therefore, if X = D and o = X x T, for some T € {Z5,Z4, Z5}, then « is an external element of
the semigroup Bx (D). Item (c) of Lemma 2.5 is proved. O

Theorem 2.6. Let D € 31 o(X,6) and
Ao = {{25,24,23,22,1“)}, {Zs5, 24, 73, 21, D}, {Zs, 23, 29, Z0, DY, {Z4, Z3, Z5, Z1, D},
{Zs5, 24, Z3, 71}, {Zs5, 24, Z3, D}, {Zs, Z3, Zo, D}, {Z5, 2o, Z0, D}, {Z4, Z3, Z3, D},
{Z4, 29,2, D}, {Zs,Zo, Z1, D}, {Zs, 24,25}, {Z5,Za, D},
(Z4, Zo, DY, {Zs, Zs, D}, {ZQ,Zl,D}},
B(3ly) = {a € Bx(D)| V(X*,a) € 210}, By = {a € Bx(D)| V(X*,a) = D}.

Then the following assertions hold:

(a) if | X \ D| > 1, then Sy = By U B(g) is an irreducible generating set for the semigroup Bx (D);

(b) if X = D, then Sy = By U B(o) U{X x Zs, X X Z4, X X Zs} is an irreducible generating set for
the semigroup Bx (D).

Proof. Let D € $1(X,5) and | X \ D| > 1. First, we prove that each element of the semigroup Bx (D)
is generated by elements of the set Sy. Indeed, let & be an arbitrary element of the semigroup Bx (D).
Then a quasinormal representation of a binary relation « has the form

a= (Y5 x Zs) U (Y x Zg) U (Y5¥ x Z3) U (Yy' X Zo) U (Y™ x Z1) U (Yy* x D),
where YUY UYSUYF UYPUYR =X and YANYY =@ (0 <i#j <4). For [V(X*,a)], we
consider the following cases:
(1) [V(X*,a)| = 6. Then o € By and By C Sy by the definition of the set Sy.
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(2) [V(X*,«)| = 5. Then
s = {{25724,23722713}7{Z5,Z4,Z3,Z1,D}a{257Z37szZLD},{Z4,Z3,Z2,21,D}} -t

ie., a € B(2) and B(™y) C So by the definition of the set Sp.
(3) |[V(X*,a)| = 4. Then we have

Ay = {{Zs, Z4, Z3, Z1},{Zs5, Z4, Z3, D},{Zs5, Z3, Zo, D},
(Zs, Za, Z1, D}, {Z4, Z3, Zo, D}, {Z4, Zo, Z1, D},
(23, Z, Z1, D}, {Zs, Z3, Z1, D},{Z4, Z3, Z1, D} }.
By the definition of the set 20y, we have
V(X*,a) € {{Z5, 24, Z3, Z1},{Z5, Z4, Z3, D},{Z5, Z3, Zo, D},
{Zs, 25,2, D},{Z4, Z3, Z2, D},{ Zs, Z2, Z\, D},{Z3, Zo, Z1, D} },
i.e., in this case, o € B(ly) an(ui B(2ly) C Sop b}i the definition of the set Sp.
If V(X*, «) € {{Z5,25,21,D},{Z4, Z3,Z1,D}}, then items (a) and (b) of Lemma 2.2 imply that
the element « is generated by elements of B(2ly) and B(2ly) C Sy by the definition of the set Sy.
(4) |V(X*,a)| = 3. Then we have
V(X*,a) € A3 = {{Zs, Z4, Z3},{Zs5, Zo, D}, {Zs, Zo, D},
(Z9, 21, D}, {Zs, Z3, Z0},{ Z4, Z3, Z1},{Zs5, Z3, D},
(Zs, Zy, D}, {Z4, Z3, DY Z4, Z1, D},{Z3, Zo, D}, {Z3, Z1, D} }.
By the definition of the set 20y, we have
({Zs, Z4, Z3},{Zs, Zo, D}, { Z4, Zo, D}, {Z3, Zo, D},{Z>, Z1, D} } C 2y,

i.e., in this case, o € B(Ry) and B(2ly) C Sp by the definition of the set Sy.
If

V(X*,a) € {{Z5, 23,21}, {24, Z3, Z1}{ Z5, Z3, D},
{Z57 Z17 §}7 {Z47 Z37 ﬁ}7 {Z47 Zl7 D}J {Z37 Z17 ﬁ}}7

then items (a)-(g) of Lemma 2.3 imply that the element « is generated by elements of B(2(y) and
B(2lp) C Sy by the definition of the set Sp.

(5) |[V(X*,a)| = 2. Then we have
V(X*, o) € Uy = {{Zs, Z3}.{Z5, 21}, {24, Z3},{Z4, Z1},
{Z3721}7{Z57D}7{Z47D}7{Z37D}7{ZQ7D}7{217D}}'

Then items (a)—(j) of Lemma 2.4 imply that the element « is generated by elements of B(2ly) and
B(2lp) C Sy by the definition of the set Sp.

(6) |V(X* a)| = 1. Then we have
V(X*7a) S Q[1 = {{25}7 {Z4}7 {23}7 {Z2}7 {Zl}a {D}}

If V(X* a) € {{Zs},{Zs},{Z3},{Z2},{Z1},{D}}, then item (a) of Lemma 2.5 implies that the
element « is generated by elements of B(2ly) and B(2ly) C Sp by the definition of the set Sy.

Thus, we have that S is a generating set for the semigroup Bx (D).

If | X\ D| > 1, then the set Sy is an irreducible generating set for the semigroup Bx (D) since Sy is
a set of external elements of the semigroup Bx (D). Item (a) of Theorem 2.6 is proved.
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(b) Now, let D € $19(X,6) and X = D. First, we prove that each element of the semigroup Bx (D)
is generated by elements of the set S1. The cases (1), (2), (3), (4), and (5) are proved similarly to the
cases (1), (2), (3), (4), and (5) given above. We consider the case, where

V(X*7a) € Q[1 = {{25}7{24}7 {23}7 {Z2}7{Zl}7 {D}}

IfV(X* ) € {{Z3},{Z1},{D}}, then item (a) of Lemma 2.5 implies that the element « is generated
by elements of B(2ly) and B(2ly) C Sy by the definition of the set Sj.

I V(X* o) e {{Zs},{Zs},{Z2}}, then o € S by the definition of the set Sj.

Thus, we have that S; is a generating set for the semigroup Bx (D).

If X = lu?, then the set S; is an irreducible generating set for the semigroup Bx (D) since S; is a
set of external elements of the semigroup Bx (D). Item (b) of Theorem 2.6 is proved. O

Theorem 2.7. Let D = {Zy, Zs, Zs, Z1, D} € £10(X,6) and

Ap = {{25724,23,22,D}7 {Zs, Z4, Z3, 21, D}, {Zs,Z3, Za, Z1, D}, {Z4,Z3, Z2, Z1, D},
{25724723721}7 {Z57247237D}7 {Z5vz37227b}7 {257227ZI7D}7 {Z47237227D}7 {Z47227217D}7
{Z3, Zo, Z1, D}, {Zs, Z4, 23}, {Zs5, Zo, D}, {Za, Zo, D}, {Z?,,Zz,b},{zz,zhb}},

B(2Ag) = {a e Bx(D) | V(X*,a) € 210}, By = {a e Bx(D) | V(X*,a) = D}.

Then the following assertions hold:
(a) iof | X\ D| > 1, then the number |Sy| of elements of the set

So = By U B(2lp)

is equal to
|So] = 6" — 4™ —2.3" +2.9m,
(b) if X = D, then the number |Sy| of elements of the set
S1=BoUBlo) U{X X Zy, X x Z3,X X Zo}

is equal to
|S1]=6" —4"—2.3"+2.2" + 3.

Proof. Let the number of elements of the set X be equal to n, i.e., | X| =n. Let S,, = {1,902, ..., 0n}
be the group of all one-to-one mappings of the set M = {1,2,...,n} to itself and let v;;, ¥iy, .., ¥i,,
(m < n) be arbitrary elements of the group S, Y,,,Y,,,...,Y,, be an arbitrary partitioning of the
set X. We denote by k' the number of elements of the set {Y,,,Y,,,...,Y,,, }. It is well known that

kM = f: (_1)m+i Cn—1
"2 (i 1)) (m )
If m=2,3,4,5,6, then we have
- 1 _ _ 1
k2 =onl 1, k;”;:2-3”1—2"1+2,
1 1 1 1
k‘4 — . 4n—l o 3n—1 X 2n—1 _
"6 2 0 T ’
1 1 1 1 1
k5 — i 5n—1 o . 4n—l . 3n—1 . 2n—1
24 6 " 4 6 * 247
1 1 1 1 1 1
kG — . 6n—1 _ . 5n—1 X 411—1 _ i 311—1 i 2n—1 o .
" 120 24 * 12 12 * 24 120
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Let Y,,, Y,, be any two elements of the partitioning of the set X and
,B = (YQPI X Tl) U (Ygoz X Tg),

where T1,T5 € D and T} # T,. Then number of different binary relations 5 of the semigroup Bx (D)
is equal to

2. k2 =2"—2. (2.5)

Let Yy, Y,,, and Y, be any three-element partitioning of the set X and = (Y, x T1) U (Y, x
Ty) U (Yy, x T3), where Ty, Th, and T3 are pairwise different elements of a given semilattice D. Then
the number of distinct binary relations 3 of the semigroup Bx (D) is equal to

6-k3=3"—-3-2"+3. (2.6)
Let Y,,, Y,,, Y,,, and Y, be any four-element partitioning of the set X and
B = (Ysm X Tl) U (Y<P2 X TQ) U (Y% X TS) U (Ym X T4)7

where 17, Ts, T3, and Ty are pairwise different elements of a given semilattice D. Then the number of
distinct binary relations /5 of the semigroup Bx (D) is equal to

24 kb =4"—4.3" 462" — 4. (2.7)
Let Y,,, Y,,, Y,,, Y,,, and Y, be any four-element partitioning of the set X and
B = (chl X Tl) U (ngg X T2) U (Y% X T3) U (Ym X T4) U (Y% X T5)7

where 17, T, T5, Ty, and Ty are pairwise different elements of a given semilattice D. Then the number
of distinct binary relations 3 of the semigroup Bx (D) is equal to

120 - k> =5" —5-4" +10-3" — 10 - 2" + 5. (2.8)
Y, Y,,, Y, Y,,, Y,,, and Y, is any six-element partitioning of the set X and
B = (chl X Tl) U (ngg X T2) U (Y% X T3) U (Ym X T4) U (sz X T5) U (Y% X Tﬁ)r

where T4, Ty, T3, Ty, T5, and Ty are pairwise different elements of a given semilattice D. Then the
number of distinct binary relations 8 of the semigroup Bx (D) is equal to

720 - kS = 6" —6-5" +15-4" —20-3" +15-2" — 6. (2.9)
If @ € By, then a quasinormal representation of a binary relation « has the form
a= (Y5 x Zs) U (Y x Zg) U (Y5¥ x Z3) U (Yy" x Zo) U (Y x Z1) U (Yg* x D),

where Y&, Y, Y, Y™ ¢ {@} and the system Y, Y, Yy, Y, or the system Y2, Y7, V2, Y9 Y}, or
the system Y55, Y45, Y25, Y15, Y05, or the system Y55, Yf, Y35, Y25, Y15, YO‘S is a partitioning of the set X.
Let the system Y55, Yf, Y25, or the system Y*, Y*, Y3¥, Y|*, or the system Y55, Yf, Y35, Y25, Yl‘s or
the system Y55, Yf, Y25, Y15, Y05, or the system Y5*, Y, Y3¥, Y3, Y|, Y§* be a partitioning of the set
X. This and Egs. (2.6)(2.9) imply that
|Bo| = (4" —4-3"+6-2"—4)+2-(5"—=5-4"+10-3" —10-2" +5)
+(6"—-6-5"4+15-4"—-20-3"+15-2" —-6)=6"—4-5"4+6-4" —4-3" +2".
Now, we find the number of elements of the set B(2y). We have the following.

(1) If a quasinormal representation of a binary relation « has the form

a = (Y& x Zs) U (YP x Z4) U (YE x Z3) U (Y x Zo) U (YE x D),
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where Y, Y, Y5* & {@}, then the partitioning of the set X has following form: Ygs , Y45, Y3‘s , Y25, YO‘s ,
or Y55, Yf, Y25, Y05, or Y2, V&M, Y Y, or Y, Y, Vs and, from Egs. (2.6)-(2.8), the number of
binary relations « is equal to
mp = (5" —-5-4"4+10-3"—-10-2" +5)
+2-(4"—-4-3"+6-2"-4)4+3"-3-2"+3)=5"—-3-4"+3-3" 2"
(2) If a quasinormal representation of a binary relation « has the form
o= (Y& X Zs) U (Y % Z4) UV x Z3) U (Y x Z1) U (Y x D),
where Y, Y, V> ¢ {@}, then partitionings of the set X have the following forms: Y55, Y45, Y3‘s , Yf ,
Y05, or Y55, Y45, Y15, Y05, or Y55, Y45, Y35, YO‘s or Y, Y/, Y, and, from Egs. (2.6)—(2.8), the number of
binary relations « is equal to
mg = (5" —5-4"4+10-3"—-10-2" +5)
+2-(4"—-4-3"+6-2"-4)4+(3"-3-2"+3)=5"—-3-4"+3-3" - 2"
(3) If a quasinormal representation of a binary relation a has the form
o= (Y& x Zs) U (Y % Z3) U (VS x Zo) U (Y x Z1) U (Y x D),

where Y2, Y9, Y9 Y ¢ {@}, then partitionings of the set X have the following forms: Y2, Y{, Y3, Y7,
YO‘s , OT Ygs ) Y3‘s ) Y25, Y15, and, from Eqs. (2.7) and (2.8), the number of binary relations « is equal to

m3=(5"—-5-4"+10-3"-10-2"4+5)+ (4" —-4-3"+6-2" —4)=5"—4-4"+6-3" —4-2" + 1.
(4) If a quasinormal representation of a binary relation « has the form
a= (Y x Zy) U(Y3 x Z3) U (Y5' x Zy) U (Y x Z1) U (Y x lu)),

where Y, Y9 Y)Y ¢ {@}, then partitionings of the set X have the following forms: Y, Y{, YJ, Y7,
YY, or Y, Y, VP, YP, and, from Egs. (2.7) and (2.8), the number of binary relations « is equal to

mg=5"—-5-4"4+10-3"—-10-2"+5)+ (4" —-4-3"+6-2" —4)=5"—-4-4"+6-3" —-4-2" + 1.
(5) If a quasinormal representation of a binary relation a has the form
a= (Y5 x Z5) U (Y x Zy) U (Ys" x Z3) U (Y™ x Z7),

where Ygs , Y45, Yf ¢ {@}, then partitionings of the set X have the following forms: Ygs , Y45, Y3‘s , Yf , or
Ygs ) Y45, Y15, and, from Eqs. (2.6) and (2.7), the number of binary relations « is equal to

ms=(4"—-4-3"4+6-2"-4)+(3"-3-2"43)=4"-3-3"+3-2" - 1.
(6) If a quasinormal representation of a binary relation a has the form
o= (Y& X Zs) U (Y x Zy) U (Y x Z3) U (Y x D),

where Y2,V Y{ € {@}, then partitionings of the set X have the following forms: Y2, Y, Y{, Y, or
Y2, Y], V¢, and, from Egs. (2.6) and (2.7), the number of binary relations « is equal to

mr=(4"-4-3"4+6-2"-4)+3"-3-2"+3)=4"-3-3"+3-2" - 1.
(7) If a quasinormal representation of a binary relation « has the form
o = (Y x Z5) U (Y§ x Z3) U (VS x Zo)U (Y¢* x D),

where Ygs , Y35, Y25 ¢ {@}, then partitionings of the set X have the following forms: Ygs , Y35, Y25 , YO‘s , or
Y2, Y9, VY and, from Egs. (2.6) and (2.7), the number of binary relations « is equal to

mg=(4"—4-3"4+6-2"—4)+ (3" —3.2"+3) =4" —3.3" +3.2" — 1.
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(8) If a quasinormal representation of a binary relation « has the form
o= (Y& x Zs) U (Y x Zo) U (Y x Z1) U (Y x D),

where Ygs , Y25, Yf ¢ {@}, then partitionings of the set X have the following forms: Ygs , Y25, Yf , YO‘s , or
Y2, YY), V), and, from Egs. (2.6) and (2.7), the number of binary relations « is equal to

mg=(4"—-4-3"4+6-2"-4)4+3"-3-2"+3)=4"-3-3"+3-2" - 1.
(9) If a quasinormal representation of a binary relation « has the form
o = (Y x Z3) U (Y§ x Z5) U (VS x Z2) U (V¢ x D),

where Yf , Y35, YQ‘s ¢ {@}, then partitionings of the set X have the following forms: Yf , Y35, YQ‘s , YO‘s , or
Yf ) Y35, Y25, and, from Eqs. (2.6) and (2.7), the number of binary relations « is equal to

mg=(4"—-4-3"+6-2"-4)+(3"-3-2"43)=4"-3-3"+3-2" - 1.
(10) If a quasinormal representation of a binary relation a has the form
o= (Y x Z) U (Y x Z) U (Y x Z1) U(YQ x D),

where Yf, Y2‘5, st ¢ {@}, then partitionings of the set X have the following forms: Yf, Y2‘5, Y15, Y05, or
YP, Y4, YY), and, from Egs. (2.6) and (2.7), the number of binary relations « is equal to

myp=4"—-4-3"+6-2"-4)+(3"-3-2"+3)=4"-3-3"4+3-2" — 1.
(11) If a quasinormal representation of a binary relation « has the form
o= (Y& x Z3) U (Y x Zo) U (Y x Z1) U (Y x D),

where Y3‘s , Y25, Yf ¢ {@}, then partitionings of the set X have the following forms: Y3‘s , Y25, Yf , YO‘s , or
Y3‘s ) Y25, Y15, and, from Eqs. (2.6) and (2.7), the number of binary relations « is equal to

mi = (4" —4-3"4+6-2" —4)+ (3" —3.2" +3) =4"—3.3"+3.2" — 1.
(12) If a quasinormal representation of a binary relation « has the form
o = (V& % Z5) U (Y} X Z4) U (V3"  Z3),

where Y?,Y} ¢ {@}, then partitionings of the set X have the following forms: Y2, Y), Y¥, or Y2, Y},
and, from Eqgs. (2.5) and (2.6), the number of binary relations « is equal to

mppg=3"-3-2"+3)+(2"-2)=3"-2-2"+ 1.
(13) If a quasinormal representation of a binary relation a has the form
o= (Y& x Zs) U (Y5 x Zy) U (Y x D),

where Y?,Yy ¢ {@}, then partitionings of the set X have the following forms: Y2, Y3, Y¢, or Y2, V3,
and, from Eqgs. (2.5) and (2.6), the number of binary relations « is equal to

miz=3"-3-2"+3)+(2"-2)=3"-2-2"+ 1.
(14) If a quasinormal representation of a binary relation « has the form
o= (Y x Z) U (Y x Zy) U (Y x D),

where Y}, Yy ¢ {@}, then partitionings of the set X have the following forms: Y, Y3, Y¢, or Y,), V3,
and, from Eqgs. (2.5) and (2.6), the number of binary relations « is equal to

myy=3"-3-2"+3)+(2"-2)=3"-2-2"+ 1.
(15) If a quasinormal representation of a binary relation a has the form

o = (Y9 x Z3) U (Vs x Zo) U (¥¢" x D),
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where Y35, YQ‘s ¢ {@}, then partitionings of the set X have the following forms: Y35, Y25, YO‘s , Or Y35, YQ‘s ,
and, from Egs. (2.5) and (2.6), the number of binary relations « is equal to

mis=(3"—3-2"+3)+ (2" —2)=3"—2.2" 4 1.
(16) If a quasinormal representation of a binary relation « has the form
a= (Y& x Zo) U (Y2 x Z) U (Y x D),

where Y25, Yf ¢ {@}, then partitionings of the set X have the following forms: Y25, Y15, YO‘s , Or Y25, Yf ,
and, from Egs. (2.5) and (2.6), the number of binary relations « is equal to

meg=(3"—-3-2"4+3)+(2"-2)=3"—-2-2"+ 1.
This implies that

16
m=|Bo)|=> mi=2-(5"—-3-4"+3-3"—2") 42 (5" —4-4" +6-3" —4.2" + 1)
=1

+7-(4"-3-3"4+3-2"—-1)+5-(3"—=2-2"+1)
=(2-5"-6-4"4+6-3"—2-2")+(2-5"—-8-4"4+12-3"—-8-2" +2)
+(7-4"=-21-3"421-2"-7)+(5-3"—10-2"+5)=4-5" —7-4" 423" + 2",
Therefore, we have
|So| = |BoUB(Rlp)|=(6"—4-5"4+6-4"—4-3"+2")+ (4-5" —=7-4"+2-3"42")
=6"—-4"—-2-3"+2-2",
11 = |Bo U B(0) U{X X Z5, X X Zs, X X Zo}| =6" —4" —2.3"+2.2" +3
since
ByNB(Rg) = BoN{X x Z5,X x Zy, X X Zo} = B(o) N{X X Z5, X x Z4, X X Zo} = @.
Theorem 2.7 is proved. U
3. Generating sets of the semigroupv of binary relzvitions defined by semilattices of the
class ¥11(X,6), where P=@ and [ X\ D|>1or X = D.

Definition 3.1. We denote by ;1 1(X,6) all semilattices D = {Z5,Z4,Z3,Zg,Zl,D} of the class
¥1(X,6), for which Z5s N Z4y N Zy = @. This inequality and the formal equalities (2.1) of a semilattice
D imply that Zs N ZyN Zy = Py = @, i.e., |X| >5since Ps # &, P, # O, Ps # 3, P, # &, P, # @.

In this section, we study irreducible generating sets of the semigroup Bx (D) defined by semilattices
of the class X1 1(X,6).

The following Lemmas 3.1, 3.3, 3.4, and 3.5 and Theorems 3.6 and 3.7 can be proved similarly to
Lemmas 2.1, 2.3, 2.4, and 2.5 and Theorems 2.6 and 2.7.

Lemma 3.1. Let D € %11(X,6) and @ = § o 8 for some a,d,5 € Bx(D). Then the following
assertions hold:

(@) let T\ T € {Z5,Z4,Z2}, T #T'; if T, T' € V(D, ), then « is an external element of the semigroup
Bx(D);
(b) if T €{Zs,Z1} and T, Zy € V(D, ), then « is an external element of the semigroup Bx (D).

Lemma 3.2. Let D € ¥11(X,6). Then the following assertions hold:
(a) if a quasinormal representation of a binary relation « has the form

o = (Y x Z5) U (Y x Z3) U (Y x Z3) U (Y¢" x D),
where Y, Y Y & {@}, then « is generated by elements of the elements of the set Bo;

708



(b)

if a quasinormal representation of a binary relation o has the form
a= (Y x Za) U (Y5 x Z3) U (Y x Z1) U (Y x D),
where Y, Y, Y & {@}, then o is generated by elements of the elements

Lemma 3.3. Let D € $11(X,6). Then the following assertions hold:

(a)

(b)

(2)

if a quasinormal representation of a binary relation has the form
o= (Y::’a X Z5) U (YE;,OC X Zg) U (Yla X Zl),

where Y, Y, Y & {@}, then o is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o= (}/40{ X Z4) U (}/304 X Zg) U (Yla X Zl),

where Y, Y, Y & {@}, then « is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o= (Y& x Zs) U (Y x Z3) U (Y x D),

where Y2, Y Y & {@}, then « is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

a= (Y x Zy) U (Y x Z3) U (Y x D),

where Y, Y, Y5* & {@}, then o is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o= (Y& x Zs) U (Y2 x Z) U (Y x D),

where Y2, Y*, Y & {@}, then « is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

a= (Y x Z)U Y2 x Z) U x D),

where Y, Y*, Y & {@}, then « is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

a= (Y5 x Zs) U (Y x Z1) U (Yg* x D),
where Y5, Y2, Y5* & {@}, then o is generated by elements of the elements

Lemma 3.4. Let D € ¥11(X,6). Then the following assertions hold:

(a)

(b)

if a quasinormal representation of a binary relation has the form

o= (Ysa X Z5) @] (YE;’Q X Zg),

of the

of the

of the

of the

of the

of the

of the

of the

set By;

set B(o);

set B(o);

set B(2p);

set B(o);

set B(o);

set B(2p);

set B(lo).

where Y, Y5 & {@}, then a is generated by elements of the elements of the set B(p);

if a quasinormal representation of a binary relation has the form

a= (Y x Zs) U (Y? x Z1),

where Y2, Y™ & {@}, then « is generated by elements of the elements of the set B(y);

if a quasinormal representation of a binary relation has the form

o = (Yf X Z4) U (Yéa X Zg),

where Y, Y & {@}, then o is generated by elements of the elements of the set B(y);

if a quasinormal representation of a binary relation has the form

a= (Y x Z) U (Y2 x Zy),

where Y, Y™ & {@}, then « is generated by elements of the elements of the set B(2ly);
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if a quasinormal representation of a binary relation has the form
o = (Y5 x Z3) U (Y x Z4),

where YL, Y™ & {@}, then o is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o= (Y& x Zs) U (YQ x D),

where Y2, Y & {@}, then o is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

a= (Y x Zy) U(YQ x D),

where Y, Y & {@}, then a is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o = (Y8 x Z3) U (Yg x D),

where Y, Y & {@}, then « is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

o= (Y5 x Zo) U (YE x D),

where Y3*, Y & {@}, then o is generated by elements of the elements
if a quasinormal representation of a binary relation has the form

a= (Y x Z)U(YQ x D),

where Y\*, Y & {@}, then o is generated by elements of the elements

Lemma 3.5. Let D € £11(X,6). Then the following assertions hold:
let T € {Zg,Zl,D} and o = X x T, then « is generated by elements of the elements of the set

(a)
(b)
()

B(2o);

of the set B(p);

of the set B(p);

of the set B(p);

of the set B(p);

of the set B(p);

of the set B(2p).

if | X\ D| > 1 and T € {Z5,Zy, Zo}, then the binary relation o = X x T is generated by elements

of the elements of the set B(2lp);

if X = D and T € {Zs5,Z4,Z5}, then the binary relation o« = X x T is an external element for

the semigroup Bx (D).

Theorem 3.6. Let D € ¥4 1(X,6) and

Q[0: {{Z57Z47ZS7Z27ﬁ}7 {Z57Z47237zl7b}7 {Z57Z37Z27Z17ﬁ}7 {Z47ZS7Z27217ﬁ}7

{25724723721}7 {Z57247237D}7 {Z5vz37227b}7 {257227ZI7D}7 {Z47237227D}7 {Z47227217D}7
{Z3,25,21,D}, {Zs, 24, Zs}, {Z5,Z, D}, {Z4, 25, D}, {Z3,2>,D}, {Zz,ZlJu)}},

B(Ao) = {a € Bx(D) | V(X*,a) €2}, By= {a e Bx(D) | V(X*,a) = D}.

Then the following assertions hold:
(a) if | X \ D| > 1, then

So = By U B(Q[o)

is an irreducible generating set for the semigroup Bx(D);

(b) if X = D, then
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Theorem 3.7. Let D = {Zy, Zs, Zs, Z1,D} € £1.1(X,6) and
Ez[0: {{257247237227§}7 {Z57Z47Z37217D}7 {Z57237227217ﬁ}7 {Z47Z37Z27217D}7
{Z5,Z4,Zg,Zl}, {Z5>Z4>Z3>D}7 {Z5vz3az2al§}7 {Z5,Zg,Zl,D}, {Z4>Z3>Z2>D}7 {Z4,Zg,Zl,l§},
{Z3, 25,21, DY}, {Zs,Z4, Z3}, {Zs, 22, D}, {Z4, Z2,D}, {Z3, 25, D}, {Z2>ZI>D}}>

B() = {a € Bx(D)| V(X*,a) €%}, Bo={aeBx(D)| V(X*,a)=D}.
Then the following assertions hold:
(a) if | X \ D| > 1, then the number |So| of elements of the set

So = By U B(2lp)
is equal to
1So| = 67 — 4" —2.3" 4 2.2,
(b) if X = D, then the number |Sy| of elements of the set
S1=BoUBo) U{X X Zy, X x Z3,X X Zo}

is equal to
|S1] =6" —4"—2.3"+2.2" +3.
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