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ON CONTINUOUS AND BOUNDED SOLUTIONS OF THE SYSTEMS OF
DIFFERENCE-FUNCTIONAL EQUATIONS WITH NUMEROUS
DEVIATIONS OF THE ARGUMENT

T. O. Yeromina! and O. A. Povarova® 3 UDC 517.9

We establish the existence conditions for continuous solutions of a class of systems of linear functional-
difference equations with numerous deviations of the argument, propose a method for the construction of
these solutions, and study the structure of the set of solutions of this kind.

Consider a system of linear equations

k
x(qt) = Ax(t) + Y _ Bi()x(t + A; (1)) + F(1), (1)
Jj=1
wherer € R, 4, B;(t), j = 1,...,k, are some real (n x n) matrices, g is a real constant, F(¢) is a real vector of
dimension n, and Aj(1):R — R, j = 1,..., k. Systems of linear difference and functional-difference equations

were considered, e.g., in [1-8]. We study the problem of existence of continuous solutions bounded for t > T in
the case where the following conditions are satisfied:

1) all elements of the matrices Bj(¢), j = 1,...,k, and the vector F () are functions bounded for t > T';

2) the functions A;(t), j = 1,...,k, are continuous and bounded for > T and, in addition, A;(¢) > 1,
q #0;

3) sup|Bj(t)| =bj,j=1,....k,sup, |F(t)| = M, and
t

n
|A| = max laij| =a < 1;
1§i§nj=1

k

- Zl=1 by

4) A= <1.

1—a

The following theorem is true:
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Theorem 1. Suppose that conditions 1)—4) are satisfied. Then the system of equations (1) possesses a unique
solution x(t) continuous and bounded fort > T and represented in the form of a series

o
x() =Y xi0), )
i=0
where x;(t),i = 0,1, ..., are vector functions continuous and bounded fort > T.

Proof. Substituting (2) in (1), we obtain
o0 00 k o0
Y oxilgr) =AY xi(t)+ Y Bi(t) Y xi(t + Aj(@)) + F(2).
i=0 i=0 j=1 i=0

This directly implies that if the vector functions x;(¢), i = 0, 1,..., are solutions of the following sequence
of the systems of equations:

xo(gqt) = Axo(t) + F(t). (30)
k
xi(gt) = Axi(1) + Y Bj(O)xi1(t + Aj (1), i=1.2,..., (3i)
j=1

then series (2) is a formal solution of the system of equations (1).
By direct substitution in (3¢g), we can show that the series

xo(1) =Y  ATF(q"YTD), (4o)

j=0

is a formal solution of the system of equations (4¢). Moreover, by virtue of conditions 1)-4), series (4¢) is uniformly
convergent for all # € R and satisfies the condition

|xo(r)|si\AfHF(q—U“)r)(sMiaf< M _w
0

, £ T 1l—a
We now successively consider the systems of equations (3;), i = 1,2,.... This enables us to show that the
series
xi(t) = ZA/ ZB; —U+Dy) (q—U“)r + A (q_(j+1)t)) L i=1,2,..., (4))
j=0 =1
is uniformly convergent for ¢ € R to certain continuous vector functions x;(¢), i = 1,2, ..., which are solutions
of the corresponding systems (3;),7 = 1,2, ..., and satisfy the conditions

Ixi()| < M'A*, i=1,2,.... (5:)
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Indeed, in view of (41) and conditions 1)—4), we obtain

00 k
@1 = Y147 | 30 |Bila™0* 00| xo (479 0r + (7001

j=0 I=1
k
,00 'k /Zl lbl ’'x
<M J by < M—=—__ = M'A.

Hence, estimate (51) is true. We proceed by induction and assume that estimate (5;) holds for some i > 1 and
prove it for i + 1. Indeed, by using (4;+1), (5;), and the conditions of the theorem, we get

00 k
i1 (O < Y A Z‘Bl(q—(j+l)t)‘ ‘Xi—l (q—(j+1), i Aj(q—(jﬂ)t))‘
j=0 =1

k

= j ‘ oo | AL < a7 Zl—lbl Al = M A
< < _— = .

Thus, estimates (5;) are true for all i > 1.

Hence, series (4;), i = 0,1,..., are uniformly convergent for all #¥ > 7 > 0 to certain continuous vector
functions x;(¢), i = 0,1,..., satisfying estimates (5;), i = 0, 1,.... Thus, it directly follows from (5;), i =
0,1,..., that series (2) uniformly converges for all € R to a certain continuous vector function x(¢), which is a
solution of the system of equations (1).

We now assume that system (1) has one more solution y(¢) such that y(¢) # x(z). Since
k
Y(gn) = Ay(0) + ) Bi(0)y(t + A; (@) + F@),
j=1
by using the conditions of Theorem 1, we obtain

k
(@) = y(@D)] < JAlx(@) = y O+ Y 1B (O] 1x(t + Aj(1) = y(t + A ()]
j=1

A

k
a+ 3 by | Ix@) =y,
j=1

where

lx() =yl = max x(t) — y(1)].
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This yields the relation

k
Ix@) =y < la+ D bj | lIIx@®) = y®)].

j=1

However, according to the conditions of the theorem, this may be true only for y(¢) = x(¢). The obtained contra-
diction completes the proof.

In (1), we perform a one-to-one change of variables

x(1) = y(@) + y(0),

where y(¢) is the above-constructed continuous solution of system (1) bounded for ¢ > T. As a result, we reduce
the investigation of the system of equations (1) to the analysis of the following system of equations:

k

Y(gt) = Ay() + Y Bi()y(t + A (1))
ji=1

Under the conditions of Theorem 1, this system of equations possesses a unique solution y = 0 continuous for
t € R. However, under certain additional conditions, it has infinitely many solutions continuous for t > T > 0.
For the sake of simplicity, we prove this fact in the case where A; () = j, j = 1,...,k, and the matrix A has the
form A = A = diag(A1,...,An), Wwhere 0 < A; < 1,i =1,...,n.

Hence, we now consider the system of equations

k
y(gt) = Ay(®)+ > Bi(0)y(t + j) (6)
Jj=1

and prove the following theorem:

Theorem 2. Suppose that the conditions of Theorem 1 and the conditions

(i) O<Ai<l,i=1,...,n,qg>1;

k
Zl:l bj

(ii) A= T

< 1,wherebj =sup|Bj(t)|, j =1,....k, A* =max{A;,i =1,...,n},
t

are satisfied. Then the system of equations (6) has a family of solutions

continuous fort > T > 0 (T is a sufficiently large constant), which depends on an arbitrary continuous 1-periodic
vector function o(t).
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Proof. We show that the system of equations (6) has continuous solutions in the form of a series

o0
y@) =Y yi0), @)
i=0
where y;(¢),i = 0, 1,..., are certain continuous vector functions. Indeed, substituting (7) in (6), we obtain

00 00 k 00
D vilgty =AY yi)+ Y Bi0) Y yilt + j).
i=0 i=0 j=1 i=0

This directly implies that if the functions y;(¢), i = 0, 1,..., are solutions of the following sequence of systems
of equations:
yo(gt) = Ayo(r). (80)
k
yilgt) = Ayi@) + Y Bi@)yim1t +j). i=12,..., (81)
ji=1

then series (7) is a formal solution of the system of equations (6).
The system of equations (8¢) has a set of solutions continuous for t > T > 0 of the form

Int
yo(t) =t'w o %)
nq
where w(t) = (a)1 (1), wa(1),..., 0y (r)), wi(t),i = 1,...,n, are arbitrary continuous 1-periodic functions and
InAq InAoy InAp
—dlag(t ng g . f g )
Successively considering the systems of equations (8;), i = 1,2,..., we can show that they have formal
solutions in the form of series
yi(t) = ZAJ ZB, Uy (Y 1+ 1), =12, (9)
We now prove that, under the conditions of the theorem, series (9;), i = 1,2,..., uniformly converge to
certain continuous vector functions y;(t),i = 1,2, ..., satisfying the estimates
i) < MAT, i=12,.... (10)

Indeed, since

nAx ~
[yo@)| < [t o(v)] <t e M,
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where M = max |w(7)| and A, = min{A;,i = 1,...,n}, in view of (8;) and
T
InA
1A < 0,
Ing
we obtain

o0 k
Ol <D A Y ‘Bz(q_("“)t)‘ )yo(q‘("“)z i+ 1)‘
=0 =1

o0
Ing
Z|A|/ Z|bl|( = +l+1)

=1

k D, bl

m ; ~ -
<> () byl = M= < MA.
j=0

Thus, estimate (10) holds for i = 1. We assume that it is true for some i > 1 and prove it for i + 1. In view
of 9;+1), (10),i =1,2,..., we find

00 k
it = Y IAP | D [Bila™ 00| [y (a0 + 14 1)
j=0 I=1

j=0 I=
Thus, estimates (10) are true for all i > 1 and series (9;), i = 1,2,..., uniformly converge to certain
continuous vector functions y;(¢),i = 1,2, .... Hence, we have proved that series (7) is uniformly convergent for

allt > T > 0to a certain continuous function y(¢), which is a solution of the system of equations (6) and satisfies
the condition

1]

YOl <Y i@ <MY A <
i=0

i=0

Theorem 2 is proved.

Theorem 3. Suppose that the conditions of Theorem 1 and the conditions

(i) Ai>1,i=1,...,n,0<qg <1;

k
Zl=1 bj

(ii) A= Av — 1

<1, where b; =sup|Bj(t)],j =1,...,k, Ax =min{A;,i =1,...,n},
t
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are satisfied. Then the system of equations (6) has a family of solutions

= oef2)

continuous fort > T > 0 (T is a certain sufficiently large constant), which depends on an arbitrary continuous
1-periodic vector function w(t).

Proof. We now show that the system of equations (6) has continuous solutions in the form of a series
o0
y@) =) i), (11)
i=0

where y;(t),i = 0, 1,..., are continuous vector functions. Indeed, substituting (11) in (6), we obtain

() 0o k 0o
D vilgh) =AY yi@)+ ) B0 yilt + j).
i=0 i=0 j=1 i=0

This directly implies that if the functions y;(¢),i = 0, 1, ..., are solutions of the sequence of systems of equations
yo(gt) = Ayo(1), (120)
k
yl(qt):Ayl(t)+ZBJ(t)yl—l([+.])v i :17233 (121)
ji=1

then series (11) is a formal solution of the system of equations (6).
The system of equations (12¢) has a set of solutions continuous for ¢ > 7' > 0 of the form

Int
yo(t) =t"w (1—) : (130)
ng
where w(t) = (w1 (1), w2(7),...,wu (7)), Wi (1), i = 1,...,n, are arbitrary continuous 1-periodic functions, and

v InAq InAy InAp
t’ =diag (¢t e g .t ],

We successively consider the systems of equations (12;), i = 1,2,..., and show that they have formal solu-
tions in the form of the following series:

o0 k
yi) ==Y AYUTONBi@ t)yia(@lt 1+ 1), i =12, (13;)
Jj=0 =1
We now show that, under the conditions of the theorem, series (13;), i = 1,2,..., uniformly converge to

continuous vector functions y;(¢),i = 1,2, ..., satisfying the estimates
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yi()] < MA', i=1.2,.... (14)

Indeed, since

s ~ M
Yo <[] lo(x)] <174 M < ———.
t Ing
where M = max |o(7)| and Ay = min{A;,i = 1,...,n}, in view of (12;) and

ln)k*
Ing

<0,

we obtain

[e'e) k
i@ = DAY [Bia 0 [vota’t + 1+ 1)
Jj=0 I=1

SR T (& 1 \
=iy () (Xm

1=t (qg/t+1+1)Im

k

~Zl_1|b1| -
<M=—7]=—"— < MA.
< o1 =

Thus, estimate (14) holds for i = 1. We assume that it is true for some i > 1 and prove it for i + 1. Indeed,
according to (13;4+1) and (14),i = 1,2,..., we get

00 ) k . ‘
|J’i+1(t)|§Z{A—1|J‘H S Bi@ )| |yi@’t +1+1)
Jj=0 =1
s 1 j+1 k
1
<0y (7) S lbyla
Jj=0 =1
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- k
My, bl A
Ax
k
S bl
<M=Z=L_ A< MATT,
A — 1
Hence, estimates (14) are true for all i > 1 and series (13;),i = 1,2, ..., uniformly converge to certain continuous
vector functions y;(z), i = 1,2,.... This proves that series (11) is uniformly convergent forallt > T > Oto a

certain continuous function y(¢), which is a solution of the system of equations (6) and satisfies the condition

A

0o oo M
PO i) =By A = ——.
i=0 i=0

Theorem 3 is proved.
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