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DETERMINATION OF THE STATIC THERMOELASTIC STATE OF LAYERED
THERMOSENSITIVE PLATE, CYLINDER, AND SPHERE

B. V. Protsiuk UDC 539.3

We propose a method for the determination of static thermoelastic states of multilayer bodies of canoni-
cal shapes with regard for the thermal radiation, convective heat exchange, and arbitrary temperature
dependences of the physical and mechanical characteristics of the material under the action of surface
and volume heat sources. For the solution of the corresponding heat-conduction and thermoelasticity
problems with piecewise constant characteristics, we use the Kirchhoff transformation, Newton iterative
method, generalized functions, and Green functions. The results of numerical investigations are pre-
sented.

Keywords: thermosensitive plate, cylinder, sphere, thermal radiation, thermoelastic state, Kirchhoff
transformation, Newton iterative method, Green functions, generalized functions.

It is known that the presence of temperature-dependent physical and mechanical characteristics in mathe-
matical models used to describe the thermoelastic states of structural elements operating under the conditions of
significant temperature variations leads to the necessity of solution of nonlinear problems of heat conduction and
thermoelasticity with coordinate-dependent coefficients. Among the methods used for their solution, an im-
portant place is occupied by numerical-analytic methods including, in particular, the methods aimed at the de-
termination of temperature fields based on the Kirchhoff transformation. Most frequently, these methods are
used in the problems with linear [1-3, 5, 6, 8-10, 15, 16], quadratic [3, 4, 9], or cubic [9, 13] thermal conductivi-
ty coefficients. In [7, 15], for the solution of the corresponding problems, it was proposed to approximate physi-
cal and mechanical characteristics by piecewise constant functions of temperature.

In [13], without using the Kirchhoff transformation, the problems of heat conduction with heat fluxes and
temperature given on the surfaces of the first and last layers, respectively, were reduced to the solution of sys-
tems of integral Volterra equations of the second kind for any temperature dependences of the thermal conduc-
tivity coefficients.

In the present paper, we develop the approaches proposed in [4-6, 13, 15] and generalize them to the prob-
lems of evaluation of static thermoelastic states of multilayer bodies of canonical shapes with heat sources under
linear and nonlinear boundary conditions for any character of temperature dependences of the physical and me-
chanical characteristics of the layers whose thicknesses may be noticeably different.

In order to determine temperature fields, it is necessary to solve the problems of heat conduction with
boundary conditions of the first kind on one of the boundaries and of the second kind on the opposite boundary
for any dependence of the thermal conductivity coefficients on temperature. These problems are solved with the
help of the Kirchhoff transformation, generalized functions, Green functions, and the Newton iterative method.
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With the help of the solutions of these problems, the original problems are reduced to a single nonlinear algebra-
ic equation.

To determine the thermoelastic state of the plate, we use the solution of the problem of thermoelasticity in
stresses with boundary conditions satisfied on the cylindrical surface in the integral form.

The distributions of displacements, strains, and stresses in isotropic cylinders and spheres are described by
relations represented in the unified form. We obtain them from the analytic solutions of the systems of integro-
algebraic equations (in displacements) of the problems of thermoelasticity for piecewise inhomogeneous aniso-
tropic cylinders [11] and spheres [12]. The indicated solutions are found by the method of successive approxi-
mations in which we restrict ourselves to the first approximation. As the zero-order approximation, we take the
exact solutions of the problems of heat conduction for the corresponding multilayer bodies with constant moduli
of elasticity and Poisson's ratios and given temperature dependences of the coefficients of linear thermal expan-
sion.

1. Statement and Solution of the Problems of Heat Conduction

Assume that the bounding surfaces of the multilayer plate (k=0), cylinder (k=1), and sphere (k=2)
occupy the domains Xy, <x<X,, i=1,2,...,n, where n is the number of layers, and are either kept at tem-
peratures ¢, and f, or heated by convective heat exchange with media kept at temperatures ., and t,,
and by heat fluxes with densities g, and g¢,, respectively. The layers are in perfect contact and contain inter-
nal heat sources with density w(()i)w,(i)()"c) and heat fluxes with density ¢; specified on the interfaces x=X;,
j=12,...,n—1. At the same time, the heat fluxes of self-radiation are removed from the bounding surfaces
according to the Stefan—Boltzmann law. We determine stationary temperature fields in these bodies with regard

for the temperature dependences of the thermal conductivity coefficients kﬁi)(Tl-) = kg)Ai(Ti) of the materials
of layers, the heat-transfer coefficients 0y(T}) = G,y0t(Ty) and o, (T,) = 6,0, (T,), and the emissivity fac-

tors of the surfaces €y(T}) = €yey(T}) and ¢,(T,) = §,&,(T,). Here, the factors multiplying the functions
have the dimensionalities of the corresponding quantities.

Under the accepted assumptions, the mathematical model includes the following relations represented in the
dimensionless form:

— the heat-conduction equations:

1 d| ;= = A dT,
— — | X AT, ’
xF dx{ iTi)

WE} = —Po,w{’(x), k=0,1,2, i=12,...n, M
0

— the conditions of contact between the layers:

- o
A 1)Mﬂf+1 Aa M G
jH it A0 dx S0 j

2)

Tipg =T;, x=x
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— the boundary conditions for x=x;:

= 1. 3)

1 X=Xq c

or
— - dT, D e — == .
(AI(TI)—I — Biy 0TI} —7.9) — Sko & (T, )Tl“) = —Kij, (4)
dx =%
— the boundary conditions for x=x,:
sy = 1 )
or
~ = dl, | o o= 5 (F T -
(An(Tn) -+ Bi, @,(T,)(T, ~ 1) + SK, en(Tn)Tn4) = Ki,, (6)
X=X,

n

and also some other versions of boundary conditions that can be obtained by combining the values Bi, =0 and

Skp =0, p=0,n.

Here,
_ T X X
T =L, x=2, x, =21, j=0.1,...n,
T, 14 I
P - 2wl _ lay L tey,
i 1 ) 0o — —la n o= (>
AT, Ay AyY
lEysy .3 €, Gy .3 lq lg
Sk 02073 gk, = —22073 iy = ——, = £
0 E)l) K n 7\’g,) K 0 kE)I)TS n 7\181)7"3
[A(D),6,(T),E,(T)] = [A.(T) o (T),&" (T)]\ p=0,n, wPx) = w0, i=1,2,....n
1 b p b p 1 b p b p T:’I}f’ b b [ b 9 9 b
lq; — t _ 1r
Ki, = ——, j=1,2,....n-1, 1, = -2 1+ =2,
LT, CoT T,

Op is the Stefan—Boltzmann constant, 7,

. is the typical temperature of the problem, and ¢ is a parameter with

dimensionality of length.
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The temperature fields are determined depending on the version of boundary conditions with the help of an-
alytic solutions of the following two problems:

Problem 1. We determine the temperature distributions
T,

]

= T (x.Kig". 7)., k=0,1.2, i=12....n, 7

>t cn

satisfying Eqgs. (1), the contact conditions (2), and the boundary conditions

— —0. dT
|:A1(Tl(k)) 1 — —Klo(k), (8)
dx
X=X
+(k k
0y = Ten ©)

where Kiz(k ) and Tff ) are unknown values of the dimensionless heat flux and temperature, respectively, on

the surfaces x=x, and x=ux,.

By using the Kirchhoff transformation

7
1

o = j A;(©)dg, (10)

T,

we reduce the problem of finding these temperature distributions to the solution of the problems for the Kirch-

hoff variables containing Kiz(k) and T}f) as parameters:

L d [ Ay dofd ()

— = —Po. w(x), k=0,1,2, i=12,....n, 11
xk dx 7\«8) dx ] it () ( )

lgjﬂ) de(J'li)1 kgj) de_(]-k) ) '
A0 ax AD ay =-Ki;, (12)
0 0 X:Xj
k k k .
(e(J'Jr)l_e(j ))‘x:x- = j(+1)’ x=x;, j=L2,...,n—-1, (13)
J
def"
& = —Kig". o], =6y, (14)
X=XO

where
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7 (k Sk k
T (x; KigV. 1)

F& = | [A;©-A;©)]dL, (15)
T
75
o = | R,©dC, T.=it,
T, N

and T, is the lower bound of the temperature range of variations of thermophysical characteristics.

Note that only contact conditions (13) are nonlinear in problems (11)—(14).
Further, we introduce the following functions:

n—1
0 = 0 + Y [0 -6 (x)] S(x - x,).
i=1

n—1
o) = A @) + X [AG )-8 ()] S(x - x)),
i=1
(16)
n—1
Po(x) = Po(x) + 2 [P0i+1(x)— Poi(x)] S(x—x;),

i=1
n—1 ) )
w0 = w0+ X [ - mP )] See-x)),
i=1

where S({) is the Heaviside function and, for any value of k, k=0,1,2, consider the following equation with
generalized derivatives equivalent to the system of equations (11) and the contact conditions (12) and (13):

d| @ ae®] o
E{x lgl) n __JéijljS(x_xj)

n— ,
Fk
( 1)

, Pom "
T dx

O S(x—xj)} — x* Po(x) W, (x) . (17)
0

1
Jj=1
Here, 8({) is the Dirac delta-function. Problems (17) and (14) are solved by using the Green functions

GP.p) = [P - FP@]Se-p) + [F D) - )] sp-x). (18)

which are solutions of the following problems:
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k Ao (x) dG®(x,p)
dx {x kg) dx —0(x=p),

dG®(x,p)
dx

=0, GWupl_, =o0.

X=X

Here,

n—1
fO0) = x+ Y Hj(x—x)S(x—x;),

J=1

O = lnx+2H ln—S(x X)),
j=1 ]

f(z)(x) = _;_ ZH [i——]S(X X)

j=1 ]

1 1
o 7»6) 7u( )
J ;LE)J'H) 7»(])

Multiplying both sides of Eq. (17) by the function G(k)(x,p), after necessary transformations, we get

i XkG(k)(X, ))\40(1)6) de(k) d X dG(k)(X p) 7\,0(1)() e(k)
dx Ay dx Cdx dx Ay

N d o x 4G (x,p) Ao (x) 0
dx dx X(l)

n—1
= Y x{ Ki; GP(x,p)d(x—x;)
j=1

n—1
A
+ 2 M(ff) HGP (P - x; )}
j=1

z £ 4GP p) () ¢

J+l dx 7\‘(1) 6( X=X ;)

x*G®(x,p) Po(x)w, (x).

683

(19)

(20)

2D
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We now integrate Eq. (21) from x, to x, and take into account (19), the boundary conditions (12), (14),
and (20), and the identity

¢ Ao(0) dGP(x,p)
WD dx = =P

Interchanging the arguments x and p in the obtained relation, we get

0 = 00 + x5 Kig™ [ f P, rP)]

n-1 n—1
+ YK 6V - X RS-0+ W), 22)
J=1 I e

where

X

WO = [ "G x,p) Po(p)i, (p) dp

R

FO ) [ p* Po)F, (p)dp

X0

~ O [ p* Po)m, () dp ~ [ p* Po)®,(0)f () dp.

X x

In each layer n, n—1,...,1, the Kirchhoff variables are determined by using the following formulas de-
rived from (22):

0,00 = 04 + x Kig® [ £ e - V)]

n—1
+ XA KGGP x) + W,
=
(23)
0 (x) = 6 4 Xk Ki© [ fék)(xn)—ﬁ(k)(X)]

n—1 n—1
+ Y Ki; GPxg) - Y FE + W), i=n-1n-2,..1,
j=1 j=i
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where

GPx,xp) = [fP0)-FPW]Sa-x) + 9, - £9%)).

W@ = P | pPo, w™p)dp

m=1 Xm—1

i—1 X
R AKE) j p" Po,, W™ (p)dp + jp Po; wi”(p) dp
1

m=1x, Xy

j o* Po, @) dp+ Y. jp Po,, w{" (p)dp .

mlx

By using (23), on the interfaces x=x,_;, x=x,_5,..., X=X, we obtain

k k k 1o k k
o = o+t Ky [P0 - £, )]

X=Xy

n—1
+ > x5 Ki; G (x
j=1

X))+ W, ),

n—1»
k k ke [ ok k
042 = 6y, + x; Kig [frf ') - 1 )(xn—Z)]

X=Xy

n—1
+ Y x5 Ki; GO, 0.x)) = BP + W, 0),

n—1 n—1
k vre
+ > X Ki; G x) = Y FH) + Wi ().
J=1 J=1

685

(24)
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For known Kirchhoff variables, we determine the temperature distributions as follows:
T® (x.Kig®. 1) = 30 ) + T, (25)
in layers starting from i =n, by using equality (15) and the roots of the algebraic equations, we find
¥, (00 ) - 6y = 0, i=nn-1..1, (26)

where
B (x)

¥ (30w = [ Amdn.  KEP) = K(TP).
0

We determine the solutions of Eqs. (26) for fixed values of x by the Newton iterative method. According
to this method, the formula for the (m+1)th approximation takes the form

¥ (9 0) -6
(ﬁ(k) ( x))

B0 = ) () - (27)

To determine the values of temperature for the other versions of boundary conditions, it is necessary to sub-
stitute the values of Ki,, &) and Tc(,f) determined from these conditions in relations (7). In particular, for the
boundary conditions (4) and (6), we obtain

Kig® = ¢,(T), (28)

where

k
0,(T) ZKI ( j ZPo j p“ v (p) dp

0 i=1 Xi_1

k
A ~ ) |
+ (x_n) 0 [Bln o, (TSN TR -7, + Sk, &,(TO)(T8))* _Kln] ’

and Tff ) is the root of the equation

K, n: = T =(k H(K) (k)N T
{KIO( )4 Bi, aO(Tl)|fl=f1(k)(xo,Ki;(k),Tc(,f)) I:Tl( )(xO’Klo( )’Tc(n))_ fco]
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+ Skq &(Ty )|T—1 =70y, Kig®), 70

- Kij, = 0. (29)

— (k) (k) (k) 4
X I:T1 (XO,KI() ’Tcn ):' } *(k) =g, (T(k))

We determine the root T(k) by the bisection method. Moreover, for each approximation Tc(n ), we com-

pute the values of Ki,, () by using relation (28) and determine T(k)(x Kfﬁ(k) T(k)) with regard for (15), (24),
(25),(27), and (23) with i=1.

Problem 2. In the cases where either the temperature is given on the surface x=Xx, and condition (6) is

given on the surface x=1x, or condition (4) is given on the surface x=x; and the heat flux Kifl(k) is given
on the surface x=x,, the problem of finding temperature fields is significantly simplified if, instead of (7), we
determine the temperature distributions

' = TP KO 1), k=012, i=1,2,..,n, (30)

satisfying Eqs. (1), the contact conditions (2), and the boundary conditions

#(k) (k)
e L= 1o
(3D
(k)
x —>x— k dT H(k
[A(n())d } = Ki,®
X
X=X,

different from (8) and (9).
We obtain the temperature distributions T (30) by using the same scheme (7) of finding the distribu-

l
tions as in Problem 1.
The Kirchhoff variables

(k)
1

0/ = [ AQdg (32)

T

are determined from the equation

d] ) ae®] o
E{x lgl) ol _E{ijlja(x_xj)

zm) P}(j(ﬂ? - x; )}—x Po(x)iv, (x) (33)
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and the boundary conditions

#(k) de*®

g = gk, = Ki;®.
X=Xq c0 dx Y=x "
Here,
fﬁ“(nK§“%z$ﬁ 73"
#(k A A “(k A
F® = | (A ©-8;©Jdg. 6 = [ K©d.
7 T.

The corresponding Green functions, which are solutions of the problems

d| x A(x) dGP(x,p)
i = —8(x—-p),
dx {x kg) dx (x=p)
(k)
G(k)(x,p)‘ = 0, M =0,
X=X dx i

have the following form:

GO p) = [FP0-FP00)]Sp-x)

+ [P0 - P x0)|SGx—p).

B. V.PROTSIUK

(34)

(35

(36)

(37

(38)

After transformations similar to that used in the previous problem but with regard for Eq. (36), the identity

& M) dGO(x.p)

= S(p—x),
AD I (p—x)
and the boundary conditions (34) and (37), we obtain
(k) k ya(k) [ (k) (k) 7”81) (k)
0 (x) = Xn Kln I:f (x)-f (X())]— + 900

1
Ay

J=1

where

n—1 n—1
+ > 2k ki G(k)(x,p)|p=» + > FOsx—x) + wh(),
J j:1

(39)
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W@ = [ pA6"(x.p) Po(p)m, () dp

R

[P0 P 0)] | o* Pole), (p)dp

X0

X

+ [[rPm=r®@]p* Pop)w, (p) dp.

X0

To find the Kirchhoff variables in each layer 1,2,...,n, we derive the following formulas from equality
(39):

. A
0000 = b ki (AP0 P00 Sy
0
n—1
+ 0.7 + Y ¥ Ki; G (xxp) + WP (),
j=1
(40)

*(k) k ¥ (k) [ p(k) ) A
0] (x) = xi Kin® [P0 - P ) ]2

n—1 i1
k 17: k *(k k .
+ > XK G ) + Y FO + WP, =2,
j=l1 j=1

where

GP.x)) = [fP0)- P ]S@=x) + 0@ - fPx).

WO = [P 1P0] Y, | o Po,w™p)dp

mzlxmfl
i-1 Xy
w12 | 1P@p" Po,w™(p)dp
m=1 Xm-1

+ [ #9xp* Po,w(p)dp

Xi-1
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i—-1 Xm

19| S | o Ponrdp + | p* Poriprdp |

m=1 Xm—-1 Xi-1

To determine the Kirchhoff variables on the interfaces x=x;, x=x;,..., x=x we derive the follow-

n—1»
ing relations from (40):

(n)
e’l“(k)(x) = X\ Kl*(k) I:f(k)(x) f(k)(xo)] + e"‘(k)

n—1
. k
+ 3 x5 Ki; GO0 xp) + WP ),
j=

(n) ,
*(k)(x ) = x Kl #(k) I:f(k)(x )— ﬁ(k)(xo)] + ezg‘)

+ Zx Ki; Gy, x)) + B + WP (xy), (41)
J=1
ok “(0) [ oK) o M L g
() = xk KO [0, - £ %ﬂwﬂﬁm
0

n—1 n—
+ > X5 Ki; GO, x) + 2 F Y+ Wk, ).
' J=1

The temperature distributions 7_"1-*(1‘ )(x,KiZ(k),Tc(g )) = 5?(k)(x)+7_; in the layers starting from i=1 are
found by using (35) and the roots of the algebraic equations

¥ (0 Fw)-6{P @) = 0, i=1.2...n.

As in the previous problem, we apply the Newton iterative method to find the roots of this equation for
fixed values of x. As aresult, for the (m +1) th approximation, we get

«m)_(”WD 6, (x)

Bl = A0

(42)

To compute temperatures, e.g., for the boundary conditions (3) and (6), it is necessary to substitute in (30)
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solely the values of Kifl(k) determined from the equation

x(k s = N - = (7 \T4 1
Kln( ) + [Bln (Xn(Tn)(Tn - tcn) + Skn 8n(Tn )Tn :||7_" :f*(k)(x Kit® ;f) = Kl” :

The root Ki'®) of this equation is determined by the bisection method. Moreover, the temperature
n q y p

7_":(1‘ )(xn,KiZ(k),t_c_) for each approximation Kifl(k) is found by using relations (35), (41), (43), and (40) with

i=n.
2. Determination of the Thermoelastic State

Assume that the studied bodies are free of force loads, the elasticity moduli E p(T;’”), Poisson's ratios

v p(T,§">), and the coefficients of linear thermal expansion o, (Tlgk)) of their components are functions of tem-

perature, and the thermal strains are given by the formulas

T35 (x)
o) = [ o,@d.
T

The temperature stresses acting in a circular plate are given by the relations obtained in [15]

0 0 0 0 0
o) = o) = of) = EQ()[C+20,-0P@)]. p=1.2.....n, (43)

where

C. = diay, —dyayy C, = dyay, —dyayp
1 d3 ) 2 d3 )

no X noY
ay = 2 ,[ EP@dz, a = Z .[ £V () dz,
=1 x4

i=1 x| _

n X
20 2
ay = I PED()dz,  dy = apay - ap,

=l x;

n X
d =Y [ EP00P@d. d,
1

i=1 Xi_

n X
> [ E @V,
=1 x4
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E,(T,”)

EP() = —- L
P 1-v,(737)

To determine the temperature stresses formed in a cylinder (with fastened faces) and in a sphere, we use the
following relations:

' (p)

du'l (p)
(k) #(k) (k)
P +kvp (p)T - ¢ (p)q)rp P),

(ky _ (k)
Oy = ¢ (P){Tp

(44)

Q
|

. duP () ) a9
(RO PAN B p P P — B )W (),

where the displacements normalized by ¢ and the corresponding strains are determined by the formulas estab-
lished in [11, 12]:

uPe) LY+ el )
P (p) 470k (p)

1, (p) =

. VI (p)+ VI (p) "ilg;ii%p)

—(k)
7o), (45)
2q,F(p) = PP

duy' @) €,)(P)  LeL)e)+L3)05)®)

dp P (p) 470 (p)

VIO ) -V () 1l ¢l (p)

(k)
- + u;"(r), (46)
2gpcS(p) 21 pct(p)
where
(k) (k)
(D) = EX@[1-vy @] 0 ) = E} ()
P [l + vg‘)(p)] [l — ZVg‘)(p)] P 1- ZV;k)(p)
(k)
= = % v, (p)
Y0 = ETE). Ve = vTe). viPe = g
p

Rl(f,)(P(zl;)(P)—Rgl;)(Pgi)(P) + ij(k)(p)
(k+1DQy pk =

iy, (P) =
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R0 () - R oS () 3

_ (k) (k)
t 0. P) + () L (p),

-1 (k)

(k) _ (k)+ (k) (k) _ (k) (k)

Ry = Sy, m = 3P i,
J=1 J=p Jj o F0j

k+1 k+1
k k k- Tp-1 k k k- [ p-1
o) = Mo+ Ml B o) = wit sy (2]

p" *
o <k>+i (k- _P Ky _ o+ 1 (k)
»(P) = M; Pk - M;, kT P4p(P) = kM3, —5 — My, K
p p
p

0@ = [ FPmeleydr, p=1.2...n,

rp,l

k _p(k
O = OV + BV, M = 2 (g, 7BP).

MEE = o0 (g £ K1) £ @l K

2q;
7
o) = gff {qk— i")+<—1>m<qk+ﬁ§">>(70) }
(km)(r) — (I)(ko) f(km)(r) + (D(kl) f(km)(r),

2qy,
@) = —= {qk +K50+(=1)"(gy —K;"))(rp—r“j ]

Qk

m=0,1, p=23,..,n q-=1¢,=3/2,

k)x k2 k), .(k1 k4 k), (k3
M= = KD 4 BORED 4 g (D L gBED)

(k) (2) _

Ko = Dot g o) Svop —1
cp (k) p p 2\’
op 2(1_\’81)))

693
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(k) (k) ®)
w _ o (1 Vo ) s _ Vop

O ‘(1+v<k>)(1_zvgg)’ Yol T P

Kl(.i’d) = K(k4) =1, Kl(.ikz) = K(k3) = 0,

k1 k0 k1 kO k2
KSU,) - frf] )(”n)K( ) f( )(r )K( ).
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daPry @)
20 () = 20 P P
Uy™(r) = ke (r){— o + r ,

2—k
(1K) #(k) 1 (2k) E ()
A0y = O ——| @y = 2

(k) p (k) ’
1+v,"(r) 1+v,"(r)
Here,
dit(r)
—(k) P
u,’(r and —_—
p ) dr

are the displacements and strains obtained for constant moduli of elasticity and Poisson's ratios for which it fol-
lows from (45) and (46) that

(k) (k) (k) (k) (k)
L_t(k)(p) _ R, 05,(P)— Ry, 01, (P) N kop J(Ok)(p)
’ (k+1)Q; pt

dif)e) _ RYeL®-FHeN®)

k_ ok ()
+ kg - = ¢ + @ ,
dp (k+1)Qk Op |: pk+1 p (P) rp (p)
R _ pf 0 0 708 )Cg;') RO = 3 w00 )kg(jk)
p = o Roj g Vi Ty fep T 2j g Vi e
J=1 0p i=p 7
r 1+ V()
* 0
Jf,?k)(p) = J rkCD%E)(r)dr, kofnk) = Tvm (,S .
Tl _VOP

If the accuracy of evaluation of displacements, strains, and stresses is lower than the given accuracy, then
we repeat the procedure of their determination by using the same formulas (44)—(46) but with a greater number

of layers. Additional layers are obtained by splitting the p th domain into 7, parts each of which has the elas-

ticity moduli, Poisson's ratios, and the coefficients of linear thermal expansion of this domain.

3. Examples of Numerical Analysis

1. We consider three-layer plates with different temperature dependences of the thermal conductivity coef-
ficient of the third layer. We choose VK6 and VK15 alloys as the materials of the first and second layers, re-
spectively. The materials of the third layer are VK10 alloy (plate 1), Ti-6Al-4V alloy (plate 2), ZrO, ceram-
ics (plate 3), SisN, ceramics (plate 4), and SUS304 metal (plate 5). We study the temperature fields de-

It

scribed by solution (7) for k=0, n=3, T,=273°K, T, =1273K, KigX =03283, T\ =02301, %,=0,
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X = 3 X3, Xp= 3 X3, and X3 =0.01 m, with the following thermal conductivity coefficients:
— for VK6, VKI5, and VK10 [14]:
xgl)(T) _ 58.618[l+a0e_0'4(ﬁ/100_5'2)2 _boe—o.275(ﬁ/100—2.2ﬁ)1 [W/(m-K)],
where ay=0.214454 , by =04285714, and O=T—T,,
AD(T) = 71.09(1-2.8984-107 9 +6.1466-10° 9
— 6.1789-10770° + 2.2844-107"29*) [W/(m-K)],
AN(T) = 54.057(1-7.4218-107*9 - 7.7696 10> 9>
+1.718-107%9° =8.5704-10729*) [W/(m-K)];
— for Ti-6Al-4V and ZrO, [18]:
A(T) = 5.741(1+2.961-1079) [W/(m-K)],
AT) = 1.776(1+1.539-107 9+ 6.5316-10°9) [W/(m-K)];
— for Si;N, and SUS304 [17]:
A(T) = 10.394(1-9.9187-107* 0
+6.365-107 9% — 1.04-10799%) [W/(m-K)],

AN(T) = 12.244(1-3.558-107*0

+1.884-10°9% - 9.072-107"°9%) [W/(m-K)].

697

For plates in which the temperature dependence of the thermal conductivity coefficient of the third layer is

approximated by polynomials of at most third degree, i.e.,

A®) = 1+ B0 +p,0% + B30, 0=T-T,,
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the temperature (for the sake of comparison) is also determined by using the exact solutions of equations corre-
sponding to Eq. (26). In particular, for B;#0, substituting O = y—Ez / (333), we reduce these equations to
the following equation with respect to a new variable:

y4+my2+py+q =0, @7

where

1 B_Mﬁl B }i(ﬁ_ o)
! 9(33 B3 3( 3) Bs 3B3+e3() '

The roots of Eq. (47) are found among the roots of the equations [13]:

m+y+s
Y ey s T = 0,

m+yY—s
yziﬁy+7§ = 0,

where

s = \/(m+x)2—4q

and Y is anonnegative root of the cubic equation
x>+ 2my* + (m* —4q)y - p* = 0,

given by the Cardano formula

_— _g A _é_ A _gm
X‘§/2+“Q+§/2 v 3 (48)
Here,

~\3 )
5 _ (P q . 1, N 2 3 8 5
== +1], = —m? - 4q, = —=mP+ Zgm - p~.

If B3 =0 (quadratic dependence), then the required root of the corresponding cubic equation is given by
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the following Cardano formula:

d = i/—q—*ME I A (49)

where

% 3 * 2 — 2 — 3 —
" ' » 3 3 . 1 3 3
0 =(p—] +[q—], p =————(E—1], q =—[&j S35 = 05(0).
3 2 By 4B, 4B, 2B B
If B§i>=o and Egi)=0 (linear dependence), then

5 = \/1+2B1693(x)—1' (50)
1

The comparative analysis of temperatures in the third layer computed by using the Newton method with
30 iterations and the exact solutions (48)—(50) shows that they differ by at most last two significant digits. For
the Cardano solutions (48), (49), for each x=x; o it is necessary to take into account the signs of the corre-

sponding radicands. In view of this fact, for plate 5, the expressions for the roots of Eq. (48) obtained for

—X

X2:= Xy + (j—1
X3 2(])4

with j=1,2 and j=3,4,5 are different. Note that, in plate 4, where the thermal conductivity coefficient is
also cubic function of temperature, the roots of Eq. (48) for all five values of x3; are given by the same formu-

la.
We also perform the comparison with temperatures computed according to the corresponding distribution of
the temperature field described by the solution of the recurrence system of Volterra integral equations [13]:

7»(1) 2 1
2 0,0

ﬁg(X) = ﬁ +K0

T

(1) X2 1
X(Z) 1~\2 (9,0)

ﬁz(X) = ‘83(X2) + KIO dC, (51)

1

1(x) = ﬁz(xl) + Ki, j (C)
1

)C,

obtained without using the Kirchhoff transformation. The solution of the system of equations (51) is found by
the method of successive approximations. The integrals are computed by using the trapezoid rule with splitting
of each layer into 1600 parts. The number of iterations does not exceed 15.
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In addition, in order to demonstrate the applicability of the proposed method in the case of specifying dis-
crete (tabular) temperature dependences of the thermal conductivity coefficients, we approximate the functions

111(17}) by linear splines with uniformly located 11 and 21 nodes (in Fig. 1, the solid line corresponds to the giv-
en function 1~\1 (®), while the dashed line is plotted for a spline with 11 nodes):

N,-1 _ L
A®) = s+ h+ Y [(spp1=5,)0+h, —h, |SB-D,),
p=1

where

APk

and 1_3]- are temperatures from the range [T,,1], N, =10, 20.

For this dependence and its approximations in Eq. (26), we, respectively, find

W¥,(B) = O + ayd [erf(ﬁ\/a+ 2\%} - erf(zjla—lﬂ

bod, [erf (&/Z + 23272] - erf(zjza—zﬂ,

(52)
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S N [Sen 8
¥,(9) = 3113 +hO+ Y {%ﬂ
p=1
hovi—h )+ 2P 52 1[5 3
+ ( p+l p) + 2 P S( p)' (5 )

The values of temperature on the surfaces x=0, x;/4, x;/2, 3x;/4, and x; of the first layer of plate 1
are presented in Table 1.

Table 1

Proposed method

X By using (51)
by using (52) by using (53), N, =10 | by using (53), N, =20
0 0.68095934 0.68010031 0.68074456 0.68095938
x /4 0.64201194 0.64123680 0.64181598 0.64201198
x,/2 0.60336321 0.60270337 0.60320513 0.60336325
3x,/4 0.56538833 0.56500614 0.56528355 0.56538837
X 0.52856933 0.52827185 0.52850974 0.52856937

The data presented in Table 1 illustrate high accuracy of the evaluation of temperature by using the pro-
posed method. Approximating the temperature dependence by a linear spline with a twice thicker grid, we cor-
rect the values of temperature in the 3rd — 5th decimal digits.

II. We study the influence of temperature dependence of the thermal conductivity coefficients and thermal
radiation on the thermal and thermoelastic states of thermosensitive four-layer plate, cylinder, and sphere with

4o =20-10° Wim®, ¢;=0, j=12,....n, wy’'=0, &8,=0, oy (T,)=1 eT)=1, §,=0, t,=T"
T"=273K, T,=1373K, and Bi,=3.

As materials of layers, we take the ZnO, ceramics (layer 1), Ti-6Al-4V alloy (layer 2), SisN, ceramics
(layer 3), and SUS304 metal (layer 4).

The geometric parameters are as follows: x;=0, ¥ =0.32 mm, X, =232 mm, X3=3.32 mm, and
X4 =4.32 mm for the plate and x; =10 mm, X; =10.32 mm, X, =12.32 mm, X3 =13.32 mm, and X, =14.32 mm
for the cylinder and the sphere.

The temperature dependences of the thermal conductivity coefficients have been presented earlier, whereas
the remaining physical and mechanical characteristics are given by the following relations:
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E(T) = (132-503-10°T -8.1-10°7?) [GPa],  v{(T) = 0.333,
o, (T) = 9.087-10°(1-13.168-10* 9+13.976 107 9%) [K'],
E,(T) = (122.7-0.056T) [GPa], v,(T) = 0.2888 + 32-107°T ,
0, (T) = 8747-107°(1+46.771-107°9-3.075-1079?) K],
E5(T) = (34843 — 106.96801-107°T
+ 752.6088-107 7% — 311.7054-107'°T%) [GPa],  v4(T) =024,
o, 5(T) = 7.33-107°(1+72.859-107°9) [K™],
E4(T) = 201.04(1+3.079-107*T —6.534-107'T*) [GPa],
v, (T) = 03263 — 6526-107°T + 12.39-107°72,
o, (T) = 1505-107°(1+66.238-107°9) [K'].

The values of Kig(k ) are given by relation (28) with

k

X(") . _

0,(TY) = [—j Ao g (10 -,,).
X0 7\,0

B. V.PROTSIUK

The values of T¥), to within 107, were determined by using the bisection method from the equation

cn >’

= KIO .
Kig =g, (TS)

cn

% — 4
{Kio(k) + Sko [T, (xg. Kig ¥, TS5 | }

Note that the values of the temperature computed for Sk, =0 and constant vales of the thermal conductivi-

ty coefficients on the basis of the exact solution of the corresponding problems:

k
] . ny) ;
T = Kio [i_oj {xgnfBi o [fé“(xn)—ﬁ("’“)]}* o

have the same accuracy.
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The results of numerical analyses are presented in the form of the plots in Figs. 2-9. The solid lines corre-
spond to the temperature-dependent thermal conductivity coefficients, while the dashed lines correspond to the
case of constant thermal conductivity coefficients whose values are obtained from the temperature-dependent
coefficients at T =T,. Curves I are plotted with regard for the presence of thermal radiation (Sk, =1.1833),
while curves 2 are plotted in the absence of radiation (Sky =0). The distributions of temperature over the

thickness of the plate (Fig. 2), cylinder (Fig. 3), and sphere (Fig. 4) demonstrate, in particular, that, in the case
where the temperature dependences of the thermal conductivity coefficients and thermal radiation are neglected,
the maximum temperatures become 1.2+ 1.5 times higher. Moreover, the radial stresses in the second layers of
the cylinder (Fig. 5) and the sphere (Fig. 6) may differ by a factor of two. Furthermore, the qualitative character
of the behavior of radial and circular stresses in the plate (Fig. 7) and circular stresses in the cylinder (Fig. 8) and
in the sphere (Fig. 9) in the first layers differs from the behaviors obtained with regard for the above-mentioned
factors.
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Conclusions

The results of numerical investigations illustrate the efficiency of the proposed method for the determi-
nation of static thermoelastic states of multilayer bodies of canonical shapes and its applicability to the
solution of static problems of thermoelasticity with temperature-dependent thermal conductivity coeffi-
cients given by discrete values. We also establish the existence of significant qualitative and quantitative
difference between the behaviors of temperature stresses in separated layers computed with and without
taking into account the temperature dependences of the thermal conductivity coefficients and thermal radia-
tion.

The present work was partially financially supported by the Scientific Project VB-460 (2020-2021) of the
common tender of scientific projects of the National Academy of Sciences of Ukraine and the National Academy
of Sciences of the Republic of Belarus.
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