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ASYMPTOTIC BEHAVIOR OF SOME TYPES OF SOLUTIONS OF DIFFERENTIAL 
EQUATIONS WITH DIFFERENT TYPES OF NONLINEARITIES 

N. P. Kolun  UDC 517.925 

We consider a differential equation of the n th order containing a sum of terms with regularly and rapid-
ly varying nonlinearities on the right-hand side and determine the asymptotic behavior of some types of 
solutions to this equation. 

Keywords: nonlinearities of different types, n th order differential equations, regularly varying nonline-
arities, asymptotic behavior. 

Introduction 

We consider a differential equation 

 y(n) = αi pi (t )ϕi (y)
i=1

m

∑ , (1) 

where   αi ∈{−1,1},   i = 1,…,m ;  pi :[a,ω[→ ]0,+∞[ ,   i = 1,…,m ,  are continuous functions,  −∞ < a < ω ≤  
+∞;  ϕi :ΔY0

→ ]0,+∞[ ,  where  ΔY0   is a unilateral neighborhood of  Y0   (Y0   is either equal to zero or to  
±∞ ),  are continuous functions for    i = 1,…,ℓ ,  twice continuously differentiable for    i = ℓ +1,…,m ,  and such 
that 

 
  

lim
y→Y0
y∈ΔY0

ϕi (λy)
ϕi (y)

= λσ i , i = 1,…,ℓ ,      for any      λ > 0 , (2) 

 
   

′ϕi (y) ≠ 0, lim
y→Y0
y∈ΔY0

ϕi (y)∈{0,+∞}, lim
y→Y0
y∈ΔY0

′′ϕi (y)ϕi (y)
′ϕi
2 (y)

= 1, i = ℓ +1,…,m . (3) 

It follows from conditions (2) that every function  ϕi ,    i = 1,…,ℓ ,  is a function of order  σ i   regularly vary-
ing as  y→ Y0   (see the monograph by Seneta [15, Chap. 1, Sec. 1, p. 9]).  Moreover, it follows from conditions 
(3) that, in particular, the functions  ϕi ,    i = ℓ +1,…,m ,  are rapidly varying as  y→ Y0   (see the monograph by 
Marić [21, Chap. 3, Sec. 3.4, Lemmas 3.2 and 3.3, pp. 91–92]).  Thus, the right-hand side of the differential 
equation (1) contains both terms with regularly varying nonlinearities and terms with rapidly varying nonlineari-
ties.   
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Definition 1.  The solution  y   of Eq. (1) is called a Pω (Y0 ,λ0 ) -solution, where  −∞ ≤ λ0 ≤ +∞   if it is de-
fined in the interval  [t0 ,ω[ ⊂ [a,ω[  and satisfies the following conditions: 

 lim
t↑ω

y(t ) = Y0 , lim
t↑ω

y(k ) (t ) = 0      or      lim
t↑ω

y(k ) (t ) = ±∞,       k = 1,…,n −1, (4) 

 lim
t↑ω

y(n−1) (t )⎡⎣ ⎤⎦
2

y(n) (t )y(n−2) (t )
= λ0 . (5) 

In the case where  n = 2 ,  the asymptotic properties of Pω (Y0 ,λ0 ) -solutions of the differential equation (1) 
were studied in [5–7, 12–14, 18] under the condition that, for each solution of this kind, the right-hand side of 
Eq. (1) is equivalent,  for  t ↑ ω , to one s th term, where    s ∈{1,…,m},  i.e., in the case where 

 lim
t↑ω

pi (t )ϕi (y(t ))
ps (t )ϕs (y(t ))

= 0      for all        i ∈{1,…,m}\{s}. (6) 

In [8], the authors proposed an approach that made it possible to extend the results known for  n = 2   in the 
case of two-term differential equations with regularly varying nonlinearity on the right-hand side (see [2, 16, 19–
25]) to the case where  n ≥ 2 .  The works [3, 4, 10, 11, 17] were devoted to the investigation of a differential 
equation of the n th order containing the sum of terms with regularly varying nonlinearities on the right-hand 
side.  The problem of asymptotic behavior of the solutions of differential equations of the n th order containing 
the sum of terms with nonlinearities of different types on the right-hand side is now quite urgent.  The present 
work is devoted to the investigation of this type of equations.  

The aim of the present work is to extend the results obtained in [6] to the case  n≥2 ;  i.e., to establish the 
conditions of existence of  Pω (Y0 ,λ0 ) -solutions of the differential equation (1) for  n ≥ 2  and to construct 
asymptotic representations of these solutions as  t ↑ ω   and their derivatives of the (n −1)th order, inclusively, 
for   

 λ0 ∈ 
 
!\ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

 

in the case where conditions (6) are satisfied and    s ∈{1,…,m},  i.e., the s th term contains a regularly varying 
nonlinearity.  In the case where conditions (6) are satisfied, we say that the s th term is the principal term on the 
right-hand side of the differential equation (1). 

Note that, in our investigations, we use the fact [which follows from conditions (2)] that the functions  ϕi   
admit the following representation:  

   ϕi (y) = y σ i Li (y), i = 1,…,ℓ , (7) 

where  Li ,    i = 1,…,ℓ ,  are slowly varying functions, i.e., regularly varying functions of order zero. 
In the study of Pω (Y0 ,λ0 ) -solutions of the differential equation (1), we use some a priori asymptotic prop-

erties.  We introduce a function   πω : [a,ω[ → !   as follows:  
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 πω (t) =
t, ω = +∞,
t −ω, ω < +∞.

⎧
⎨
⎪

⎩⎪
 

The next assertion follows directly from [1, Corollary 10.1]. 

Lemma 1.  If  
  
λ0 ∈R\ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

, then the following asymptotic relations are true for any  

Pω (Y0 ,λ0 ) -solution of Eq. (1):  

 
  
y(k−1) (t ) ∼ (λ0 −1)πω (t )[ ]n−k a0i

−1y(n−1) (t )
i=k

n−1

∏ , k = 1,…,n −1, t ↑ ω , 

  (8) 
where  a0i = (n − i)λ0 − (n − i −1),   i = 1,…,n −1. 

1.  Main Results 

Assume that  

 ΔY0
= ΔY0

(b) , 

where  ΔY0
(b) = [b,Y0[   if  ΔY0   is a left neighborhood of  Y0   and  ΔY0

(b) = ]Y0 , b]   if  ΔY0   is a right neigh-
borhood of  Y0 ,  and the number  b   satisfies the inequalities 

 b < 1      for     Y0 = 0 , 

 b > 1      for     Y0 = +∞ , 

 b < −1     for     Y0 = −∞ . 

It follows from the definition of Pω (Y0 ,λ0 ) -solutions of Eq. (1) that each solution of this kind and its deriv-
atives up to the n th order, inclusively, are nonzero in a certain interval  [t1,ω[ ⊂ [t0 ,ω[.  Moreover, in this in-
terval, the first derivative of the solution is positive if  ΔY0   is a left neighborhood of  Y0   and negative if  ΔY0   is 
a right neighborhood of  Y0 .  We introduce two numbers  ν0   and  ν1  specifying, respectively, the signs of the  
Pω (Y0 ,λ0 ) -solution and its first derivative in the interval  [t1,ω[ : 

 ν0 = sgnb, ν1 = ±1. 

Furthermore,  ν1 = 1  if  ΔY0   is a left neighborhood of  Y0 , and  ν1 = −1  if  ΔY0   is a right neighborhood of   
Y0 .   

To formulate the accumulated results, we introduce the following auxiliary notation:  
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 q(t ) = α s (λ0 −1)n−1 a0i
−1

i=2

n−1

∏ Js (t ), 

 
   

Js (t ) = [πω (τ)]n−1 ps (τ)dτ
As

t

∫ , Hs (y) =
Bs

y

∫ dx
ϕs (x)

 , s ∈{1,…,m}, 

 As =

a, [πω (τ)]n−1 ps (τ)dτ
a

ω

∫ = ±∞,

ω, [πω (τ)]n−1 ps (τ)dτ
a

ω

∫ = const,

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

Bs =

b, dy
ϕs (y)b

Y0

∫ = ±∞,

Y0,
dy

ϕs (y)b

Y0

∫ = const.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 

We now mention some properties of the function  Hs . 
Since  

 ′Hs (y) =
1

ϕs (y)
> 0  

for  y ∈ΔY0
(b) ,  the function  Hs   increases on  ΔY0

(b) ,  and there exists an increasing inverse function  

  Hs
−1 : ΔZs

(cs )→ ΔY0
(b)   

such that  

 lim
z→Zs

z∈ΔZs (cs )

Hs
−1(z) = Y0 , (9) 

where 

 cs = dx
ϕs (x)Bs

b

∫ , Zs = lim
y→Y0

y∈ΔY0 (b )

Hs (y) =

0, Bs = Y0, 

+∞, Bs = b < Y0,

−∞, Bs = b > Y0,

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

  ΔZs
(cs ) =

[cs ,Zs[, ΔY0
(b) = [b,Y0[,

]Zs ,cs ], ΔY0
(b) = ]Y0,b].

⎧
⎨
⎪

⎩⎪
 

In view of representation (7) and Propositions 1 and 2 in [21] (see Appendix on p. 115)], we get 

 lim
y→Y0

y∈ΔY0 (b )

y
Hs (y)ϕs (y)

= 1− σ s . (10) 
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Theorem 1.  Let  
  
λ0 ∈R \ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

  and let  σ s ≠ 1  for some     s ∈{1,…,ℓ}.  Then, for the exist-

ence of  Pω (Y0 ,λ0 ) -solutions of the differential equation (1) satisfying conditions (6), it is necessary that the 
following inequalities be true: 

 
  
α sν0[(λ0 −1)πω (t )]n a0i

i=1

n−1

∏ > 0, ν0ν1a01(λ0 −1)πω (t ) > 0 ,      t ∈]a,ω[ , (11) 

and the following conditions be satisfied:  

 α s (λ0 −1)n−1 a0i
−1

i=2

n−1

∏ lim
t↑ω

Js (t ) = Zs , lim
t↑ω

πω (t ) ′Js (t )
Js (t )

=
(1− σ s )a01

λ0 −1 , (12) 

 
 
lim
t↑ω

pi (t )ϕi(Hs
−1(q(t )))

ps (t )ϕs(Hs
−1(q(t )))

= 0       for all         i ∈{1,…,ℓ}\ {s}, (13) 

 lim
t↑ω

pi (t )ϕi H s
−1 q t( )(1+ δi )( )( )

ps (t )ϕs Hs
−1 q t( )( )( ) = 0      for all        i∈{ℓ+1,…,m}, (14) 

where  δi   are any numbers from some unilateral neighborhood of zero.  Moreover, for each  Pω (Y0 ,λ0 ) -
solution of this kind, the following asymptotic representation is true:  

  y(t ) = Hs
−1(q t( ))[1+ o(1)], t ↑ ω , (15) 

 
 

y k( ) (t )
y k−1( ) (t )

=
a0k

(λ0 −1)πω (t )[1+ o(1)], k = 1,…,n −1, t ↑ ω . (16) 

Proof.  Let   y:[t0 ,ω[ → !   be an arbitrary Pω (Y0 ,λ0 ) -solution of the differential equation (1) satisfying 
conditions (6).  Then it follows from (1) and (6) that  

 y n( ) (t ) = α s ps (t )ϕs (y(t ))[1+ o(1)], t ↑ ω , (17) 

and there exists  t1 ∈[t0 ,ω[   such that 

 sgn y(t ) = ν0 , sgn ′y (t ) = ν1, sgn y(n) (t ) = α s , t ∈[t1,ω[ . 

Hence, in view of conditions (8) in Lemma 1, we get the second inequality in (11).  In addition, according 
to Lemma 1, the asymptotic relations (8) are true for  a0i ≠ 0 ,   i = 1,…,n −1.  These formulas yield the follow-
ing asymptotic relations:  
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y(k ) (t )
y(k-1) (t )

=
a0k

(λ0 −1)πω (t )[1+ o(1)], k = 1,…,n −1, t ↑ ω . (18) 

In view of (5), we can write  

 y(n) (t ) ∼ 1
λ0

y(n−1) (t )
y(n−2) (t )

⎡

⎣
⎢

⎤

⎦
⎥
2

y(n−2) (t )  

  
 
= 1
λ0

y(n−1) (t )
y(n−2) (t )

⎡

⎣
⎢

⎤

⎦
⎥
2
y n−2( ) (t )
y n−3( ) (t )

…
′′y (t )
′y (t )

′y (t ) 

  
  
∼

λ0

(λ0 −1)2 πω
2 (t )

a0n−2
(λ0 −1)πω (t )…

a02
(λ0 −1)πω (t )

′y (t )  

  
  
=

a0ii=2
n−1∏

[(λ0 −1)πω (t )]n−1
′y (t ), t ↑ ω . 

By using (17), we get  

 
  

′y (t )
ϕs (y(t ))

= α s[(λ0 −1)πω (t )]n−1 a0i
−1

i=2

n−1

∏ ps (t )[1+ o(1)], t ↑ ω , (19) 

whence, in particular, we arrive at the inequality 

 
  
α sν1[(λ0 −1)πω t( )]n−1 a0i

i=2

n−1

∏ > 0, t ∈]a,ω[ . 

Thus, in view of the second sign condition in (11), we obtain the first inequality in (11).  Integrating relation 
(19) over the interval from  t1  to  t ,  where  t ∈]t1,ω[ ,  we get   

 
 

ds
ϕs (s)y(t1 )

y(t )

∫ = α s (λ0 −1)n−1 1
a0ii=2

n−1

∏ [πω (τ)]n−1 ps (τ)[1+ o(1)]dτ
t1

t

∫ , t ↑ ω . (20) 

Since, according to the first condition in (4),  lim
t↑ω

y(t ) = Y0 ,  it follows from (20) that the improper integrals 

 ds
ϕs (s)y(t1 )

Y0

∫      and     πω (τ)[ ]n−1 ps (τ)[1+ o(1)]dτ
t1

t

∫  

either simultaneously converge or simultaneously diverge.  Therefore, in view of the choice of the limits of inte-
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gration  As   and  Bs   in the functions  Js   and  Hs ,  relation (20) can be represented in the form 

 Hs (y(t )) = q(t )[1+ o(1)], t ↑ ω . (21) 

This yields the validity of the first condition in (12).  Moreover, in view of (10), it follows from (21) that  

 y(t )
ϕs (y(t ))

= α s (1− σ s )(λ0 −1)n−1 a0i
−1

i=2

n−1

∏ Js (t )[1+ o(1)], t ↑ ω . (22) 

By virtue of (19), (22), and condition (8) in Lemma 1, we get the second limit relation in (12). 
Further, it follows from (21) that  

  y(t ) = Hs
−1(q(t )[1+ o(1)]), t ↑ ω . (23) 

The function  Hs
−1  is regularly varying function  of order  1

1− σ s
  for  z→ Zs   as the inverse function of a regu-

larly varying (as  y→ Y0 )  function  Hs   of order  1− σ s ≠ 0 .  Moreover, according to conditions (12), there ex-
ists  t2 ∈[t1,ω[   for which the function 

 z(t ) = q(t )[1+ o(1)]  

is such that  lim
t↑ω

z(t ) = Zs   and  z(t )∈ΔZs
(cs )  for  t ∈[t2 ,ω[ .  Therefore, in view of the properties of regularly 

varying functions, we can rewrite relation (23) in the form (15).  Moreover, it follows from conditions (8) of 
Lemma 1 and asymptotics (15) that the asymptotic relations (16) are true.   

Since     s ∈{1,…,ℓ},  the functions  ϕi ,    i = 1,…,ℓ ,  are regularly varying as  y→ Y0   and the function  z(t )  
satisfies the conditions presented above, we can write  

  ϕi(Hs
−1(q(t )[1+ o(1)])) = ϕi(Hs

−1(q t( )))[1+ o(1)], t ↑ ω . 

Then it follows from the asymptotic representations (15) that  

 
 
lim
t↑ω

pi (t )ϕi (y(t ))
ps (t )ϕs (y(t ))

= lim
t↑ω

pi (t )ϕi(Hs
−1 q t( )( ))[1+ o(1)]

ps (t )ϕs(Hs
−1 q t( )( ))[1+ o(1)]

 

  
   
= lim

t↑ω

pi (t )ϕi(Hs
−1(q(t )))

ps (t )ϕs(Hs
−1(q(t )))

, i = 1,…,ℓ, 

whence, in view of (6), we arrive at conditions (14). 
For    i ∈{ℓ +1,…,m},  in view of (23) and the properties of the function  z(t ),  we get 

 
 
lim
t↑ω

pi (t )ϕi (y(t ))
ps (t )ϕs (y(t ))

= lim
t↑ω

pi (t )ϕi(Hs
−1(q(t ) 1+ o(1)[ ]))

ps (t )ϕs(Hs
−1(q(t )))

. (24) 
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Since the functions   ϕi(Hs
−1(z)),    i = ℓ +1,…,m ,  are monotone on the interval  ΔZs

(cs )  for any  δi   from a 
certain unilateral neighborhood of zero, there exists  t3 ∈[t2 ,ω[   such that, for  t ∈[t3,ω[ ,  the inequalities 

 
 

pi (t )ϕi(Hs
−1(q(t ) 1+ o(1)[ ]))

ps (t )ϕs(Hs
−1(q(t )))

≥
pi (t )ϕi(Hs

−1(q(t ) 1+ δi[ ]))
ps (t )ϕs(Hs

−1(q(t )))
≥ 0 (25) 

are true.  Then conditions (14) follow from relations (6), (24), and (25). 
The theorem is proved.  

Theorem 2.  Let  
  
λ0 ∈R \ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

  and let  σ s ≠ 1  for some     s ∈{1,…,ℓ}.  Suppose that con-

ditions (11)–(13) are satisfied and that, for any     i ∈{ℓ +1,…,m}, 

 
 
lim
t↑ω

pi (t )ϕi(Hs
−1(q t( )(1+ u)))

ps (t )ϕs(Hs
−1 q t( )( ))

= 0  (26) 

uniformly in  u ∈[−δ,δ]  for some  0 < δ < 1.  Moreover, assume that the following algebraic equation for  ρ: 

 
 
(1+ρ) (a0i +ρ) = σ s a0i

i=1

n−1

∏
i=1

n−1

∏ , (27) 

where  a0i = (n − i)λ0 − (n − i −1),   i = 1,…,n −1,  does not have roots whose real part is equal to zero.  
 Then there exist Pω (Y0 ,λ0 ) -solutions of the differential equation (1) for which the asymptotic representa-
tions (15) and (16) are true and there exists an m-parameter family of solutions of this kind if the collection of 
roots of equation (27) contains  m   roots (with regard for multiplicities) for which the sign of the real part coin-
cides with the sign of the function  (1− λ0 )πω (t ). 

Proof.  By applying the replacement 

  Hs(y(t )) = q(t )[1+ u1(t )], 
   (28) 

 
 

y(k ) (t )
y(k−1) (t )

=
a0k

(λ0 −1)πω (t ) 1+ uk+1(t )[ ], k = 1,…,n −1, 

to Eq. (1), we get the following system of differential equations: 

 ′u1 = 1
πω (t ) −

πω (t ) s′J (t )
Js (t )

(1+ u1)+
a01

λ0 −1
G(t,u1)
q(t ) (1+ u2 )

⎡
⎣⎢

⎤
⎦⎥

, 

 ′uk = 1
πω (t ) 1+ uk +

a0k
λ0 −1(1+ uk )(1+ uk+1)−

a0k−1
λ0 −1(1+ uk )

2⎡
⎣⎢

⎤
⎦⎥

,       k = 2,…,n −1, (29) 
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 ′un = 1
πω (t ) 1+ un −

a0n−1
λ0 −1(1+ un )

2 +
ps (t )πω

2 (t )q(t )
a01Js (t )G(Y (t,u1 ))

⎡

⎣
⎢  

  
 

× 1+ uk( )
k=2

n−1

∏⎛⎝⎜
⎞
⎠⎟

−1

(1+ R(t,u1))
⎤

⎦
⎥
⎥
, 

in which 

 
 
G(t,u1) =

Y (t,u1)
ϕs (Y (t,u1))

, Y (t,u1) = Hs
−1(q(t )(1+ u1)), (30) 

 R(t,u1) =
i=1
i≠s

m

∑ αi pi (t )ϕi (Y (t,u1))
α s ps (t )ϕs (Y (t,u1))

. (31) 

In view of conditions (12), we select the number  t0 ∈[a,ω[   such that, for  u1 ≤ δ , 

 q(t )(1+ u1)∈ΔZs
(cs ), Y (t,u1)∈ΔY0

(b) . 

 We now consider system (29) on the set 

   Ω = [t0 ,ω[ ×!δ
n , !δ

n = {(u1,…,un )∈!n : uk ≤ δ,  k = 1,…,n}. 

Thus, it follows from (9) and (12) that  

 lim
t↑ω

Y (t,u1) = Y0       uniformly in      u1 ∈[−δ,δ]. (32) 

Hence, by using (11) and the form of the function  G ,  we obtain 

 lim
t↑ω

G(t,u1)
Hs (Y (t,u1))

= 1− σ s      uniformly in     u1 ∈[−δ,δ], 

i.e., 

   G(t,u1) = [1− σ s + R1(t,u1)]Hs(Y (t,u1)) 

and 

 1
G(t,u1)

=
1/(1− σ s )+ R2 (t,u1)

Hs (Y (t,u1))
, 

where the functions  Ri ,  i = 1,2 ,  satisfy the conditions 
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 lim
t↑ω

Ri (t,u1) = 0      uniformly in     u1 ∈[−δ,δ]. (33) 

Thus, with regard for the form of the function  Y (t,u1),  we get the representations 

  G(t,u1) =  [1− σ s + R1(t,u1)]q(t )(1+ u1), (34) 

 1
G(t,u1)

=
1/(1− σ s )+ R2 (t,u1)

q(t )(1+ u1)
. (35) 

Furthermore, we can show that 

 lim
t↑ω

R(t,u1) = 0      uniformly in     u1 ∈[−δ,δ]. (36) 

Since the functions  ϕi ,    i = 1,…,ℓ ,  are regularly varying functions of orders  σ i   as  y→ Y0 ,  y ∈ΔY0
(b) ,  

in view of representations (7) and the property of slowly varying functions [15], we have 

  ϕi(Y (t,u1)) = ϕi(Hs
−1(q(t )(1+ u1))) 

   = Hs
−1(q(t ))(1+ u1)

σ i Li(Hs
−1(q(t )(1+ u1))) 

   = Hs
−1(q(t ))(1+ u1)

σ i Li(Hs
−1(q(t )))(1+ ri (t,u1))  

     = ϕi(Hs
−1(q(t )))(1+ u1)

σ i (1+ ri (t,u1)), i = 1,…,ℓ , 

where the functions  ri (t,u1)  are such that 

 lim
t↑ω

ri (t,u1) = 0       uniformly in      u1 ∈[−δ,δ]. 

Therefore,  

 

 

lim
t↑ω

αi pi (t )ϕi (Y (t,u1))
α s ps (t )ϕs (Y (t,u1))i=1

i≠s

ℓ

∑ = 0      uniformly in     u1 ∈[−δ,δ] (37) 

because it follows from conditions (14) that 

 

 

lim
t↑ω

αi pi (t )ϕi (Y (t,u1))
α s ps (t )ϕs (Y (t,u1))i=1

i≠s

ℓ

∑  
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= lim
t↑ω

αi pi (t )ϕi(Hs
−1(q(t )))(1+ u1)

σ i [1+ ri (t,u1)]
α s ps (t )ϕs(Hs

−1(q(t )))(1+ u1)
σ s [1+ rs (t,u1)]i=1

i≠s

ℓ

∑  

  

  

= lim
t↑ω

αi pi (t )ϕi(Hs
−1(q(t )))

α s ps (t )ϕs(Hs
−1(q(t )))i=1

i≠s

ℓ

∑ = 0      uniformly in     u1 ∈[−δ,δ]. 

In view of the form of the function  R(t,u1) ,  by virtue of (37) and (26), we obtain (36).  By using relations 
(31), (34), and (35) and the functions 

 h(t ) = 1
(λ0 −1)πω (t ) , g(t ) =

(λ0 −1)πω (t )Js
′ (t )

a01(1− σ s )Js (t )
, 

we represent the system of differential equations (31) in the form 

  ′u1 = h(t )[ f1(t,u1,u2 )+ a01(1− σ s )u2 +V1(u1,u2 )], 

   ′uk = h(t )[−a0k−1uk + a0kuk+1 +Vk (uk ,uk+1)], k = 2,…,n −1, (38) 

 
 
′un = h(t ) f2 (t,u1,…,un−1)− ui

i=1

n−1

∑ − (λ0 +1)un +Vn (t,u1,…,un )
⎡

⎣
⎢

⎤

⎦
⎥, 

where 

  f1(t,u1,u2 ) = a01[R1(t,u1)(1+ u2 )+ (1− σ s )− (1− σ s )g t( )](1+ u1) , 

 V1(u1,u2 ) = a01(1− σ s )u1u2 , 

  Vk (uk ,uk+1) = a0kukuk+1 − a0k−1uk
2 , k = 2,…,n −1, 

 
 
f2 (t,u1,…,un−1) = (1− σ s )g(t )R2 (t,u1)

1
1+ ukk=1

n−1

∏ (1+ R(t,u1))  + g(t )−1( ) 1− uk
k=1

n−1

∑⎛
⎝⎜

⎞
⎠⎟

, 

 
 
Vn (t,u1,…,un ) = −a0n−1un

2 + g(t ) 1
1+ uk

−1+ uk
k=1

n−1

∑
k=1

n−1

∏⎛⎝⎜
⎞
⎠⎟

. 

We consider the obtained system of differential equations on the set  Ω   introduced above.  On this set, the 
right-hand sides of the system are continuous.  Thus, according to the second condition in (12), in view of (33) 
and (36), we find  

 lim
t↑ω

f1(t,u1,u2 ) = 0     uniformly in      (u1,u2 )∈!δ
2 , 
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lim
t↑ω

f2 (t,u1,…,un−1) = 0      uniformly in      (u1,…,un−1)∈!δ
n−1, 

 
 

lim
uk + uk+1 →0

Vk (uk ,uk+1)
uk + uk+1

= 0,        k = 1,…,n −1, 

 
 

lim
u1 +…+ un →0

Vn (t,u1,…,un )
u1 +…+ un

= 0      uniformly in     t ∈[t0 ,ω[ . 

In addition, 

 h(τ)dτ
t0

ω

∫ = 1
λ0 −1

dτ
πω (τ)

t0

ω

∫ = 1
λ0 −1 ln πω (τ)

t0

ω
= ±∞ . 

We now write the characteristic equation of the matrix formed by the coefficients of   u1,…,un   in the square 
brackets in system (38), i.e., of the matrix  

 C =

0 a01(1− σs ) 0 … 0 0

0 −a01 a02 … 0 0

! ! ! " ! !
0 0 0 … −a0n−2 a0n−1
−1 −1 −1 … −1 −(λ0 +1)

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

. 

As a result, we get the algebraic equation (27).  However, in view of the conditions of the theorem, this 
equation does not have roots with real part equal to zero.   

Thus, for system (38), all conditions of Theorem 2.2 from [9] are satisfied.  According to this theorem, sys-
tem (38) possesses at least one solution    (uk )k=1

n :[t1 ,ω[→ !n ,  t1 ≥ t0,  approaching zero as  t ↑ ω .  Moreover, 
there exists an m -parameter family of solutions of this kind if the family of roots of the algebraic equation (27) 
contains  m   roots whose signs coincide with the sign of  πω (t )(1− λ0 )  in the left neighborhood of  ω .  In view 
of relation (28) and conditions (10) and (12), each of these solutions of system (38) is associated with a solution 
of the differential equation (1) with asymptotic representations (15) and (16), which is a Pω (Y0 ,λ0 ) -solution of 
Eq. (1). 

The theorem is proved.   

2.  Example 

To illustrate the accumulated results, we consider a differential equation of the form  

 y(n) = α1p1(t ) y σ +α2 p2 (t )e
µy, (39) 

where   αi ∈{−1,1},  i = 1,2 ,  and  pi :[a,ω[ → ]0,+∞[ ,  i = 1,2 ,  are continuous functions,  −∞ < a < ω ≤ +∞ ,  
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σ ≠ 1,  and  µ ≠ 0 . 
We now clarify the problem of existence of Pω (Y0 ,λ0 ) -solutions of Eq. (39) for  

 
  
λ0 ∈R \ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

  

such that the following conditions are satisfied: 

 lim
t↑ω

y(t ) = ±∞, Y0 = ±∞, lim
t↑ω

p2 (t )e
µy(t )

p1(t ) y(t ) σ
= 0 . (40) 

 Theorems 1 and 2 imply the following corollary: 

Corollary 1.  Let  
  
λ0 ∈R \ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

  and let  σ ≠ 1.  Then, for the existence of Pω (Y0 ,λ0 ) -

solutions of the differential equation (39) satisfying conditions (40), it is necessary and if  

 p2 (t ) = o
p1(t ) (1− σ) α1(λ0 −1)n−1 1

a0ii=2

n−1

∏ J1(t )+C
⎛
⎝⎜

⎞
⎠⎟

σ /(1−σ )

exp µν0 (1−σ) α1(λ0 −1)n−1 1
a0ii=2

n−1

∏ J1(t )(1+ u)+C
⎛
⎝⎜

⎞
⎠⎟

1/(1−σ )⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, t ↑ ω , 

uniformly in  u ∈[−δ,δ]  for some  0 < δ < 1,  where 

 C =
0, σ > 1,
ν0 b

1−σ

σ −1 , σ < 1,

⎧
⎨
⎪

⎩⎪
 

and the following algebraic equation for  ρ: 

 
 
(1+ρ) (a0i +ρ) = σ a0i

i=1

n−1

∏
i=1

n−1

∏  (41) 

in which  a0i = (n − i)λ0 − (n − i −1),   i = 1,…,n −1,  does not have roots with zero real part, then it is also suffi-
cient that the following conditions be satisfied: 

 
  
α1ν0[(λ0 −1)πω (t )]n a0i

i=1

n−1

∏ > 0, ν0ν1a01(λ0 −1)πω (t ) > 0, t ∈]a,ω[ , 

 α1(λ0 −1)n−1 1
a0ii=2

n−1

∏ lim
t↑ω

J1(t ) = Z1, lim
t↑ω

πω (t ) ′J1(t )
J1(t )

=
(1− σ1)a01

λ0 −1 . 
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Moreover, any solution of this kind has the following the asymptotic representations: 

 y(t ) = (1− σ) α1(λ0 −1)n−1 1
a0ii=2

n−1

∏ J1(t )
⎛
⎝⎜

⎞
⎠⎟

1/(1−σ )

[1+ o(1)], t ↑ ω , 

 
  

y(k ) (t )
y(k−1) (t )

=
a0k

(λ0 −1)πω (t ) 1+ o(1)[ ], k = 1,…,n −1 , t ↑ ω . 

Furthermore, there exists an m-parameter family of these solutions if the family of roots of Eq. (41) contains  m   
roots (counting multiplicities) for which the sign of their real part coincides with the sign of the function  
(1− λ0 )πω (t ). 

CONCLUSIONS 

For Eq. (1) with  
  
λ0 ∈R\ 0, 12 , 23 ,…, n − 2

n −1 ,1⎧
⎨
⎩

⎫
⎬
⎭

,  we establish the conditions for the existence of Pω (Y0 ,λ0 ) -

solutions in the case where the term with regularly varying nonlinearity is the principal term of equation (1).  We 
also determine the asymptotic representations of these solutions and their derivatives up to the (n −1)th order, 
inclusively, as  t ↑ ω ,  ω ≤ +∞ ,  and analyze the problem of the number of solutions admitting the indicated rep-
resentations. 
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