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ASYMPTOTIC BEHAVIOR OF SOME TYPES OF SOLUTIONS OF DIFFERENTIAL
EQUATIONS WITH DIFFERENT TYPES OF NONLINEARITIES

N. P. Kolun UDC 517.925

We consider a differential equation of the n th order containing a sum of terms with regularly and rapid-
ly varying nonlinearities on the right-hand side and determine the asymptotic behavior of some types of
solutions to this equation.

Keywords: nonlinearities of different types, n th order differential equations, regularly varying nonline-
arities, asymptotic behavior.

Introduction

We consider a differential equation

Yy =Y 0, p (09 (), (1)
i=1

where o, e{-1,1}, i=1,...m; p;:[a,0[—>]0,+[, i=1,..,m, are continuous functions, —ec<a<m<
+oo, O :AYO — ]0,+0oo[, where AYO is a unilateral neighborhood of Y, (Y, is either equal to zero or to
too), are continuous functions for i=1,...,¢, twice continuously differentiable for i=/¢+1,...,m, and such
that

im _(pi(ly) =A%, i=1..,, forany A>0, 2
=i Q(y)
Y& Yo
9O _

@;() =0, lim ¢;(y)e{0,4},  lim I, i=(+1,..,m. 3)
y=Y)

—Y, 72
yeAYO §EAY2 (pj (y)

It follows from conditions (2) that every function @;, i=1,...,¢, is a function of order G, regularly vary-
ingas y—Y, (see the monograph by Seneta [15, Chap. 1, Sec. 1, p. 9]). Moreover, it follows from conditions
(3) that, in particular, the functions @;, i=/¢+1,...,m, are rapidly varying as y — Y, (see the monograph by
Mari¢ [21, Chap. 3, Sec. 3.4, Lemmas 3.2 and 3.3, pp. 91-92]). Thus, the right-hand side of the differential
equation (1) contains both terms with regularly varying nonlinearities and terms with rapidly varying nonlineari-
ties.
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Definition 1. The solution y of Eq. (1) is called a P,y (Y,),Ay)-solution, where —oo <Ay <+co ifitis de-
fined in the interval [t,,0[ C[a,0[ and satisfies the following conditions:

limy(t) =¥y, limy®@) =0 or 1limy® @) =140, k=1,..,n-1, 4)
To To To

[y (t)]2

im———=——— = A,. 5
oy 0y "Dy ©)

In the case where n =2, the asymptotic properties of P, (¥} .\ )-solutions of the differential equation (1)
were studied in [5-7, 12—14, 18] under the condition that, for each solution of this kind, the right-hand side of
Eq. (1) is equivalent, for ¢ To ,to one sth term, where s € {l,...,m}, i.e., in the case where

P9, (y(@®)

,ITH(,}W =0 for all S {1,,m}\{s} (6)

In [8], the authors proposed an approach that made it possible to extend the results known for n=2 in the
case of two-term differential equations with regularly varying nonlinearity on the right-hand side (see [2, 16, 19—
25]) to the case where n=2. The works [3, 4, 10, 11, 17] were devoted to the investigation of a differential
equation of the nth order containing the sum of terms with regularly varying nonlinearities on the right-hand
side. The problem of asymptotic behavior of the solutions of differential equations of the nth order containing
the sum of terms with nonlinearities of different types on the right-hand side is now quite urgent. The present
work is devoted to the investigation of this type of equations.

The aim of the present work is to extend the results obtained in [6] to the case n=>2; i.e., to establish the
conditions of existence of P, (Y,,A,)-solutions of the differential equation (1) for n>=2 and to construct

asymptotic representations of these solutions as ¢ T and their derivatives of the (n—1)th order, inclusively,
for

12 n—2
7\.0 € R\{O,E,g,...,n_l ,1}

in the case where conditions (6) are satisfied and s e {l,...,m}, ie., the sth term contains a regularly varying
nonlinearity. In the case where conditions (6) are satisfied, we say that the sth term is the principal term on the
right-hand side of the differential equation (1).

Note that, in our investigations, we use the fact [which follows from conditions (2)] that the functions ¢,

admit the following representation:
oM =% L), i=1...L, (7)

where L;, i=1,...,¢, are slowly varying functions, i.e., regularly varying functions of order zero.

In the study of P, (Y, ,A)-solutions of the differential equation (1), we use some a priori asymptotic prop-
erties. We introduce a function 1 :[a,0[ — R as follows:
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f—@, o< +oo.

t, ® = oo,
T, (1) =

The next assertion follows directly from [1, Corollary 10.1].

2 n=2
3

Lemma 1. [f 7\.0 GR\{O,%, | ,1}, then the following asymptotic relations are true for any

P, (Y, ,Ay)-solution of Eq. (1):
n—1
Y@ = (A =Dy O] TTaghy" @0, k=1,...n-1, 1T o,
i=k

®)

where ay; =(n—i)hy—(n—i-1), i=1,....n—1.

1. Main Results

Assume that

Ay, = Ay (b),

where AYO (b)=[b.Y,[ if AYO is a left neighborhood of Y, and AYO (b)=1Y,,b] if AYO is a right neigh-

borhood of Y|;, and the number b satisfies the inequalities
|| <1 for Y,=0,
b >1 for Y, =+co,
b<-1 for Y,=-oo.
It follows from the definition of P, (Y,,A)-solutions of Eq. (1) that each solution of this kind and its deriv-

atives up to the nth order, inclusively, are nonzero in a certain interval [7,,0[ C[z,,0[. Moreover, in this in-
terval, the first derivative of the solution is positive if AYO is a left neighborhood of Y, and negative if AYO is

a right neighborhood of Y,. We introduce two numbers v, and Vv, specifying, respectively, the signs of the
P, (Y, ,Aq)-solution and its first derivative in the interval [¢;,®]:

Vg =sgnb, v, =%l
Furthermore, v, =1 if AYO is a left neighborhood of Y, and v, =-1 if AYO is a right neighborhood of

YO-

To formulate the accumulated results, we introduce the following auxiliary notation:
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n—1
q(t) = o (kg ="' [ag: 7,0,

i=2
t y d
10 = [[r,@" " pymar, H = [-E- . se{l...m}.
J FCXE)
() Yo dy
a, . (O] p (1)dT = *oo, b, =too,
[ m @] (1) e
a b
A = B, =
(O] YO d
o, I [nm(t)]”_1 p,(T)dT = const, Yy, _[ 4D _ const.
a b (PS (y)
We now mention some properties of the function H .
Since
H(y)= ——>0
* o,(»)

for ye Ay (b), the function H increases on Ay (b), and there exists an increasing inverse function
0 0

H{': Ay (c))— Ay (D)

such that
lim H() =Y,
e o)
where
, 0. B, =Y,
¢, = gtpfgCX)’ Z,= lim H()={ +e B =b<¥,

s ey, (b) —o, B =b>Y,,

[C59Zs[a AYO(b):[b7YO[’

A, (c,) =
; 1Z,.¢1, Ay, (b)=1%,,b].

In view of representation (7) and Propositions 1 and 2 in [21] (see Appendix on p. 115)], we get

. y
hm —_—Y— Y = 1_0 .
vy - H ()@ (y) s

yeAy, (b)

927

€)

(10)
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,%,%,...,%,1} and let 6, #1 for some se{l,...,0}. Then, for the exist-

ence of P, (Y,,\y)-solutions of the differential equation (1) satisfying conditions (6), it is necessary that the

Theorem 1. Let A € R\{O

following inequalities be true:

n—1
oVol(hg = Dm, O] [T ag; > 0. voviag (Ao =Dy () >0, tela,olf, (11)
i=1

and the following conditions be satisfied:

n—1 ’
J (¢ 1-

3 N R W R (12

-
im 2O @O) o e ) (13)

Mo p (), (H, ' (q(1)))

(o, (H! 1+3;
lmP,(t)(P,( s (q_(lt)( + 1))) =0 forall ie{f-i-],..-,m}, (14)
To P (D)o, (Hs (‘I(t)))

where O, are any numbers from some unilateral neighborhood of zero. Moreover, for each Py (Y,,\y)-

solution of this kind, the following asymptotic representation is true:

y(1) = H (g()[1+oD], 1To, (15)

(k)
yU@) Aok _ B
y<k—1>(t)_(xo—l)nm(t)“”(l)]’ k=1,...n-1, tTo. (16)

Proof. Let y:[t,,o[ =R be an arbitrary P, (Y, ,A)-solution of the differential equation (1) satisfying
conditions (6). Then it follows from (1) and (6) that

Y @) = o p (e, )L +oM)],  tTo, (17)
and there exists #; €[7,,0[ such that
sgny(t) = vy, sgny’() = vy, sgny(®) =0, relt,0[.

Hence, in view of conditions (8) in Lemma 1, we get the second inequality in (11). In addition, according
to Lemma 1, the asymptotic relations (8) are true for a,; #0, i=1,...,n—1. These formulas yield the follow-

ing asymptotic relations:
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(k)
y o) Ao _ 3
y<k-1>(t)‘(xo—l)nm(t)[”o(l)]’ k=1,..n-1, tTo. (18)

In view of (5), we can write

(n) 1 _)’(n_l)(l)_2 (n=2)
n ) ~ —| 22— 72 n— t
y) Rl Y D | Y ()

10T Y0 y© g,
Ao Ly 2@y ] ¥y Y0

Ao Aon-2 doo (1)
(Ao =112 (1) (o =Ty (1) (R = 1)1, (1)

HS“O:‘ Y0 1o
[(hg = Dm0 '

By using (17), we get

A [(Ag—Dm (t)]”‘lnl_lla‘1 T
= 0O ® DO +o()], tl o, (19)
@, (y(1)) 0 o 0

whence, in particular, we arrive at the inequality
| n—1
o, Vi [(Ag =D)mg, (1)]" Hao,- >0, te€la,0l.
i=2

Thus, in view of the second sign condition in (11), we obtain the first inequality in (11). Integrating relation
(19) over the interval from #; to ¢, where 7€ ]t;,®[, we get

t

n—1
(pffs) = o (A —D”‘lgaio_ﬂnw O p,+o)ldr, tTo. (20)

1

y(1)

y(t]) 4

Since, according to the first condition in (4), liTm y(t)=Y,, it follows from (20) that the improper integrals
tiw

t
A5 and [[r, (@] p, (D1 +o(Dldr
g

either simultaneously converge or simultaneously diverge. Therefore, in view of the choice of the limits of inte-
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gration A; and B, in the functions J  and H , relation (20) can be represented in the form

H,(y(0) = q)[1+o(D], tTw. (21)

This yields the validity of the first condition in (12). Moreover, in view of (10), it follows from (21) that

o _ it 7 -1
—— =g (1-6,)(kg—1) agiJ,O1+o(D], tTo. (22)
0, (v(1)) 0 1]2 0

By virtue of (19), (22), and condition (8) in Lemma 1, we get the second limit relation in (12).
Further, it follows from (21) that

y(t) = H;' (g1 +o(D)]), 1T o. (23)

The function H S_l is regularly varying function of order for z— Z as the inverse function of a regu-

-0,
larly varying (as y —Y,,) function H_ of order 1-0, #0. Moreover, according to conditions (12), there ex-
ists 1, €[t;,0[ for which the function

z(t) = q(O)[1+o(D)]

is such that liTm 2(t)=7Z, and z(t)e A, (c,) for te€[t,,w[. Therefore, in view of the properties of regularly
tim $

varying functions, we can rewrite relation (23) in the form (15). Moreover, it follows from conditions (8) of
Lemma 1 and asymptotics (15) that the asymptotic relations (16) are true.
Since se{l,....¢}, the functions @;, i=1,...,¢, are regularly varying as y — Y|, and the function z(r)

satisfies the conditions presented above, we can write
¢;(H (gl1+0D) = ¢;(H (g1 +0)]. 1T o.
Then it follows from the asymptotic representations (15) that

P09, () . p;0e,(H; (g(0)1+0(D)]
1m = 11m
o PsO,(D) o p (1)e,(H, (g(1))[1+o(1)]

i ZiO9:(H (1)

o p (0, (H (q(1)’

whence, in view of (6), we arrive at conditions (14).
For ie{/+1,...,m}, in view of (23) and the properties of the function z(z), we get

P09 (1) _ . pi(09,(H{ (g[1+0(D])

= 24
Mo Ps ()9 (y(1)) Mo p (O, (H, (q(1))) 4



ASYMPTOTIC BEHAVIOR OF SOME TYPES OF SOLUTIONS OF DIFFERENTIAL EQUATIONS 931

Since the functions (pl.(Hs_1 (2)), i=L+1,...,m, are monotone on the interval A, (c,) forany 0, froma

certain unilateral neighborhood of zero, there exists 75 €[7,,0[ such that, for 7 €[75,0[, the inequalities

P9 (H{ (g1+ o) | @0 (H (g[1+8,]))
Py (H, (q(1))) Py (H, ' (q(1)))

(25)

are true. Then conditions (14) follow from relations (6), (24), and (25).
The theorem is proved.

12 n—2
Theorem 2. Let A ER\{O’E’T”"n—]

ditions (11)—(13) are satisfied and that, for any i€ {(+1,...,m},

,1} and let 6, #1 for some se{l,....,t}. Suppose that con-

(09 (H ] (q(n) (1 +w))
Mo p)e,(H;' (q(1))

=0 (26)
uniformly in u €[—98,0] for some 0<0<1. Moreover, assume that the following algebraic equation for p:

n—1 n—1
a+p)[1(ap; +p) = o, ] ao: - 27)

i=1 i=1

where ay; =(n—i)hy—(n—i—1), i=1,...,n—1, does not have roots whose real part is equal to zero.
Then there exist Py (Y, ,\y)-solutions of the differential equation (1) for which the asymptotic representa-

tions (15) and (16) are true and there exists an m-parameter family of solutions of this kind if the collection of

roots of equation (27) contains m roots (with regard for multiplicities) for which the sign of the real part coin-
cides with the sign of the function (1—Ly)T(t).

Proof. By applying the replacement

H(y(1) = qO[1+u, ()],
(28)
M 0) _ )
y(k_l)(t) (Ao —Dm (1)

[1+u,,, @], k=1..n-1,

to Eq. (1), we get the following system of differential equations:

[ = T (J"4(0) ag; G(t.uy)
ul_“m“)[_ RO REAN W Wty (””2)}’

’ 1 aok _aOk—l 2 = —
uk——nm(t)l:1+uk+—k0_1(1+uk)(1+uk+l) o) } k=2,..n—1, (29)
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p_ 1 Ay, N RQLAGIO)
tn = nw(z){””n_xo—l(””n) T a0 (DG (tu,))

—

. -1
x( (1+L%)] U-+R(uu1»},
2

k=

in which

Y(tu)

C) = o ()

N o, p; (1), (Y (t,u))

R(t,ul) = E asps(t)(Ps(Y(t,I/ll)).
i£s

In view of conditions (12), we select the number #, € [a,®[ such that, for |u,| <39,
q(t)(1+u1)eAZS(cs), Y(t,ul)EAYO(b).

We now consider system (29) on the set

Q = [1,,0[ XRf, 5 = {@u,....u,)eR":Ju, | <8, k=1,...,n}.

Thus, it follows from (9) and (12) that

liTmY(t,ul) =Y, uniformlyin u, €[-9,d].
1w

Hence, by using (11) and the form of the function G, we obtain

11{3% =1-0, uniformlyin u, €[-6,8],
ie.,
G(tuy) = [1-0,+R,(t,u)|H (Y (t,uy))
and
1 _ 1/(1-06 )+ R, (t,u;)
G(t,uy) H (Y (t,u)) ’

where the functions R;, i=1,2, satisfy the conditions

Y(tu,) = H; (q@)1+u,)),

N.P.KOLUN

(30)

(D

(32)
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liTle- (t,u;) =0 uniformlyin u; €[-0,8]. (33)
KO

Thus, with regard for the form of the function Y (#,u;), we get the representations

G(tuy) = [1-0,+ R (t,u)]q(t)1+u,), (34)
1/(1- R, (1
1 _ (I-0,)+R,(t,uy) (35)
G(t,uy) q@)(1+u,)
Furthermore, we can show that
liTmR(t,ul) =0 uniformlyin u, €[-9,6]. (36)
1o

Since the functions ¢;, i=1,...,¢, are regularly varying functions of orders G,

as y—Y,, yeAYO(b),

in view of representations (7) and the property of slowly varying functions [15], we have

0; (Y (tu) = ¢;(H, (g(t)(1+u,)))

=|H (qu)+u)|” L (H (q(0)(0+u, )

=[H; @)+ u)|” L (] (@) a+ 7))
=, (H " (qu))A+u)® (1+r,(t,u)), i=1,...,0,
where the functions 7;(¢,u;) are such that
}‘irl(l;)lri(t’ul) =0 uniformlyin u, €[-8,6].

Therefore,

S SO0, (L))
To P o P ()Q (Y (£,up))

[EX

0 uniformlyin u; €[-0,8] (37)

because it follows from conditions (14) that

. S oo p (09, (Y (t,u,)
Tw in1 o p () (Y (£,up))

i#S
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m Y OO GO+ 1) 1410
o 0P (D0 (H ' (q(t))(U+1u)% [T+ 7, (t.u))]

i#Ss

Il
~ —
=

Tw

4 -1
— lim Z (Xipi(t)(pi(Hs (Q(t))) =0 uniformly in M1E[—8,8].

To io1 O D (l‘)(PS(HS_I(Q(t)))

i#Ss

In view of the form of the function R(#,u;), by virtue of (37) and (26), we obtain (36). By using relations
(31), (34), and (35) and the functions

(A =Dr, (1)J] (1)
80 == =6.)7.(0)

_ 1
MO = S,

we represent the system of differential equations (31) in the form
up = h(t)[f (tuy uy)+ay, (1= 6 uy +Vy (uy,u,)],

u/,c = //l(l‘)[—(l()k_luk +a0kuk+1+vk(uk,uk+1)], k=2,...,l’l—1, (38)

n-1
u, = h(O)| fo(t sy seoostty_ )= Yu; = hg + D, +V, (81 e, |
i=1

where
fi(tuyuy) = ag[Ry(tu) (A +uy)+(1-6,)—(1-0,)g(1)](1+u,),

Viluyuy) = ag (1=G gy,

- 2 -
Vil sugsy) = aopitgyyy = Aopgitys  k=2,...n-1,

n—1 n—1
fy (ot s, ) = (1=6 )g(OR, (tup[ ] L1+ R(tuy)) +(g()- 1)(1— Zuk),
k=1

1+u
= k k=1

n—1 n—1
1
vV, (tu,...u,) = _aOn—lurzl +g(t)[| I T+u _1+Z”kj'
k=1 k k=1

We consider the obtained system of differential equations on the set € introduced above. On this set, the
right-hand sides of the system are continuous. Thus, according to the second condition in (12), in view of (33)
and (36), we find

lim /, (t,u;,1,) = 0 uniformly in (uy,1,) € R,
o
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lim £, (¢, .-5t,y) = O uniformly in (et ) ERET,
o

lim VieQug i)

0 k=1,....n—1,
‘”k|+|uk+l‘_>0|uk|+

- B
Upss |

V (tu,,..., . ;
M =0 uniformlyin 7e€[z,,0[.

1m
Lt [ ot 0, |0 [ [+, |
In addition,
K 1 ¢ d 1 ©
T
= = :+°°
jh(r)dr 1) 7D x0_11n|nm(1)|‘t0 +
) )

We now write the characteristic equation of the matrix formed by the coefficients of u,,...,u

brackets in system (38), i.e., of the matrix

0 agy(-0,) 0 .. 0 0
0 —ay, agy .- 0 0
C =
0 0 0 ... —ay,» ag,_1
-1 -1 -1 ... -1 —(Ay +1)

n

935

in the square

As a result, we get the algebraic equation (27). However, in view of the conditions of the theorem, this

equation does not have roots with real part equal to zero.

Thus, for system (38), all conditions of Theorem 2.2 from [9] are satisfied. According to this theorem, sys-

tem (38) possesses at least one solution (u; );_,:[f;,w[— R", ¢, >t,, approaching zero as ¢ T ®. Moreover,

there exists an m-parameter family of solutions of this kind if the family of roots of the algebraic equation (27)
contains m roots whose signs coincide with the sign of 7 (¢)(1—-A,) in the left neighborhood of ®. In view

of relation (28) and conditions (10) and (12), each of these solutions of system (38) is associated with a solution
of the differential equation (1) with asymptotic representations (15) and (16), which is a P, (Y,,,A)-solution of

Eq. (1).
The theorem is proved.

2. Example

To illustrate the accumulated results, we consider a differential equation of the form

y = o py (D] ¥° + 01 py (1)

(39)

where o, e {-1,1}, i=1,2, and p; :[a,w[ = ]0,+e[, i=1,2, are continuous functions, —co<a <® < +oo,
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o#1, and p#0.
We now clarify the problem of existence of P (Y, ’7“0 )-solutions of Eq. (39) for

12 n—2
7\,0 ER\{O’E’g’.“’n—l ,1}

such that the following conditions are satisfied:

Py (t)euy(t)
m _

= (40)
iTo p, (0| y()|°

limy(t) = oo, Y, = foo,
To

Theorems 1 and 2 imply the following corollary:

12 n—2
Corollary 1. Let ), ER\{O,E,g,...,n_l

,1} and let o #1. Then, for the existence of P, (Yo,ko)—

solutions of the differential equation (39) satisfying conditions (40), it is necessary and if

6/(1-0)

n—1
py (1) (1—0)(%(%0 —"! H%UJI (t)+CJ
i=2 0
py()=o0 n_l (=) |’ tTo,
exp[uvo (1—0‘)[0(1(7»0 —m! aijl (t)(1+u)+C) ]
=2 0i
uniformly in u €[—08,8] for some 0<0d<1, where
0, o>1,
C = 1-6
w , 0< 1’
c—1
and the following algebraic equation for p:
n—1 n—1
A+p)[](ay; +p) = o] ] ao; (41)

i=1 i=1

inwhich ay; =(n—i)hg—(n—i—1), i=1,...,n—1, does not have roots with zero real part, then it is also suffi-

cient that the following conditions be satisfied:

n—1
o, Vol(hg =Dy O] [T ag; > 0. voviag (Ag =Dy (1) > 0, tela,ol,
i=1

1J/(t 1—
limJ,(t) = Z,, limnw() (@) ( Gl)am'
t

n—1
Ao — D" =
oo =01 Mo 70 To -1

1
5 doi T
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Moreover, any solution of this kind has the following the asymptotic representations:

n—1 1/(1-6)
y(t) = (1—5)[a1(x0—1)"‘1HLJ1(r)j [1+o)], tTo,

i=2 Ao,

(k)
yo@ Ay B _
Y& D) = Oy —l)nm(t)[1+0(1)]’ k=1,..n-1, tTo.

Furthermore, there exists an m-parameter family of these solutions if the family of roots of Eq. (41) contains m
roots (counting multiplicities) for which the sign of their real part coincides with the sign of the function

(A=2A)my, (1).
CONCLUSIONS

12 n-2
2’37 " n-1
solutions in the case where the term with regularly varying nonlinearity is the principal term of equation (1). We
also determine the asymptotic representations of these solutions and their derivatives up to the (n—1)th order,

For Eq. (1) with A, € ]R\{O, ,1}, we establish the conditions for the existence of P, (¥}, A)-

inclusively,as 7 T @, ® <+oo, and analyze the problem of the number of solutions admitting the indicated rep-
resentations.
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