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CHI-SQUARED TEST FOR HYPOTHESIS TESTING OF
HOMOGENEITY

M. S. Ermakov* UDC 519.2

We provide necessary and sufficient conditions for uniform consistency of nonparametric sets of
alternatives of chi-squared test for testing the hypothesis of homogeneity. The number of cells of
the chi-squared test increases with sample size growth. The nonparametric sets of alternatives can
be defined in terms of distribution functions or densities. Bibliography: 18 titles.

1. INTRODUCTION

For goodness-of-fit testing, the asymptotic behavior of chi-squared tests was rather com-
prehensively explored both in the case of a fixed number of cells and of a number of cells
increasing with growth of sample size [4-7,13,14,16-18|. In the present paper, we explore the
last setup for hypothesis testing on homogeneity.

Now, for a setup of goodness-of-fit testing, we remind the results [6,7] that are akin to those
obtained in the present paper.

Let Xy,..., X, be a sample of i.i.d. random variables with values on the interval [0, 1] and
having a c.d.f. F,. Denote by E, an empirical c.d.f. of the sample. Denote by & a set of all
distribution functions. Denote by Fy c.d.f. of the uniform distribution on the interval [0, 1]. In
goodness-of-fit testing, we explore the problem of testing the hypothesis Hy : F}, = Fy versus
the alternatives H,, : F}, € ¥,, C &, where ¥,, is a nonparametric set of alternatives.

Denote by T,,(F,) test statistics of chi-squared tests and by T, (F), F € S, functionals
generating test statistics Tn(ﬁn)

For goodness-of-fit testing, we have showed in [6] that the sequences of chi-squared tests
having an increasing number of cells with growth of sample size are uniformly consistent on
the sets of alternatives S (by,) = {F : T,,(F) > by, F € S }. Here by, >0, n=1,2,3,... depend
on the number of cells and on the sample size n. Thus, a sequence of sets of the alternatives
Q, C $ is uniformly consistent if and only if ©,, C (b,). In [7], we explored type II error
probabilities of chi-squared tests having cells of equal length and a number of cells growing
with an increasing sample size if alternatives are defined in terms of densities. We described
all uniformly consistent sequences of simple alternatives for this setup.

The aim of the present paper is to provide similar results for hypothesis testing of homo-
geneity and to describe all uniformly consistent sequences of alternatives defined in terms of
the distribution functions or densities. The problem is more difficult than for goodness-of-fit
testing [6,7]. For hypothesis testing of homogeneity, the answer depends on the distribution
functions of two samples. Note that the problem of hypothesis testing of homogeneity has
been intensively studied in recent papers [2,8-11,19].

Let the interval [0, 1] be divided into m = m,, subintervals

?Inj = [enja en,j—i—l)y Pnj = €nj+1 — €nj > 07 €no = 07 €nm = 17
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1 <j <m=m,, where m, — oo as n — oo. The functional T}, generating chi-squared test
statistics for goodness-of-fit testing equals

\~ (7nj )?

To(F — Fo)=ny_ "™~ Pl
j=1 pnj
where ry,; = F(enj) — F(epj—1) for all 1 < j <m,, and Fy(z) =z, x € [0,1].

Then Tn(ﬁn — Fp) is chi-squared test statistics.

For test K, we denote a(K,) its type I error probability and B(K,, F,,) its type II error
probability for alternative Fj,.

Let S, be sequence of test statistics. We say that the sequence of sets of alternatives ¥,, C &
is uniformly consistent for test statistics .S, if for tests K,, a(K,) = a(l +0(1)), 0 < a < 1,
generated test statistics Sy, we have

limsup sup S(K,,F)< 1—a.
n—oo Fev,

We use similar notation and terminology for the problem of testing of the hypothesis of ho-
mogeneity as well.

Recall that for goodness-of-fit testing the chi-squared tests are uniformly consistent for sets
of alternatives 3(b,,) with special order of asymptotics of b,,. Moreover [6], for any sequence of
simple alternatives F,, € S, for the type II error probabilities 5(K,, F,,) of tests K, a(K,) =

a(l+o0(1)), 0 < o < 1, generated by test statistics Tn(ﬁn — Fp), we have
BUn, Fn) = @ (e — 27 my T (Fy — Fo)) + o(1) (11)

as n — oo. Here z, is defined by the equation o = 1 — ®(z, ), where

xT

/ exp{—2t%/2} dt

—0o0

1
d(x) Jon
is a standard normal distribution function, z € R!.

Such asymptotics of the type II error probabilities and the asymptotic minimaxity of chi-
squared tests [6] substantiates the consideration of these tests as one of the implementations
of the distance method.

In the present paper, we establish similar results for testing of hypothesis of homogeneity
with sets of alternatives generated by the differences of distribution functions Fj, and G, of
two independent samples. We assume additionally that LLo-norms of densities of distribution
functions F;, or G, are uniformly bounded by a constant. It turns out that uniform consistency
of sets of alternatives is given by the value of functionals T}, defined by differences of distribution
functions F,, — G, . This allows to extend the results of [7] on this setup and to establish
necessary and sufficient conditions of uniform consistency of sets of alternatives defined in
terms of densities. We implement the technique of [2,7,14] for the interpretation of the results
in terms of smoothness of densities.

We use letters ¢ and C' as a generic notation for positive constants. Denote [a] the whole
part of a real number a. For any two sequences of the positive real numbers a,, and b,,, a,, < b,
implies ¢ < a, /b, < C for all n and a,, = o(b,,) implies a,,/b,, — 0 as n — oo. For any complex
number z, denote by zZ a complex conjugate number.

2. MAIN RESULTS

2.1. Setup. In comparison with goodness-of-fit-testing, the problem is more difficult. We
have two samples X1,...,X, and Y7,...,Y; of i.i.d. random variables taking values on the
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interval [0,1] and having distribution functions F,, and Gj,, respectively. Thus, the criterion
of uniform consistency we search in terms of differences G,, — F;, and nuisance parameter F,
or G,.

Denote by & x \s a set of all pairs of distribution functions (F,G).

On the set & , we define a functional

Tln(F - G) = an(rnj - Snj)Qv (Fv G) €T XS,

j=1
where s,,; = G(ep;) — G(ep j—1) for all 1 < j < my,.
Denote by Gy, (x) an empirical distribution function of sample Yi,...,Y] .

Denote a,, = lZ and assume that 0 < ¢ < a, < C < 0.
Chi-squared test statistics has the following form:

m
Tin(F, — Gy,) = nm Z(?nj — Snj)%,

where 5,; = C/;\ln (enj) — éln(en,j_l) forall 1 <j < m,.
We explore a more general setup as well. For test statistics

S5 i = 500’
T2n(Fn - Gln) =n 9nj " " 5
1 DPnj

]_
generated by the functional

m . )2
T2n(F—G):nZgnj(rm sni)” 0<c<gjn<C <o,

j=1 Pnj

similar results are established.
Proof is provided for test statistics

L (Fnj — 5ni)?
To(F, — G) :n§ nj = 5nj)
J=1

generated by the functional

(rnj — snj)?

T.(F - G) = .
ngj

'Fzﬂs

1

J

For test statistics 1o, (F\n—éln), the reasoning is almost the same and, therefore, the differences
are not indicated.

We assume that the nuisance parameter F), has a density f,(z) = ngx(x), z € [0,1], and a
priori information is provided that there is a positive constant C such that we have

Fae=(0) ={F: I <C s = " Fesl,

where || f||* = ff2

The assumptlon on the distribution function F;, could be naturally replaced with the same
assumption on the distribution function G,,.
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The main term of the asymptotics for variance of the chi-squared test statistics is signifi-
cantly simplified if we assume additionally

FreZm=14F: sup |f@) <cnml? fa)= L@ pegl,
z€]0,1] dx

where ¢, — 0 as n — oo.
For a sequence b, > 0, for ¢ = 1,2, define sets of alternatives

Ui(by) = {(F,G) : Tu(F —G) >b,, (F,G) €S xS}

We establish uniform consistency of the test statistics Tm(ﬁn—éln), 1 = 1,2, in the problems
of hypothesis testing

Hy : Fo.(x) =Gy, (x), z € [0,1]
versus the alternatives
H, : (Fn.,Gi,) € Vi(b,) NE(C)

for the sequences b,,, satisfying

0 < liminf m;; */2b,, < limsupm;; /b, < cc. (2.1)

n—o0 n—00

Assume that for all j, 1 < j < m,, we have
0<c< mypnj <Cp <oo (2.2)

for some positive constants ¢ and Cf.

Assume also that m, = o(n) as n — oc.

Proof of the theorems is based on the methods proposed in [6] for the study of chi-squared
tests for goodness-of-fit testing.

On the set & x ¥, we define the functional

m 1
T (F-G) =nY / bns(@)A(F(2) - G(x)) | pil,
=1\

where ¢nj(z) = lzer,;} — Pnj» © € [0,1], 1 < j < my, and 17,4 denotes the indicator of
event A. After that we explore test statistics as the test statistics generated by this functional.

This approach allows one to prove easily the results following the numerous results in [7,8,
15,19], established for nonparametric hypothesis testing on a density based on the expansions
of series of orthogonal functions. However, in this case, functions ¢,; are not orthogonal.

In this notation, the test statistics Ty, (F\n — éln) have the following form:
1 2

Note that if the hypothesis holds, E[Ts,(F, Gl )] depends on the unknown distribution
function F,, = Gj, and, in the case of an alternative, E[To,(F, Gl )] depends on both
unknown distribution functions F;, and G,. This is caused by the term

n—nZgn] /% )dE,( /(;5 2)d G, (z) | py]

included in test statistics.
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To delete this dependence, we subtract this term from the test statistics in one of the setups.
Note that we q\o not _ have such an influence of W,, on the test statistics in the case of the test
statistics T1,(F, — Gy, )-

Without loss of generality, we can assume that the distribution functions F;, and G, have
densities

ful@) =14 0pj bnj(x), z€[0,1]
j=1
and

m
g, (@) = 14> 70 Gnj(x), € 10,1],
j=1
respectively, and

m m
> njpnj =0, > Tujpnj = 0.
j=1 Jj=1

Denote 1, = 0, — 7 -

m
2.2. Test statistics 71,. Denote Mi,(n) =nm ) p%jngj and denote
j=1

m
o? = 2m? Zpij(l + Opj + an + anTnj)?.

j=1

Lemma 2.1. We have

E[T1.(F, — Gy,)] — (m = 1)(1 + a,) = nm > phmii(1+o(1)), (2.3)

j=1
and
Var[Tln(F\n — @ln)] = O‘%n(l +0(1))
2 - 3 2 - 2 (2.4)
+nm® Y phi(1+ O + an + anTa)nny (14 0(1)) = o, (1 + 0(1))
j=1

as n — 0o.

Note that the second term in the right-hand side of (2.4) equals zero if the hypothesis
holds. Thus, we have an interesting situation. The sets of alternatives are so rich that the
asymptotic variance for the alternatives approaching the hypothesis is significantly different
from the asymptotic variance for the hypothesis.

By (3.25), 02, — 02 > 0. If F,, € Z5,, then 02, — o

Note that we can substitute the estimators

2

, = o(07,) as n — oo.

o~ o Tnj Snj

-1, and 7T, = -1

Pnj Pnj

of parameters 6,,; and 7,; into (2.4). After that, as we show, we get a consistent estimator

m
01, =2m E (Thj + AnSn;)
i=1

of variance o?,,.

Other methods of the estimation of variance are considered in [1,8,9].
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Define tests
Kin =G0 0(11 (B ) -m(14a0) 520}
where z,, is defined by the equation 1 —a = ®(z,), 0 < a < 1.
Theorem 2.1. Assume (2.1), (2.2) and let m, = o(n) as n — oco. Then the sequence of sets
of alternatives W1, (b,) N E(C) is uniformly consistent for a sequence of tests Ki,, generated

by tests statistics Tln(ﬁn — éln)
We have a(K1y,) = (1 +0o(1)) and

B(K1n, Uin(bn)) = @011, (01070 — Min(1))) + o(1) (2.5)

as n — oQ.

m
2.3. Test statistics 75, and T3,. Denote Ma,(n) =n > gnjpnjngj and denote
j=1

m
o3 =2 Zgij(l + 0 +a, + anTnj)2.
j=1
We show that
m
G50 =2 GniDnt (Fnj + anSnj)?
j=1

is the consistent estimator of o3,,.
Tests for the test statistics o, (F, — Gy, ) are based on the following asymptotics.

Lemma 2.2. We have

E[Ty,(E, — Gy,)] = Moy (n)(1 + o(1)) + E[W,,], (2.6)

EWo] = gnj(1 = pnj + 0nj(1 = pnj) — ;)
j=1

(2.7)
+ an(l = puj + Toj(1 = Pnj) = PajTa;)) = €n,
Var|Ty, (F,, — Gp)] = 03, (1 + o(1))
- 2 2 . 2 (28)
+1 Y g2iPni (L4 Onj + an + anTj)in; (14 0(1) = 031, (1 + o(1))
j=1
as n — o0.
As we show, if m,, = o(n*/3), then we have
e = Zgnj(1+an+9nj + Tnj) + O(1). (2.9)

j=1

Note that we can substitute the estimators §nj and 7,; of parameters 6,; and 7,; into (2.7)
and obtain a consistent estimator e, for e,,.
Define tests
K2n = 1{32_73(TQn(ﬁn—aln)—gn)>wa}7
where z,, is defined by the equation 1 —a = ®(z,), 0 < a < 1.
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Theorem 2.2. Assume (2.1), (2.2) and let m,, = o(n*?), as n — co. Then the sequence of
sets of alternatives Wo,(b,) N Z(C) is uniformly consistent for a sequence of tests Koy, .

Let my, = o(n) as n — oo and let there be a constant C such that ||gn|| < C, gn(z) = dex(x),
x € [0,1]. Then the sequence of sets of alternatives Wop(by) N E(C) is uniformly consistent.

We have a(Kap) = (1 + o(1)) and
B(EKan, Fo, Gn) = (0315, (0200 — M1n(1))) + 0(1) (2.10)

as n — oQ.

In [1,6,8,9,19], the authors delete the version of term W,, from the version of test statistics
T5,, for similar setups of nonparametric hypothesis testing and obtain the results for such
modified test statistics.

Define test statistics

T?m(ﬁn - éln) = TQn(ﬁn - é\ln) - Wn
Define the corresponding test of hypothesis testing

K3n = 1{3;;T3n(ﬁn_éln)>xa}v

where z,, is defined by the equation 1 —a = ®(z,), 0 < a < 1.

Theorem 2.3. Assume (2.1), (2.2) and let m,, = o(n) as n — oco. Then the sequence of sets
of alternatives Vo, (by) N E(C) is uniformly consistent for the sequence of tests Ks,.
We have a(Ksy,) = (1 + o(1)) and

B(Ksn, Fr, Gn) = (0313, (0200 — Man())) + 0(1) (2.11)
as n — oo.

2.4. Hypothesis testing on homogeneity in terms of densities. The asymptotics of the
type II error probabilities in (2.5), (2.10), and (2.11) are exactly the same as the asymptotics
[6, 7] of chi-squared tests for goodness-of-fit testing (1.1). By this reason, for the sets of
alternatives defined in terms of densities, we can transfer necessary and sufficient conditions [7]
of uniform consistency for the problem of goodness-of-fit testing to the case of hypothesis
homogeneity.

Assume that the distribution functions F;, and Gj, have densities f,, g;,, respectively, and
F, € 2(C), G, € E(C). Denote hy, = fn, — qi,-

We explore the problem of testing the hypothesis

Ho : hp(z) =0, x €1[0,1],

versus the alternatives
H, : h, €Q, CT,

where I' = {h : h= """ p| < 00 F e 5(C)}.

For this setup, all assertions of Theorem 6.1 in [7] hold if we replace the densities 1 + f,
with functions h,. All requirements in condition B that the functions 1+ f,, and the functions
specially defined by the function 1+ f,, should be densities are replaced with the requirement
that the functions h, and the functions similarly specially defined by h,, should be differences
of two densities. In particular, this holds if the densities of distribution functions F;, and G,
satisfy B in [7].

This version of Theorem 6.1 in [7] holds only for the sequence of simple alternatives hy,,
[hnll < 07", § <7 <3}, my =< n?"*. In this setup, following [7], we assume that cells of
chi-squared tests have the same length.
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3. PROOF OF THEOREMS

3.1. Estimate of E[T,]. The reasoning is provided for the test statistics T),.
Alternatives satisfy the inequality

m
Tn(Fn - Gn) = nzpnjnq%j > by

j=1
By fn € E(C), we have
> o2 < 17 < C. (3.1)
j=1
Lemma 3.1. For 1 < j <m, we have
Eg[¢n;(X1)] = Onjpns, (3.2)
Eg[¢7; (X1)] = pnj(1 = paj + 00 (1 = 2py5)), (3.3)

E[dp,(X1)] = Dnj (14 00j) (1 — 4Py (1 + 0)
+6p; (14 05)* — 3pp;(1 + 0nj)°)
and, for 1 < j; < jo < m, we have
E9[¢7’Lj1 (X1) Gnjo (X1)] = =PnjiPnjs (1 + O (1 = 2ppj) + Onjs (1 = 2pnjy,)), (3.5)
Eq [Jﬁh (Xl) njo (Xl)] = pnj1pnj2(1 + 9nj1)(1 + 9nj2)

X (Pjy (1 + Onjy) + Prja (14 Onjy) — 3P0y Prja (1 + Onjy ) (1 4 Ojy)).-
(3.6)

Equalities (3.2)—(3.6) are obtained by straightforward calculations and proof is omitted.
Proof of Lemma 2.2. We begin with proof of (2.6). For =,y € [0, 1], denote
Pnj(2) = bnj(x) — Bonj(X1) = ¢nj(2) — Onjpn;
and

Gnj(Y) = bnj(y) — Brdn; (Y1) = bnj(y) — TnjPnj-

Then we have

Tn(ﬁn _an) = Iln+I2n+I3n+Wna (37)

with

Iy =211y + 2119, + 2113,
where

hin= Y, UnXi,Xs), Thon= Y U(Ys,Y,),
1<ii<ia<n 1<i1 <ia<lp
and
n In
Il?m = Z Z U3n(X11’Y )
i1=1dia=1

where

Uin (Xu 9. ¢ ) Z ¢nj (Xil )¢”J (Xlz) :

j=1 npnj
- .

Una (Vi i) = 3 O )00,
j=1 npnj
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and

Ugn XZ17Y:L2 Z ¢ Zl ¢n]( )

NPnj
‘We have

=3 (3 00 | S0 )

=1 =1

I3n - Mn(n) - nzpnjnr%j = Tn(Fn - Gln)
j=1

Wo=n"'Y % (X pm+nz2ZZ¢ Yi)p,; -

j=1i=1 Jj=11i=1
‘We have
El;, =0, El, =0,

E(Wo] =Y (1= puj + 0nj(1 = 2pyj) — pujbZ;)
j=1

m
+ "> (1= puj + Tog(1 = 2pn;) — PujTog)
i=1

= (1+ay) Z(l — Pnj + Onj(1 = 2pn;) — pnjfi;)
j=1

+ O™ PmM 2 () (1 4 n~ My (n))),

because
m

Z |9 Tn]| < max pn] an] 77n]|

2 o 1/2

< Cm (D paimn, Sopni | < Cn PmMP(n)

j=1

and

m
Z |912Lj n]| < max pn] any|77nj| (16n5] + [705])
j= =1

1/2 1/2

m
< Cm_l anjnq%j an] 92 +T

<Cn” /li/z( )(Nn(9)+Nn(7))1/2 < Cn Y2mMP (),

because
INZ2(7) = Na2(0)] < n= 2 M2 ().

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Note that the reminder in the right-hand side of (3.12) is o(my,) as n — oo, if m,, = o(n?/?). O
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3.2. Analysis of Var[T,,]. We have
Var[li1,] = Viin + Vizn,

where
Vit =2 p,(Var[g; (X1)])? = 2 (1= puj + 0ns(1 = 2pns) — 13 )
j=1 Jj=1
=2 (14 0n;)*(1 +0(1))
j=1
and
Vign =2 Z p;jllp;jlz(cov[qul (X1)7 ¢j2 (Xl)])z

1<ji<ja<m

=4 > PugiPags (14 00y, (14 00)> (1 + 0(1)) < (C + N2 (60))(1 + 0(1)).

1<j1<ja<m
Therefore, we have

Var[l11,] =2 (1 +0,5)*(1+ o(1)).
j=1

‘We have

Var(l15,] = 4ay, Y _ p,, 7 Var|¢;(X1)]Var(g;(V1)]
j=1

Arguing similarly to (3.18), we get

Var([T1z,] = 2a3 Y (1 4 7;)* (1 + o(1)).
Jj=1

We have
Cov[liin, Li2,] =0, Cov[liin, l13,) =0, Cov|lion,l13,] = 0.
Thus, by (3.18)— (3.21), we get

Var(l1,] =2 m(L + an + 0nj + anej)*(1 + 0(1)).

j=1
We have
Var|ly,| = Join + Joon + Jo3n + Joan,
with
Join =2n"(n =1 > Covle, (X1), o (X1) 1y Mo
1<j1<je<m
=20 (=1 D PujiPusa (14 Onjy) (1 + Onjo) gy g (1 + 0(1))
1<j1<je<m
<C (anj(l + 9nj1)2) (n anjnij) < C Mg (n)(1 + Na(6)),
j=1 Jj=1
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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(3.24)



and

Jagn =n"(n — 1) Z Var[¢n; (X1)] n3,
j=1
=n"Y(n—1)° anj(l — Pnj + Onj(1 = 2pnj) — pnjfi;) 07 (3.25)
j=1
=1 puj(1+00j) 1251+ 0(1)) = O(mY2 My, (1)),
j=1
because
max [0,,;]* < Cm N,(0) < Cm. (3.26)
1<j<m

The terms Jo3, and Joy, are estimated similarly to Jo1, and Jaoy,, respectively. We omit this

reasoning.
We have
Var[W,] = A1j, + Aon + Asn + Aun, (3.27)
where
Aln - n_l Z [¢”]1 (Xl) ¢n]2( )]pr_lelpgjlg (328)
1<j1<ja<m
and
Agn =01 Egn;, (X1)]p, - (3.29)
j=1

The terms As, and Ay, are estimated similarly to Ay, and Aoy, respectively. We omit this
reasoning.
Using (3.4) and (3.26), we get

A <07 D [Py (14 0njy )2 (1 Onjy) + Py (14 i) (1 + Oj)?]

1<j1<j2<m
m m
Cn™ " pni (1 + 10512 [ M+ pnglOnj (3.30)
j=1 j=1

< Cn~H(C + No(0))(m +m'>N'/(0))
< Cn7'm + Cn~ N, (0) + Cn”tm 2 N3/2(9).

Using (3.6) and (3.26), we get

A2n—n ! p 1+9n 4pn(1+9n)
Z J) ’ ’ (3.31)

+ 6pnj(1 +005)° = 3p3 (1 + 0,5)°).

We estimate only two terms in As,. The other two terms are estimated similarly and have a
smaller order.
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We have

m m
n1 Zp;jl(l +0p;) <On~t'm? [ 1+ anj\enﬂ

j=1 j=1
. 1/2 (3.32)
<Cn'm?|1+ anﬁ,%j < On'm?(1 + N, (0)) = o(m)
and
n~t me 146, <Cn im0t mee‘i < Cn~Nm™ '+ N2(6)). (3.33)
Jj=1 j=1
Therefore, we have
Agy < Cn'm2(1+ NY2(0)) + n 'N2(6). (3.34)

3.3. Consistency of estimators of bias and variance of test statistics T,,. Let us show

m
the consistency of estimators of ) gy;0,; in (2.7) and (2.8).
j=1
We have

m

Var ng Z Pnj(X zm: 2 Var| ébny (X1)]

j=1 =1 Pnj p”]

Z COV[¢nj1 (Xl)v ¢nj2 (Xl)]

Injr9nja ) )
1<j1<j2<m PrjiPrje (3.35)

m

Z , 1+9m L+ o1)

S =

_|_

1
o unnga(L+ gy 0ny) (L 0(1) = om),
1<j1<ja<m

because

nt Z ij < Cn~lm? anﬂm < Cn 'm2N2(0) = o(m) (3.36)
7j=1

and

271/2
n- mngem <Cn~! mlmax Prj meem < Cn 7 'm2NY2(0) = o(m). (3.37)
Jj=1 j=1
We estimate only one term arising in the estimation of variance. Other terms are estimated

similarly.
We have

m
n~*Var Zg,%jp;f Z i (Xiy )Onj(Xi,) | < Bin + Bon, (3.38)

j=1 1<i1<ia<n

e



where

Bin = Cn™?Y p, (Var(on (X1))* < Cn ™2 Y p 21+ 60))* (1 + (1))
= - = (3.39)
2,3 _
<Cn lgzgcnpw zzlpn](l +0,5)° = O(n"m>(1 + N,(8)) = o(m)
]:
and
B on? 3 (OO0 XD, s (X))
1<j1<ja<m Prji Prja
< Cn~2 Z (14 6y, + Hnj2)2 < en”?m?
1<ji<ja<m (3.40)
-2 -1 2
+Cn m WX p; meﬂnj + anﬁnj
7j=1 7=1
< Cn?m?(1+ Ny(0)) = o(1).
We have provided the estimates of variance in the case of sample Xi,..., X,,. In the case of
sample Y7,...,Y,, we have the same situation. In this case, in the final estimates, N, (6,) is
replaced with Ny, (7).
We have
Ny (1) < Na2(0n) + ™2 MR (). (3.41)

Since N/ (0n) < C < o0, it suffices to show that if, in the final estimates, we replace N,}L/z(Qn)
with n~'M,,(n,), then these estimates have a smaller order than M?2(n,).

Note that in (3.12)—(3.40), the largest orders in the final estimates for a distribution function
Gy, are Mip(nn) Ny (1,) (the version of (3.24)), n_lmzNﬁ/z(Tn) (the version of (3.30)) and
n~N2(7,) (the version of (3.34)).

It suffices to estimate only n_lmzNﬁ/Q(Tn). We have
n =P mE M2 () My () = O™ Pmime ) = o(1), (3.42)

if mﬁlpMn(nn) — 00 as n — 00.
Thus,
M, (np)on —p o0, (3.43)

if mgl/zMn(nn) — 00 as n — 0.
Therefore, the type II error probabilities of tests K, tend to zero if Ny (7,) — 00 as n — oo.

3.4. Asymptotic normality of test statistics 7). It suffices to prove the asymptotic
normality of statistics Ij,. For alternatives, we can assume (F,,Gj,) € =,(C) x 2,(C) for
some C' > 0. Otherwise, the type II error probabilities tend to zero. The statistics Iy, are
not U—statistics. However, we can implement the same martingale technique to the proof of
asymptotic normality [3,6,12,15] and to get a similar result as in the case of goodness-of-fit
tests [6,15]. Since in [1] similar reasoning for testing of hypothesis of homogeneity is omitted
for test statistics based on LLs-norm of kernel estimator of density, we outline this reasoning in
the present paper for chi-squared tests.

The reasoning is provided for I,, < n. The case [, > n is similar.

Define the martingale W,,;, 1 <i < n + [,,, by induction. We put

Woi = Un(X1, X1), and Wpo = Uapn (Y1, Y1) + Usn (X1, Y1).
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If 7 is odd, we put j = [i/2] and

J Jj—1
Wi = Uin(X;, Xo) + Y Usn(X;, Y5).
s=1 s=1

If ¢ is even, i < 2l,,, we put j = i/2 and

J Jj—1
Wi =Y U (Y5, Ya) + Y Usa(X,,Y).
s=1 s=1

If i > 21, we put j =i —1, and

J In
Wi = Uin(X;, Xo) + Y Usn(X;, Y5).
s=1 s=1

We can implement the reasoning of [12] to this martingale and obtain a similar result.
Denote

Vin(z,y) = E[Uin(z, X1)Un(y, X1)], Von(2,y) = E[U1, (2, Y1)Uin(y, Y1)],
Van(z,y) = BlUsn (X1, 2)Usn(X1,9)], Van(z,y) = E[Usyn(z,Y1)Usn(y, Y1)].

Theorem 3.1. The statistics I1, is asymptotically normal with zero mean and variance o3 if
we have
lim my, ' [E[V (X1, Xo) + Vi, (Y1, Y2) + Vi, (X1, Xa) + Vi (Y1, Y2)]
oo (3.44)
+n'E[UL, (X1, X2) + Us, (Y1, Y2) + Us, (X1, Y1)]] = 0.

Proof of the theorem almost repeats the reasoning for the proof of the asymptotic normality
in [12] and is omitted.

The verification of (3.44) practically does not differ from the verification of similar conditions
in the case of goodness-of-fit testing [6]. Moreover, most of the estimates for proof of (3.44)
and the estimates in [6] coincide. Thus, we omit this reasoning.

This research was supported by the RFFI (project 20-01-00273).
Translated by M. S. Ermakov.
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