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ON DOUBLY ALTERNATIVE ZERO DIVISORS IN
CAYLEY-DICKSON ALGEBRAS

S. A. Zhilina* UDC 512.643, 512.554

Zero divisors of Cayley—Dickson algebras over an arbitrary field ¥, charF # 2, are studied. It
is shown that the zero divisors whose components alternate strongly pairwise and have nonzero
norm form hexagonal structures in the zero-divisor graph of a Cayley—Dickson algebra. Properties
of the doubly alternative zero divisors at least one of whose components has monzero norm are
established, and explicit forms of their annihilators, orthogonalizers, and centralizers are obtained.
Properties of the zero divisors in Cayley—Dickson algebras with anisotropic norm are described,
and it is shown that in this case, directed hexagons in the zero-divisor graph can be extended to
undirected double hexagons in the orthogonality graph. A criterion of C-equivalence for elements
of Cayley—Dickson algebras with anisotropic norm is obtained. Possible values of dimension for
the annihilators of elements in Cayley—Dickson algebras are considered. Bibliography: 23 titles.

1. INTRODUCTION

A convenient method for visualizing a binary algebraic relation R is to define the corre-
sponding graph. Its vertices represent the elements or their equivalence classes in an algebraic
structure under consideration, and there is an edge from z to y if and only if xRy. The
most popular relation graphs of various algebras are the commutativity, orthogonality, and
zero-divisor graphs.

Studying relation graphs is a rapidly expanding branch of modern mathematics. Among the
fields where relation graphs find particularly important applications, one should mention the
problem of classifying relation preserving mappings, see [5], and the isomorphism problem,
that is, exploring the interrelation between an isomorphism of algebraic structures and an
isomorphism of the corresponding relation graphs, see [6,12].

This work aims at studying the commutativity and orthogonality relations, the relation of
forming a pair of zero divisors, and also the graphs induced by them for a particular class of
nonassociative algebras, namely, the Cayley—Dickson algebras. The study of Cayley—Dickson
algebras started in the theory of composition algebras, i.e., those algebras that possess a strictly
nondegenerate quadratic form n(-) satisfying the identity n(ab) = n(a)n(b) for all elements of
the algebra.

In 1898, Hurwitz proved that the unital composition division algebras over R are exhausted
by the real numbers R, complex numbers C, quaternions H, and octonions Q. Later the
Hurwitz theorem was extended by Jacobson to arbitrary unital composition algebras over an
arbitrary field IF, charF # 2. He demonstrated that any such algebra A4 is isomorphic to a
Cayley—Dickson algebra A,, of dimension 2", where 0 < n < 3, see [11, p. 61, Theorem 1]. This
result was generalized to a field F of arbitrary characteristic by Zhevlakov et al., see [20, p. 46,
Theorem 1].

In general, the Cayley—Dickson algebras over a field F, charF # 2, form a family of 2"-
dimensional algebras A,, n € Ny, that are defined inductively: Ay = FF, and at every step
the algebra A, 41 is obtained from 4,, by applying the Cayley—Dickson process with a certain
parameter 7, € F\{0}. The elements of A,,;1 are the ordered pairs of elements from A,,, that
is, they are of the form (a, b) € A, xA,,. For n > 4, the algebras A,, are not alternative, whence
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they are not composition algebras. Consequently, even in the case where the norm on A4, is
anisotropic, A, contains zero divisors. The problems of classifying them and describing their
annihilators are rather difficult, except for some particular cases.

At present, most authors restrict their attention to the real algebras of the main sequence,
which we denote by M,,. In this case, F = R, and all the Cayley—Dickson parameters are equal
to —1. The most successful studies of zero divisors in these algebras are due to Moreno [14-16]
and Biss, Dugger, and Isaksen [3,4]. Particularly, in [3,4] the dimensions of the annihilators
of their elements were completely described, and the zero divisors with annihilators of the
largest possible dimension were classified. Then Pixton [18] obtained a similar result for the
dimensions of the alternators in these algebras.

It should be mentioned that Moreno was the first who studied doubly alternative elements
in the real algebras of the main sequence, that is, the elements both of whose components
are alternative in the preceding algebra of the sequence. He established several important
properties of the doubly alternative zero divisors, see [14, pp. 25-27]. As it was shown
in [15, p. 15], a reason why the doubly alternative elements can be successfully studied is that
though the composition identity n(ab) = n(ba) = n(a)n(b) does not hold in the entire algebra
M,, for n > 4, it is valid if a,b € M,, alternate with each other.

Among the recent works on the relation graphs of real Cayley—Dickson algebras one should
mention the papers [9,10,21], where the relation graphs of the low-dimensional real Cayley—
Dickson algebras, namely, of the split-complex numbers, split-quaternions, split-octonions,
split-sedenions, and sedenions, have been described. In the author’s papers [22,23], the zero
divisors in the real Cayley—Dickson algebras whose components satisfy additional conditions on
their norm and alternativity were studied, and the isomorphism problem for the orthogonality
graphs on pairs of basis elements of real Cayley—Dickson algebras was solved.

In the present paper, we generalize the results obtained in [22] for the real Cayley—Dickson
algebras to the case of arbitrary Cayley—Dickson algebras over a field F, charF £ 2, and the
results obtained in [3,14,22] for the real algebras of the main sequence are extended to the case
of arbitrary Cayley—Dickson algebras with anisotropic norm. Corollary 3.3 and Lemma 5.6
correct some inaccuracies occurring in the proofs of Lemma 4.6 and Corollary 5.9 in [22]. Also
we study the possible dimensions of the annihilators of elements in arbitrary Cayley—Dickson
algebras.

The paper is organized as follows: In Sec. 2, we introduce the main definitions and notation,
which are used throughout the paper. In particular, we give a detailed description of the
Cayley—Dickson process in Sec. 2.2 and recall some properties of the Cayley—Dickson algebras
in Sec. 2.3.

Section 3 extends some well-known results on subalgebras in the real algebras of the main
sequence to the case of arbitrary Cayley—Dickson algebras. Namely, in Lemma 3.4, Corol-
lary 3.8, and Theorems 3.7 and 3.9, we establish a sufficient condition for two or three elements
to generate an associative or an alternative subalgebra and present the multiplication table
for the elements of this subalgebra. The proofs of these results are based on constructing a
homomorphism from As or Ajs to the subalgebra in question.

In Sec. 4, we consider pairs of the zero divisors in arbitrary Cayley—Dickson algebras whose
components have nonzero norm and alternate with each other. In Sec. 4.1, it is shown that they
form hexagonal patterns in the zero divisor graph. Lemma 4.1 plays the key part in studying
such elements because it allows one to construct a new pair of zero divisors given a pair of them.
The main result of Sec. 4.1 is Theorem 4.13. In Sec. 4.2, we describe properties of the doubly
alternative zero divisors at least one of whose components has nonzero norm. Lemma 4.19 and
Theorem 4.22 establish an explicit form of their annihilators and orthogonalizers and describe
the relationship between their centralizers and orthogonalizers.
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In Sec. 5, we consider zero divisors in the Cayley—Dickson algebras with anisotropic norm.
Lemmas 5.1 and 5.6 generalize the results on properties of zero divisors in the real algebras
of the main sequence obtained in [14]. Corollary 5.4 shows that two noncentral elements of a
Cayley—Dickson algebra with anisotropic norm are C-equivalent, i.e., their centralizers coincide
if and only if their imaginary parts are proportional to each other. Theorem 5.11 states that
in the case of Cayley—Dickson algebras with anisotropic norm, the directed hexagons in the
zero divisor graph from Theorem 4.13 can be extended to undirected double hexagons in the
orthogonality graph.

Section 6 is devoted to studying possible values of dimensions for the annihilators of elements
in Cayley—Dickson algebras. Examples 6.3, 6.4, and 6.5 demonstrate that, in general, the
dimension of an annihilator can be either divisible by four, or even but not divisible by four,
or odd. However, in accordance with Theorem 6.11, in the case of Cayley—Dickson algebras
with anisotropic norm, the dimension of an annihilator is always divisible by four. This result
generalizes Theorem 9.8 in [3] on the dimensions of annihilators in real algebras of the main
sequence.

2. MAIN DEFINITIONS AND NOTATION

2.1. Algebraic relations and their graphs. Let I be an arbitrary field and let (A, +, - ) be
an algebra over a field I, possibly noncommutative and nonassociative. We say that a,b € A
anticommute if ab + ba = 0, and a,b € A are orthogonal if ab = ba = 0. We denote the set of
zero divisors (left, right, or two-sided) in A by Z(A), the set of two-sided zero divisors in A
by Zrr(A), and the (commutative) center of A by C4.

Definition 2.1. Let a be an arbitrary element of an algebra A.

e The centralizer of a is the set Ca(a) = {b € A|ab = ba} of all elements in A that

commute with a.

e The anticentralizer of a is the set Anc(a) = {b € A|ab+ba =0} of all elements in A
that anticommute with a.
The orthogonalizer of a is the set O4(a) = {b € A|ab=ba =0} of all elements in A
that are orthogonal to a.
The left annihilator of a is the set . Anny(a) = {b € A| ba = 0}.
e Similarly, the right annihilator of a is the set r. Anny(a) = {b € A| ab = 0}.

It is clear that C4(a), Anc4(a), Oa(a), l. Anng(a), and r. Ann 4(a) are linear spaces over F.

Definition 2.2. Elements a,b € A are said to be C-equivalent if C 4(a) = C4(b) and O-equi-
valent if O 4(a) = O4(b).

Notation 2.3. Given a subset X of a linear space W over F, we denote the set of lines passing
through elements of X by

P(X) = {[a] = Fz | = € X \ {0}}.
Introduce some relation graphs, which will be studied in this paper.
Definition 2.4. Let A be an arbitrary algebra. Define the following relation graphs of A:
e The commutativity graph T'c(A): its vertices are the elements of
P(A/Cy) ={[a+Cy]l =Fa+Cylac A\ Cy},

and distinct vertices [a + C 4] and [b 4+ C 4] are adjacent if and only if ab = ba.
e The orthogonality graph T'o(A): its vertices are the elements of P(Z1r(A)), and distinct
vertices [a] and [b] are adjacent if and only if ab = ba = 0.
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o The directed zero divisor graph I'z(.A): its vertices are the elements of P(Z(.A)), and
distinct vertices [a] and [b] are connected by a directed edge ([a], [b]) if and only if
ab = 0.

Note that the edges of T'c(A), T'o(A), and I'z(A) are well defined. When speaking of the
vertices of these graphs, we will not distinguish between a nonzero element ¢ and the line
[a] = Fa passing through it. Also we denote span(aq,...,a;) = Fa; + - - - + Fay.

2.2. Constructing Cayley—Dickson algebras. We refer the reader to [13,19] for auxiliary
definitions and general properties of the Cayley—Dickson algebras.

Definition 2.5. Let A be an algebra over a field F with an involution a — @. The algebra
A{~} produced by the Cayley—Dickson process applied to A with a parameter v € F, v # 0,
is defined as the set of ordered pairs of elements of A with the operations

a(a,b) = (aa, ab);

(a,b) + (¢,d) = (a+ ¢, b+ d);
(a,b)(c,d) = (ac + ydb, da + be)
and the involution
(a7 b) = (C_L, _b)a

where a,b,c,d € A, a € F. If the involution on A is regular, that is, a + a € Fl4 and
aa = aa € Fly4 for all a € A, then the involution on A{~} also is regular, see [19, p. 435].

Proposition 2.6 ([13, p. 161, Exercise 2.5.1]). Let ' = oy for an a # 0. Then the algebras
A{~v} and A{~'} are isomorphic.

In the sequel, we assume that charF # 2. Now we define an arbitrary Cayley—Dickson
algebra, which is determined by a set of its parameters.

Definition 2.7. Given an integer n > 0 and nonzero numbers 7y, ..., Vv,—1 € F, we define the
Cayley—Dickson algebra A,, = A,{70,...,Vn—1} by induction as follows:

(1) Ao =F, and eéo) =1 is its single basis element.

(2) If A{70,---,Vn—1} is constructed, then A, +1{70,---, 7} = (An{Y0s-- s Tn-1}){Wm} Its

. n+1 n+1
basis elements are e(() ), cee e;n +1)—1> where

6(n-i—l) _ (67(7711)70)7 0<m<2" -1,
" 0,el,.), 2 <m <o+l 1,
For every integer n > 0, the structure 4,, in Definition 2.7 is a 2"-dimensional algebra over F

with the unit element e((]") and a regular involution. We denote 1 = ¢y = e(()n) and k = ke(()n)

for k e .
Definition 2.8.
a—a

o Let a € A,. Its trace is t(a) = a + a, its imaginary part is Jm(a) = *,°, and its norm
is n(a) = aa = aa. Since the involution on A, is regular, we have t(a),n(a) € F.

e An element a € A, is said to be pure if t(a) = 0.

e An element (a,b) € A,y is said to be doubly pure if t(a) = t(b) = 0.

Proposition 2.9 ([19, p. 435]). The trace and norm of an element (a,b) € An4+1 can be
determined inductively by using the following relations:

t((a,b)) = t(a),
n((a,b)) = n(a) = yn(b).
From Proposition 2.9 it follows that the norm n(-) is a nondegenerate quadratic form on A,

499



2.3. Properties of the Cayley—Dickson algebras. In what follows, we assume that A is
an arbitrary algebra over a field F, and A,, = A,,{70,-..,7n—1} is an arbitrary Cayley—Dickson
algebra over a field F, charF # 2.

Proposition 2.10 ( [19, p. 440]). Let {(a,b) denote the F-valued symmetric bilinear form
associated with the quadratic form n(a). Then, for all a,b € A,,, {(a,a) = n(a) and 2{a,b) =
ab+ ba = ab + ba = t(ab). In addition, for arbitrary a,b € A, it holds that (a,b) = (a,b) and
t(a) = 2(a, ep).

Notation 2.11. We write a L b if a and b are orthogonal with respect to (-,-), that is,
(a,b)y = 0.

Lemma 2.12 ([19, Lemmas 2 and 6]). For all z,y, z € A,, we have
(1) t([x,y,2]) = 0;
(2) (@,y2) = (zz,y) = (yz, 2).
Definition 2.13. Let F = R.
e The algebra A,{70,...,vn—1} is called a real Cayley—Dickson algebra of the main se-
quence if vy, = —1 for all kK =0,...,n — 1. We denote this algebra by M,,.
e The algebra A, {70,...,Vn—1} is called a real Cayley—Dickson split-algebra if v, = —1

forall k =0,...,n —2 and v,_1 = 1. We denote it by H,, because the norm on H,
appears to be hyperbolic.

Proposition 2.14 ([10, Proposition 3.31]).

on_1 9n—1 2n—1
o Leta= Y. amegg), b= > el € M,,. Then {a,by = > amby, is a Euclidean
n—1
inner product. Particularly, n(a) = Y. a2,, whence n(a) = 0 if and only if a = 0.
m=0
2n—1 (n) 2n—1 (n) | 2n—1
o Leta= > amem’ b= > bmem’ € Hp. Then (a,b) = >, ambm — >  ambm.
m=0 m=0 m=0 m=9on—1

Remark 2.15. In the case of real algebras of the main sequence, the norm of a is frequently
defined as v/aa, in contrast with the definition n(a) = aa used in this paper. However, most
results can readily be extended to the norm modified in this way.

Example 2.16.

e The complex numbers (C), quaternions (H), octonions (Q), and sedenions (S) are the
real algebras of the main sequence for n =1, 2, 3, and 4, respectively, see [1].
e The split-complex numbers (C), split-quaternions (H), split-octonions (Q), and split-

sedenions (S) are the real split-algebras for n = 1, 2, 3, and 4, respectively, see [2,21].

Now we proceed to some concepts related to associativity. Given a,b,c € A, we denote
their associator by [a, b, c] = (ab)c — a(bc) and their antiassociator by {a,b,c} = (ab)c + a(be).
An algebra A is said to be flexible if [a,b,a] = 0 for all a,b € A. Clearly, in a flexible
algebra A we have [a,b,c] = —[c, b, a] for all a,b,c € A. An algebra A is said to be alternative
if [a,a,b] = [b,a,a] =0 for all a,b € A.

It is well known that the algebra A,, is alternative if and only if n < 3; however, A,, always
is flexible, see, e.g., [19, p. 436, Theorem 1].

Definition 2.17 ([15, p. 12, p. 15]). Let a,b € A,.
e We say that a alternates with b if [a, a,b] = 0.
e If @ alternates with every b € A,,, then a is said to be alternative.
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e We say that a alternates strongly with b if [a,a,b] = 0 and [b, b, a] = 0.
e If a alternates strongly with every b € A,, then a is said to be strongly alternative.

The following three lemmas describe the anticentralizer of an arbitrary nonzero element
of A, and the relationship between the centralizer and orthogonalizer of an arbitrary pure
element. In [8], they are stated for the real Cayley—Dickson algebras only. However, their
proofs are valid verbatim in the case of an arbitrary field. Nevertheless, we provide the proofs
of Lemmas 2.19 and 2.20 for completeness. In the statement of Lemma 2.20, the direct
sum also implies that the direct summands are orthogonal to each other with respect to the
symmetric bilinear form (-, -). By [8, Proposition 8.19], the condition n < 3 is essential in
Lemma 2.20(1).

Lemma 2.18 ([8, Lemma 5.8]). Let a € A, a # 0.

(1) Ift(a) # 0, n(a) # 0, then Anca, (a) = {0}.

(2) Ift(a) #0, n(a) =0, then Anca,(a) = Fa.

(3) Ift(a) =0, then Ancy, (a) = {b € A, | t(b) = (a,b) = 0} = span(eg,a)*

Lemma 2.19 ([8, Lemma 8.10]). Let x € A, \{0}, t(x) =0. Then Cp,(z) =F®O4, (x)BV,
where dim(V') < 1.

Proof. Obviously, F C Cy4,(x), and it is sufficient to show that Jm(C 4, (z)) = Oy, (z) &V,
where dim(V') < 1. By Lemma 2.18, Anc 4, () C Jm(A,), whence

O, (x) =Cy,(x) NAncy, (x) = Im(C4, () N Ancy, (z).

Since for any y € Jm(C 4, (x)) (implying that ¢(y) = 0) the condition y € Anc 4, (x) is described
by a single linear equation, we have dim(IJm(Cl4, (z))) — dim(O4, (z)) < 1. O

Lemma 2.20 ([8, Lemma 8.11]). Let x € A, \ {0}, t(z) = 0.
(1) If n(x) =0 and n < 3, then Cy, () =F® Oy, (z).
(2) If n(x) #0, then Cy, (r) =F B Fz @ Oy, (z).

Proof. 1t is clear that C 4, (z) D F+TFx + O, (z). Observe that if y € O 4, (), then t(y) =0,
whence, by Proposition 2.10, (z,y) = 3t(zy) = —it(zy) = 0. Since n(z) = 2z = —2?, the
conditions n(z) = 0 and = € O4, (z) are equivalent. Consider the following two cases:

(1) If n(z) = 0, then this inclusion takes the form C4, () D F® O 4, (z). Show that for n <3
the reverse inclusion relation also holds. Let y € C4,(z) and let t(y) = 0. Since n < 3,
we can use the alternativity of A4,,. Note that zy = yT = yx = zy, i.e., vty = k € F. Then
0 = 22y = z(xy) = kx, whence k = 0, that is, y € O4, (z).

(2) If n(x) # 0, then this inclusion takes the form C 4, (x) 2 F @ Fz @ O 4, (x). The reverse
inclusion relation follows from Lemma 2.19 and dimension considerations. O

Example 2.21. If A, = M, is a real algebra of the main sequence, then any element
ze My\{0}, t(z) = 0, satisfies the assumption of Lemma 2.20(2).

3. ALTERNATIVE SUBALGEBRAS

In this section, we establish a sufficient condition for two or three elements to generate
an associative or an alternative subalgebra in an arbitrary Cayley—Dickson algebra. Also
we present the multiplication table for the elements of this subalgebra. It should be noted
that Assertions 3.2, 3.4-3.7, and 3.9 were already partially proved in the author’s paper [22]
for the real Cayley—Dickson algebras. Corollary 3.3 was also stated in that paper (see [22,
Corollary 5.9]), but there the elements = and y were assumed to alternate strongly, and the
proof contained an inaccuracy, namely, orthogonal projections with respect to subspaces with
possibly degenerate norms were considered.

501



For n > 4, the algebra A, is not alternative, whence it is not a composition algebra.
However, as the following lemma shows, the composition identity still holds for the elements
that alternate with each other. In [10,15], it is stated for the real Cayley—Dickson algebras
only; however, its proof remains valid for an arbitrary field F with charF £ 2.

Lemma 3.1 ([15, p. 15], [10, Lemma 4.8]). Let a,b € A,, [a,a,b] = 0. Then n(ab) = n(ba) =
n(a)n(b).

Following [14-16], we denote ¢y = (0,¢9) € A, and a = aep for all a € A,
Lemma 3.2. Let a,b € A, and let b be doubly pure. Then

(1) a= Yn—10;
(2) ab = —ab;
(3) a L a.

If a also is doubly pure, then
(4) ab+ ba =0 if and only if a 1 b;

(5) Yn—1ab+ ba =0 if and only if a L b.
Proof. Let a = (a1, a2), b = (b1,b2). By definition, a = (a1, a2)(0,e9) = (yn—1a2,a1).

(1) It holds that a= (Yn—102,a1) = (Yn—101, Yn—-102) = Yn—10a.
(2) Since b is doubly pure, we have

b = (102, 1) (b1, b2) = (1021 + Y1021, -1b202 + a1by)
= —(Yp_1(b2a1 + asby), a1y + Yn_1boas) = —ab.

(3) By Lemma 2.12(2), (a, a) = (a, aeg) = (aa, €g) = (n(a)eo, eg) = 0.
(4) By Lemma 2.18, a L b if and only if ab = —ba, which amounts to —ab = ab = —ba = ba.

(5) By Lemma 2.18, a L b if and only if ab = —ba, or equivalently —v,_1ab = —ab = ab =
—ba = ba. O
Corollary 3.3. Let x,y € A,—1. Then in A,, the following relations hold:
33:17: Zﬁv ZL:y: Eﬂv 5§:7n—1g$
Proof. For any z € A,_1, we have z = (z,0) in A,. Therefore, by Lemma 3.2, z = (0, 2).
Then B _
zy = (,0)(0,y) = (0,yx) = yz,
iy = (O,x)(y,()) = (075173?) = ﬁ)
2y = (0,2)(0,9) = (Yn-197,0) = Yn-1y. O

Note that in Lemma 3.4 and Theorems 3.7 and 3.9, n(a) and n(b) are allowed to be zero,
which is in contrast with the usual definition of Cayley—Dickson algebras.

Lemma 3.4. Let a € A,, be doubly pure. Consider H, = span(eg, a, €y, a). Then there exists a
surjective homomorphism ¢q : As{—n(a), -1} — Hg, whence H, is an associative subalgebra
in Ay,. Moreover, if n(a) # 0, then g is an isomorphism.

Proof. Denote p; = n(a) and ps = n(éy) = —vyp—1. Since a and ¢y are pure, we have
a? = —n(a) = —p; and (€9)? = —n(€y) = —pa. The condition a € span(eq, )+ implies that
@ € span(eq, €)*. By Lemma 3.2(3), @ L a, whence a, ¢y, @ anticommute pairwise. It remains
to observe that aa = —aa = uieg = pi1¢g by Lemma 3.2(2), aép = a = y,_1a = —psza by
Lemma 3.2(1), and (@)% = —n(a) = —n(aey) = —n(a)n(&y) = —p1u2 by Lemma 3.1. Thus, we
have the following multiplication table in H:
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X € a E() a

ey €o a g a
a a —p1 a  —H1€
€0 €0 —a  —2 H2a

a a piey —poa  —p1j2

Table 1. Multiplication table in H,.

Now we may define ¢, : Ao{—pu1, —pu2} —H, by setting ¢, (eg) =¢o, pa(e1) =a, pa(e2)="¢o,
and ¢,(e3) = a. Table 1 coincides with the multiplication table of As{—pu1, —p2}, and
€p, €1, €2, e3 form a basis in As{—pu1, —p2}. Thus, every nontrivial relation in Ax{—pq, —puo}
is preserved under ¢,, and ¢, actually is a homomorphism. Clearly, ¢, is surjective because
H, = span(eq, a, €9, a).

In order to prove the last assertion of the lemma, we use the fact that eg, a, €y, a form an
orthogonal system with respect to the symmetric bilinear form (-,-). If n(a) # 0, then n(a) =
n(a)n(ey) # 0, whence e, a, €y, a are linearly independent. Thus, ¢, is an isomorphism. [

Remark 3.5. Note that if n(a) = 0, then ¢, in Lemma 3.4 can have a nontrivial kernel even
for a # 0 because it is possible that a = a.

Lemma 3.4 immediately implies the well-known assertion on the strong alternativity of the
element ¢, see [7, Lemma 1.2].

Corollary 3.6. The element €y is strongly alternative in A,.

Proof. Let a € A, and let @’ be the orthogonal projection of a onto span(eg,ég)-. By
Lemma 3.4, @’ and €y generate an associative subalgebra H, C A,. Clearly, a € H,/, whence
[a, a, go] = [go, go, CL] =0. O

Theorem 3.7. Let a,b € A, alternate strongly, t(a) = t(b) = 0. Then Hgp = span(eg, a, b, ab)
is an associative subalgebra in A, closed with respect to involution, and multiplication of its
elements is described by Table 7?7, where uy = n(a), p2 = n(b), and k = —2(a,b). In the
case where k = 0, there exists a surjective homomorphism a5 : Ao{—n(a), —n(b)} — Hgp.
Moreover, if n(a) # 0 and n(b) # 0, then 1, is an isomorphism.

Proof. Since a and b are pure elements, we have a? = —n(a) = —u1 and b = —n(b) = —pus.

From k = —2(a,b) = —t(ab) = t(ab) it follows that ba = ba = ab = k — ab.

Since the elements a and b alternate strongly, we have a(ab) = a?b = —u1b, b(ab) =
b(k—ba) = kb—b%a = kb+psa, (ab)a = (k—ba)a = ka—ba® = ka+u1b, and (ab)b = ab® = —psa.
Finally, Lemma 3.1 implies that n(ab) = n(a)n(b) = uipe, whence (ab)? = (ab)(k — ab) =
kab — n(ab) = kab — pp2. Thus, we have the following multiplication table in H, p:

Table 2. Multiplication table in Hy .

X ep a b ab
ey € a b ab
a a — 41 ab —u1b

b b k—ab —ps  kb+ pea
ab ab ka4 b —psa kab— pype
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If K =0, that is, a L b, then we may define 1), : Aa{—p1, —p2} — Hyp by the relations
Yap(eo) = eo, Yapler) = a, Pap(e2) = b, and 14(e3) = ab. Then the associativity of H,p
follows from the associativity of As{—pu1, —ps2}, and the rest of the proof is similar to that of
Lemma 3.4.

Now assume that k # 0. First consider the case where n(a) # 0 or n(b) # 0. Without loss
of generality, we may assume that n(a) # 0. Let b/ = b — ga, where ¢ = {a, n(a )> Then a L b and
H,, = span(eg, a, b, ab) = span(eg, a,b’, ab’) = H, . Moreover, [a,a,b']=]a,a,b] — ¢la,a,a]=0
and [0/,b',a] = [b,b,a] — q[a, b, a] — q[b, a, a] + ¢*[a, a,a] = 0, that is, a and b’ alternate strongly.
Consequently, H, j is an associative subalgebra in A,, closed with respect to involution, as
desired.

Now let n(a) = n(b) = 0. Consider the elements z = e; + ez, y = —~(e; + e3), and
Ty = 5(604—61 +eg+e3) in As{—1,1}. Then eq, x,y, xy are linearly independent in As{—1, 1},
and their products satisfy the same relations as the products of ey, a, b, ab because Ay{—1,1}
is associative, n(z) = n(y) = 0, and t(xy) = k. Thus, we may define the homomorphism
Oap - A2{—1,1} — H,; by the relations 6, (o) = €o, o p(x) = a, O,5(y) = b, and 0, (xy) =
ab, and the associativity of H,j follows from that of Ax{—1,1}. O

Corollary 3.8. Let a,b € A, alternate strongly. Then the set span(eq, a, b, ab) is an associa-
tive subalgebra in A, closed with respect to involution.

Proof. Let a’ = Jm(a) and let & = TJm(b). It is clear that o’ and ¥’ alternate strongly and
span(eg, a,b,ab) = span(eg,a’,b’,a’t’). Then the desired assertion immediately follows from
Theorem 3.7 applied to the elements a’ and b'. O

The theorem below is a generalization of Theorem 5.1 in [15].

Theorem 3.9. Let elements a,b € A, be doubly pure, b L span(a,a). Also let a alternate
strongly with b. Denote Q,;, = span(eg, a, b, ab, €y, a, b ab) Then there exists a surjective
homomorphism pqp : As{—n(a), —n(b), yn—1} = O, whence Qg is an alternative subalgebra
in Ay. Moreover, if n(a) # 0 or n(b) # 0, then @4 is an isomorphism.

Proof. Denote 1 = n(a), pa = n(b), and us = n(ey) = —yp—1. Since a,b, and ey are
pure, we have a®> = —n(a) = —u1, b*> = —n(b) = —pua, and (€y)? = —n(eéy) = —pu3. Using
Lemma 2.12(2), we can show that from a L span(eg, eg) and b L span(eg, a, €9, a) it follows that
{ep, a,b,ab, €y, a, b, ab} is an orthogonal system with respect to (-, -). Then, by Lemma 2.18,
a,b,ab, ey, a, b, ab anticommute pairwise. Note that the element ab also is doubly pure.

By Theorem 3.7, there exists a surjective homomorphism 4, : Ao{—p1, —p2} — Hgp. Now
we extend it to g p @ As{—p1, —p2, —ps} = Oup. We may apply Lemma 3.4 to a,b, and ab

separately. Then, by usmg Lemma 3.2(2 ), we obtain that ab = —ab, a(ab) = —a(ab) = p1b,
ba = —ba = ab, b(ab) = —b(ab) = —p2a, ab-a = (/ag)/a = —,ulg and ab-b = —(/a_l;)/b = poa.
By Lemma 3.2(5), we obtain that ba = —Yp_1ab = psab, ab-d = —Yn—1a(ab) = —p1usb, and
ab- b= —n—1b(ab) = popsa. Thus, the multiplication table in O,y is provided by Table 3.

Now we may define ¢, j, by setting ¢,,((e5,0)) = Yap(e;) and v, 5((0,€5)) = 1/1:;,\(;]-) for all
0 < j < 3. The rest of the proof is similar to that of Lemma 3.4. O

4. ZERO DIVISORS WITH ALTERNATIVITY CONDITIONS ON THEIR COMPONENTS

This section is devoted to studying the zero divisors in arbitrary Cayley—Dickson algebras
whose components satisfy some additional conditions on the norm and alternativity. We
generalize and strengthen the results obtained in Sec. 3 of the author’s paper [22] for the real
Cayley—Dickson algebras.
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Table 3. Multiplication table in Q.

X e a b ab € a b ab

ey €p a b ab €0 a b ab

a a —p ab  —pb a —méo  —ab pinb

b b —ab —pa  pea E ab —H2e0  —[2a
ab ab b —pga —pyp ab —uib  ped  —ppedo
e e —a  —b —ab —H3 U3a p3b p3ab

a a e ~ab b —pza  —pps  —psab  ppsb

b b ab  pgeg  —pea  —psb  pzab  —pops  —poppsa
ab ab —pb pga  pipgey —pszab  —pyipsb  popza —papops

4.1. Hexagons in zero-divisor graphs

Lemma 4.1. Let (a,b),(c,d) € A,+1 and let the elements ¢,d € A,, alternate (not strongly)
with a,b € A,. Also assume that n(c) — xyn(d) = xn(c) — yn(d) = 0 for a certain x € F.
Then

(1) (a,b)(c,d) = 0 implies (c,d)(ac, —xda) = 0;
(2) (¢,d)(a,b) =0 implies (ca,—xda)(c,d) = 0.
Proof. (1) We have the following string of equalities:
(¢, d)(ac, —xda) = (c(ac) + yn(—xda)d, (—xda)c + d(ac))
c(ca) — xym(ad)d, x(be)c — ynd(db))
ct)a — xyma(dd), xb(cc) — vy, (dd)b)
n(c) — xnn(d))a, (xn(c) — yan(d))b) = 0.
(2) Similarly,

(ca, —xda)(c,d) = ((ca)c + ynd( Xda) d(ca) + (—xda)e)

(

((@e)e = xmd(da), d(—yabd) + x(be)c)

= (a(cc) — xm dd)a —n(dd)b + xb(ct))

= ((n(c) = xn(d))a, (xn(c) — yan(d))b) = 0. O

Remark 4.2. If, in Lemma 4.1, n(c) = n(d) = 0, then one can take an arbitrary x € F.
Otherwise we immediately obtain

n(c) = £y,n(d) # 0;
U @) (@)
mn(d)  n(e)

Condition (x) is fulfilled automatically whenever A, is a real algebra of the main sequence,
see [14, pp. 25-27], or A, 11 is a real Cayley—Dickson split-algebra, see [10, Lemma 4.1]. One
can verify that the proofs in those papers only require that ¢, d € A, alternate (not strongly)
with a,b € A, and then n(c) = n(d). Thus, the values of x are equal to —1 and 1, respectively.
From Lemma 4.6 it follows that condition (*) also is satisfied if A, is a Cayley—Dickson algebra
with anisotropic norm over an arbitrary field F, char[F # 2. However, in the general case,
condition (x) is not necessarily fulfilled, see [10, Example 4.17] and Example 6.3 below.

) =
) =

— £l *)
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Notation 4.3. Let (a,b) € A,41 and let n(a) # 0. Then the value x((a,b)) = ’ynncf)) is

called the characteristic of (a,b).

Remark 4.4. Note that we could define the characteristic as the reciprocal of x((a,b)), i.e.,

o 7(1()) Then the condition that n(a) # 0 should be replaced by n(b) # 0. Most of the results
of this section can readily be transferred to the case of this modified definition. In particular,

in Lemma 4.19, the element ¢ should be expressed in terms of d, not vice versa.

Proposition 4.5. If (x,y) € A,y1 is pure and x((x,y)) = 1, then (x,y) is (strongly) orthog-
onal to itself.

Proof. By definition, n((z,y)) = n(z) = van(y) = mn(y) — yan(y) = 0, whence (z,y)(z,y) =
Lemma 4.6. Let elements c,d € A, alternate with a,b € A, and let (a,b)(c,d) = 0 or
(c,d)(a,b) =0 in Apt1. Assume that n(a) # 0 or n(b) # 0 and that n(c) # 0 or n(d) # 0.
Then x = x((a,b)) = x((¢,d)) = £1 and, moreover, x((ac,—xda)) = x((ca,—xda)) = x. In
other terms, the elements (a,b), (c,d), (ac, —xda), and (ca, —xda) satisfy condition (x) with
the same value of x.

Proof. Without loss of generality, we may assume that (a,b)(c,d) = (ac + v,db, da + b¢) = 0;
the case where (c,d)(a,b) = 0 is considered snmlarly By Lemma 3.1,

n(a)n(c) = n(ac) = n(—yndb) = van(db) = yn(b)n(d) = yzn(b)n(d),
n(a)n(d) = n(da) = n(—be) —n(bc) = (b)n(_) n(b)n(c),
(n(e)*n(a) = n(c)(n(a)n(c)) = yan(e)(n(d)n(d)) = van(d)(n(b)n(c))
:%%n(d)(n(a)n(d)) (yan(d))?n(a),
(n(c)*n(b) = n(c)(n(b)n(c)) = n(c)(n(a)n(d)) = n(d)(n(a)n(c))
= yan(d)(n(b)n(d)) = (yan(d))*n(b).

From n(a) # 0 or n(b) # 0 it follows that (n(c))? = (v,n(d))?, whence n(c) = £y,n(d) # 0.
Similarly, from n(c) # 0 or n(d) # 0 it follows that n(a) = £y,n(b) # 0. Thus, x = x((a,b)) =
n(b)  n(d

’Ynn(a) - ’Ynn(c) =

x((ac, —xda)) = v

X((¢,d)) = £1. Moreover, Lemma 3.1 implies that

n(—xda)  n(da)  n(a)n(d)  n(d)
)—'Yn( )—’Yn()—X'

n(ac)  "n(ac n(a)n(c n(c

The relation x((ca, —xda)) = x is established similarly. O
Below, in Assertions 4.7-4.12 and in Fig. 1, we assume that (a,b)(c,d) = 0 in A,4; and
that the elements a,b € A,, alternate strongly with ¢,d € A, that is, [z,z,y] = [y,y,2] =0

for x € {a,b} and y € {c,d}. Everywhere, except for Lemma 4.7, we also assume that (a,b)
and (¢, d) satisfy condition (x).

Lemma 4.7. The elements ac and da alternate strongly with a,b,c,d.

Proof. From (a,b)(c,d) = (ac + y,db, da + bé) = 0 it follows that ac = —v,db and da = —be.
It remains to apply Corollary 3.8 to @ and ¢, to b and ¢, to a and d, and to b and d.
Note that this assertion can readily be proved directly:

la,a,ac] = —|a,a,ac] = —(aa)(ac) + a(a(ac))
—(aa)(ac) + a((aa)c) = —n(a)ac + n(a)ac = 0,
506



[b7 bv (IC] = [b7 b7 —’}/n(Zb] =Tn [Jbv b7 b] = —’}/n[d_b, 67 b] =0.

Similarly, one can show that the elements a,b, c,d alternate with ac and ad. Conversely, we
have

[ac, ac,a] = —[ac, ac,a] = —((ac)(ac))a + (ac)((ca)a)
= —n(ac)a + (ac)(¢(aa)) = —n(ac)a + n(a)(ac)e
= —n(ac)a + n(a)a(cc) = —n(ac)a + n(a)n(c)a =0
because from Lemma 3.1 it follows that n(ac) = n(a)n(c). Thus, the elements ac and ad
alternate with a, b, ¢, and d. O

Corollary 4.8. InT'z(A,41), there is the following 6-cycle:
(a,b) = (¢,d) = (ac, —xda) — (a,—b) — (¢, —d) — (ac, xda) — (a,b).

Proof. By Lemma 4.6, x = x((a,b)) = x((¢,d)) = x((ac, —xda)) = £1. On the other hand, by
Lemma 4.7, the elements ac, da alternate strongly with a, b, c,d. We obtain the desired cycle
by successively applying Lemma 4.1:
e (a,b)(c,d) = 0 implies (c,d)(ac, —xda) = 0;
e since c(ac) = c¢(ca) = (c¢)a = n(c)a and —x(—xda)c = (da)c = (=bé)c = —b(cc) =
—n(c)b, we conclude that the relations (¢, d)(ac, —xda) = 0 and n(c) # 0 imply that
(ac, —xda)(a, —b) = 0;
e since (ac)a = (¢a)a = ¢(aa) = n(a)c and —x(—b)(ac) = xb(—Yndb) = —xYnb(bd) =
—XVn(bb)d = —xyun(b)d = —n(a)d, we conclude that (ac, —xda)(a,—b) = 0 and
n(a) # 0 imply (a, —b)(c, —d) = 0;
e from (a, —b)(c, —d) = 0 it follows that (¢, —d)(ac, xda) = 0;
e (¢,—d)(ac, xda) = 0 implies (ac, xda)(a,b) = 0. O

Proposition 4.9. Let (z,y)(z,w) =0 in An—i—l- Then

Proof. By assumption, (z,y)(z,w) = (zz + y,wy, wz + yz) = 0. Therefore,

(Z,9) (W, Z2) = (WZW + Y2y, ZT + Ypygw) = (W (wx + y2), xz + y,wy) = 0,
(0, ) (Y w, 2) = (Vagw + Yo 2T, 2l + WnZW) = Yo (22 + YWy, wa + yz) = 0,
(Yny, x)(Z, W) = (WyZ + Ywx, ywy + xz) = 0. O

Corollary 4.10. In I'z(A,+1) there are the following 6-cycles:
(@,b) = (ynd, ) = (—Xmda,ac) — (a,—b) = (ynd, —€) = (XVnda,ac) — (a,b),
(Ynb,a) = (¢,d) — (—xnda,ac) — (yub, —a) — (¢, —d) = (xynda,ac) — (b, a),
(Ynb, @) = (Ynd, c) = (ac, —xda) — (Yub, —a@) — (ynd, —c) — (ac, xda) — (b, a).
Proof. The assertions immediately follow from Corollary 4.8 and Proposition 4.9. g

Remark 4.11. The cycles in Corollary 4.10 can also be obtained by using Corollary 4.8 if the
pairs (a,b) and (y,d, ¢), (nb,a) and (¢,d), (ypb,a) and (y,d,c) are chosen as the initial pairs
of zero divisors.

Description 4.12. By using Corollaries 4.8 and 4.10, we obtain subgraphs of I'z(A,+1),
which will be called hexagons. They are shown in Fig. 1 below.

By combining the results of Lemmas 4.6 and 4.7 and Corollaries 4.8 and 4.10, we obtain
the following theorem.
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(ac, —xda) (—Xnda, ac)

> a, —b) < (a,—b)

0

(@c, xda) (xYnda,ac) (Ynd, —C)
(=xnda, ac) (nd, ) (ac, —xda)
(b, a < > ,—a) (nb,a < (ynb, —a)
(xVnda, ac) (¢,—d (ac, xda) (Ynd, —c)

Fig. 1. Hexagons.

Theorem 4.13. Let elements a,b € A,, alternate strongly with c,d € Ay, and let (a,b)(c,d) =0
in Apy1. Then the following assertions are valid:

(1) The elements ac,da alternate strongly with each of the elements a,b,c,d.

(2) Let n(a) # 0 or n(b) # 0, and also let n(c) # 0 or n(d) # 0. Then (a,b), (c,d), and
(ac, —xda) satisfy condition (x) with the same value of x.

(3) In this case, in T'z(A,41) there are the following 6-cycles:

(a,b) = (¢,d) = (ac, —xda) — (a,—b) — (¢,—d) — (ac, xda) — (a,b),
(@,b) = (ymd,€) = (—=Xxmda,ac) — (a,—b) = (ynd, —¢) = (xVnda,ac) — (a,b),
(Ynb,a) = (¢,d) — (=xYmda,ac) — (Yub, —a) — (¢, —d) = (xynda,ac) — (b, a),
(Ynb, @) = (Ynd, ) = (ac, —xda) — (Yub, —a@) — (ynd, —c) — (ac, xda) — (b, a).
4.2. Doubly alternative zero divisors

Notation 4.14. Let a € A,,. The mappings L., R, : A, — A, are defined as follows: for all
x € A,, we set
Ly(x) =azx, Ry(x)=za. (4.1)

Obviously, L, and R, are linear operators on the 2"-dimensional linear space A,.

Lemma 4.15. Let a € A,. Then dim(Ker L,) = dim(Ker R,), that is, dim(l. Ann4(a)) =
dim(r. Anny(a)).

Proof. By Lemma 2.12(2), the linear operators L, and L; are conjugate with respect to
the symmetric bilinear form (-, -) in the sense that for all x,y € A, we have (L,(x),y) =
(x,La(y)). Thus, dim(Ker L,) = dim(Ker Lz). On the other hand, L;(Z) = ax = za = Ry ()
for all x € A,,, whence dim(Ker Lz) = dim(Ker R,). This completes the proof. O
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Corollary 4.16. Z(A,) = ZLr(Ay).

Proof. Let a € Ay, a # 0. Then, by Lemma 4.15, Ker L, # {0} if and only if Ker R, # {0}.
In other terms, a is a right zero divisor if and only if a is a left zero divisor. Thus, the sets of
left and right zero divisors in A, coincide, that is, Z(A,) = Zrr(An). O

Thus, in the case of Cayley—Dickson algebras, all zero divisors are two-sided zero divi-
sors. The following proposition describes the interrelation between the orthogonality and
zero-divisor graphs of these algebras. Note that in [22] this assertion is stated for the real
Cayley—Dickson algebras only; however, its proof remains valid in the case of an arbitrary field
as well.

Proposition 4.17 ([22, Proposition 3.10]). An edge ([al, [0]) in T'z(Ay) is an edge in To(Ay)
if and only if one of the following conditions is fulfilled:

(1) [o] = [a] and n(a) = 0;

(2) t(a) =1t(b) =0.

From Proposition 4.17 it follows that any zero divisor a € A,, with a nontrivial orthogonalizer
either is pure or has zero norm. If a is not pure, then its connected component in I'o(A,)
consists of two vertices [a] and [a]. Hence, in the context of orthogonality graphs, we are only
interested in pure zero divisors.

Now consider the zero divisors (a,b) € Ap4+1 such that both a and b are alternative elements

in A,.
Definition 4.18. The set of doubly alternative elements of A, 11 is the set
DA(An+1) = {(a,b) € Ap+1| both a and b are alternative in A, }.

An algebra A, is alternative only for n < 3. Therefore, all elements of 4,11 are doubly
alternative if and only if n < 3. Note that doubly alternative elements need not be alternative,
see [15, Theorem 3.3] and [10, Lemma 4.16].

We also note that, in accordance with [10, Example 4.17], doubly alternative elements need
not satisfy condition (%) even in the case where both of their components have nonzero norms.
In other terms, their characteristic x can be well defined but not equal to 0 or 1. However,
by Lemma 4.6, if the left or right annihilator of a doubly alternative element (a,b) contains
an element (¢, d) and if n(a) # 0 or n(b) # 0 and also n(c) # 0 or n(d) # 0, then (a, b) satisfies
condition (x).

Lemma 4.19. Let (a,b) € DA(Ap+1) and let n(a
b

l.Anny, ((a,b)) = { <c, — iz(ca

(be)

n(a

# 0. Denote x = x((a,b)). Then

((
) [t}
r.Anng,,, ((a,b)) = { <C’ - ‘ }

> bz
Moreover, if t((a,b)) = 0, then
O, ((a,b) = {<c - M?) ‘ t(c) = 0, b(ca) = X(bc)a} :

n(a

S|

)
)

)
)

Proof. First consider I.Anny, ,((a,b)). Let (c,d) € A,41 be such that (c,d)(a,b) = (ca +
Yubd,bc 4 da) = 0. Then bc + da = 0, whence n(a)d = d(aa) = (da)a = —(bc)a. Moreover,
ca + Y,bd = 0 and yn(a) = v,n(b), whence b(ca) = —v,b(bd) = —v,(bb)d = —vy,n(b)d =
—xn(a)d = x(bc)a. Arguing in the reverse direction, we conclude that for any ¢ € A,, such

that b(ca) = x(bc)a we have (c, - Sf(ct)l?) € l.Anny, ., ((a,b)). Thus, the converse also is true.
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Proceed to 7. Ann 4, ,, ((a,b)). Let (¢,d) € An+1 be such that (a,b)(c,d) = (ac + v,db, da +
bé) = 0. Then da + bé = 0, whence n(a)d = d(aa) = (da)a = —(bé)a. Since ac + v,db = 0 and
xn(a) = y,n(b), we have b(ca) = b(ac) = b(—y,db) = —y,b(bd) = —7,(bb)d = —y,n(b)d =
—xn(a)d = x(bc)a. Clearly, in this case, the converse also is true, that is, for any ¢ € A,, such

that b(¢a) = x(b¢)a we have (c, - (;:8?) €r.Anny, , ((a,b)).
Finally, the formula for O4,.,((a,b)) follows from Proposition 4.17. O

Corollary 4.20. Let a,b,c,d,ac,ad € A, alternate strongly pairwise, (a,b)(c,d) =0 in Ap41,
(a,b) and (c,d) satisfy condition (x). Also let t(a) = t(c) = t(ac) = 0. Then the left upper
hezagon in Fig. 1 is an undirected hexagon in I'o(An41), and in I'o(An41) there are no other
edges connecting its vertices, that is, there are no chords in it.

Proof. Since t(a) = t(c) = t(ac) = 0, from Proposition 4.17 it follows that this hexagon is a
hexagon not only in I'z(A;,41) but also in T'o(Ap11)-

Now let (x,y) and (z,w) be two of its vertices, possibly coinciding. First show that (z,y)
cannot be orthogonal to both (z,w) and (z,—w). Suppose the contrary. Then, as in the

proof of Lemma 4.19, (z,y)(z,w) = 0 implies w = —(g(zg, and (z,y)(z,—w) = 0 implies
—w = — (g(zx, whence w = —w. But w # 0, a contradiction.

Let t(x) = 0. In general, it is possible that (z,y)(z, —y) = (—n(z) — van(y), —2yz) = 0,
ie., (z,y) and (z,—y) are orthogonal. However, if x alternates strongly with y and (zx,y)
satisfies condition (x), then (x,y) cannot be orthogonal to (x,—y). Indeed, by Lemma 3.1,

n(yz) = n(y)n(x) # 0. Thus, yz # 0, implying that (z,y)(x, —y) # 0. O
The proof of the following lemma uses arguments from [14, p. 21].

Lemma 4.21. Let elements a,b,c € A,, satisfy the relations t(a) = t(b) =0, [a,b,b] =0, and
b=[a,c,b]. Then n(b) = 0.

Proof. Consider the mapping S : A, — A, defined by S(x) = [a,z,b] for all x € A,. Then
S = RyL, — LyRy, where L, and Ry are defined in (4.1). The linear operators L, and R} are
skew-symmetric with respect to the symmetric bilinear form (-, - ) because, by Lemma 2.12(2),
(Lo(x),y) = (az,y) = (x,ay) = (x,—ay) = —(x, Lyy). Therefore, S also is skew-symmetric,
and S(S(z)) = 0 implies that 0 = (z,—S(S(x))) = (S(z), S(x)) = n(S(z)). Since b = S(c)
and 0 = [a,b,b] = S(b) = S(S(c)), we conclude that n(b) = n(S(c)) = 0. O

The next theorem is a generalization of Lemma 2.20(1) to the case of doubly alternative zero
divisors whose characteristic x equals 1. If the characteristic is well defined but not equal to 1,
then the norm of such an element is nonzero, and Lemma 2.20(2) can be applied. Thus, we
know the centralizer of an arbitrary pure doubly alternative zero divisor whose first component
has nonzero norm.

Theorem 4.22. Let (a,b) € DA(A,41) be pure and let x((a,b)) = 1. Then Cu,,,((a,b)) =
Fo O.An+1 ((CL, b))

Proof. Since x((a,b)) = 1, we have n((a,b)) = n(a) — y,n(b) = 0. Suppose there exists
(c,d) € Cy, ., ((a,0)) \ (F® Ou,,,((a,b))). Without loss of generality, we may assume that
t(c) = 0. Then
(a,b)(c,d) = (c,d) - (a,b) = (¢,d)(a,b) = (a,b)(c,d),
that is, (a,b)(c,d) = k € F. Since (¢,d) ¢ O4,.,((a,b)), we have k # 0. Assume, without loss
of generality, that £k = 1. Then
(1,0) = (a,b)(c,d) = (ac + yndb,da + bé) = (ac + v,db, da — be).
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The condition da = bc implies that n(a)d = d(aa) = (da)a = (bc)a, whence n(a)d = a(ch) =

—a(ch). By multiplying the equality 1 = ac + v,db by b on the right and substituting the
expression for n(a)d, we obtain

b = (ac)b + v (db)b = (ac)b + v,d(bb) = (ac)b + v,n(b)d
= (ac)b+n(a)d = (ac)b — a(cb) = [a, c, b].

From Lemma 2.12(1) it follows that ¢(b) = t([a, c,b]) = 0, whence b = —b and b = [a, ¢, b]. By
Lemma 4.21, we obtain that n(b) = 0, which contradicts the assumption that x((a,0)) =1. O

5. ZERO DIVISORS IN ALGEBRAS WITH ANISOTROPIC NORM

In Lemma 5.1, we extend the Moreno’s results obtained in Sec. 1 of [14] for the real algebras
of the main sequence to the case of Cayley—Dickson algebras with anisotropic norm over an
arbitrary field F, char[F # 2. Recall that we denote ¢y = (0,e9) € A,, and a = agy for all
a€c A,

Corollary 4.16 claims that all zero divisors in the Cayley—Dickson algebras prove to be two-
sided zero divisors, that is, Z(A,) = Zrr(A,). In the case of a Cayley—Dickson algebra with
anisotropic norm, the following stronger result holds.

Lemma 5.1 ( [14, Corollaries 1.5, 1.6, 1.9, and 1.12]). Let A,, be a Cayley—Dickson algebra
with anisotropic norm and let a,b € A,,. Then

(1) n(ab) = n(ab) = n(ab) = n(ba);

(2) the elements ab, ba, ab, ab are zero or nonzero simultaneously;

(3) ifa e Z(A,), then t( ) =0;

(4) ifa € Z(Ay), then a is doubly pure;

(5) ab =0 if and only zfab—O

Proof. (1) By Lemma 2.12(2), n(ab) = (ab,ab) = (a(ab),b) = (b(a(ab)),ep)
Note that a(ab) = (t(a) — a)(ab) = a((t(a) — a)b) = a(ab), hence n(ab) =
5t(b(a(ab))) = n(ab). Moreover, n(ab) = n(ab) = n(ba) = n(ba) = n(ba) = n(

(2) This assertion immediately follows from item (1) and the fact that th
anisotropic.

(3) Let a € Z(A,), that is, ab = 0 for a certain b € A,,, b # 0. By item (2), we have
ab = ab = 0, whence t(a)b = (a+a)b = 0. Since t(a) € F and b # 0, we conclude that ¢(a) = 0.

(4) From Proposition 4.9 it follows that if a = (a1,a2) € Z(A,,), then @ = (y,_1a2,a1) €
Z(Ay). Therefore, by item (3), we have t(a) = t(a) = 0, that is, t(a1) = t(a2) = 0.

(5) If a=0or b =0, then ab = ab = 0. Otherwise, by item (4), a and b are doubly pure,
and the desired assertion follows from the first equality in Proposition 4.9. O

= ,t(b(a(ab))).
Lt(B(a(ab))) =
ab) = n(ab).
e norm on A, is

Corollary 5.2. Let A, be a Cayley—Dickson algebra with anisotropic norm. Then the graph
I'z(A,) can be obtained from the graph T'o(Ay) by replacing every undirected edge with a pair
of directed edges.

Proof. This assertion immediately follows from Lemma 5.1(2). O

Theorem 5.3. Let A, be a Cayley—Dickson algebra with anisotropic norm and let a,b €
Ap \ {0}, t(a) =t(b) =0. If a and b are C-equivalent, i.e., Cy, (a) = Cy, (b), then [a] = [b].
Proof. By Lemma 2.20(2), C4,(a) = F & Fa @& O4, (a). Moreover, by Proposition 4.17, for
all z € Oy, (a) it holds that ¢(z) = 0. Since b € Cy,(b) = C4,(a) and t(b) = 0, we have
b= ka+ x for some k € F and = € O4, (a). Therefore, Cy,(a) C Cy, ().

Suppose [a] # [b], that is,  # 0. Since the norm on A, is anisotropic, this means that
n(x) # 0. By Lemma 5.1(5), az = 0 implies aZ = 0, i.e., T € O4, (a). Hence T € Cy,(a) C
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C4, (x). Moreover, by Lemma 5.1(4), the element x is doubly pure. From Lemma 3.4 it follows
that zx = —zx = n(x)eg # 0, which contradicts the equality 7z = x 7. O

Corollary 5.4. Let A, be a Cayley—Dickson algebra with anisotropic norm and let a,b € A,
Jm(a) # 0, Im(b) #0. If a and b are C-equivalent, then [Jm(a)] = [IJm(b)].

Proof. This assertion immediately follows from Theorem 5.3 because C 4, (a) = Cy, (Im(a))
and Cy,, (b) = C 4, (Im(D)). O

Remark 5.5. Let A4, be a Cayley—Dickson algebra with anisotropic norm and let a € Z(A4,,).
Then, by Lemmas 3.2(3) and 5.1(4)-5.1(5), the elements a and a are doubly pure and lin-
early independent but O-equivalent. On the other hand, if b € Z(A,,_1), then O4,((b,0)) =
04, ((0,0)) = {(c,d) | ¢,d € O4, ,(b)}, whence (b,0) and (0,b) also are doubly pure and
linearly independent but O-equivalent.

Items (1)—(5) of Lemma 5.6 were proved by Moreno in [14, pp. 25-27] for the real algebras
of the main sequence. In his proof, Moreno assumed that ¢ and d were alternative elements
in M,,. However, his proof is valid verbatim in the case where the elements ¢,d € M,
alternate with a,b € M,, only. Also Moreno proved Lemma 5.6(6), but his proof required that
the elements ¢ and d alternate strongly.

Recall that the antiassociator of elements a, b, ¢ in A is {a, b, c} = (ab)c + a(bc).

Lemma 5.6. Let A, 11 be a Cayley—Dickson algebra with anisotropic norm and let elements
c,d € A, alternate with elements a,b € A, (a,b),(c,d) € Z(An11), (a,b)(c,d) = 0. Then

(1) t(a) = t(b) = t(c) = t(d) = 0;

(2) n(a) = =mn(b) and n(c) = —mn(d), i.e., x((a,b)) = x((¢,d)) = —1;

(3) [C’ a, d] = Qn(c)b; [Ca bv d] = _2n(d)a;

(4) {c,a,d} ={c,b,d} =0;

(5) a Lb;

(6) a,b € span(eq, ¢, d, cd)*;

(7) (¢,d)(ac,ad) = 0.

Proof. Ttem (1) immediately follows from Lemma 5.1(4).

(2) Since (a,b) # 0, (¢,d) # 0, and the norm on A, is anisotropic, we have n(a) # 0 or
n(b) # 0, and also n(c) # 0 or n(d) # 0. By Lemma 4.6, x = x((a,b)) = x((¢,d)) = £1.
However, if x = 1, then n((a,b)) = n((c,d)) = 0, which contradicts the fact that the norm on
A, 11 is anisotropic. Therefore, y = —1.

(3) Since (a,b)(c,d) = (ac + yndb,da + bé) = (ac — y,db,da — bc) = 0, we have ac = 7,db
and da = bc. Thus,

n(d)a = d(da) = —d(bc),
n(d)a = —,Ylnn(c)a = —,Yln (ac)ec = ﬂ/ln (Yndb)e = (db)c,

n(c)b = —yn(d)b = —d(y,db) = d(ac).
Applying the involution to both sides of every equality, we obtain that n(d)a = —(¢b)d = ¢(bd)
and n(c)b = —c(ad) = (ca)d. Tt follows that [c,a,d] = 2n(c)b, [¢,b,d] = —2n(d)a, and
{¢,a,d} = {e,b,d} =0, which also proves item (4).

(5) As in the proof of Lemma 4.21, consider the skew-symmetric linear operator S : A, — A,
defined by the formula S(z) = [c,z,d] for all z € A,,. Then a L S(a) = [¢,a,d] = 2n(c)b,
implying that a L b.

(6) By item (1), eg € span(a,b,c,d)>. We apply Lemma 4.1(1) to the elements (a,b) and
(¢,d) with x = x((¢,d)) = —1 and use the relations ac = ¢a = ca. Then (¢, d)(ca,da) = 0 and,
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by Lemma 5.1(4), t(ca) = t(da) = 0. From Proposition 2.10 it follows that (a,c) = —(a,¢) =
—%t(ca) = 0 and, similarly, (a,d) = 0, that is, a L ¢ and a L d. By using the equalities
ca = vpbd and da = bc, we similarly obtain that b L c and b L d.

From Lemma 2.18 it follows that the elements a,b anticommute with ¢,d. Then ac =
—ca and ad = —da, which immediately proves item (7). It remains to observe that, by
Lemma 2.12(2),

{a,cd) = {ad,c) = (da,c) = (bc,c) = (b,cc) = n(c){b,ep) = 0,
(b,cd) = (eb,d) = (bc,d) = (da,d) = {a,dd) = n(d){a,ey) = 0,
whence a L c¢d and b L cd. O]

Now we will generalize some results obtained in Sec. 4.2 of the author’s paper [22] for the
real algebras of the main sequence. Note that in [22] there is an inaccuracy, namely, the proof
of the pairwise orthogonality of the elements a, b, ¢, d with respect to (-, -) uses the fact that the
elements a, b, ¢, d alternate strongly pairwise. However, all other assertions are stated under
the assumption that the elements a, b alternate strongly with ¢, d only (see [22, Corollary 4.4,
Lemma 4.6]).

Below, in Assertions 5.7-5.10 and in Fig. 2, we assume that A, 1 is a Cayley—Dickson
algebra with anisotropic norm, (a,b),(c,d) € Z(Ap+1), (a,b)(c,d) = 0, and the elements
a,b € A, alternate strongly with ¢,d € A,, ie. [z,z,y] = [y,y,2] = 0 for x € {a,b} and
y € {c,d}.

Corollary 5.7. In T'o(Ay,+1) there is the following 6-cycle:
(a,b) < (c,d) < (ac,ad) < (a,—b) < (¢, —d) < (ac, —ad) < (a,b).

Proof. Apply Corollary 4.8 with x = x((¢,d)) = —1. By Lemma 5.6(6), we have ac = —ac and
da = —ad. Finally, Corollary 5.2 implies that the directed edges of the hexagon in I'z(A,+1)
correspond to the undirected ones in I'o (A, 41). O

Description 5.8. By using Lemma 5.1(5) and Corollary 5.7, we obtain a subgraph
of To(Apt1), which we call a double hexagon. It is shown in Fig. 2. The double hexagon
consists of 6 bipartite graphs Koo glued together. Note that it contains all hexagons from
Fig. 1.

Lemma 5.9.
(1) The elements ey, a,b,c,d are orthogonal with respect to (-, -).
(2) The elements ey, a,b,c,d,ac,ad are orthogonal with respect to (-, -).
Proof. (1) This assertion immediately follows from items (5)-(6) of Lemma 5.6 applied to the
pairs of elements (a,b)(c,d) =0 and (¢, d)(a,b) = 0.

(2) By Lemma 4.7, the elements ac, ad alternate strongly with a,b,c,d. By Corollary 5.7,
(a,b)(c,d) = (¢,d)(ac, ad) = (ac,ad)(a, —b) = 0. It remains to use item (1) thrice. O

Corollary 5.10. All elements at the vertices of the double hexagon in Fig. 2 are linearly
independent.

Proof. This assertion immediately follows from Lemma 5.9(2) because, by Lemma 3.1, n(ac) =
n(a)n(c) # 0 and n(ad) = n(a)n(d) # 0. O

By combining the results of Lemmas 4.7 and 5.9(2) and of Corollaries 5.7 and 5.10 with
Description 5.8, we obtain the following theorem.

Theorem 5.11. Let A, 11 be a Cayley—Dickson algebra with anisotropic norm and let elements
a,b € A, alternate strongly with c¢,d € Ay; (a,b),(c,d) € Z(An+1); (a,b)(c,d) =0. Then
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(c,d) (ac, ad)

(Ynd, c) (vnad, ac)

(a> b) (7nba a) (_"ynba a) (a7 _b)

(—mad, ac) (=ynd, )

(ac, —ad) (¢, —d)
Fig. 2. The double hexagon.

(1) the elements ac,ad alternate strongly with a,b, ¢, d;

(2) the elements ey, a,b,c,d,ac,ad are orthogonal with respect to (-,-);

(3) there exists a subgraph of To(An+1) that is shown in Fig. 2 and called the double hexagon;
(4) all elements at the vertices of the double hexagon are linearly independent.

In [22, Theorem 4.11], the multiplication table for the vertices of the double hexagon is
obtained in the case where A, 1 is a real algebra of the main sequence M,,;1. This result
can be generalized to an arbitrary Cayley—Dickson algebra with anisotropic norm, but the new
multiplication table will depend on the parameters n(a), n(c), and ~v,. If A,4+1 = My41, then
vn = —1, and we may assume, without loss of generality, that n(a) = n(c) = 1. Therefore,
all coefficients in the multiplication table of the vertices of the double hexagon [22, p. 677,
Table 1] are constant.

6. DIMENSIONS OF ANNIHILATORS

In this section, we extend the proof of Theorem 9.8 from [3], which claims that the dimension
of the annihilator of an arbitrary element in a real algebra of the main sequence is divisible
by four, to the case of an arbitrary Cayley—Dickson algebra A,, with anisotropic norm over
a field I, charF # 2. First we show that this assertion can fail for Cayley—Dickson algebras
with isotropic norm. Recall that by Lemma 4.15, for any a € A,, we have dim(l. Ann4(a)) =
dim(r. Ann4(a)).

Lemma 6.1. Letn>1, a € A,, t(a) =0. Then dim(r. Ann 4, (a)) is even.

Proof. Since t(a) = 0, by Lemma 2.12(2) we have (Lq(b), c) = (ab,c) = (b, ac) = —(b, L, (c)) for
all b, c € A, that is, L, is a skew-symmetric linear operator with respect to the nondegenerate
symmetric bilinear form (-,-). Since charF # 2, it follows that the rank of L, is even. But
dim A,, = 2" is even, whence dim(r. Ann 4, (a)) = dim(Ker L,) also is even. O

Proposition 6.2 ( [10, Lemma 4.18], [21, Corollary 4.5]). Let A,, be a real low-dimensional
Cayley—Dickson split-algebra, i.e., F =R, A, = H,, where 1 <n <4, and let a € A,.

(1) If 1 <n < 3, then dim(r. Anny, (a)) € {0,271 27},

(2) If n =4, then dim(r. Anng, (a)) € {0,4,8,16}.
Thus, for n € {3,4}, dim(r. Anny, (a)) is divisible by four.
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The two examples below show that for n > 4 the algebra A, can contain pure doubly
alternative elements such that the dimensions of their annihilators are even but not divisible
by four.

Example 6.3 ([10, Example 4.17]). Let n > 4, F =R, A,, = H,,_1{1}. Consider a = egn—z) €

M,,_o. Then, by [10, Lemma 4.16], the element A = (2a + a,a) € A,, is pure and doubly
alternative. However, n(a) = 1 and n(2a + a) = 3, whence x(A) = 'Vn—ln(gc(fjr)a) =i # £L
Thus, A does not satisfy condition (x). Moreover, from Theorem 3.9 and Lemma 4.19 one can
obtain that

r.Anny, (A) = {(c, —c) ‘ c=(x,—x), = € span(ep,a)’ C Mn_g}.
Therefore, dim(r. Ann 4, (A)) = dim(span(eg, a)*) = 2”2 —2 is even but not divisible by four.

Example 6.4. Let F = R, Ay = H3{1}. Consider a = e + e5 +eg, b = ey + €1 + e5 € Hs.
Since H3 is an alternative algebra, the element (a,b) € A4 is pure and doubly alternative.
Furthermore, n(b) = —n(a) = 1, whence x((a,b)) = %—12((2)) = —1, that is, (a,b) satisfies

condition (x). However,
r.Ann 4, ((a,b)) = span ((—62 +e3—eg—er, e+ e3+eg—e7),
(e1 + €2+ 2e3 — 2e4 + €5 — e7,€1 — 3e3 + 2e4 + €5 — €6 + 2e7)).
Thus, dim(r. Ann 4, ((a,b))) = 2 is even but not divisible by four.

The following example shows that if an element of A, is not pure, then, for n sufficiently
large, the dimension of its annihilator can be odd.

Example 6.5. Let F =R and let A5 = Hs = My{—1}. Consider the elements
a=eg—e1+2e + 2e5 — eg + 2e7r + eg — e19 — e11 — 2e12 — 2e13 — 2e14 — 2€15,
b= —ey— 2e; + ea — 2e3 — 2e4 — 2eg + 2e7 + eg — 2e19 + 2e11 + €12 + e13 — e15 € M.

One can verify that in this case, dim(r. Anny,((a,b))) = 3 is odd.

Now let A,, be a Cayley—Dickson algebra with anisotropic norm over a field F, charF # 2.
Recall that in this case, by Lemma 5.1(2), we have I. Ann g4, (a) = r.Anng, (a) = O4, (a) for
alla € A,.

Lemma 6.6. Let n > 1. Denote K = span(eg, €y). Then
(1) K is a field;
(2) A, is a left vector space over K.

Proof. (1) Since (€y)? = yn_1, the set K is closed with respect to addition and multiplication,
that is, it is a subalgebra in A,,. Moreover, multiplication on K is commutative and associative.
Since the norm on A,, is anisotropic, its restriction to K also is anisotropic, whence K contains
no zero divisors. Therefore, K is a field.

(2) It is sufficient to show that [k1,ke,a] = O for all ki,ky € K and a € A,,. This is
equivalent to the equality [€g, €g,a] = 0 for all a € A, that is, to the alternativity of the
element ey. But ¢y = (0,¢ep) is one of the standard basis elements, whence it is alternative
by [19, Lemma 4]. O

By Lemma 2.12(2), (a,b) = (ab, eg), that is, (a,b) is an orthogonal projection of ab onto F
with respect to (-,-). We can use this observation in defining a K-valued Hermitian inner
product on A,.
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Notation 6.7. Given a,b € A, by (a,b)x we denote the orthogonal projection of ab onto K
with respect to (-, -).
Lemma 6.8. (1) For arbitrary a,b € A,, we have (a,b)x = (a,b) + %1_1 (epa, b)eq.

(2) {(a,b)x is a Hermitian inner product, that is, an anisotropic (in particular, nondegener-
ate) Hermitian sesquilinear form.

Proof. (1) By Lemma 2.12(2), (ab,eq) = (a,b) and (ab,éy) = (a,eob) = —(&a,b). Since

eo L ey, n(eg) =1, and n(ey) = —y,—1, we have
((Il_), 60> ((Il_), AéO> ~ <EOCI, b> ~
a,b)g = ey ={a,b) + €o.
(0B =) 0T ) 0T WO T

(2) Additivity in both arguments is obvious. Show that (ka,b)x = k{a,b)k for all k € K
and a,b € A,. By the F-linearity, it is sufficient to prove this assertion for & = ¢y and k = ¢y
only. The first case is evident, whereas in the second case we derive
(€o(eoa),b) - ((20)%a, b)

€y = (an, b> +
Tn—1 Tn—1

@06:@ (20)* = @ (a. b

<g0a7 b>K = <g0a7 b> + EO

= <an, b> + <CL, b>g0 = (a, b>50 +

Moreover, from ab = ba it follows that (a,b)x = (b,a)x. Since aa = n(a) € F C K, we have
(a,a)g = n(a) for a € A, whence (-, - )k is anisotropic. O

Lemma 6.9. Let a € A, be doubly pure. Then L, is a conjugate-linear skew-Hermitian
mapping in the sense that

(1) La(b+c) = La(b) + La(c),

(2) La(kb) = kLq(b),

(3) (Lq(b),c)x = —(b, Ly(c))k for all k € K, b,c € A,.

Proof. (1) The additivity of L, is obvious.

(2) By virtue of the F-linearity, it is sufficient to consider the cases k = ep and k = ey.
The first case is evident, whereas in the second case we have to show that a(epb) = —ep(ab).
Applying the involution to both sides of the desired equality and using the fact that a is
pure, we conclude that it is equivalent to (bég)a = —(ba)éy. Since a is doubly pure, from

Lemma 3.2(2) it follows that ba = —ba, as desired.
(3) Using Lemma 2.12(2) and items (1) and (2) of Lemma 6.8, we derive

(La(b), O = (ab, &) = {ab, c) + W1 qey 4 (BralEc)) o
In—1 Tn—1

(b,a(epc)) - (b, —¢ep(ac)) %

= —(b,ac) + ~%_1 eo = —(b,ac) + e
= —(b,ac) + “f’f‘jc»zo — (b, acyk = — (b, La(c))k. 0

In [3], the following lemma is stated for the field of complex numbers only; however, the
proof also holds in the case of an arbitrary field K, char K # 2, with an involution a — a.

Lemma 6.10 ( [3, Lemma 6.7]). Let V' be a finite-dimensional linear space over K with a
nondegenerate Hermitian form and let L be a conjugate-linear skew-Hermitian endomorphism
of V.. Then the K-codimension of Ker L in V is even.
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Proof. We identify V' with K", where m = dim V. Since L is conjugate-linear, there exists a
matrix A € M,,(K) such that Lx = Az for all x € V. Let H € M,,(K) be the matrix of the
Hermitian form on V, that is, (z,y)x = #'Hy for all z,y € V. Then we have H = H!. The
mapping L is skew-Hermitian, hence for all x,y € V we have

o' HAy = (z, Ay)x = (z, Ly)x = —(L,y)x = —(Az,y)x
= —(Az)Hy = —(Ax)'Hy = —2'A'H'y = —2'(HA)'y.

Thus, HA = —(HA)!. Since char K # 2, it follows that the rank of HA is even, whence
the nondegeneracy of H implies that the rank of A is even. Therefore, the K-codimension of
Ker L = Ker A in V is even. O

Theorem 6.11. Letn > 2, a € A,,. Then dimp(r. Ann 4, (a)) is divisible by four.

Proof. If a = 0, then dimp(r. Anny, (a)) = dimp(A,) = 2" is divisible by four, and if a # 0
and a ¢ Z(A,,), then dimp(r. Ann 4, (a)) = 0 is as well divisible by four. Now consider the case
where a € Z(A,,). By Lemma 5.1(4), the element a is doubly pure. Hence, by Lemma 6.9, L, is
a conjugate-linear skew-Hermitian mapping. From Lemma 6.10 it follows that codimg Ker L,

is even. Since dimg A, = 2" ! is even, this means that dimg Ker L, also is even. Hence
dimp(r. Ann 4, (a)) = dimg Ker L, = 2dimg Ker L, is divisible by four. O

Some other results on the dimensions of annihilators obtained in [3,4] for the real algebras
of the main sequence can also be generalized to the case of an arbitrary Cayley—Dickson
algebra with anisotropic norm. In particular, this concerns Lemma 8.4, Proposition 8.11, and
Theorem 13.2 from [3]. Notice that in the case of an arbitrary Cayley—Dickson algebra with
anisotropic norm, Definition 3.1 of the element {a,b} € A,4+1 from [4] should be modified
as follows: the factor \}2 should be deleted, and a new factor ~, should appear in the first

component of {a,b}.
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