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BOUNDARY-VALUE PROBLEMS FOR THE SYSTEM OF OPERATOR-DIFFERENTIAL
EQUATIONS IN BANACH AND HILBERT SPACES

O. Z. Iskra1 and O. O. Pokutnyi2;3 UDC 517.9

We establish necessary and sufficient conditions for the existence of solutions of linear and nonlinear
boundary-value problems in Hilbert and Banach spaces and present a convergent iterative procedure for
finding the solutions in the nonlinear case.

Introduction

In the present paper, we develop constructive methods for the analysis of linear and nonlinear boundary-value
problems for operator-differential equations in Banach and Hilbert spaces. These problems occupy a central place
in the qualitative theory of differential equations [1–18]. A specific feature of these problems is that the operator
of the linear part of the equation does not have the inverse operator. This does not allow one to use the traditional
methods based on the principles of contracting mappings and fixed point. For the analysis of a nonlinear system
of differential equations, we develop the ideas of the Lyapunov–Schmidt method and efficient methods of the
perturbation theory by using the theory of generalized inverse [19] and strongly generalized inverse operators [20].

Statement of the Problem

Consider the following boundary-value problem:

8
<̂

:̂

'0.t; "/ D '.t; "/C  .t; "/C "f1.t; '.t; "/;  .t; "/; "/C g1.t/;

 0.t; "/ D '.t; "/C "f2.t; '.t; "/;  .t; "/; "/C g2.t/; t 2 J;
(1)

with a boundary condition

l.'.�; "/;  .�; "// D ˛; (2)

where '; 2 C 1.J;H/; C 1.J;H/ is a Banach space of continuously differentiable vector functions on the interval
J ⇢ R with values in the Hilbert space H; f1 and f2 are strongly differentiable vector functions; l is a linear and
bounded operator, which translates the solutions of Eq. (1) into the Hilbert space H1, and g1.t/; g2.t/ 2 C.J;H/
are vector functions. We find necessary and sufficient conditions for the existence of solutions '.t; "/;  .t; "/
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of the boundary-value problem (1), (2), which turn, for " D 0; into one of solutions of the generating linear
boundary-value problem of the following form:

8
<

:
'00.t/ D '0.t/C  0.t/C g1.t/;

 0
0.t/ D '0.t/C g2.t/; t 2 J;

l.'0.�/;  0.�// D ˛:

First, we investigate a generating linear case.

Linear Case

Consider a linear boundary-value problem

8
<

:
'00.t/ D '0.t/C  0.t/C g1.t/;

 0
0.t/ D '0.t/C g2.t/; t 2 J;

(3)

l.'0.�/;  0.�// D ˛: (4)

Denote by U.t/ the evolution operator of the homogeneous system

8
<

:
'00.t/ D '0.t/C  0.t/;

 0
0.t/ D '0.t/; t 2 J;

U 0.t/ D AU.t/; U.0/ D I;

where the matrix operator-valued function has the form

A D
 
1 1

1 0

!
;

and the evolution operator U.t/ has the form

U.t/ D etA D
1X

nD0

1

nä

 
tnFnC1 tnFn

tnFn tnFn�1

!
;

where Fn is a Fibonacci sequence:

F0 D 0; F1 D 1; FnC2 D FnC1 C Fn; n � 0;
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In this case, the set of solutions of Eqs. (3) has the form

 
'0.t; c/

 0.t; c/

!
D etAc C

tZ

0

e.t�⌧/Ag.⌧/d⌧ D
C1X

nD0
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tnFnc1 C tnFn�1c2
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@
.t � ⌧/nFnC1g1.⌧/C .t � ⌧/nFng2.⌧/

.t � ⌧/nFng1.⌧/C .t � ⌧/nFn�1g2.⌧/

1

A d⌧;

where c D .c1; c2/
T ; c1; c2 2 H; and g.t/ D .g1.t/; g2.t//

T [or by using representation (5)]. Substituting in the
boundary condition (4) we obtain the following operator equation:

Qc D ˛ � l
�Z

0

U.�/U�1.⌧/g.⌧/d⌧; Q D lU.�/ : H ! H1:

By using the theory of strong generalized solutions [21], we get the following result:

Qc D ˛ � l
�Z

0

U.�/U�1.⌧/g.⌧/d⌧; Q D lU.�/ : H ⇥H ! H1:

Theorem 1. (i) (a) The boundary-value problem (3), (4) has strongly generalized solutions if and only if the
following condition holds:

P
N.Q

⇤
/

8
<

:˛ � l
�Z

0

U.�/U�1.⌧/g.⌧/d⌧

9
=

; D 0I (6)

if

˛ � l
�Z

0

U.�/U�1.⌧/f .⌧/d⌧ 2 R.Q/;

then the generalized solutions is classical;
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(b) under condition (6), the set of solutions has the form

 
'0.t; c/

 0.t; c/

!
D U.t/PN.Q/c C .GŒg; ˛ç/.t/ 8 c 2 H; (7)

where PN.Q/; PN.Q⇤
/
are the orthoprojectors onto the kernel and cokernel of the operator Q; respec-

tively (Q is the extension of the operatorQ [20]),

.GŒg; ˛ç/.t/ D
tZ

0

U.t/U�1.⌧/g.⌧/d⌧ CQ
C
8
<

:˛ � l
�Z

0

U.�/U�1.⌧/g.⌧/d⌧

9
=

;

is a generalized Green’s operator, andQ
C
is a strongly Moore–Penrose pseudoinvertible operator [20];

(ii) (a) the boundary-value problem (3), (4) has strong pseudosolutions if and only if the following condition
holds:

P
N.Q

⇤
/

8
<

:˛ � l
�Z

0

U.�/U�1.⌧/f .⌧/d⌧

9
=

; ¤ 0I (8)

(b) under condition (8) the set of strong pseudosolutions has the form

 
'0.t; c/

 0.t; c/

!
D U.t/PN.Q/c C .GŒg; ˛ç/.t/ 8 c 2 H:

Nonlinear Case

The following statement is true:

Theorem 2. Suppose that the boundary-value problem (1), (2) has a solution which turns into one of solutions
of the generating boundary-value problem (3), (4) in the form (7) ." D 0/with an element c D c0: Then the element
c0 satisfies the following operator equation for generating elements:

F.c/ D P
N.Q

⇤
/
l

�Z

0

U.�/U�1.⌧/f .⌧; '0.⌧; c/;  0.⌧; c/; 0/d⌧ D 0:

Here,

f .t; '.t; "/;  .t; "/; "/ D

0

@
f1.t; '.t; "/;  .t; "/; "/

f2.t; '.t; "/;  .t; "/; "/

1

A:
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Proof. If the boundary-value problem (1), (2) has a solution, then it follows from Theorem 1 that the following
condition is true:

P
N.Q

⇤
/

8
<

:˛ � l
�Z

0

U.�/U�1.⌧/ .g.⌧/C "f .⌧; '.⌧; "/;  .⌧; "/; "// d⌧

9
=

; D 0:

Since the boundary-value problem (1), (2) has the solution, by using condition (6), we finally obtain ("! 0)

P
N.Q

⇤
/

8
<

:l
�Z

0

U.�/U�1.⌧/f .⌧; '0.⌧; c/;  0.⌧; c/; 0/d⌧

9
=

; D 0:

In order to obtain the sufficient condition for the existence of solutions, we use the following change of variables:

'.t; "/ D '.t; "/C '0.t; c0/;

 .t; "/ D  .t; "/C  0.t; c0/;

where the element c0 satisfies the equation for generating elements. We arrive at the boundary-value problem

'0.t; "/ D '.t; "/C  .t; "/C "f1.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/;

 
0
.t; "/ D '.t; "/C "f2.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/;

(9)

l.'.�; "/;  .�; "// D 0: (10)

Suppose that the vector functions f1 and f2 are strongly differentiable in the neighborhood of the generating
solution

f1; f2 2 C 1.k' � '0k  q1; k �  0k  q2/;

where q1 and q2 are positive constants.
We use the following expansions:

f1.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/

D f1.t; '0.t; c0/;  0.t; c0/; 0/C f 0
1'.t; '0.t; c0/;  0.t; c0/; 0/'.t; "/

C f 0
1 .t; '0.t; c0/;  0.t; c0/; 0/ .t; "/CR1.t; '.t; "/;  .t; "/; "/;

f2.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/

D f2.t; '0.t; c0/;  0.t; c0/; 0/C f 0
2'.t; '0.t; c0/;  0.t; c0/; 0/'.t; "/

C f 0
2 .t; '0.t; c0/;  0.t; c0/; 0/ .t; "/CR2.t; '.t; "/;  .t; "/; "/;
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where

R1.t; 0; 0; 0/ D R0
1'.t; 0; 0; 0/ D R0

1 .t; 0; 0; 0/ D 0;

R2.t; 0; 0; 0/ D R0
2'.t; 0; 0; 0/ D R0

2 .t; 0; 0; 0/ D 0:

Thus, we can rewrite the boundary-value problem (9)–(10) in the following form:

'0 D ' C  C "
¸
f1 C f 0

1'' C f 0
1  CR1

π
;

 
0 D ' C "

¸
f2 C f 0

2'' C f 0
2  CR2

π
;

(11)

l
�
'.�; "/;  .�; "/

�
D 0: (12)

Let

F.t; "/ D

0

@
f1 C f 0

1'' C f 0
1  CR1

f2 C f 0
2'' C f 0

2  CR2

1

A:

Under condition of solvability [19, 20]

P
N.Q

⇤
/

8
<

:l
�Z

0

U.�/U�1.⌧/F.⌧; "/d⌧

9
=

; D 0; (13)

the set of solutions of the boundary-value problem (11), (12) has the following form:

 
'.t; c/

 .t; c/

!
D U.t/PN.Q/c C ".GŒF; 0ç/.t/ 8 c 2 H:

Substituting the representation of solutions in condition (13), we obtain the operator equation

B0c D b; (14)

where the operator B0 has the form

B0 D P
N.Q

⇤
/
l

�Z

0

U.�/U�1.⌧/

 
f 0
1' f 0

1 

f 0
2' f 0

2 

!
U.⌧/PN.Q/d⌧;
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b D �P
N.Q

⇤
/
l

�Z

0

U.�/U�1.⌧/

 R1
R2

!
d⌧

� "P
N.Q

⇤
/
l

�Z

0

U.�/U�1.⌧/

 
f 0
1' f 0

1 

f 0
2' f 0

2 

!
GŒF; 0ç.⌧/d⌧:

Suppose that the following condition is satisfied:

P
N.B

⇤
0/
P
N.Q

⇤
/
D 0:

Then the equation (14) is solvable. One of its solutions has the form

c D B
C
0 b:

In this way, we obtain the following theorem:

Theorem 3. Suppose that the following condition is satisfied:

P
N.B

⇤
0/
P
N.Q

⇤
/
D 0:

Then, for any element c D c0 2 H satisfying the equation for generating elements, there exists a solution of
the boundary-value problem (1), (2). This solution can be found by using the iterative procedure:

 
'kC1.t; ck/

 kC1.t; ck/

!
D U.t/PN.Q/ck C hkC1.t; "/;

ck D �BC
0 PN.Q⇤

/
l

�Z

0

U.�/U�1.⌧/

 R1.⌧; 'k;  k; "/
R2.⌧; 'k;  k; "/

!
d⌧

� BC
0 PN.Q⇤

/
l

�Z

0

U.�/U�1.⌧/

 
f 0
1' f 0

1 

f 0
2' f 0

2 

!
hk.⌧; "/d⌧;

hkC1.t; "/ D "GŒf .�; 'k C '0;  k C  0; "/; 0ç.t/;

R1.t; '.t; "/;  .t; "/; "/ D f1.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/

� f1.t; '0.t; c0/;  0.t; c0/; 0/ � f 0
1'.t; '0.t; c0/;  0.t; c0/; 0/'.t; "/

� f 0
1 .t; '0.t; c0/;  0.t; c0/; 0/ .t; "/;
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R2.t; '.t; "/;  .t; "/; "/ D f2.t; '.t; "/C '0.t; c0/;  .t; "/C  0.t; c0/; "/

� f2.t; '0.t; c0/;  0.t; c0/; 0/ � f 0
2'.t; '0.t; c0/;  0.t; c0/; 0/'.t; "/

� f 0
2 .t; '0.t; c0/;  0.t; c0/; 0/ k.t; "/;

'.t; "/ D '0.t; c0/C lim
k!1

'k.t; "/;

 .t; "/ D  0.t; c0/C lim
k!1

 k.t; "/:
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7. F. Gozzi, E. Rouy, and A. Świȩch, “Second order Hamilton–Jacobi equations in Hilbert spaces and stochastic boundary control,” SIAM

J. Control Optim., 38, No. 2, 400–430 (2000).
8. J.-S. Hwang, Sh.-I. Nakagiri, “On semi-linear second order Volterra integro-differential equations in Hilbert space,” Taiwanese J.

Math., 12, No. 3, 679–701 (2008).
9. H. Ishii, “Viscosity solutions of nonlinear second-order partial differential equations in Hilbert spaces,” Comm. Partial Different.

Equat., 18, No. 3-4, 601–650 (1993).
10. H. Ishii and P.-L. Lions, “Viscosity solutions of fully nonlinear second-order elliptic partial differential equations,” J. Different. Equat.,

83, No. 1, 26–78 (1990).
11. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York (1983).
12. R. Picard and D. McGhee, Partial Differential Equations: a Unified Hilbert Space Approach, Walter de Gruyter, Berlin (2011).
13. R. E. Showalter, Hilbert Space Methods for Partial Differential Equations, Electronic Monographs in Differential Equations, San

Marcos, TX (1994).
14. L. De Simon and T. Giovanni, “Linear second order differential equations with discontinuous coefficients in Hilbert spaces,” Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (4), 1, 131–154 (1974).
15. P. E. Sobolevskii, “Generalized solutions of first order differential equations in Hilbert space,” Dokl. Akad. Nauk SSSR, 122, No. 6,

994–996 (1958).
16. A. Daletskii, “Stochastic differential equations in a scale of Hilbert spaces,” Electron. J. Probab., 23, Paper No. 119 (2018).
17. S. Nicaise, “Differential equations in Hilbert spaces and applications to boundary value problems in nonsmooth domains,” J. Funct.

Anal., 96, No. 2, 195–218 (1991).
18. T. Xio and L. Jin, “A note on the propagators of second order linear differential equations in Hilbert spaces,” Proc. Amer. Math. Soc.,

113, No. 3, 663–667 (1991).
19. A. A. Boichuk and A. M. Samoilenko, Generalized Inverse Operators and Fredholm Boundary-Value Problems, 2nd ed., De Gruyter,

Berlin (2016).
20. A. A. Boichuk and A. A. Pokutnyi, “Perturbation theory of operator equations in the Fréchet and Hilbert spaces,” Ukr. Mat. Zh., 67,
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