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We consider a generalized nonlocal Ginzburg—Landau equation with periodic boundary
conditions. For the corresponding initial-boundary value problem we prove the existence
of a solution for all positive values of the evolution variable. We study the existence and
properties of invariant manifolds. We extract a class of invariant manifolds the union
of which forms a global attractor. We describe the structure of the attractor and find the
Fuclidean dimension of its components. In the metric of the space of initial conditions,
we also study the Lyapunov stability and orbital stability of solutions that belong in the
global attractor. Bibliography: 11 titles.

1 Introduction

We consider the known partial differential equation

ug = u — (14 ic)ulul® 4+ (a + ib) Au, (1.1)
where u = u(t,z1,...,x,) is a complex-valued function, n € N is a natural number, Au is the
Laplace operator with respect to the variables z1,...,z,, ¢c,a,b € R, a > 0.

Equation (1.1) is known as the complex Ginzburg-Landau equation [1, 2]. This equation
appears in different fields of physics [1] and chemical kinetics [2].

Equation (1.1) is called a variational Ginzburg-Landau equation [1, 3] if ¢ = b = 0 and
weakly dissipative or generalized nonlinear Schrodinger equation if a = 0 [1, 4, 5].

In connection with problems of elastic stability theory, the following version of the Ginzburg—
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Landau equation is considered:
u=u— (1+ ic)u]u|2 + (a1 + b1 )ugy — (a2 + 1b2)Ugzrs,

where a1,b1,a9,b0,c € R, as > 0, and a1 > 0 if ao = 0.
In connection with mathematical modeling of the ferromagnetism phenomenon (see, for
example, [6, 7]), the following equation was derived:

up =u— (1 +ic)uV(u) + (a + ib)uy,, (1.2)

where
2

w=ult,z), V(u)= zil/|u(t,a;)|2dx,
0

if x € [0,2[] or the function u(¢,x) has period 2/ in z. The integro-differential equation (1.2) is
known as the Ginzburg-Landau equation. One of possible modifications of Equations (1.1), (1.2)
is obtained if the convection phenomenon is taken into account and, consequently, additional
terms appear in the corresponding equations.

In this paper, we consider a version of Equation (1.2) with periodic boundary conditions,
which, after normalization of the spatial variable x, can be written as

u(t,x 4+ 2m) = u(t, x).

2 Statement of the Problem
We consider the following version of the nonlocal Ginzburg-Landau equation (1.2):
ur = du — (1 +ic)uV (u) + gous V(uz) + g1us + (a + ici)uge — (a2 + ic2)Usaaa, (2.1)

where ¢, g2, 91,d, a,as,c1,ca € R. As was already mentioned,

2T o
1 1
V(u) = Py / ]u(t,x)‘Qda;,i.e.,V(ux) =5 / lug (t, x)‘de.
0 0

We note that the third and fourth terms on the right-hand side of Equation (2.1) are interpreted
in the physics as convective. Assume that as > 0. Normalizing the variable ¢ and function
u(t,x), we can assume that ag = 1 in (2.1), whereas coefficients at nonlinear terms remain
unchanged. Then the remaining coefficients d, g1, c1, c2, a are proportional to the original ones.
The periodic boundary conditions remain unchanged, with period 2.

We consider Equation (2.1) with boundary conditions
u(t,z + 2m) = u(t, x). (2.2)
The boundary value problem (2.1), (2.2) is completed with the initial condition
u(0,z) = f(z), (2.3)
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where u(t,z) and f(z) are complex-valued functions of variable ¢ > 0 (¢t > 0), x € R. Assume
that f(z) € HY, p=1,2,..., where HY} is the Hilbert space of functions possessing the following
properties:

1) f(z) € HY if f(x) € WL[0,27] for x € [0, 27],

2) f(x) has period 27.

For p = 0 we have f(x) € Ly(0,2m). We denote by W4 the Sobolev space equipped with the
traditional norm and inner product.

In this paper, we establish the existence of solutions to the initial-boundary value problem
(2.1)—(2.3) for all t > 0 and the existence and structure of the global attractor of the boundary
value problem (2.1), (2.2). Throughout the paper, we use the definition of a global attractor
given in [8] (cf. also [9] and the references therein).

3 Solvability of Initial-Boundary Value Problem

Theorem 3.1. Let f(z) € H3. Then the initial-boundary value problem (2.1)—(2.3) has
a unique solution for all t > 0. The corresponding solution u(t,z) possesses the following
properties:

(1) for all x € R, t > 0 the complex-valued function u(t,x) belongs to the class C*,

(2) the limit equality holds

Jim Jlu(t,2) = (2)llgy =0,

where

lu(t, @) = f@)ll7y = llu(t, @) = F(@)[1,0.2m + luat,2) = F @)L, 0.2m)
2m

ot ) = 90} y000) = [ Iolt,) ~ (o).
0

The proof of Theorem 3.1 is based on the fact that all solutions to the initial-boundary value
problem (2.1)—(2.3) can be found in the form of the functional series

o0

u(t,z) = Y up(t) exp(inz), (3.1)
n=—00
where u,(t) admits an explicit representation.
Let u(t,x) be a jointly continuous function for all  and ¢ > 0. Then u(t,z) can be written

as the functional series (3.1) with

™

1
/u(t,x) exp(—inz)dr, n=0,+1,£2 ....

un(t) = o

—T
We choose uy(t) such that u(t,z) is a solution to the corresponding initial-boundary value
problem (2.1)-(2.3). Moreover, u,(t) satisfies the countable system of ordinary differential

equations
up, = (an +iby)up, — (14 ic)u, V + igonVi, (3.2)
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2 2

where n € Z, a, = d — an® —n*,b, = —cin? — con + gin and, in view of the Parseval identity,

V=V =Y |luf, Vi=V)= > Flul
k=—0oc0 k=—o0
We complete the system (3.2) by the initial condition
un(0) = fn, (3.3)

where f,, denotes the Fourier coefficient of f(x):
1 oo
fon=— / f(x) exp(—inx)dzx.
27
—00

Remark 3.1. From the condition f,, = 0 for some m € Z it follows that u,,(t) = 0 (the
linear subspace f,, = 0 is invariant with respect to solutions to the system (3.2)). We can regard
the case f, # 0 for all n € Z as the main one. If f,, = 0 for some m € Z, C Z, then we can
restrict ourselves to equations with k& € Z\ Z,.

We consider the case f,, # 0 for all n € Z. We set
Un(t) = pult) exp(ign()),  fu = rnexp(itn). (3.4)
Making the change (3.4) for p,(t) and ¢,(t), we obtain the Cauchy problem
Pn = anppn — PV (p),
pn(0) = 7n,
¢n = bn — cV(p) + g2Vi(p)n,
en(0) = Y,

~—~ o~ o~
co N o ot
 — D

where, in this case,

Vip)= > pk. Vilp)= Y k.
k=—o0 k=—0o0
The Cauchy problem (3.5), (3.6) can be studied autonomously without addressing to the Cauchy
problem (3.7), (3.8).

Lemma 3.1. Let f, # 0,a, # 0 for all integers n. Then

_ rpexp(ant)
pn(t) = N0k

Proof. In the case under consideration, we have r, # 0 for all n. We first show that
Tn
pult) = L po(t) exp(=ant), (3.9)

where a,, = an? +n*, n € Z\{0}. To prove (3.9), we consider the equation of the system (3.5)
with some n # 0 and the equation with n =0

p/n = QpPn — an(p),

po = aopo — poV(p), ao=d.
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We multiply the first equation by pg and the second one by p, and subtract term-by-term one
from the other. As a result, we find

PrPo = PoPn = (an — a0)popn = —mpopn(an = ag — an).
Consequently,
(Pn>/ _ Pn pn(0) _Tn
Yy = —a, 22 _n
Po po po(0) 7o
Hence ®)
Pn Tn
——= = —exp(—ant).
po(®) o P

Substituting (3.9) into the equation for py = po(t), we obtain the Bernoulli equation for py(t)

3

Py = aopo — 205 (t), (3.10)
)
where -
St)= " r2exp(—2ant);
n=-—00

moreover, the series uniformly converges for ¢t > 0 since f(x) € Ha by assumption. Consequently,

the series
[oe)

STl D Pl 1 fal =7

n=—oo n=—oo

converge. Therefore, S(t) € C[0, 00). Furthermore, the function S(t), t € (0, c0), has continuous
derivatives of any order k. Indeed, we differentiate the corresponding series term-by-term

[e o]

SW() = > r2(—20m)" exp(—2ant).

n=—oo

The last series uniformly converges for ¢ € [tg,00), where ¢y is an arbitrarily small positive
constant. Moreover, one should take into account that r2 < M, where M > 0,a,, > 0 for
all n? > n2. Thus, S®)(t) is continuous for any natural number k and ¢ € (0,00), i.e., S(t) €
C*>°(0, 00).

It remains to find po(¢). Then we find all pg(t) with the help of formula (3.9). Replacing
1/p3(t) = yo(t), we reduce the Bernoulli equation (3.10) to the linear inhomogeneous equation

2
0
where )
yo(0) = —. (3.12)
To

We consider Equation (3.11). The function yo = C exp(—2aot) is a solution to the homoge-

neous equation y;, = —2agyp. For a partial solution to the inhomogeneous equation (3.11) we
can take
Yp = Z s exp(—2ant)
= anTqy
n—=——oo
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We emphasize that the series S(t) contains no resonance terms since a,, # 0. Thus, the general
solution to Equation (3.11) is the function

o0 2
,
yo(t) = Cexp(—2apt) + Z s exp(—2ant).
L anTg

The choice of a suitable C' is provided by the initial condition (3.12). As a result, a solution
to the problem Cauchy (3.11), (3.12) has the form

xp(—2apt > 2
yo(t) = %(1 + ; Z—Z(exp(Qakt) - 1))
Finally, we have
po(t) = roexplao)
T QR)
where o
Q)= 37 Fexp(20t) 1),
k=—oc0

We note that Q(¢) > 0 for t > 0 and 7, # 0, at least for one number m. Finally, (3.9) implies

T exp(ant)
VI+Q@)'

Lemma 3.1 is proved. ]

pn(t) = neZz. (3.13)

Remark 3.2. Formula (3.13) is obtained under the conditions r, # 0 and a, # 0 for all
n € Z. We show that formula (3.13) remains valid if the first condition is removed. If the second
condition is removed, then the formula should be corrected since, in this case, resonance terms
appear in the nonlinearity of Equation (3.11).

Let r,, = 0 for some m € Z,. Then it is obvious that pn,(f) = 0 for the corresponding
number m. In this case,

2
”
Q) =Qit) = Y E(exp(2art) - 1),
ag
k#£Z\Z.
where 7 # 0. The proof of the modified formula (3.13) with Q(¢) replaced by @Q1(t) is based on
a version of the identity (3.9). In this case,

T

pn(t) = T—"ps(t) exp(—au,st),
S

where a;, s = a(n? — s%) + (n* — s%), i.e., apno = ap and s is chosen in such a way that rg # 0.

The proof of the last formula is word-by-word repeats the proof of formula (3.9).

Let ap = 0 for some integer p. Then a_,, = 0. We consider the case a,, # a, (am # 0) for all
remaining m # +p. Then

T4p (1) Tm exp(amt)

)= Ao T VTt
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where )
r
Qa(t) = ) a—m(exp(Qamt) —1)+2(r2 + 12 ).
m#+p m
Now, formula for Q2(t) takes into account resonance terms.

Assume that a, =a_, =0, ag = a_4 =0, a,, # 0 for the remaining m. Then

piall) =~ pug(t) = —=E, p(n) = L2,
14+ @Qs(t) V14 Qs(t) V1+Qs(t)
where )
Qs(t) = Y exp(ant) — 1) + 25 +12, 41 412 ).
m#tp,Ltq
Assume that a, = 0 and a,, # 0 for m # 0. Then

_ o
SV/ETo0)
pll) = T'm exp(amt)

" 14+ Q4(t) ’
2
Qu(t) = Z T—m(exp(Qamt) — 1) + 2r3t.

a
m=#0 m

m # 0,

We assume that ap = 0 and a4+, = 0 for some ¢, —q # 0. Then
o
po(l) = —F——=,
V1+Qs(t)
T4q

pq(t) = \/H?QL%(L‘),

_ rmexp(ant)
pm(t) = 0.0

I

where )
r
Qs(t) = Z M (exp(2am,t) — 1) + 2(r2 + 7"2 + Tzq)t.
m#0,kq

It is obvious that there are no other variants of the choice of n provided that a,, = 0 because
the corresponding numbers for which a, = 0 are found as roots (if exist) of the biquadratic
equation d — an? — n* = 0.

We proceed by integrating the Cauchy problem (3.7), (3.8). It is obvious that

on(t) = @n(t, hn) = ¥n + but — cxa(t) + gaxa(t)n,

a®)= [ Vs = [V,
0 0

o) e}

V0= ge 3 A 0 = rrgry X mihe)

m=—0Q
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Moreover,

x1(t) = —ln(1+Q o = 1n(1+Q(t))7 Q(0) = 0.
The second integral with variable upper limit has the form

[e.9]

xa(t) :/Vl(s)d(s:/%cg(s) Z r2k? exp(2ays)ds.
0 0

k=—00

Unlike the first integral, we cannot compute this integral in an explicit form. Nevertheless, the
function x2(t) possesses the following properties:

(1) x2(t) is defined for all ¢t > 0,
0) =
t)>0ift >0,
)

t) has derivatives of any order if ¢ > 0.

(2) xa(
(3) xa(
(4) xa(

Property (4) of x2(t) follows from properties of Q(t) (Q(t) > 0 for ¢ > 0 and Q(t) €
C*°(0,00)) and the inclusion

F(t) = Z r2k? exp(2axt) € C°°(0, 00).

k=—oc0

We can verify the last inclusion in the same way as S(t) € C°°(0, 00). In particular, we use the

o0
convergence of the series Y r2k%
k=—00

The above constructions lead to the following assertion.
Lemma 3.2. The solution to the Cauchy problem (3.2), (3.3) satisfies the equality

fn

un(t) = VT

exp(ant +ix(t,n)), n€ Z, (3.14)

where x(t,n) = byt — cIn(1 + Q(t))/2 + gax2(t)n and f,, = ry exp(ithy,). Furthermore,

1 S . .
u(t,x) = TQ(t) n_z_:oo frnexp(ant +ix(t,n) +inx). (3.15)

The function defined by (3.15) for t > 0 has continuous partial derivatives of any order.

We note that the series (3.15) is obtained by substituting the right-hand side of (3.14) into
the functional series (3.1) with (3.4) is taken into account. The proof of the convergence of the
series (3.15), together with all its derivatives for ¢ > 0, repeats the constructions used to justify
the Fourier method applied to the analysis of the first boundary value problem for the heat
equation.
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4 Invariant Manifolds of Boundary Value Problem

The analysis of invariant manifolds is based on the study of the systems of differential
equations (3.2) and (3.5). Both systems contain a coefficient a,, such that a_, = a,. Therefore,
we assume that n > 0. We denote Zy = {0} U N, where N is the set of natural numbers. We
divide the set Z into three subsets

Z+’1:{m€Z+]am>O}, Z+70:{p€Z+’CLp:0, Z+7_1:{k€Z+’CLk<O}.
It is obvious that Z, _; # @ and Z o, Z4 1 contain at most finitely many elements and can

be empty. The corresponding p are found as roots of the biquadratic equation p* + ap? —d = 0,
which belong to Zy (Z).

Let py(t) be a component of the system of differential equations (3.5) with number k € Z _;.
Then ltlim pr(t) = 0. Indeed, in this case, a; < 0. Hence
—00

i TREXPlart) ( :M).
=0 \/T+Q(t) VI+Q(t)

A similar limit equality holds if p € Zy o. In this case, p}, = —p,V(p) < 0. Consequently, the
function p,(t) monotonically decreases and tlim pp(t) = 0.
— 00

For n = (...,n-1,70,7M1,...) we denote by S(n) the equilibrium state of the system (3.5).
By the above, the equilibrium state can have nonzero coordinates 1,,, 7—m, m € Zy 1. The
remaining coordinates 7y, k ¢ Z, 1, vanish.

The set Z; 1 can be divided into two subsets Ay = {m € Z, 1 | ap, # aj, for the remaining
ke Zyi} and Ag = {m1,m2 € Zy 1 | am, = amy, m1 # ma}. In this case, there are either four
elements Gy, G—my, Qmg, G—m, SUch that am, = a_m, = am, = a_m, or three elements ag, an,
a_m. We emphasize that we do not exclude the case where Ay or Ay is empty. Finally, Ao, if
not empty, contains two elements (mi,ms) or (0,m). Owing to this fact, we can formulate the
following assertion.

Lemma 4.1. 1. If Ay # @ and m € Ay, then the system (3.5) has the family S(m) of
equilibrium states pm = Nm, P—m = N—m, pn = 0 if n # £m. Moreover, n%, +n%,, = am, m # 0.
If m =0, then p§ = ag, and we obtain the equilibrium state S(0).

2. Let Ay # @. The following variants can occur:
(a) if mi,ma #0 (a—my = Amys AG—my = Ay, ), then we have the following family of equilibrium

states S(m1,m2) 1 pmy (1) = Mmys P—my (1) = N=mys Pms(t) = Nmgs P—ms(t) = N—my, pn =0
for n # £mq, £ms; moreover, 7772)11 + n%ml + 77%12 + n%m2 = am,; (= am,);

(b) if m1 = 0, then we have the family of equilibrium states S(0,m) : pm = Nm, P—m = N—m,
po(t) = no, ma = m, for k # 0, £m; moreover, n2, + 0%, +m6 = ao (= am).

To prove Lemma 4.1, we need to analyze the system of algebraic equations

pk(ak — V(p)) = O, ke Z+717
Vip)= > pi

k€Z+,1

Consequently, for some k € Z, 1 two cases are possible: pp = 0 and a, = V(p).
Let pi # 0. Then the following variants are possible.
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(i) k =m, where m € Ay. Then p,, = 0y, and p_p, = N_pm, Where 2, + 02, = am.
(ii) k= my or k = mg (m1 # ma), where my, ma € Ag; moreover, my, mg # 0. Then pn,, = 1y,
P—my = N=mys Pmy = Ny P—msy = N-mys Where nz +n2 0 405 +02 0, = amy (A, = am,)-
(iii) k =m (m = mg) or k = 0, where m,0 € Ay. Then pp, = N, P—m = N—m, pPo = Mo, where

n2, + 0, +n8 = am, (ap = am,) and n; are positive constants.

From Lemma 4.1 we obtain the following assertion.
Theorem 4.1. Let the system of differential equations (3.5) have the equilibrium state S(0)
(po =m0 =+/ao >0, pj =0,j #0). Then S(0) corresponds to the limit cycle
Mi(0) : up(t) = wol(t, o) = noexp(iwot + ivg), un(t) =0, n#0
of the system (3.2) and also the cycle
W1(0) = uo(t, ) = wo(t, ¢o)

of the boundary value problem (2.1), (2.2). Here, @9 € R and wy = —cag. The one-parameter
family of solutions W1(0) contains functions independent of x.

Theorem 4.2. Let the system (3.5) have the family of equilibrium states S(m). Then this
family is associated with the 3-dimensional invariant manifolds Mz(m), W3(m), m € Z4 1, of
the system of differential equations (3.2) and the boundary value problem (2.1), (2.2)

M3(m) : um<t) = Wi (t, om) = Mm eXp(iwmt + i‘Pm)a
U (t) = W_p(t, 0—m) = Nemexpliw_mt + iv_pm), un(t) =0, n#Em,
Ws(m) :  um(t) = wn(t, om) exp(imx) + w_p, (¢, p—m) exp(—imz).

Here, om, o—m € R are arbitrary real constants, wy, = by — Clm 4 Gom3am, W_m = by —ca_m

2 _comt+gim, by, = —c1m? —com* —gim, am = a_py, = d—am?® —m?,

gomPa_p, by, = —c1m
"7%1 + nzm = Qm.-
Theorem 4.3. Let the system of differential equations (3.5) have the family of equilibrium
states S(my,me). Then this family is associated with the 7-dimensional invariant manifolds
M7(mq, ma) and Wy(mi,m2) of the system of differential equations (3.2) and the boundary

value problem (2.1), (2.2)
Mz(mi, mo) : Uy (1) = Wiy (E, Pmy) = Ny €XP(iWmy t + i0m, ),

—my (t) W—m, ( 5 90—m1) =1N-m exp(iw_mlt + Z.Sp—ml )a

Umg (t) (ta me2> = Ny eXp(iwm2t + itme),
U—rmny (t) = w- m2( ) QO,mQ) = T—mgy eXp(’L'U.)met + Z'(,Dme),
W7(m17 m2) : (ta .’E) = Wm, ( 3 (pml) eXp(imlx) + W—m, (t7 (P—m1) exp(—mlx)

+ Wiy, (£, ©my ) €XP(IMa) + W_in, (t, ©—m, ) exXp(—imaz).

Here, ©m,: P—mys Pmas P—my are arbitrary real constants, wp, = by, — cam, + gami1$2, w_p, =
2/, 2
b_my —Ca_my —g2m18, Wiy = by —Camy +92maQ, Wy = by —Ca_my—gamad, & = mi(n;,, +
2 2/, 2 2 _ _ _ 2 2 2 2 _ _
N2 my) M5 (N, +1M%0m,)5 Gmy = Gy = Qmy = Qg Moy + N2y + My + 020y = Gy = Gy
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Theorem 4.4. Let the system (3.5) have the family of equilibrium states S(0,m). Then this
family is associated with the 5-dimensional invariant manifolds Ms(0,m) and W5(0,m) of the
system of differential equations (3.2) and the boundary value problem (2.1), (2.2)

Ms5(0,m) : up(t) = wo(t, po) = no exp(iwot + o), Um(t) = wn(t, ©m) = Mm expliwmt + iom),
U (8) =W (t, 0—m) =N—m XP(iw_mt+iP_m),
Ws5(0,m) : wu(t,z) = wolt, go) + wm(t, om) exp(imz) + w_p, (t, o—m) exp(—imz).
Here, ©o, om, ©—m are arbitrary real constants, wg = —cag, Wm = bm — cam + gam€y, W_pym =
b_y —ca_m — ngQQ, Q0 = m2(7772n + nzm)7 77(2) + 777%1 + n%m = ag = Qm.
Now, we consider invariant manifolds of some other form. We set

Zv={neZl|a,>0}, Zp={neZl|a,=0}, Z1={ne€Z|a,<0}

and denote by H21  the subspace of H3 consisting of functions f(z) such that

2m
1
fn= o / f(z)exp(—inx)dx =0, ne€ ZyUZ_q, (4.1)
0

and by H2170 the subspace of HJ consisting of functions f(x) € Hi such that the equality (4.1)
holds for n € Zy U Z_;. Finally, f(x) € Hy _ if f satisfies (4.1) for n € Z, U Zp.

We emphasize that the subspace H2170 can be empty or not. Thus, H%,o £ @, if d = —m?k?,
a = —(m?+k?), i.e., the equation d — a&? — £* = 0 has the roots & = £m, & = k. It is natural
that ]'17217+ can be empty if a,, < 0 for all m.

Let Wy, = H21 LU H21’0. This is a linear subspace of Hi. The linear subspaces H21 + H2170,
H217_, Win possess the following properties:

(1) [—[21 I H21707 H217_, Wi are invariant with respect to solutions to the boundary value
problem (2.1), (2.2),

2) H) ., Hi,, H}_ are orthogonal and W, is orthogonal to Hi _ in the sense of the inner
2,4+ 112,05 H2, 2,
product in the complex Hilbert space Lo (0, 27):

2w

(f.9) = / f@)g(@)de,  f(x),g(x) € Lo(0,2m),

0

(3) Hi i H3 ,, Wiy, are finite-dimensional, and Ha4 _ is infinite-dimensional.

Theorem 4.5. The linear subspace W, is an inertial manifold of the boundary value problem
(2.1), (2.2).

Proof. Indeed, W;, is invariant with respect to solutions to the boundary value problem
(2.1), (2.2). Let f(x) € Wy, N Hi. Then

flx) = Z fnexp(inx)

nezZ1UZy
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and the corresponding solution is represented as (cf. (3.1))

u(t,z) = Z un(t) exp(inx).

nezZ1UZy
It is obvious that W;, is finite-dimensional since the set Z; U Zy can contain only finitely many
elements with a,, > 0.

Let u(t,z) be a solution to the initial-boundary value problem (2.1)-(2.3) for arbitrary
f(x) € H}. Then u(t,x) is defined by (3.1). Since Wj, and H217_ are orthogonal, we note that
the squared distance from a point u(¢, z) of the phase space Hy to W, is defined by

en=| uk(t)exp(z‘kx)}; —or 3 Jur(t)P(1+ k)

keZ 1 keZ 4

72 exp(2ayt)
Wng: 1+Q(t) ( + ) WGXP( V)kezz:l’rk( + ) 7THfHH2lexp( V)

To prove the last inequality, we used the equality |ug(t)| = ri exp(axt)/+/1 + Q(t), the inequality
Q(t) > 0, and the equality

@Iy = > A+ F)A
k=—o00
Thus,
d(t) < M exp(—vt), M = V27| | . (4.2)

Consequently, the distance from the solution u(t,z) to W, is decreasing at exponential rate.
This means that W;, is an inertial manifold in the sense of the definition in [10]. O

We make the following remark. The linear subspace H21 4 is also invariant and finite-
dimensional. The solutions which does not belong to this subspace approach H21 4, but the
approximation rate is not necessarily exponential. Let us discuss this fact. Let wu(¢,x) be
a solution to the initial-boundary value problem (2.1)-(2.3). By the orthogonality of Hj ,,
H2170, H217_ the squared distance from points of the phase spaces u(t,x) to H21 4 is equal to
d?(t) = d3(t) + d3(t), where

dit) =2m Y |ur(t)P(1+ k),

keZ_

d3(t) =21 Y [up(t)(1 +p°).

PEZp

For d?(t) the estimate (4.2) holds. A different result holds for da(t). For the sake of definite-
ness we assume that Zj contains four elements py, —p1, p2, —p2. Then

r2 +r? r2 42
2 =27 (14 p2) 2Py (] 42y P2 P
5(t) (( p1)1+Q3(t) ( p2)1+Q3(t)

(recall that ap, = a_p, = ap, = a—p, = 0). Moreover,
Q3(t) = 2(rp, + 72, + 15, + 12t
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Therefore,

(L+p}) 2, +72,) + (A +p3)(ra, +12,,)

L4205, 12y, 4, +12,)t

d3(t) < 2w

2 2 2 2
Tpy TT2p, T 7p +72
D1 P1 D2 P2 , My =27 max(l +p%, 1 +P§)'

1 + 2(T1271 + szl + T12)2 + szQ)t

< My
Consequently, tlim da(t) =0, i.e., tlim d(t) = 0, where d(t) = \/d?(t) + d3(t). Thus, all solutions
— 00 — 00
to the boundary value problem (2.1), (2.2) approach H21’+ with time. At the same time,

2
—Dp1

2

d2(t) < M? exp(—2vt) + Mo R= 7“22,1 +r2  + 7"]2,2 +1Z,,-

1+ 2Rt’
We assume that ¢ > 1 and R # 0. Then

where My is a positive constant. To prove the inequality (4.3), we used the inequalities

R 1 M;3
<=, o) < 2B My > 0.
rom Sy P2 <~ 3

The estimate (4.3) shows that, in the case of general position, the solutions to the boundary
value problem (2.1), (2.2) converge to H ,, if this linear subspace exists, at the rate 1/+/¢, but
not exponentially, i.e., H21 4 is not inertial in the sense of the definition in [10].

5 Global Attractor

We consider the invariant manifold A = {0} U A; U Ay U A3 U Ay, where {0} is the zero

equilibrium state, A1 = W1(0), A2 = |J Ws(m) is the union of all three-dimensional invari-
meZy 1

ant manifolds of the boundary value problem (2.1), (2.2) mentioned in Theorem 4.2. Finally,
As = W5(0,m), Ay = Ws(mq,mz) (cf. Theorems 4.3 and 4.4). In the case of general position,
the invariant manifolds As and A4 are absent. In an arbitrary case, for the existence of these
manifolds it is necessary to choose the coefficients a and d; otherwise, the component As (A4
or A3 U Ay) is empty. The case of absence of nontrivial components is also included, and then
A = {0}. This case occurs if ay = d —ak? — k* <0 for all k € Z.

Theorem 5.1. Assume that u(t,z) is a solution to the initial-boundary value problem (2.1)—
(2.3) and u(0,z) = f(z) € H}. Then u(t,x) approaches A with time. Moreover, every solution
approaches one of the components of A. The choice of the component depends on the choice of
f(x) from the initial condition (2.3).

Before to prove Theorem 5.1, we make some remarks. Let Z, ; # @. We first consider the
case of general position, i.e., assume that there exists a set of nonnegative numbers m such that
mi,...,ms € Zy1 (am; > 0) and ay,; # am, for any mj, my, (m; # my). In this case, there
exists a family of invariant sets W5(m;) (dim W3(m;) = 3 if m; # 0) and W;(0) (dim W;(0) =1
if m; = 0)
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Let the sequence {a,,}, m € Z; 1, be enumerated in such a way that ay,, > am, > ... > apm,,
and let f(z) € Hi be such that |fm,|*> + [f-mi > # 0 (m1 = 0 implies fo # 0). Then the
solution to the boundary value problem (2.1), (2.2) satisfying the initial condition w(0,z) = f(x)
converges to Ws3(m1) (or W1(0) if my = 0) in the Hi-norm. If f,,; = f—m, = 0 (fo = 0), but
| frna 2 + | foma|? # 0 (fo # 0,ma = 0), then the solution u(t,z) approaches W3(mz) and so on.
Finally, assume that f, = 0 for all p = Z1 1 and f_, = 0. Then the solution approaches the zero
equilibrium state.

If @y, = am,, then the above should be corrected as follows: w(t, z) approaches Wy (mq,ms)
(W5(0,m), m = maq, if m; = 0).

The proof of Theorem 5.1 is based on the study of the behavior of solutions to the system
of ordinary differential equations (3.5). In the case of general position (A = 0), we divide (3.5)
into two groups

Prn; = Qs Pmy — Pm;V(p), G =1,...,8, (5.1)

P = arpr — PV (p), (5.2)

where m; € Z, 1, k € Z1 oU Z; _1. Moreover, we can enumerate in (5.1) in such a way that
Ay > Gy > ... > @y, In this case, the following assertion holds.

Lemma 5.1. Let r2, +r2, # 0. Then the solutions to the system (3.5) converge to S(my).
If 7‘,27“ + r%ml =0, but 7“,2m + r%mQ # 0, then the solutions approach S(ms) and so on.

In the case m; = 0, we replace S(m;) with S(0).

Proof of Lemma 5.1. From (3.13) it follows that tlim pp(t) =0for k € Z, ¢UZ; _ since
—00
ar < 0. Thus, all components of (5.2) converge to zero. It remains to study the behavior of

pm; (t), where pp,. are components of (5.1). By (3.13),

(t) _ T'm; eXp(amjt)
o VI+Q(t)

2 - rQ_m].

T
Q+(t) = Z — a
m;jEZy 1 mj

(exp(2ap,,t) — 1) + Z—i(exp(?aot) —1).

Here, the last term is absent if ap < 0 (0 ¢ Z ;).
Let my # 0. Then it is easy to verify that 1tlim pn(t) =0 if n # £my. At the same time, for
—00
n=+my

. T A/
\ Ty +7m,
T—mi\/A—my

Hm p_m, (t) = ——Y ML
t—o00 /7"72;11 + T%ml

Since an,, = a_m,, it is easy to obtain the identities
( Tmi+/Gmy )2 ( T—mi\/O—m, )2
_— + (| —F—= = Qmy -

[ 02 2 /02 2
Tm1 + T—ml Tm1 + T—ml
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Consequently, if 2, +r2,, # 0, then the solutions to the system (3.5) converge to S(my). If it
turns out that m; = 0, then

lim T exp(aot)

im ————= = ao,
to0 1+ Q4 (t)

i.e., the solutions converge to S(0).

Let rfnl + r%ml =0 (or 79 = 0 if my = 0). In this case, we repeat the above procedure
starting with mo. Then the solutions to the system (3.5) approach S(mz2) and so on. O

A special case appears if am, = am, (M2 = 0 implies ap,, = ap), A2 # .

Lemma 5.2. Let r2, + 1%, + 712, +712, # 0. Then the solutions to the system (3.5)
converge to S(mi,me). If my = 0, then the solutions to the system (3.5) approach S(0,m),
m = msy.

Proof. The arguments partially repeat some fragments of the proof of Lemma 5.1:
B (o5, +p2 )+ oy + P2 ) = Gy (= i)
or for my =0 (r2,, +r2,,, + 5 #0)
Jim (o7, +p2 4, + 00) = amy (a0 = am,)
and tll)rgo pn(t) = 0 for the remaining n (n # £my, £ms). O

Now, we can show that the solution u(t,z) to the boundary value problem (2.1), (2.2)
satisfying the initial condition u(0,z) = f(z), approaches one of the invariant manifolds Ws(m;)
(W1(0), Wr(mj,mjy1), Ws(0,m;)) corresponding to the family of equilibrium states of the
system (3.5) to which the solution to this system with the initial condition pg(0) = ri = | fxl
approaches; here, {fi} are the Fourier coefficients of f(x):

2T
fr = %/f(x) exp(—ikx)dz.
0

The verification of this assertion is reduced to calculating the limits. Similar calculations were
made in [11], where a similar problem was considered for the more traditional version of the
nonlocal Ginzburg-Landau equation

21
1
e == (L icJuV () + (a4 b, V() = o / lu[2da.
s
0

We proceed by analyzing the dynamics of solutions in the global attractor A. In the trivial
case, where A consists only of the zero equilibrium state, it is obvious that the solution is stable
and even asymptotically stable.

Assume that the attractor A has at least one nonzero component W1(0), Ws(m;), W5(0,m;),
Wr(mj, mjy1). The remaining nontrivial components of A, if exist, are formed, in the case of
general position, by almost t-periodic solutions. Thus, W3(m;), m; # 0, are formed by solutions
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possessing two basis frequencies wy,; and w_,,;. The solutions in W5(0,m;) have three basis
frequencies wo, wm;, w—m;, whereas the solutions in Wr(mj, mj41) have four basis frequencies
Winjy W—m;s Wm; 1y W—m; - We emphasize that for W3(m;) we mean that m; does not have to
be equal to just m; and the same is true for the manifolds W7(m;, m;11) and Ws(0,m;).

We consider, for example, the solutions constituting W3(m;). Then Wi, and w_p,; can be
calculated by

3
Wm,; = b’mj - camj =+ g2mjamj7

J
=} _ _ 3
w—mj — Y—my Ca—mj g2mja—mj-

in the case of general position, the numbers wy,; and w_,; are rationally incommensurable and,
consequently, the solutions in W3(m;) are not necessarily periodic in t.

We consider a more meaningful question about invariant manifolds entering the global at-
tractor A as its components. We say that a component is dominating if it corresponds to the
number k or numbers ki, ka2, ki # kg, such that ar > ay, ar, = ax, > ap, where n # k,
n # ki, ko. In the case of general position k¥ = m; and the above-introduced enumeration, we
have am, > amy, > ... > am, > ... . If amy, = am,, m1 # ma, then k1 = m; and k2 = ma.
In what follows, we will take into account singularity of the new enumeration. Finally, if the
attractor A has only one nontrivial component, then this component is regarded as dominating.

Theorem 5.2. All solutions in nondominating components are Lyapunov unstable. These
solutions cannot be orbitally stable.

Proof. Let W3(mg) be a nondominating component, where mgy # my, and let W5(m1) be a
dominating component. Consider the solution um, (t,z) € W3(mz). Then

fmo () = Uy (0, 2) = Ny, exp(imaz) + N_m, exp(—imaz),
7772712 + n%mz = amQ'

Let fim, () = fm,(x) + dexp(imyz). If ¢ is small, then the functions f,, s(z) and fm,,(z)
are close in the metric of the phase space H21 At the same time, f,, s(x) has nonzero Fourier
coefficient fi,, 5, i.6., 1y, = 6 # 0 (r2, + 12, # 0). Thus, the solution wm, s(t,z) satisfying
the equality tm,, 5(0,2) = f2(z,d) leaves a neighborhood of W3(msy) and approaches Ws(my).
Moreover, the distance between W3(m1) and W3(ms2) is positive. This means that any solution in
W3(msg) is unstable. The invariant manifold W3(ms) is unstable either. The remaining variants
of the choice of dominating and nondominating sets are handled in a similar way. O

It remains to discuss the stability of solutions belonging to a dominating component.

Theorem 5.3. Let W3(mq) be a dominating component. Then all solutions in Ws(m1) are
stable. Let W7 (mi,mg) be a dominating component (or W5(0,m), m = ma, if m;y = 0), and
let go # 0. Then all solutions to the boundary value problem (2.1), (2.2) lying in Wr(mq, m2)
(W5(0,m)) are unstable (in the case g2 = 0, they are stable).

Proof. We first prove the assertion about the stability of solutions in W3(m;p). In this
part, we write m instead of my; for example, W3(m) instead of W3(m;). We choose a solution
w(t,x) € W3(m) which, as was mentioned in Section 4, can be written as

w(t, ) = wn(t) exp(imx) + w_p,(t) exp(—imz), (5.3)
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where Wi, (t) = gim exp(iwimt), g+m is the Fourier coefficient of g(x) = w(0,z) and w4, are
given in Section 4.

At the first step of the proof of the stability of w(t, z), we consider solutions to the boundary
value problem (2.1), (2.2) lying in the manifold W3(m),

v(t, ) = v (t) exp(imz) + v_p, exp(—imx), (5.4)

where vy, (t) = ham exp(iwtmt) and hiy, is the Fourier coefficient of h(z) = v(0, z).
We recall that g(x),h(x) € Hi and the closeness of these functions means that ||h(x) —
9@)|[gy <6 or [hm — gm|? + 1h—m — g-m|? < 82/(27(1 + m?)). At the same time,

[V2m (t) — Wam(t)] = |[(htm — g+m) exp(iwtmt)| = |htm — Grml-
Consequently,
lo(t, 2) —w(t, 2|5 = 27 (1 +m?)([vm(t) = W (O + [v-m(t) — w_m(t)]*)

= ||h(x) — glx)|[3y < 5

Let u(t, z) be a solution to the boundary value problem (2.1), (2.3) that does not belong to
Ws3(m). Then

u(t,z) = uy(t,z) +u—(t,2), w0,z)=f(z)=fi(z)+ [-(2),

Ug(t, ) = up (t) exp(imz) + u_p,(t) exp(—imz), fi(x) = fmexp(imz) + f_,, exp(—imz),

u_(t,x) = Z ug(t) exp(ikx), f-(z)= Z fr exp(ikx).

k#+m k#+m

We emphasize that for all ¢ > 0 the solutions w4 (¢,z) and u_(t, z) belong to the subspaces H21 i
and H21’_ of the space Hi, which are mutually orthogonal in the sense of the inner product in
the Hilbert space Lz (0,27) and also W, (0,27). Therefore,

1f(z) = g(@)|[Fy = AT + A2,
where
A2 = 20(1 4+ m®) (| frn — gml? + o — g-ml?),

A% = > 1+ E)fl

k#+m

Let ||f(z) — g(2)[|gy < 0. Then Ay, A_ <.

From the formula for ug(¢) in Section 3 we find

lug(t)] < M_exp(—wvot)|fx|, vo= max (ap, —ag), M_ <2.
kA+m

Consequently, ||u—(t,x)|[g1 < 2exp(—wot)d, if ¢ = 0. We note that 1o > 0.

For an auxiliary solution v (¢, x) we take the following solution to the boundary value problem
(2.1), (2.2):
v(t, x) = v (t) exp(ima) + v_p (t) exp(—ima),
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where

By assumption, |[f(z) — g(2)||gy < d. Consequently, [[v(t, z) — w(t, ||y < 0 for all £ > 0.

Using the explicit formulas for wu,(¢) in Section 3, one can verify that ||uy(t,2) — v(t, 2)|| <
M| f+(z) = g(@)|[ gy or [lus(t,z) —v(t, @)|| gy < M6, where My is a positive constant indepen-
dent of 6. In this part of the proof, we use the inequality || f(z) — g(2)||z; < 0 and the closeness

of fm to fim (cf. Lemma 5.1).
Thus, we obtain the inequalities
lu(t, 2) = w(t, 2)||gy < llo@t,2) —wt,2)|[gy + [ug (2) — ot 2)|[gy + [Ju-(E2)|]
< (04 Mid+2)) <e,
where 6 < ¢/(3 + M), which is required.
We note that the stability is established in the Hji-norm. It is essential that, in the case

of general position, all solutions in W5(m)(Ws(m1)) are almost periodic functions of ¢ with the
same basis frequencies wy, and w_,, for all solutions in Ws(m)(Ws3(my)).

Now, we pass to the second part of Theorem 5.3 dealing with solutions in W7(mq,ms) or
W5(0,m). We begin with the case where W7(my, ms) is a dominating invariant manifold.

Let g2 # 0. We choose two solutions to the boundary value problem (2.1), (2.2) in W7 (mq, m2)
(cf. Section 4)

u(t, z,p) = W, p(t,p) exp(imiz) + w_p, »(t,p) exp(—imix)
+ Wiy p(t, p) €xp(iMax) + W_r, p(t, p) exp(—imax),

where p = 1, 2. Finally,

Wiy (6, 0) = frny (P) xP(iwm, (P)E),  finy (P) = 7hmy (P) exp(i¢hmy (p)),
W—my (tv p) = fom (p) exp(iw*m1 (p)t), j— (p) = N—m p) eXp(i@b*ml (p))’
Wiy (8, 0) = finy (P) €xP(iwm,y (D)), fing (P) = Ny (D) €xp(ihm, (p)),

Wy (t,9) = fomy(P) exXp(iw—n, (P)T),  fomns(P) = N—ms (D) €XP(iY)—m, (P))-

The closeness of the initial conditions for the solutions labeled by 1 and 2 means the smallness
of the sum

27 [(1+m3) | fony (1) = finy @)1 + (1 m) | fomy (1) = fom (2
+ (L4 m3) fing (1) = Fing )1 + (1 + m3)|fomy (1) = foma (2)I7] < 6%,

where § is an arbitrarily small positive constant.
Let us establish the existence of {t,,} such that

1) lim t, = 400,
n—oo
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2) the following inequality holds:

277-((1 + m%)(|wml (tnv 1) - Wm, (tnv 2)‘2 + ‘w*m1 (tm 1) - W, (tn’ 2)|2)
+ (1 + m%)(|wm2(tn> 1) - wmz(tm 2)|2 + |w*m2(tm 1) = Wy (tnv 2)|2)) > E(%7 (5'5)

where g¢ is independent of the choice of 6.
Thereby we prove the Lyapunov unstability of the solutions under consideration.

Making some transformations, we find

Wy (P) = Omy + g2m (m% - m%)@l(p)a

Omy = —clm% - CQmil — Clmy + g1mM1 + ggm‘;’aml,
W, (P) = 0—m; — gama(m3 — m7)O1(p),

O—my = —Clm% - C2mzll —CO_m; — 1M1 — 92m%am17
Wma (P) = Ty + g2ma(mi —m3)Os(p),

Omy = —clmg - 02m§1 — CQmy + g1 M2 + ggmgamz,
Wy (P) = 0—my — gama(mi — m3)Os(p),

O—my = —C1m§ - szé — CA—my — g1M2 — 92mgam2,
O1(p) = iy + Mg ©2(p) = i, + 124,

O1(p) + O2(p) = amy = am,, p=1,2.

The quantities ©1(p) and O2(p) depend on the choice of Ny, = |finil, 1—my = |fomil, Tmy =
| fra |y M—msy = | f—m,| and, consequently, in the case of general position, the differences wy,, (1) —
Wmy (2> = Apy, wm2<1) — Wmy (2) = Ay, w—ml(l) — Womy (2) = A_m, w—m2<1) —wom,(2) =
A_,,, do not vanish.

Let a positive constant § be sufficiently small. Then at least for k = £mq or kK = £my

G,

max | fi.(p)| > k=4mi,tme, p=12.

k,p 2

For the sake of definiteness we assume that |f,, (1)] = \/aGm, /2. Then there exists a sequence
t, — o0 as n — oo such that

S
3

| fny (1) exp(iwm, (1)tn) — finy (2) exp(iwm, (2)tn)|

WV

(5.6)

[\

The inequality (5.6) can be written as

Amy

[1m (1) exp(ithm, (1)) exp(iwm, (1)tn) — Nm, (2) exp(ithm, (2)) exp(iwm, (2)t,)| > B

or

Vv am
‘nml (1) eXP(iA¢m1) exp(iAmltn) = My (2)| > 9 - )

where Ay, = ¥, (1) — ¥, (2). Finally, owing to the choice of ¢, we can conclude that the
inequality (5.6) holds if 9y, (1) + 7m, (2) = /amy /2, Ty (1) = | fons (D)]s im0 (2) = [ fma (2)]. IE
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the inequality (5.6) holds, then the inequality (5.5) holds for the corresponding ¢, with ¢y =
V27 (1 4+ m?)am, /2, where g is independent of 6. The possibility of the choice of t,, justifying
the inequality (5.5) follows from the simple assertion.

Lemma 5.3. Let £1,& € C and aj,as € R be such that Aa = as — ay # 0, and let
&(t) = |&a expliaat) — &1 exp(iant)|. Then there exists a sequence t, such that lim t, = oo and

E(t) = 61 + €. o

Proof. The following equality holds: £(t) = ||&2| exp(iaat+ip2) —|&1] exp(iant+ipy)|, where
p; = arg &;, j = 1,2. Taking into account that |exp(i)| =1 for § € R, we find

§(t) = [|€al exp(i(Aa)tn +ilp) — |&1]]-

Let t,, be taken such that ¢, — oo and (Aa)t, + Ap = (2n — 1)7. If (Aa) > 0, then we can
assume that n = ng,ng + 1,..., where ngp € N and n = —ng, —(no + 1),... if (Aa) <0. O

In a similar way, we can verify that the solutions in W5(0,m) are unstable if the manifold
W5(0,m) turns out to be dominating.

A different situation occurs if go = 0, but the role of a dominating component is played
by the manifold W7(my,ma) (W5(0,m)). Then, as in the case of W3(m;), the frequencies of
solutions in Wy(m1,ma) (W5(0,m)) turn out to be the same and independent of the choice of
the solution.

Therefore, the solutions in Wr7(mq, mg) or W5(0,m), as in the main variant where W3(m;)
is dominating, are stable. The proof of the stability of solutions in W7 (mq,ms) or W5(0,m)
mainly repeats the first part of the proof. O

Remark 5.1. As was already mentioned, for g2 # 0 the solutions to the boundary value
problem (2.1), (2.2) in W7(mq, m2) are Lyapunov unstable, but orbitally stable. The trajectories
of the solutions u(t, xz, 1) and u(t, x, 2) are close if their initial conditions are close in the following
sense: the solution wu(t,x,2) is located as ¢ — oo in a sufficiently small neighborhood of the
trajectory of the solution u(t,z,1).

Let u(t, z,p) € Wr(mq1,ms), p = 1,2. As was noted in the proof of Theorem 5.3, we have
”u(tv €, 1) - u(t7 €T, 2)||§]21 = 277(1 + m%)Q(ml) + 271'(1 + m%)Q(m2)7
where

Q(t,m1) = [wmy (t,1) = win, (£,2) + [wm, (,1) = W, (£, 2) ]

= | fin (1) exp (i, t) = finy ()1 + | oy (1) exp(iA 1) = fomy (2,
Q(t,m2) = [Winy (t,1) = Wing (t,2)]? + [w_ny (t,1) — W, (£, 2) |
1) ) = Fma (2 + [ foma (1) exp(iA iy t) = foma (21,

whereas Ay, Ay, Am,, Ay, are not equal to zero in the case of general position. The
function Q(t) = 27 (1 + m2)Q(t,m1) + 27(1 + m3)Q(t,ms) is almost periodic in the sense of
Bohr. Moreover, u = Q(0) < 1. By the almost periodicity, there exists a sequence 7j such that

exp (1A, t

khm 7, = oo for any sufficiently small ¢, i.e., Q(7x) < 2¢ if u < e. Consequently, the solution
—00

u(t,x,2) is located in a small neighborhood of the trajectory of the solution u(t, z,1).
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If u(t,x,1) € Wr(my,me) and u(t,x,2) ¢ Wr(mq,m2), then the verification of the orbital
stability of the trajectory of the solution u(¢,x,1) mainly repeats the constructions of the cor-
responding fragment of the proof of the stability of solutions in W3(mq) in the case where one
of the solutions belongs to Ws3(my), unlike the other.

If Wr7(m1,mg) is changed with W5(0,m), then the orbital stability of solutions in W5(0,m)
is proved in a similar way.
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