DOI 10.1007/s10958-023-06370-9
Journal of Mathematical Sciences, Vol. 270, No. 4, March, 2023

AN INVERSE PROBLEM FOR A QUASILINEAR
ELLIPTIC EQUATION

A. Sh. Lyubanova *

Siberian Federal University
79, Svobodny, Krasnoyarsk 660041, Russia

lubanova@mail.ru

A. V. Velisevich

Siberian Federal University
79, Svobodny, Krasnoyarsk 660041, Russia

velisevich94@mail.ru UDC 517.9

We consider the inverse problem for a quasilinear second order elliptic equation with
the unknown coefficient at the lower-order term and the first kind boundary condition
and the integral overedetermination condition on the boundary. We prove a theorem
on the local existence and uniqueness of a strong solution to the problem. The result is
illustrated by an example of a nonlinear equation satisfying all the assumptions of the
theorem. Bibliography: 6 titles.

1 Introduction

We study the following inverse problem. For given functions f(x), (x), h(z) and a constant p
it is required to find a function v and a constant k such that

—div(A (z)Vu) + m(z)u + kr(u) = f, (1.1)
uloo = B(x), (1.2)

g—%h(:ﬂ)ds = U, (1.3)
o0

where QN R" is a bounded domain with boundary 9 € C?, .# (z) = m;;(x) is a matrix-valued

function, myj, i,j = 1,2,...,n, and m(z) is a scalar function. We set
0 (A (x)V,n)
—_ = X s y
ON
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where n is the unit outward normal to 9S2.

The main goal of the paper is to establish the existence, uniqueness, and stability (in the
sense of the continuous dependence on the data) of a strong solution to the problem (1.1)—(1.3).
We use the method developed in [1]-[3] and based on reducing the inverse problem to an operator
equation of the second kind for the unknown coefficient [4]. We note that the inverse problem
for the linear equation Mu+ ku = f with unknown constant coefficient k& was studied in [5] and
[6] in the case of boundary conditions of the first and third kind respectively.

2 Preliminaries

For the norm and inner product we use the notation [|-[|g and (-,-)g in R™ and ||-|| and (-, -) in
L%(). We write | -||; and (-, -); for the W (Q)-norm, j = 1,2, and the duality relation between

Wy (Q) and W, 1(Q) respectively. We introduce the linear operator M : W () — W () by
M = —div(A(z)V) +m(x)I,
where [ is the identity operator. We set

(Muvy,va)pr = /((//l(x)Vm,va)R +m(z)vive)dr Y vy, ve € Wy (Q).
Q

In what follows, we assume that the following assumptions hold.
(I) myj(x), Omy;/0x; , 1,5, =1,2,...,n, m(x) are bounded in Q. The operator M is elliptic,
i.e., there exist positive constants mq and m; such that for any v € W3 (Q)

mol[v]|f < (Mv,v)ar < mallv]. (2.1)

(IT) M is a selfadjoint operator, i.e., mi;(z) = mj;(x), 1,5 =1,...,n.

(III) r(p) is continuous and strictly monotone on (—oo, +00), i.e., (r(p1) —(p2))(p1 — p2) > 0
for any p1, p2 € (—00,+00), p1 # p2, and r(0) = 0.

The existence and uniqueness of a solution to the direct problem (1.1), (1.2) is guaranteed
by the following assertion.

Lemma 2.1 ([3, Lemma 1]). Let Assumptions (I)~(I11) hold, and let 92 € C?. Assume that
k >0 is a given number, f € L*(Q2), B € WQS/Q(GQ),

()| < Crlp"~ (2.2)

for any p € (—o00,+0), where C, > 0, p are constants, p >0 forn <2 and 0 < p < n/(n — 2)
for n. > 2. Then there exists a unique solution u to the problem (1.1), (1.2) in WZ(Q).

The proof of the existence and uniqueness of a solution to the inverse problem (1.1)-(1.3) is
based on the following two lemmas for the direct problem (1.1), (1.2).

Lemma 2.2. Let the assumptions of Lemma 2.1 hold, and let u € W22(Q) be a solution to
the problem (1.1), (1.2). If f >0, 8 >0, k > 0, then u > 0 almost everywhere in €.
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Proof. We take the inner product of (1.1) and @ = min{u,0} in Lo(f2) and integrate by
parts the first term:

MuuM—i—k/r udx—/fﬂd:nzo.
Q

By (2.1), we have m1|u|? < 0. Thus, @ = 0 almost everywhere in Q. O

Lemma 2.3. Let the assumptions of Lemma 2.1 hold, and let uy,us € W22(Q) be solutions
to the problems

Mu; + kir(u;) = fi,
ui|8ﬂ :Bh
wherei=1,2. If 0 < k1 < kg, 0 < Bo < P11, 0 < fo < f1, then 0 < ug < uy for almost all x € Q.

Proof. By Lemma 2.2, u; > 0, i = 1,2, for almost all € Q, which, in view of Assumption
(III), implies the nonnegativity of r(u;), i = 1,2. The difference u; — ug satisfies the equation

M(up —uz) + ki(r(ur) — r(ug)) = r(uz) (ks — k1) + f1 — fa

and the boundary condition uy — uj|go = 1 — P2. We take the inner product of the equation
for u; — ug and u = min{u; — ug,0} in Lo(2) and integrate by parts the first term:

(M, )y + k1 /(r(ul) —r(ug))udz + (k1 — k2) /r(uz)ﬁd:c — /fﬂd:): =0,
Q Q

Q

which, in view of the definition of %, implies that u; — ug > 0 for almost all z € Q. ]

We note that 0 < r(ug) < r(u1) under the assumptions of Lemma 2.3.

3 Existence and Uniqueness Theorem

By a solution to the problem (1.1)—(1.3) we mean a pair {u, k} of a function u € W2(£2) and
a constant k£ € R4 satisfying Equation (1.1) and the conditions (1.2), (1.3), where Ry denotes
the set of nonnegative real numbers.

We introduce the following additional condition on the function r.

(IV) For any number R > 0 and functions vy, vy € Wi (£2) such that [vill 20-1 () < R, 1= 1,2,
Ir(v1) = r(v)ll < e(R)[Ju — o],
where the constant ¢(R) > 0 depends on R.

We introduce auxiliary functions a, a, b as solutions to the problem

Ma=f(z), alon = B(x), (3.1)
Ma® +or(a?) = f(z), alaq = B(z), (3.2)
Mb =0, blaga=h(z), (3.3)

where o > 0 is a real number.
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Theorem 3.1. Let the assumptions of Lemma 2.1 and Assumption (IV) hold. Assume
that

(i) f(z) € L2(Q), Bz), h(z) € W5/ (09),

(ii) f(x) = 0 almost everywhere in Q, B(x) = 0, h(z) = 0 for almost all x € O and there
exists a part T of the boundary 0Q and a constant § > 0 such that § > ¢ and h(z) > §
almost everywhere on T'.

We also assume that
my (r(a),b)?

0<®=(f,0) — (Ma,b)1 +p < m7

where ¥ = c(Ha||L2p—2(Q))||a||’1'71Hb||1, co is the constant of the embedding of W} (Q) to LP().
Then the problem (1.1)—(1.3) has a solution {u,k}. Furthermore, if

my (r(a),b)?

<O = — - 7 .
0S8 (1)~ (Ma b+ < BT (3.9
then the solution is unique and for some o > 0 the following estimates hold:
0<k<o, o <u<a, |ulo<CuloClalf™" + [all) +llals, (3.5)

where the constant Cy; depends on mg, o, and mes €.

Proof. Following [4] and [1], we reduce the inverse problem to the operator equation for the
coefficient k. For this purpose we introduce the function w = a —u. By (1.1)—(1.3), the function
w and constant k satisfy the relations

Mw + k(r(a) —r(a —w)) = kr(a), (3.6)
wlag =0, (3.7)
ow da
8—Nh($)ds = / ﬁh(x)ds —p=(Ma,b) — (f,b) — p. (3.8)
[2}9] o0

We take the inner product of (3.6) and b in L?(2) and twice integrate by parts. Then, taking

into account (3.7) and (3.8), we get
k(r(u),b) = ®.

We introduce the operator A : Ry — R sending each number y € R to a number Ay by the rule

0]
W= ) (3.9)

where w, is a solution to the problem (1.1), (1.2) for k = y. We obtain the assertion of the
theorem if we establish the existence of o > 0 such that the operator A defined for all k € [0, o]
is continuous on [0, o] and maps [0, o] into itself. From Lemma 2.3 it follows that for 0 < y < o

a’ < uy < a. (3.10)
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By the assumptions of the theorem, 0 < (a“,b) < (a,b) and, consequently, 0 < (r(a?),b) <
(r(a),b), which implies

o
0< Ay < —— .
(r(a”),b)

On the other hand, the difference a — a” satisfies the equation

M(a—a°)+o(r(a) —r(a?)) = or(a)

and vanishes on the boundary. Taking the inner product of this equality and a — a® in L?(Q)
and integrating by parts the first term, we find

(M(a—a%),a—a’)1 +o(r(a) —r(a’),a —a’) = o(r(a),a —a’).
By the ellipticity of M, the inequality (2.2), and Assumptions (III), (IV), we have

(M(a—a?%),a—a%)1 > mila—a”|?

2

o _ m

o(r(a”),a—a%) < - —C/P a3V 2+ Tl - a?|2.
2ma 2

Thus,
la—a?lly < ——CP/@ DB |alp".
ma

Using the obtained estimate and the inequality (3.10), we estimate the denominator in (3.9):

P/ B
(r(uy), b) > (r(a),0)+(r(a”)=r(a),d) > (r(a), b) =0 ————"c(llallar-2)lallT 1] (3.11)

Hence it is clear that the right-hand side of (3.11) is strictly positive if

oo mi(r(a)b)
X ] .
/o g

The operator A transforms the segment [0, o] into itself provided that

0< Ay < @
cp/ (=1 p ’
(r(a),b) — Vo
i.e., if o satisfies the inequality
ng/(p—l)cp
L 0y .4%—(r(a),b) -0+ @ <0. (3.12)
mi

Since Jo—1)
P/

D = (r(a),b)? — 40
mi

U >0,
the inequality (3.12) is valid, i.e., the operator A maps [0, 0| into itself for

((r(@),0) = VD)my _ _ ((r(a),b) + VD)m1.
agcr/ - 1)(%7 SOS Q\PCf/(p_l)cg
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Now, we estimate u,, in W3 (Q) for 0 < y < 0. Let the function w, = a—u,, satisfy (3.6)(3.8)
with k = y. Taking the inner product of (3.6) and w, in L*(Q2) and integrating by parts the
first term, we get

(Mw,w); + k:/(r(a) —r(a—w))wdx = k:/r(a)w dz.
Q Q

By Assumptions (I)—(IV),

Mww1+k/ —r(a—w))w dz > mol|lwl||?,
Q

b [ @ do < olullollr(@) s < 7 CFF e lalflo .
Q

Thus,
o — -1
il < o7 PO cq g

Consequently,
Jully < m—o OP/ =Y cq [|al7 ) + llallr-

Now, we estimate the second order derivatives. We first write (3.6) in the form Mw =
kr(a —w). Then
[Mw]| < allr(a = w)|.

Using the definition of w, (2.2), (3.10), and the known inequality
[vll2 < Cur([|Mwl| + [[o]]),
we obtain the required estimate
lwllz < Car(allr(a — w)| + [wl) < Car(o Crllalli™" + [lal)),
where the constant C'y; depends on mg, mq, and mes 2. Thus,
Crllally™ + llal)) + llall2-

We show that the operator A is continuous on [0,0]. Let y1,y2 € [0,0]. Assume that wu,,
and u,, are solutions to the problem (3.6), (3.7) with & = y; and k = y respectively. By the
definition of A,

Ayy — Ays = o . o _ @(r(uy2) - T(“y1)ab).
(T(uyl ),0) (T(uyz), b) (T(uy1)7 b) (T(qu)a b)
Let us estimate in modulus the right-hand side of the last relation. Taking into account the
inequality (3.11) and the definition of ¥, we find

|Ay1 _ AyQ‘ < (I)(r(uw) - T(uy1)7b) < \@(r(uw) - T(Uyl),b)‘

@2 1 (), b) - wo ey

(3.13)
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On the other hand, taking the inner product of Equation (3.6) with k = y1, k = y2 and uy, —u,,
in L?(Q2) and integrating by parts the first term, we get

(M(um - “yz)vuzn - Uyz>1 + yl(r(“yl) - T(“y2)v“y1 - qu) = (y2 — yl)(r(uy1)7uy1 - uyz)-
By Assumptions (I)—(III) and the nonnegativity of y,
(M (uy, — uyy ),y — gy )1+ Yy (r(uy, ) — 7y, ), uy, — uy,) = malluy, — quH%.

Using (2.2) for w,,, the Cauchy inequality, and the Cauchy-Schwarz inequality, we get

2
(2 = 00) ot )t = ) < 528l = PO a2+ 2, il
which implies
[y, — ug,ll1 < Cf/(pil)c %“ﬁ =yl
Consequently,
I (g ) = (g )| < CF/ P Ve e ”Lp(ﬂ c(llallzzr-2(a))ly2 = w1l (3.14)

Combining (3.13) with (3.14) and setting

((r(a),b) — V'D)my

g = =00,

2\11010/ p— 1)015

we obtain the inequality

] [lal? (e
|Ayy — Aya| < 4/ C2/ P71 2 ly2 — w1, (3.15)
* ma((r(a), >+f )2

which implies that the operator A is Lipschitz. By the Brower fixed-point theorem, the operator
A has a fixed point £* € [0, 0] and the pair {u*, k*} is a solution to the problem (3.6), (3.7) with
k=k*.

Let us prove that the fixed point is unique on [0, o]. Indeed if (3.5) holds, then

B ®blllall?, (r(a), b)?2
_ 400/ (0-1) b ) ’
A @D + VD)~ (ra)b) + VD)

i.e., the operator A is a contraction on [0,c] with the coefficient of contraction g. Let (v, k)
and (u”, k") be two solutions to the problem (3.6)—(3.8). Then k" and k" are fixed points of the
operator A. By (3.15),

|k/ . k://| _ |Ak/ - Ak”] _ q|k‘/ . k://|

which implies ¥’ = k”. Repeating the proof of (3.14), we can obtain a similar relation for v —u”
which means that u' = v” almost everywhere in Q. Under the assumption (3.4), the solution
{u, k} continuously depends on the data of the problem. O
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Remark 3.1. The set of data satisfying the assumptions of Theorem 3.1 is nonempty.
Indeed, let us consider the inverse problem (1.1)—(1.3) for the nonlinear stationary equation
governing the anisotropic dissipation in a semiconductor

2

- (alAzu + aga—Z) + klulP"?u = 0, (3.16)
Oxs

where Ay is the Laplace operator with respect to the variables z1 and xo, the parameter k
depends on the electric susceptibility, and the constants a; > 0 and s > 0 are determined by the
tensor of electric polarizability of the semiconductor. Without loss of generality we can assume
that the inverse problem is considered in the domain Q C R3 = {z|z = (z1,22,23) € R3,z; >
0,7 = 1,2,3}. In this case, the operator M = — (a1 Ay +ad?/0x3) satisfies Assumptions (I) and
(IT). The function r(u) = |u|P~2u with p = 3 satisfies Assumptions (IIT) and (IV) with ¢(R) =
2¢o R and the inequality (2.2) with C, = 1. In (1.2) and (1.3), we set 8(z) = d1x1+doxa+d3zzs+dy
and h(x) = hyxy + hoxe + hyxs + hg, where dy > 0, hy > 0, d; > 0, h; > 0, i = 1,2,3. Then
the solutions to the problems (3.1) and (3.3) take the form a(x) = dyz1 + dexs + d3zs + dy and
b(x) = hix1 + hawa + hsxs + hg in the whole domain Q and satisfy (i) and the nonnegativity
condition in (ii). If 4 > 0 and the domain € is sufficiently small, then (3.4) holds. Indeed,

<MCL, b>1 = [a1 (d1h1 + dghg) + a2d3h3} /dm = « mes ).
Q

The constant cg of the embedding of W} () to L3(£2) can be estimated as follows:

¢ < ?(1 +mes Q)2 + (mes Q)%/6.

We obtain (3.4) from the relations

mydih?(mes Q)= /4
4K[v/5(1 + mes Q)1/2 4 2(mes Q)5/6]4
if 4 > 0 and mes (Q is sufficietnly small. Here,

K = [(maxa)? + d? + d3 + d3)®[(max b)* + h? + h3 + h3] maxa.
xe) e e
According to Theorem 3.1, the inverse problem for Equation (3.16) with conditions (1.2), (1.3)

has a unique solution.

0< pu—ames )<
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