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DYNAMICS OF TWO BODIES WITH TRAJECTORIES ON A FIXED STRAIGHT
LINE WITH REGARD FOR THE FINITE SPEED OF GRAVITY

V. Yu. Slyusarchuk UDC 517.929+517.958

We study the dynamics of two bodies moving along an immobile straight line with regard for a finite
speed of gravity. It is shown that the escape velocity is higher than the corresponding velocity in the
classical celestial mechanics. We present estimates for this velocity.

1. Introduction

In the present paper, we establish the fact that the escape velocities in the Newton celestial mechanics and in the
mechanics with a finite speed of gravity do not coincide. This property of cosmic velocities is obtained for the case
of two celestial bodies by using a system of differential equations with delayed argument and functional equations,
which, together with certain additional conditions imposed on the solutions of equations, form a mathematical
model of motion of the analyzed bodies. These equations better describe the dynamics of bodies than the ordinary
differential equations of Newton mechanics. The necessity of application of these equations is caused by the fact
that the speed of gravity is finite. This property of gravity agrees both with the Einstein general theory of relativity
in which, for the speed of gravity cg, it is assumed that cg = ¢, where ¢ is the speed of light [1, 2] and with the
experimental data of evaluation of the rate of influence of the gravitational fields on the results of measurement [3]
and with the data of measurements of the speed of gravity performed by detecting gravitational waves from remote
star sources simultaneously with their light signals [4].

In [5], the author studied the motion of two bodies with regard for a finite speed of gravity and revealed the
non-Keplerian character and instability of motion of the bodies.

In the present paper, we investigate the motion of two bodies located on a fixed straight line in the case where
cg = c. Itis shown that, in this case, the escape velocity is higher than in the classical celestial mechanics. We
obtain estimates for their difference. The difference between the indicated escape velocities is caused by the delay
of the gravitational field.

By using the law of gravitation with a finite speed of gravity and the second Newton’s law, we derive the
equations of motion of the bodies with regard for the delay of gravitational fields and analyze the dynamics of the
bodies.

2. Law of Gravitation for a Finite Speed of Gravity

Consider two points M; and M, with masses m; and m,, respectively. These points move in the space
according to the law of gravitation and Newton’s second law. We consider the process of motion of these points in
an inertial Cartesian coordinate system x, y, z with origin at the point O. Assume that each point is subjected to
the action of the gravitational field generated by the other point. The locations of the points M; and M> at time ¢
are specified by their radius vectors 71 (¢) and 75 (t).

National University of Water Management and Utilization of Natural Resources, Soborna Str., 11, Rivne, 33000, Ukraine; e-mail:
V.E.Slyusarchuk @gmail.com.

Translated from Neliniini Kolyvannya, Vol. 24, No. 2, pp. 249-277, April-June, 2021. Original article submitted April 16, 2021.

1072-3374/23/2702-0353 (© 2023 Springer Nature Switzerland AG 353



354 V. YU. SLYUSARCHUK

To study the motion of the points M) and M>, it is necessary to know the forces of their mutual attraction.
In the case where the speed of gravity is infinite, as in the classical celestial mechanics, according to the law
of gravitation, the point M attracts the point M at time ¢ by a force

Gm1m2

F2(6) = 71 (0) |

(F2(1) = F1(1)) »

ﬁz,l,oo(t) =

where G is the gravitational constant and |F>() — F1(7)| is the Euclidean length of the vector 75 (¢) — 71(¢). The
direction of this force coincides with the direction of the vector 72 (¢) — 71 (¢).
Similarly, at time ¢, the point M attracts the point M, by the force

Gm1m2

1) — F2(0)|

Fia,00(t) = (F1(t) — 2 (1)).

Since, according to Sec. 1, the speed of gravity is finite, the action of one point upon the other occurs with a
certain delay of the gravitational field. Therefore, a somewhat different force

Gm1m2

Fa(t — 12,1(0)) = F1(0)|

Fape(t) = (Falt — 12,1(1)) — 71(2)) (1)

acts upon the point M. Here, the delay of gravity 72,1(¢) in (1) satisfies the following relation:

c12,1(1) = |F2(t — 12,1(2)) — F1(0). )

and c is the speed of gravity (see [5, 6]).

The attracting point for the point My at time t is not the point M but the point that coincides with the end of
the vector F(t — 12,1(1)).

Similarly, the force

Gmimy

Fio.c(t) = - —3
‘rl(t —11,2(0)) — "2(1)‘

(F1(t = 112(r)) — F2(1)) (3)

acts upon the point M5. The attractor for the point M» at time t is not the point M1 but the point that coincides
with the end of the vector 71 (¢t — 71,2(¢)), and the delay of gravity 71 2(¢) in relation (3) satisfies the relation

ct12(t) = |[F1(t — 11,2(2) — P2 (1) “4)
The forces 132,1,0 (t) and F 1,2,¢(t) may be different and not collinear. According to (2) and (4), for any time 7,

lim F () = Fjoo(t)  and lim () =0, i# ] (5)
c—>+00

c—>+00
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3. Mathematical Model of Motion of the Points M and M>

In view of the second Newton’s law, the law of gravitation with finite speed of gravity, and relations (1)—(4),
the process of motion of the points M1 and M, is described by the following system of differential equations with
deviating argument and functional equations:

i) = O ) Ri0).
|r2(l—f2,1(t))_”1(t)}

mz#z(f): _ Gmimy - 3 (71(1—11,2(1))_72@))’
|F1(t — 11,2(0)) — P2 (1) ©

ct2,1(t) = [F2(t — 12,1(1)) — F1(1)

9

ctip(t) = |[F1(t — 11,2() — P2 (1) |-

The detailed description of system (6) and the results of its investigation can be found in [5-7].
It is clear that the following relation must be true in addition to system (6):

F2(t — 12,1(0)) = F1(t)| - [F1(t — T1,2(0)) — Fa(1)| # 0. (N

According to (5), system (6) is a generalization of the classical model of motion of the points M; and M>:

mir (1) = % (F2(t) = F1(1))
|F2(1) = F1(2)]
. (®)
maia(t) = —— 2 (F1(1) = Fa(1))

71(0) = 72 (0) |

which follows from (6) as ¢ — +o0.

In view of (7), the inequality 7, (¢) # 71(¢) must hold for system (8).

For the determination of the trajectories of motion of the points M; and M5, in addition to the system of
equations (6), it is necessary to use initial or boundary conditions (see [5-7]). System (6), together with these
conditions, forms a mathematical model of motion of the points My and M, with regard for the finite speed of
gravity.

4. Investigation of Rectilinear Motion of the Points M and M,

We study the motion of the points M1 and M5 located on a fixed straight line.

Without loss of generality, we can assume that the points M7 and M, lie on the O x-axis with directional unit
vector 7, as shown in Fig. 1, and the velocity of the origin of coordinates (the point O) is equal to zero.

We assume that this coordinate system is inertial.

It is clear that the location of the points O, M1, and M on the Ox-axis depends on time f. An important

requirement is that the location of the points M; and M» must be such that the vector My M> be nonzero (M1 M, #
0; the absence of collisions of the points) and its direction coincide with the direction of the vector 7, as shown in
Fig. 1.



356 V. YU. SLYUSARCHUK

Fig. 1. Location of the points M1 and M at time ¢.

In this case, the motion of the points M and M, can be described by the vector functions 7y (f) = xl(t)l7
and 7»(t) = x2(t)i, where x1(¢) and x(¢) are scalar functions with values in R whose properties should be
investigated.

According to (6) (i.e., for cg = c¢), the functions x1(¢) and x2(?) are solutions of the system of equations

x2(t — 12,1(1)) — x1(¢)

oG |
= G o) =)

x1(t —11,2(1)) — x2(2)

. V= G ’
20 " [x1(t — 11.2(2)) — x2(2)? 9)

ct2,1(t) = |x2(t — 12,1(1)) — x1(1)],

ct12(t) = |x1(t — 11,2(1)) — x2(0)] .
At the same time, according to (8) (cg = 00), these functions are solutions of the following system of equations:

e x2(1) — x1(7)
=G —mor

(10)
. x1 (1) —x2(t)
PO =M 0 nor

The properties of the solutions x1(¢) and x»(¢) of systems (9) and (10) depend on the initial time ¢y € R and
the initial conditions.

We investigate the motion of the point M5 relative to the point M1, i.e., the quantity x5 (¢) — x1(¢).

Consider properties of the quantity x»(¢) — x1(¢) for each system (9) and (10) separately. First, we present
some properties of solutions of the well investigated system (10) (see, e.g., [8—11]) required for analysis of the
properties of solutions of the main system (9).

4.1. Case of System (10). We take into account the values x1(¢9) and x, (¢o) of the solutions x1(#) and x5(¢)
of system (10) and their derivatives v (f9) = Xx1(f9) and v (tg) = X2(fo) at the initial time #y. Here, vi(#p) and
v2 (o) are the velocities of the points M and M, at the time 7, respectively. Assume that

x1(f0) < x2(f0), (11)

which agrees with the condition concerning the location of the points M; and M>.
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. [2G(my + my)
— - @z 12
P2,00 x2(to) — x1(fo) (12)

Theorem 1. Suppose that relation (11) holds.
Then the following assertions are true for system (10):

(i) if

Consider the quantity

The following statement is true:

v2(to) — v1(to) € (—c.0], (13)

then there exits a number T > to such that the function x,(t) — x1(t) is strictly decreasing on the interval
[to, T) and liyrp o(xz (t) — x1(¢)) = 0 (the points My and M» collide at the time T );
t—T—

(i) if
va(tg) —v1(to) € (0, v;,oo), (14)

then, for some numbers Ty and T (tg < T1 < Tr), the function x3(t) — x1(t) is strictly increasing and
strictly decreasing on the intervals [tg, T1) and [Ty, T»), respectively, and 1i7{n 0(xz(t) —x1(¢)) =0
t—>17—

(the points My and M, collide at the time T>);
(iii) if
va(to) — v1(to) = V3 oo (15)

then the function x,(t) — x1(t) strictly increases on [ty, +00) and 1121 (x2(t) — x1(2)) = 4o0.
t—>—+o00

Proof. We first present some relations necessary in what follows.
An important equality

x2(1) — x1(¢)

£2(0) = 51(0) = =G lmy +ma) Z S

(16)

follows from (10). By using this equality, we get

d(iz(1) —x1(1))* x2(1) — x1(1)
ar = 260 ) L S0

(X2(7) — X1(2)).

In view of (11) and the equality (X2(¢) — x1(¢)) dt = d(x2(t) — x1(¢)), we conclude that, for all # > 19,

x2(s) — x1(5)
x2(s) = x1(s)|?

t
(2(0) — £1())2 = (va(t) — v1(10))? — 2G(my + m2) / | d(xa(s) — x1(5))
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d(x2(s) — x1(s))
(x2(s) — x1(5))?

= (va(t0) — V1 (10))? — 2G (m1 + m») [

_ _ > 2G(my+m3) | 2G(my +m3)
= (v2(fo) — v1(%0)) 2(to) — x1(to) + PP S—— (17)

if x2(s) > x1(s) for every s € [to, ). The set of these ¢ is nonempty by virtue of (11) and the continuity of the
functions x; (¢) and x,(¢) at the point #g.
Relation (16) also implies that, for all # > 1o,

t
G(my +my)ds

X2(1) = X1(1) = va(to) — vi(to) _, () — 11 (5) 2 (18)
and
t T
_ G(my +my)ds
x2(6) = x1(6) = Xa(t0) — x1(f0) + (va(t0) — 1 (t0)) (¢ — 10) — / / T dea9)

provided that x5 (s) > x1(s) for any s € [fo,?).

We use these relations to prove the assertions of the theorem.

Assume that inclusion (13) is true.

In view of inequality (11) and Eqgs. (16) and (18), the point M> moves relative to the point M with a deceler-
ation equal to

_ G(m1 +m2)
(x2(1) — x1(1))?

Hence, in view of (18) and (19), for some T > ¢, the functions x»(¢) — X1(¢) and x»(¢) — x1(¢) are strictly
decreasing on the interval [to, T') and lijrp 0(x2(t) —x1()) =0.
t—>T—

< 0.

From the mechanical point of view, this corresponds to the collision of the points M and M> at time 7.
Thus, the first part of the assertion of the theorem is true.

Assume that inclusion (14) holds.

In this case, the function x5 (#) — x1(¢) cannot be both positive and unbounded on [zg, +00) because, in view
of (17), the function (X, () — X1 (¢))? takes negative values for some sufficiently large ¢ [here, we take into account
(12)], which is impossible.

The function x5(¢) — x1(¢) cannot also be positive and bounded on the interval [¢g, +00) because, in this case,
in view of (18), for some #; > f¢, the function X, (¢) — X1 (¢) takes negatives values for ¢t > ¢; and X (¢) — X1 (¢)
monotonically decreases. Hence, t_l)itm 0(x2 () — x1(¢)) = 0 for some #, > t; and x»(#3) — x1(¢2) > 0, which is
impossible. ’

Thus, the continuous function x,(¢) — x1(¢) is positive and bounded on some interval [tg, T2) and

lim (x2(z) —x1(¢)) = 0.
t—>T1T>—0
Indeed, in view of (14) and (18), the function x5 (¢) — x(¢) is strictly increasing on some interval [to, T7),

where T is the time for which X2 (T7) — x1(71) = 0, and strictly decreasing on the interval [T, T2), where T5 is
the time for which  lim (x(z) — x1(¢)) = 0.
t—>T>—0
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The equality liygn 0(x2 () — x1(¢)) = 0 corresponds to the collision of points M; and M, at the time 7.
t—>Tr—

Thus, the second assertion of the theorem is also true.

Assume that inclusion (15) is true. Thus, by virtue of (12) and (17), we get

2G(my 4+ my)

>0 forall ¢ > 1,
xa(t) — x1(2)

(%2(1) = %1(1))* =
whence, by using relation (18), we conclude that
Xo(t) —x1(t) >0 forall t > t. (20)

Hence, the function x5 (¢) — x1(¢) is strictly increasing on the interval [¢g, +00).
The function x5 (¢) — x1(¢) cannot be bounded on the interval [¢y, +00) because, in this case, in view of (18),
the function X, (¢) — X (¢) takes negative values for sufficiently large ¢, which contradicts (20) and, hence,

t_l)iflloo(xz(l) —x1(#)) = +o0. 1)

Thus, the third part of assertion of the theorem is also true.
Theorem 1 is proved.

Remark 1. In Theorem 1, the quantity v} . given by equality (12) is the escape velocity in the case of
classical celestial mechanics. This is the minimal relative velocity v, (f9) — v1(f9) of motion of the point M»
relative to the point M (with coordinates x,(¢p) and x1 (¢p), respectively) at the time #¢ for which relation (21) can
be true.

4.2. The Case of System (9). We now show that the assertion similar to Theorem 1 is true for system (9)
and the corresponding escape velocity is higher than v;’ 00"

The trajectory of motion of the point M5 relative to the point M» depends on the values of functions x1(¢) and
x2(t) and their derivatives on the segments [to — 72,1(%0), to] and [to — 71,2(%0). to], respectively (we do not indicate
the values of the derivatives vy () = dx1(¢t)/dt and v,(¢t) = dx(t)/dt on the corresponding segments because
they are determined by the functions x; (¢) and x»(¢)).

In view of (9), we find

. . x2(t) — x1(f — 11,2(2)) X2 (t — 12,1(1)) — x1(7)
Xo(t) —X1(t) = —Gmy : — : . (22)
’ 1 —Ti2@) =2 (OF 7 2l — 2,1 (0) — 11 (1)
Note that the numerators of the terms on the right-hand side of (22) are positive.
Indeed, assume that
x2(t) — x1(t — 71,2(1)) <O. (23)

Then, in view of the fourth equation in system (9), we get

ct12(t) = [x2(2) = x1(t — 11 2(1))] = —(x2(t) — x1(f — 711,2(¢)))
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= —(x2() = x1(2)) — (x1(t) = x1(t — 11,2(2))) = —(x2(t) — x1(t)) — V171 2(2),

where

_ x1(t) —x1(t — 11,2(1))
71,2(7)

’

and, hence, (—c¢ — v1)71,2(¢) = x2(t) — x1(¢). By using this result and the positivity of 71 2(¢) and x2(¢) — x1(¢).
we obtain —c¢ — vy > 0. This inequality is true only for —v; > ¢, which is impossible according to [1] (the velocity
of the point M cannot be greater than c).

Thus, the assumption that relation (23) holds is not true. Therefore, by using (7), we get

x2(1) = x1(t = T1.2(8)) > 0. (24)
Similarly, we find
X2(t — 12,1(2)) — x1(2) > 0. (25)

In view of (24) and (25), relation (22) can be rewritten in the form

Gm1 _ sz
(x2(t) = x1(t = 112()))? (%2t — 12,1(1)) — x1(1))?

Xa(t) —X1(t) = — (26)

In what follows, we need the closed and open initial intervals

Ito = [to — max{rl,z(to), ‘(2,1(1‘0)}, Io] and int It() = (Z() — maX{‘El,z(lo), 72,1 (t())}, l()).

To study the motion of the point M, relative to the point M;, we specify the initial values 1 (s) and ¥ (s)
for x1(¢) and x2(¢) on the interval /;, by assuming that:

(1) ¥1(s) and ¥r2(s) are continuously differentiable on int /;, and continuous on /;;
(2) Y2(s) — ¥1(s) > O for all s € I, (the point M, cannot coincide with the point My);

(3) the derivatives 1&1(s) and 1/}2 (s) are bounded and integrable on int /4, and the limits lim . 1&,- (s),i =
S—>10—
1,2, exist.

According to the third and fourth equations in system (9), the deviations 1 2(¢9) and 12,1(Z9) satisfy the
relations

c12,1(to) = V2(to — 12,1(t0)) — V1 (t0),
ct1,2(to) = Y2(to) — ¥1(to — 71,2(f0)),
x1(t —112(0) = Y1t — 112(2))

for all £ > t¢ such that r — ‘L'1’2(l) € [Z() — ‘El,z(lo), l()] and
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x2(t —12,1(2)) = Y2t — 12,1(7))

for all # > #p such that t — 12,1(¢) € [to — 12,1(%0), to]-
Here, t —12,1(t) > to—12,1(to) forallz > #¢. Indeed, in view of the fact that ct2 1 () = x2(t —12,1(¢))—x1(¢),
for all ¢ > ¢ and a sufficiently small number A > 0, we get

. 21+ A)—wal) _ 0 +A-11(+A) =X~ 12,1())
A A—(Tz,l(l—i-A)—TZ,l(t))

A (@it+ A —na) x+A)—x@)
A A

2 (1 _ma(t+A) - Tz,l(f)) o,
A

where

«_ X1+ A)—x1(1)

X2(t + A =121t + A)) — x2(t — 12,1(7))

d ¥ =
o & A= (12,1t +A)—12,1())

According to [1], the velocities of the points M; and M, are lower than ¢, which means that, for every ¢ > #¢
and a sufficiently small number A > 0, we have

i+ A) —1a@) e+

1
A c+vj

> 0.

Therefore, the function t — 72,1 (¢) is strictly increasing and the corresponding relation is true.
Similarly, t — Tl’z(t) > fo — ‘51’2(1‘0) forall f > tg.

At the time #y, we also specify the velocities vy (¢g) and v, (zp) of the points My and M», respectively. We do
not impose the following requirements:

s—1>itlgl—o y1(s) =vi(tlg)  and s—1>itI(I)l—0 2 (s) = v2(lo). (27)

The initial velocities vq(s) and v (s) on int /;, are determined by the functions 1 (s) and 1 (s).

By analogy with [7], we can show that system (9) with the initial conditions introduced above is uniquely
solvable. The solution of the system is twice continuously differentiable at the points ¢ > tg, where relation (7) is
true, and continuous at the point #y. The derivatives dx1(¢)/dt and dx,(¢)/dt have jumps at this point if equalities
(27) are not true.

According to the initial conditions given above and relation (26), v2(t) — v1(¢) and x2(¢) — x1(¢) satisfy the
integral relations

v2(t) —v1(t) = va(to) — v1(to)

t

Gm1 sz
_ d
/ ((Xz(s) —x1(s — 11,2(5)))? * (x2(s — 12,1(5)) — Xl(S))z) : (28)

fo
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Fig. 2. Location of the points M and M at time ¢.
and

x2(t) — x1(t) = x2(to) — x1(t0) + (¢t — t0)(v2(t0) — v1(to))

t T

Gm1 Gl’l’l2
_/ /((XZ(S)_xl(S—TI,z(S)))Z+(X2(S—rz,l(S))—m(S))z)ds v @9

o

where ¢ is an arbitrary time from an interval [zo, z*) C [to, +00) on which x5 () — x1(¢) > 0.

To study the dynamics of the point M, relative to the point M7, we use relations (28) and (29).

Further, we fix the functions 1 (s) and ¥, (s) and the velocity v; (zp). The velocity v, (f9) may take arbitrary
values. For the velocities vy (tg) and va(tg), by V1 and V, we denote the sets of all differences v, (t9) — v1 (%)
for each of which the function x,(¢) — x1(¢) that describes the motion of the point M> relative to the point My is
bounded or unbounded on [fg, +00), respectively.

Further, we use one more important property of system (9). Up to this point, we performed the required
preparatory work by using the inertial coordinate system corresponding to Fig. 1. In what follows, we con31der an
inertial system OX in which the point O moves relative to the pomt O with a constant velocity v = = i (V can be
an arbitrary element of the set R). The directional vector of the O %-axis coincides with the vector i and the points
M and M, are located on the O %-axis (Fig. 2).

We describe the motion of the points M; and M5 by new vector functions ;1 (t) = X1 (l)? and 1?2 t) =X (t)f.

An obvious statement presented below is important for our subsequent presentation.

Lemma 1. Forany v € R, the following identities are true for the points My and M :
X2(1) — X1(1) = x2(1) — x1(2),

Xa(t) — X1(t) = x2(t) — x1(2),

(30)
)zz(l) — )~Cl(l) = 56'2([) — )'C'l(l),
X1(0) = %1(t) and Xa(t) = %2(1).
Rewriting relation (26) in the new inertial system (Fig. 2), we get
. . G G
Fa() — 510 = — - i (1)

(Fo(t) — %1t —112()))2 (2t — 12,1(1) — F1(1))?

Note that the deviations 71,2(7) and 72,1 (¢) and the time variable ¢ are independent of V.
By virtue of Lemma 1 and relations (26) and (31), the following statement is true:
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Corollary 1. For the points My and M, the relation

Gmq n Gmy
(x2(t) = x1(t —112(1)))? (X2t — 12,1(2)) — x1(1))?

_ Gm1 n GI’HQ
T (R X —T112(0))? 0 (Rt — 12,1(0) — %1(0))?

is true for all v € R.

Further, we consider system (9) in the inertial coordinate system corresponding to Fig. 1.
The following auxiliary statements explaining the properties of motion of the point M» relative to the point
M, are true:

Lemma 2. V) # @ and v;,oo eVr.

Proof. Letvy(tg) —v1(to) € (—c,0]. According to (26), the velocity of the point M» relative to the point M
is negative and the value of this velocity strictly decreases because

Gm1 I sz >0
(x2(s) = x1(s = 11,2(5)))?  (x2(s — 12,1(5)) — x1(5))?

Hence, the function x5 (¢) — x1(¢) that describes the motion of the point M, relative to the point M is strictly
decreasing and lijrp 0(x2 (t) — x1(t)) = 0 for some T > ty.
t—>T—

From the mechanical point of view, this means that the points M7 and M> collide at the time 7. Thus, V; # @.
In what follows, we need the relations

d (va(t) —v1(1))°
dt

= 2(v2(t) — v1(1)) (V2(1) = 1(2))

_ _ _ Gm1 _ sz
= 2020 =0 0) (o 2O (ealt — 11 (1) wor) .
and
(v2(2) — vl(f))2 = (va(to) — v1(t0))*
2Gmy d(x2(s) — x1(5)) ; 2Gmy d(x2(s) — x1(8)) (33)

; (x2<s)—x1(s—n,2(s)>>2_t (x2(s — 12,1(5)) — x1(5))2”

which can be deduced by using (26) and the equality

(v2(1) —v1(0)) dt = d(x2(t) = x1(1)).
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We now show that the inclusion v;‘ oo € V1 is true. Assume that this inclusion does not hold, i.e., in the case
where v3(t9) — v1(f0) = V2,00, the following relations are true:

va(t) —v1(t) >0 forall ¢ >t (34)
and
tiigloo(Xz(t) —x1(2)) = +o0. (35)

Note that, for v2,o & V1, according to (28) and (29), equality (35) and the inequality
v2(t) —v1(r) =0, =1y,
are not true for some #1 > fo.
In view of the fact that the functions # — 71 2(¢) and ¢ — 7,1 (¢) are strictly increasing on the interval (¢9, +00),

relations (34) and (35), and Lemma 1, for any ¢t > ¢, where #, is a number such that min{tz — 71 2(¢2), %2 —
72,1(f2)} > to, there exists U € R for which

v2(t) —v1(t) = Ua(f) — 01 (2) > 0,

where 71 (f) = X1(7) and 9»(1) = X2(1),

t_l)igloo(fcz(f) — X1(1)) = +o0. (36)
01(t) <0, va(t) >0, (37)
X1(t) < X1t —11,2(1)), (38)
and
X2(1) > X2(t — 12,1(2)). (39)

Inequalities (37) follow from (34) for the proper choice of ¥ € R.
By using the Taylor formula [12], inequalities (24), (25), and (37), and identities (30), we derive inequalities
(38) and (39) from the relations

sz

(X2(&1 — 12,1(61)) — %1(61))? =0

X1t — Tl,z(l)) —Xx1(t) = _TI,Z(I)IN)I(I) + %le,z(l)

and
Gm <0
(F1(E2 — 11,2(82)) — %2(£2))? ’

where & and &, are certain numbers from the intervals (t — 71,2(¢),¢) and (¢ — 12,1(¢). t), respectively, where the
functions x; (¢) and x,(¢) are twice continuously differentiable.

B2t~ 12(0) = B2(0) = ~e21 (0T2(0) + 35,(0)
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Further, for the solutions x1(¢) and x5(¢) of system (9), we use the equalities

t
2G(my +ma) . -
J Gl —mepe 12 TR

2] G
S
to

_ 2G(my + my) _ 2G(my + my) B 2G(my + my) fe
H)—31()  Tal)-i) nO-k@ T

which are true for every v € R in view of (12), (34), (35), and Lemma 1.
By using these equalities in the case where vz (f9) — v1(f) = v’2k, oo+ We represent (33) in the form

F 2Gmy d(xa(s) — x1(5))

2 _ 2 _
(v2() —v1(1))” = (va(to) — v1(t0)) , (x2(5) — x1(s — 11.2(5)))?

f 2Gmyd(n(s) —xi(s) [ 2Gm1 d(xa(s) — x1(s)

_t (Xz(S—T2,1(S))—x1(S))2_t (x2(s) — x1(s — 11.2(5)))2

B : 2Gma d(xa2(s) —x1(s))  2G(my + m3)
; (xa(s —2,1(8)) —x1(8)%> ~ x2(12) — x1(t2)

C2Gmyd(xa(s) —x1(5) [ 2Gmad(xa(s) — x1(s))

- (m(s)—m(s—n,z(s)))z_t (x2(s — 12,1 (5)) — x1(5))2

15}

_260m tmy) [ 2Gmyd(ials) ~ i (s))
O] : (F2(s) — X1 (s — 11,2(5)))?

_/‘ 2Gmy d(%2(s) — X1(5)) +/ 2G(my + mo) d(X2(s) — X1(s)).

(F2(s) — X1(5))?

(F2(s — 12,1(5)) — F1(s5))? P

%3

Here, we have also used Lemma 1 and Corollary 1.
Thus,

t

o)) = 2t m) 2Gm
(UZ(I) vl(t)) - Ta(t) — %1(2) / (()Ez(s) —X1(s — 771,2(3)))2

15}

365
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+ 2Gl’)12
(F2(s — 12,1(5)) — F1(s))?

_ 2G(m1 + mz)
(X2(s) — X1(5))?

)d (Fals) = F1(5)). 1> b2, (40)

By Lemma 1 and Corollary 1, the integral on the right-hand side of (40) is independent of b € R. Hence, by
virtue of (38) and (39), for any s € [t, t], we can choose ¥ such that

[X2(8) — X1(s — 71,2(5)))] < [X2(s) — X1 (s)]
and
1X2(s — 12,1(5))) — X1 (8)| < |X2(s) — X1 (5)].
Therefore, the function
‘

_ 2Gm1 2GI’I12
0= / (ozz(s) G =202 Gab =) ()2

o

_ 2G(m1 + m2)
(¥2(s) — X1(5))?

)d (Fals) — £1(5))

takes positive values for any ¢ > ¢, and is strictly increasing on [tg, +00). Thus, in view of (36) and (40), we have
va(t1) — v1(t1) = 0 for some #; > 1. However, according to the reasoning used at the beginning of the proof of
the lemma, this contradicts (35).

Thus, the assumption v;,oo ¢ V1 is not true.

Lemma 2 is proved.

Lemma 3. V, # @.

Proof. We use relation (33) in the case where

v2(to) — v1(to) = 205 - (41)
This relation has the form
t
_ 2 8G(m1 + my) _[ ( 2Gmq
(20 =0®)" = 0 @) J o =56 - 2602
0
2Gm2

)d(ms) ). )

(x2(s — 12,1(5)) — x1(5))?

The following inclusion is true:
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Indeed, the function v, (¢) — v1(¢) satisfying equality (41) is continuous at the point ¢y. According to (42), the
set of intervals [tg, 8), 8 > fo, on each of which v,(¢) — v1(z) > 0 is nonempty. Assume that, for some 7' > ¢,
we have

va(t) —v1(t) >0 forall ¢ elty,T) (43)
and
v2(T) — v1(T) = 0. (44)
In view of (43), we obtain
x2(T) — x1(T) > 0. (45)

We use the relation

x1(s) + x2(5)

> < x2(s — 12,1(5)), (46)

x1(s — 11,2(5)) <

which can be easily deduced by using the following formulas for the location of the points M; and M, on the
O x-axis and the velocities of their motion:

max{x1(s), x1(s — 71,2(5))} < x2(s), x1(s) < min{x2(s), x2(s — 12,1(5))}

[see (24) and (25)] and

max {|x1(s)|. [2(5)|} < ¢

[the restriction imposed on the velocities of points M and M> is required for the substantiation of relations (24)
and (25)]. In the presented auxiliary relations, s is an arbitrary element from [f9p — max{t1,2(), 72,1(%0)}, +00)
such that x5 (s) > x1(s).

It follows from (46) that

i { x2(s) — x1(s) x2(s) — x1(s) } <2 7

x2(5) — x1(s — 71,2(5)) " X2(5 — 72,1(5)) — X1 (5)

for all s € [top — max{z1,2(%0), 72,1(t0)}. +00) such that x2(s) > x1(s).
According to (47), for all ¢ € (o, T], we get

t

2Gm 2Gm;y
/ ((Xz(s) TG 202 T (26 — 21 () — 31 (s))Z)d(’”(s) ~ 1)

o

d(xa(s) = x1(s)) _ 8G(m1+my)  8G(my + ma)
(x2(8) —x1(s))2  x2(t0) — x1(t0)  x2(t) —x1(2)

t
<8G(m1 + mz)/
to
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By using (42) and (45), we arrive at the relation

8G(my + my)

2
() =0 0)"> Ty

which contradicts (44).
Thus, relation (43) is also true for 7 = +o00. By using (28), we get

lim (x2(z) — x1(¢)) = +oc.
t—>—+o00

Hence, 21);’00 €V, and V, # @.
Lemma 3 is proved.

Lemma 4. The set V; is closed and connected.

Proof. We use the standard initial conditions imposed in the previous steps. Let x1(¢) and x,(¢) be the
corresponding solutions of system (9) and let

v2(to) — v1(f0) € V2. (48)
In view of this inclusion, we obtain
v2(1) —v1(t) > 0, 1 =1, (49)
and
t_ljfiloo(xz(l) —x1(#)) = +o0. (50)

Consider an arbitrary number § > 0 and the solutions x; s(¢) and x, 5() of system (9) such that

x1,5() = x1(1) and X2 5(t) = x2(t) forall ¢ € Iy, (5D
xX1,0(2) = x1(2) and X2,0(t) = x2(¢t) forall ¢t e I U [tg, +00), (52)
lim Xz’g(t) =vy(tg) + 6 (53)

t—>to+0

and, in view of (27), the requirement lim o X1,5(t) = v1(fo) can be violated.
t—>to—

Hence, the functions x, 5(¢) — x1 5(¢) and v 5(¢) — vy s(1) = X5 5(f) — X s(¢) satisfy the integral relations
v2,8(t) —v1,5(t) = valto) + 8 — v1(to)

t

Gmy Gmy
— d 54
/ ((Xz,s(s) s =125 T GG = s () —xl,s(s))Z) $ 09

to
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and

Xp,5(t) — x1,5(t) = x2(to) — x1(t0) + (¢t — t0)(v2(t0) + & — v1(to))

t T

_ / / ( Gm1
(x2,5(5) — x1,5(s — 71,2,5(5)))?

to to

G}’Flz
ds |dr, 55
(x2,8(S—Tz,l,s(s))—xl,a(s))z) S|4 &)

similar to relations (28) and (29), where ¢ is an arbitrary time from an interval [to, t*) C [to, +0o0) on which
X 5(t) — x1,5(t) > 0, the quantities 7, 5 5(s) and 75 ; s(s) are delays satisfying, according to the third and fourth
equations in system (9) and the location of the points M; and M» on the O x-axis, the following relations:

cT2,1,5(8) = x2,5(5 — 12,1,5(5)) — x1,5(5), (56)

cT12,5(5) = x2,5(5) — x1,5(5 — 71,2,5(5)). (57)

Note that, for § = 0, relations (54) and (55) coincide with relations (28) and (29), respectively, and relations
(56) and (57) coincide with the third and fourth equations in system (9), 71,2,0(s) = 71,2(s), and 12,1,0(s) =
72,1(5).

According to (9) and (53), the relations

t T
Gm1
= - 8) — ds |d 58
22.5(0) = xa(t0) + (1 — 10)(v2(t0) + 5) / / oIy trerr 20 CLNED
and
t T
sz
— — ds |d 59
140 =0) + (=t + | / (2s6 = sy —xrae? )T Y

to

are also true.
We study the influence of the quantity ¢ on the functions x, s(¢) — x1,5(¢) and v, 5(t) — vy 5(t) for ¢ > 1.
In view of (54) and (55), these functions depend on x5 §(s)—x1 s(s—71 2,5(s)) and xp 5(s—72.1 §(5))—x1,5(5).
In addition, at points s of the set

Rs = {s:5 —112,5(s) =1t} U{s:s — 12,1,6(5) = fo}.

the right-hand sides of (56) and (57) are continuous and can be not differentiable. By virtue of the fact that the
functions s — 77 5 s(s) and s — 75 1 s(s) are strictly increasing, the set Rs contains one or two points for every
§>0.
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We differentiate both sides of (56) and (57) with respect to §. For s € [to, t*) \ Rg, we obtain

. dry,1,8(5) _ d(xa,8(5 —72,1,8(5) = x15(5)) _

d d
= —v3,5(5 — 72,1,5(5)) ©2,1,6(5) _ dx1,5(5)

ds ds ds ds
dri,s(5) _ d(xa,s(5) —x15(5s —7125(5)) _ dxz,6(5) o155 — 1 25(5) dt15,5(5)
ds dé dé LTS dé

This implies that

dra1,8(5) _ 1 dxy,5(s) 60)
ds c+vys(s—1215(5) d§
dti28(5) _ 1 dx; 5(5) 61)
dé c—v1s(s—T1128(s) dé

fors € [Zo, Z*) \ Rs.
Further, we differentiate both sides of (58) and (59) with respect to the variable §. By using (60) and (61), we
obtain

dx, 5 (¢
),
T 26 d((x5(5) — X1 5 ()
mi X2,6(8) —X1,68 —T1,26(8
+ B B 324y dS dT
/(/ (x2,5(8) — x1,6 (s — 71,2,5(5)))3 ds )
140) to
o F 26 dty5(5)
mi cdTty o s(S
=1t—tg+ = ds |dzt
0 / (/ (x2,5(5) — X156 —T125())3  d$ )
1o to
(7 26 d
mq c X2,8(s)
:Z_t+[ / ds |dt (62
0 ; (r (xz,s(S) —xl,S(S - 71,2,8(5)))3 ¢ = Ul,s(S - Tl,z,S(S)) ds )
0 0
and
t T
dxys(t) _ _/ / 2Gmy d(xp,5(s —12,1,5(5)) — x1,5(5)) g5 de
ds S\ (x2,5(5 — 72,1,6(5)) — x1,5(5))3 ds
[0) 0

t
/ R 2Gm2 C‘L'2,1’5 (S) ds | d
= — T
: (xz,s(s — 12,18 () — xl,b’(s))3 ds
0

to

t /ot
2Gmy c dxy s(s)
= ——~ds |dr. (63)
/ (t (2,505 —12,1,6(5) —x1,5(5)3 ¢ +v25(s —12,1,5(5)) dé
0 0
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The operation of differentiation under the integral signs in (62) and (63) is possible by virtue of the Lebesgue
theorem on limit transition under the integral sign and the Riemann integrability of a bounded almost everywhere
continuous function [13, pp. 120, 125] {the integrands in (62) and (63) are continuous and bounded on [tg, ) \ Rs,
at points of the set Ry, these functions have finite upper and lower (right and left) derivatives [14] that do not affect
the values of the corresponding integrals}.

By virtue of (56), (57) and the positivity of the delays 75 ; s(s) and 7y 5 5(s), the functions

2Gmq c
3 (64)
(x2,6(s) —x1,6(s —71,2,6(5)))° ¢ —v1,5(s — 71,2,6(5))
and
2G
e ; < (65)
(x2,6(s —72,1,8(5)) — x1,5(5))° ¢ + v25(s — 12,1,5(5))
in (62) and (63) are continuous and positive on each interval [fg, ¢) for all points of which we have
(x2,5(5) — x1,6(s — 71,2,5(5))) (x2,5(s — 72,1,5(5)) — x1,5(5)) # 0. (66)

For this reason, by virtue of (62), the function dx, 5(t)/d§ takes positive values on each interval (fo,?) at
every point of which relation (66) is true. On this interval, the function dx; 5(¢)/d § becomes equal to zero because
relation (63) with respect to dxq s(¢)/dd is a linear homogeneous equation with quasinilpotent operator.

Thus,

d(xa5(t) —x15() _ dxzs(t) dxi () _ dxas(t)

dé - ds ds —  dé 0 67

for every t > t¢ such that, relation (66) is true for all points s € (¢g,?).
Further, differentiating both sides of (54) with respect to the variable § and using relations (56), (57), (60), and
(61) and the properties of functions (64) and (65), dx; 5(¢)/d§, and dx, 5(¢)/d §, we obtain

d(vz,5(t) —v1,5(2))

ds
7 2G d
=1+ / i ; ¢ X280 4
p (x2,5(8) —x1,8(s —11,2,6(5)))° c —v15(s —T12,5(5) dé
0
p 2G d
N / mo ! c X1,8(s) ds
: (xz,(g(s - T2,1,8(5)) - XI,S(S)) ¢+ U2,8(S - T2,1,8(S)) ds
0

t
d
: (xz,a(s) —X1,8(S - '51,2,8(5))) ¢ — U1,8(S - T1,2,8(S)) ds
0]

(63)

for any ¢ > to such that relation (66) holds for all points s € (¢, ?).
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Inequality (68) is true for all § > 0.
By using the same reasoning as above and relations (49), (50), (67), and (68), we get

lim (xp5(7) —x1,5(1)) = 400
t—>—+o00

forall § > 0.
Hence, in view of (48), we get [v2(to) — v1(tp), +00) C V;.
By using the same reasoning as above, we also conclude that V, = Uvevz [v, +00). Therefore, V, is a

connected set.
Consider the velocity v} . = va(fo) — v1(to) of the point M, relative to the point M; given by the equality
vy . = infyey, v.

We want to show that
Vs € V2. (69)

This would imply that the set V; is closed.
Assume that relation (69) is not true, i.e.,

vy €V1. (70)

According to Lemma 2, we get v;’oo < v;c. Thus, v;,c > 0. By virtue of (32), (33), and (70), on some
interval [tg,?1), 11 > fo, the velocity va(t) — v1(¢) of the point M, relative to the point M; is positive, strictly
decreases, and v, (1) — v1(f1) = 0. Moreover, the distance x,(¢) — x1(¢) between the points M; and M5 on the
interval [tg, ?1) is strictly increasing. By using the arguments from the proof of Lemma 2, on a certain interval
[t1,12), t» > t1, the difference x5 (¢) — x1(¢) is strictly decreasing and, moreover, t_l)itrzn_o(xz (t) — x1(¢)) = 0 (the

points M and M> collide at the time #;).

We fix an arbitrary t2+ € (11, 12).

Consider an arbitrary number § > 0 and the solutions x; s(¢) and x, s(¢) of system (9) satisfying conditions
(51)—(53) under which

v2,5(t0) — v1,5(to) = v2(to) —v1(to) + 8 = v, + 6 € Va.

It follows from the continuous dependence of the solutions x; s(¢) and x5 s(f) on § that

lim  max | (xg,5(1) —x1,5(1)) = (¥2(t) = x1(0))| = 0.
§—>40 tE[t(),t;r]

Hence, for sufficiently small values of § > 0, the distance x5 5(¢) — x; s (7) between the points M7 and M5 is not
strictly increasing on [tg, +00), which is impossible because (v’zk’c, +00) C V,.

Thus, the assumption that relation (70) holds is not true.

Lemma 4 is proved.

Lemma S. The set V1 is open and connected.

This statement is a corollary of Lemma 4.
By virtue of the presented lemmas and their proofs, the following statement is true:
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Theorem 2. Suppose that the functions V1 (s) and Y2 (s) are initial values of the solution x1(t) and x»(t) of
system (9), these functions are continuously differentiable on int I, and continuous on I,, Y2(s) — ¥1(s) > 0 for
all s € Iy, the derivatives Y1(s) and Y (s) are bounded and integrable on int I,, the limits lim . Yi(s), i =

S—>t0—

1,2, exist, v1(tg) and v (ty) are arbitrary numbers from the interval (—c, ¢) for which va(to) — v1(to) € (—c, ¢),
and the limits  lim o Y1(s)) and lim . Yo (s) cannot coincide with v (tg) and va(to), respectively.
s—>to— s—>to—

Suppose that:

(i) x1(t—71,2(t)) = Y1(t—71,2(0)) forallt > to suchthatt—7y 5(t) € [to—71,2(to), to] and x2(t—72,1(¢)) =
Va(t — 12,1(t)) for all t > to for whicht — t2,1(t) € [to — 12,1(t0), to];

(ii) c72,1(to) = Y2(to — 12,1(t0)) — Y1 (fo) and ct1,2(f0) = Y2(to) — Y1 (to — 71,2(%0))-

Then:

(i) ifva(te) —v1(to) € (—c, 0], then there exists a number T > to such that, for the solution x1(t), x2(t) of

system (9), the difference x,(t) — x1(t) is strictly decreasing on the interval [ty, T) and liyrp 0(xz(t) —
t—>T—

x1(t)) = 0 (the points My and M; collide at time T );

(ii) there exists a number v . > vy  such that

(a) ifva(to) —v1(to) € ((), U;,c)’ then, for some numbers Ty and T, (to < T1 < T), the difference x,(t) —
x1(t) is strictly increasing and strictly decreasing, respectively, for the solution x1(t), x2(t) of system (9)
on the intervals [tg, T1) and [Ty, T») and, in addition, 1i7{n 0(x2(t) —x1(t)) = 0 (collision of the points

t—>17—

M1 and M> at the time T»);
(b) ifva(to) —vi(to) > v;’c, then, for the solution x1(t), x2(t) of system (9), the difference x»(t) — x1(t) is

strictly increasing on [tg, +00) and lim (x2(¢) — x1(t)) = +o0.
t—>4o00

Remark 2. In Theorem 2, x,(¢) — x1(2) is the distance between the points M and M>.

Remark 3. The velocity v} . iIn Theorem 2 is the escape velocity with regard for the speed of gravity. This is
the minimal velocity v, (f9) —v1(¢p) of motion of the point M5 relative to the point M at the time ¢( for coordinates
x2(t) and x1(¢) at the time ¢ such that the relation h? (x2(t) — x1(¢)) = +o0 is true. By virtue of Lemma 2

t——+o0

and the proof of Lemma 4, we get v;, ¢ > v;’ oo 1-€., the actual escape velocity v;’ . (due to finiteness of the speed
of gravity) is higher than the escape velocity v} . in the classical celestial mechanics.

4.3. Estimates of the Difference v; . —v3 _ . To find the difference v; . — v5 ,,, we need some auxiliary
statements.

Lemma 6. Suppose that the solution x1(t), x2(t) of system (9) satisfies the conditions of Theorem 2.

If
(x2(s) — x1(s — 11,2(5))) (x2(s — 72,1(5)) — x1(5)) # O

for every s € [to, T), then the following equalities are true:

* 2
1 _ (1 N vl(s)) 1 1)

(x2(s) — x1(s — 71,2(5)))? c (x2(s) — x1(5))?
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and
1 B v;(s))2 1
(26— 121 () — T ) (1 T ) Mo —me)? 72
foralls € [tg, T), where
b3 (s) = x1(s — 11,2(5)) — x1(5) and  vi(s) = x2(s) — x2(s — 12,1(5))

71,2(5) 72,1(5)

Note that v} (s) and vJ(s) are the mean velocities of the points M and M> on the segments [s — 712(s), 5]
and [s — 12,1(s), 5], respectively.

Proof. We fix an arbitrary s € [tg, T'). It is easy to see that the following equalities are true:

1 B —x1(8) + x1(s = 112(9)) 1
ORI (1 T 5 — 16 —126) ) (20) =1 () 73)
and
1 B x2(s) = x2(s — 2,1 () | 1
(26 —210) 2 (1 T G =) - xl(s)) () =316 7

According to (9), (24), and (25), we find
x2(s) —x1(s —112(5)) = ct12(5)  and  xa(s — 72,1(5)) — x1(5) = cT2,1(5).
Therefore,

—X1(s) + 105 —71,208) _ vy (s) X2(8) —X2(s —12,1(8)) _ v3(s)
x2(s) — x1(s — 11.2(5)) c x2(s — 12,1(5)) — x1(5) ¢

Hence, in view of (73) and (74), we obtain (71) and (72).
Lemma 6 is proved.

Lemma 7. [f the velocities of the points M1 and M5 are bounded on the interval [to, +00) and the numbers
&1 and &, are such that

su _ vE(s su _ vE(s
miél Z ps>t0 'E]!z(to) ‘ 1( )‘ and moén Z ps>t0 Tl,2(t0) ‘ 2( )‘ ’ (75)
mi + myp c mi + my c

then

2 2
2G 2G
\/(1 4 e ) g (1 4 2% ) M2 ey, (76)
my +my ) xa2(tg) — x1(to) my+mz ) x2(tg) — x1(to)
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Proof. We use relations (33) in the case where

v2(to) — v1(to)

miéq 2 2Gm1 moéyn 2 2Gm2
= 1+ +(1+ : (77)
my +mz ) x2(to) — x1(to) my +ma ) xa2(to) — x1(to)

By virtue of (12), this relation takes the form

miél )2 2G}’I’l1
my +ma ) xa2(to) — x1(to)

2
moe 2Gm
L (1 4 262 ) 2
my +ma ) Xxa(to) — x1(to)

(v2(t) — 01 (1))* = (1 +

26m1 d(xa(s) —x1(5) [ 2Gmad(xa(s) — x1(5))

_, (m(s)—m(s—n;(s)))ft (x2(s — 12,1 (5)) — x1(5))2

(78)

We now show that inclusion (76) is true.

The function v, () — vy (¢) satisfying equality (77) is continuous at the point #. Therefore, according to (78),
the set of intervals [tg, 6), 6 > tg, in each of which v, () — v1(¢) > 0, is nonempty.

Assume that, for some 7" > 19,

va(t) —v1(t) >0 forall ¢ e€ty,T) (79)
and
v2(T) —vi(T) = 0. (80)

Note that, in view of (79), we have x»(7) — x1(T") > 0.
By virtue of (71), (72), and (75), for all ¢ € (to, T], we obtain

2Gm1 d(xa(s) —x1(5)) [ 2Gmad(xa(s) — x1(5))

: (x2(s) — x1(s — 71,2(5)))? ; (x2(s — 12,1(5)) — x1(5))?

t

- / (2Gm1 (1 + ”T(S))2+2Gm2 (1 N vi‘(s))z) d(xa(s) = x1(5))

c c (x2(s) — x1(s5))?

to

t
R OIAY d(ra(s) = 31 (5))
= (” ¢ Y IO
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SUPgo 10— 1 1oy [ V3 )]\ [ d(xa(s) — x1(5))
+(” ¢ ) 202 | o) — 1))

— |14 SUPgs>10—11 .2 (f0) }UT(S)} 2 ( 2Gm _ 2Gmq )
B c x2(t0) — x1(to)  x2(T) — x1(T)
" 2
+ 1+ SUPs>1—12.1 (0) ‘UZ(S)‘ ( 2Gmy _ 2Gmy )
c x2(to) — x1(to)  x2(T) —x1(T) )

By virtue of (75) and (78), we get

miél )2 2Gm1
my +ma ) xa(to) — x1(to)

(02(1) = v1(1))? = (1 +

2
moe 2Gm
n (1 n 262 ) 2
my1+ma ) xa(to) — x1(to)
. 2
SUPs>19—1 5 (t0) |v1 (S)| ( 2Gm; 2Gm, )
|1+ _
¢ x2(t0) — x1(t0)  x2(T) — x1(T)
1 + Sups>t0—‘(2’1(t0) |U;(S)| ( 2Gm2 . 2Gm2 )
c x2(to) — x1(to)  x2(T) — x1(T)
2 * 2
miéi SUPs>t9—1 »(to) |v1 (S)| 2Gm;
Y L .
my + moy c x2(to) — x1(to)

2
maés )2 |1+ Sups>t0—t2'|(t()) }U; (S)| 2Gm2
ml + my c x2(to) — x1(to)

c X2(T) — x1(T)

+(1+

>0,

I (1 " suPs>t0 71.2(t0) |U (S)‘) ZGml

sups>t() 12.1(%0) |v2 (S)|) 2Gm2

c x2(T) — x1(T)

which contradicts (80).
Thus, relation (79) remains true for 7 = +o00. Hence, by analogy with the proof of Lemma 3, we get

tiigloo(Xz(t) —x1(1)) = +oo.
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Thus, inclusion (76) is true.
Lemma 7 is proved.

Remark 4. The velocities of the points M7 and M, are bounded in the interval [fg, +00) if these points do
not collide, i.e., ti;l;f (x2(t) — x2(2)) > 0.
et £0]

Remark 5. By Lemma 7 and the definition of v’zk’ .- the following inequality is true:

* *
vzac E U270781 527

where

* \/(1 i miél )2 2Gm1 4 (1 i moé&yn )2 2GI’I12 (81)
v = .
2:C.61,62 my+maz ) xa(to) — x1(to) my+mz ) xa(to) — x1(to)

Lemma 8. If the positive numbers 1 and |y are such that

mipi < SUPs> 19—y 5 (t0) |U>1k(s)‘ and ma 2 < SUPs>19—11 5 (t0) }v;(s)| ’ (82)
mi + mo c mi1 + my c
then
miM1 2 2Gm1 ma 2 2 2Gm2
(l + ) + (1 + ) V. (83)
my +ma ) xa(to) — x1(to) mi +mz ) x2(to) — x1(to)

Proof. We use relation (33) in the case where

2 2
mipy 2Gmy ( mafio ) 2Gmy
va(tg) — v1(tp) = 1+ + {1+ .
2(f0) = v1(to) \/( m1+m2) x2(t0) — x1(t0) my +ma ) x2(to) — x1(to)

This relation takes the form

mip )2 2Gm;
my +ma /) x2(to) — x1(to)

2
m 2Gm
L (1 L M2k ) 2
my +mz ) Xxa2(to) — x1(to)

(v2(t) — v1(1))* = (1 +

B /t 2Gm1 d(x2(s) — x1(s)) /t 2Gma d(x2(s) — x1(s)) (84)

; (xz(S)—X1(s—r1,z(S)))2_t (x2(s — 12,1 (5)) — x1(5))2

As in the proof of Lemma 2, we assume that inclusion (83) is not true, i.e., the relations

va(t) —v1(t) >0 forall ¢ >ty (85)
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and
t_ljrfoo(X2(t) —x1(1)) = +o0
hold.
By using the equality
t
2G(my + my) B _ 2G(my + my) B 2G(my + my)
[ Gy g ) = = SO S iz

which follows from (85) and (86), we represent (84) in the form

2
2 mip B 2Gmq
(v2() —mi )" = ((1 - mp + mz) l) x2(t0) — x1(%0)
2
majio _ 2Gmy
* ((1 * mj +m2) l) x2(to) — x1(to)

2G(my +m2) [ 2Gmy d(xa(s) — x1(5))

xX2(1) = x1(2) _, (x2(s) — x1(s — 11,2(5)))2

B t 2Gma d(x2(s) — x1(s5)) . t 2G(my1 + my)
(x2(s — 12,1(5)) — x1(5))? : (x2(s) — x1(s5))?

Applying Lemma 6 to (87), for all # > 1o, we conclude that

2
2 mip B A
(v2(1) —v1())” = ((1 o +m2) 1) x2(t0) — x1(f0)

2
26 26
+<(1+ M2t ) —1) m2___ 2G(mi +ma)

my + my x2(to) — x1(to)  x2(t) — x1(2)
/’ ( *(s)) ORI

(x2(s) — x1(5))?

~2Gm, / (( v2<s>) 1) d(x2(s) = x1(5))

(x2(s) — x1(s))?
> (1+ aled )2—1 _ 26m
- my + my x2(to) — x1(t0)

d(x2(s) — x1(5)).

(86)

(87)
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2
2G 2G
+((1+ ma iy ) _1) my n (mq + my)

my + my x2(to) — x1(t0)  x2(t) — x1(¢2)

. 2
_ 1 + Sups>t0—‘[1,2(t()) }vl (S)| 1 ( 2Gm1 . 2Gm1 )
¢ x2(to) — x1(t0)  x2(t) — x1(2)
. 2
_ 1+ SUPs>19—15 1 (0) ‘vz (s)‘ _1 ( 2Gmy . 2Gmy )
c x2(t0) — x1(t0)  x2(t) —x1(2) )

Therefore, by using the equality lir+n 1/(x2(¢) — x1(t)) = 0 and requirements (82) imposed on 1 and py,
t—+00

we conclude that there exists a number #; > #¢ such that v, (¢1) — v1(¢1) = 0, which contradicts (85).
Thus, inclusion (83) is valid in the case where relations (82) are true.
Lemma 8 is proved.

Remark 6. The following inequality is true:

* *
V2,00 < V2,00,11,12°

where

2 2
mi i1 2Gm; ma iz 2Gmy
vy = \/(1 + ) + (1 + ) ) (88)
2,00,41, 12 my+my ) xa2(to) — x1(to) my+my ) x3(to) — x1(fo)

This inequality follows from the relations

2 2
2 2
(1 n my1 ) Gm . (1 n Mmoo ) Gmy

my +ma ) xa2(to) — x1(fo) my +mz ) x2(to) — x1(fo)
2Gm1 2Gm2 *
> = v2 00"
x2(to) — x1(t0) ~ x2(fo) — x1(%0) ’
According to the results of investigations presented above, we find
* * * *
0< V2,00 < V200,11, 142 <Vzec = Va.cer,e0 < +00
and
* * *k * * *
0< V2,00,u1,2 ~ V2,00 < V2,c ~ V2,00 S V26,60 — V2,000 (89)

whence, in view of (89) and equalities (12), (81), and (88), we arrive at the following assertion for the estimate of
the difference v . — v3
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Theorem 3. The escape velocities v;" o and v;’ oo Satisfy the relation
mip \?  2Gm mapz \?  2Gmy
0< (1 + ) + (l + )
my+mz) xa(to) — x1(to) my +maz /) x2(to) — x1(to)
2G 2G
B (my +my) T S (m1 +m3)
x2(t0) — x1(t0) ’ ’ x2(t0) — x1(t0)

I \/(1 4 miél )2 2Gm1 4 (1 4 mopén )2 2Gm2 (90)
my+mz ) xa(to) — x1(fo) my+mz ) xa(to) — x1(to)

forall 1, €3, 1, and o satisfying (75) and (82).

Remark 7. Since the differences €1 — 1 and €5 — o can be arbitrarily small, it follows from (90) and (12)
that

2 2
mie 2Gm maog 2Gm
u;c:\/(H 171 ) ! +(1+ 202 ) z 91)
’ my+ma) xa(to) — x1(to) my+ma) xa(to) — x1(to)
where
miéy _ SUPs>zo—11 2(t0) |v’1k(s)| and maés _ SUPs>t0—11 »(t0) !v;(s)’ (92)
mi1 + mo c mi1 + mo c

Remark 8. The escape velocity v} .o i the Newton celestial mechanics is obtained from the escape velocity
vy . in the celestial mechanics constructed with regard for the finite speed of gravity by setting ¢ = o0 [relation
(91) is a generalization of relation (12)]. Indeed, in view of (12), (91), and (92), we obtain

lim v, =v) .
c—>+o00 2,¢ 2,00

5. Escape Velocity on Earth’s Surface

We determine the escape velocity U;, . on Earth’s surface. Recall that, in the Newton mechanics, we have
V3 oo = 11.2km - sec™! (see [15, p. 28]).

As in Sec. 4, we use the inertial coordinate system (see Fig. 1).

Consider a body with mass m located, up to time ¢ (including this time), on Earth’s surface with mass Mg
and radius R. Assume that the body begins to move at a time #o with a velocity v, (¢g) > 0 in the vertical direction
(along the coordinate axis Ox). Then the Earth begins to move in the opposite direction with a velocity vy (¢9) < 0.
Assume that

va(to) — vi(to) = v5 (93)

and the resistance forces are absent.
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Under the assumption that Earth’s center coincides with the point O, the motion of the Earth and the body
is described by the system of equations (9) with m; = Mg and m, = m for which x;(s) = 0 and x2(s) = R
for s < tg, X1(to —0) = x2(t9 — 0) = 0, x1(to + 0) = v1(20), and X2 (t9 + 0) = v2(tp). In the analyzed case,
Xx2(to) — x1(to) = R and the considered initial conditions satisfy the general requirements to system (9) and the
initial values of its solutions (see Sec. 4.2).

By using (93) and the proof of Lemma 4, we get

t_l)igloo(xz(l) —x1(t)) = +oo  and t—ljrlloo (v2(1) —v1(2)) = 0. (94)

In view of the equations of system (9), the velocities of the body and the Earth monotonically decrease and,

according to the initial values of these velocities, v1(f) < 0 and v,(¢) > 0 for ¢t > f9. By using (94), we get
lim v;(¢) =0,i = 1,2. Hence,

t—>+o00

sup  [vi(s)] = —vi(ty)  and sup |03 (s)| = va(to). (95)

s>to—71,2(t0) s>to—12,1(%0)
We now determine the relationship between v’z" . and v’zk oo+ To this end, in addition to (93), we use one more

relation that connects v, (#p) and v (f9). According to (9) and the requirements imposed on the motion of the body
and the Earth, for any sufficiently small number § > 0, we get the relation

muva(to + &) + Mavi(to + 8) — (mva(to — 0) + Mg (to — 0))

to+46
x1(f —11,2(2)) — x2(1) x2(f —12,1(1)) — x1(7)
— G s s d .
e [0 (= = * Tt =@ —mo) e O

Since the integrand in (96) is bounded on the segment [t, fp + §], according to v (tg — 0) = v1(fp —0) = 0,
we find

muvy(to) + Mgv1(to) = 0. 97)

By using (93) and (97), we get

L;’c, v2(ty) = (98)
M@ +m

v1(to) =

Hence, in view of (92), (95), and (98), we obtain

Mgeq mv;,c d mes MGBUZ,C
= an = s
Mg+m c¢(Mg + m) Mg+m c(Mg + m)

whence, by virtue of (91) and (12), we conclude that

mvy 2 26M Mgv; ?26
Vi, = (1+ 2. ) EB+<1+ © 2c ) - (99)
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By using (99), we determine v} .. To do this, we square both sides of (99), perform necessary transformations,
and represent the relation obtained as a result in the form of a quadratic equation for v} .:

2GmM® * \2 8GmM@ % " 2
b= B0te tm TV ATERY ) — =0.
( c2(Mg + m))(vz’C) " ¢(Mg + mR ">* (v3,00)

We obtain the following relationship between v} . and v3 _:

_ 4GmMg \/ 16G2m2 M2 (1 _ 2GmMg )(U* )2
c(Mg + m)R c2(Mg + m)2R2 c2(Mg + m) J\ "2

V2,6 = 2GmMeg

(Mg +m)

After necessary transformations, we can represent this formula in the form

—1
2GmM, 8Gm2MZ 8Gm2M2

Ge=( V1= a0t t 3 e 1= ° | v (100)

’ (Mg +m)  c?>(Mg +m)3R c2(Mg +m)3R ’

In view of the fact that G = 6.67408 x 107! m3.kg™'-sec™2, Mg = 5.9722 x 10%* kg, ¢ = 2.99792458 x
10 m-sec™!, and R = 6.371 x 10® m, for m <« Mg, we obtain

vy ~ (1 +7.4259154861063335 x 1072%{m}) v3 .. (101)

where {m} is the numerical value of mass m of the body. The error in (101) is smaller than 10_28{m}v§, o
By using (100), (101), and the fact that

V3 00 = V2G(Mg + m)/R,

we conclude that the mass m of the body strongly affects the value of the quantity v3 . and, moreover,

lim — =1 and lim - 5
m—0 vz’oo m—+o00 vz’oo C

" v} 2GMg \ /2
5, > :(1_ 69) ~ 1.0044646.

6. Instability of Motion of the Points M7 and M,

The process of motion of the points M; and M, described by the system of equations (9) is Lyapunov unstable
if the corresponding solution x1(?), x2(¢) of system (9) is Lyapunov unstable [16].

Theorem 4. The rectilinear motion of the points My and M5 described by the system of equations (9) for
which HT (x2(t) — x1(¢)) = +o0 is Lyapunov unstable.
t—>+o00

Proof. The following cases are possible:

1) va(to) —v1(to) = v5
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2) wva(to) — vilto) > v5 .

In the first case, arbitrarily small perturbations of the initial values of solutions of system (9) and arbitrarily
small perturbations §; and §, of the velocities v;(#p) and v,(#p) may lead to the situation when the difference
(v2(t9) + 82) — (v1(2o) + 81) becomes smaller than v;’ .- In this case, by Theorem 2, the points My and M collide.
At the same time, in the absence of perturbations, these points move so that t_l)iriloo(xz () — x1(t)) = +o00. Hence,

the process of motion of the points M and M> is Lyapunov unstable.

In the second case, we fix an arbitrarily small § > 0 and use the solutions x1(¢), x2(¢) and x; §(¢), x2 5(t) of
system (9) considered in the proof of Lemma 4.

According to relations (68), we get

va () —vy,5(t) = va(t) —vi(t) +6

forall t > t.
Since we also have vp(¢) — v1(¢) > O for all ¢ > ¢¢ and liT (x2(t) — x1(¢)) = +o0, it is possible to
t—>—+400

conclude that
im (2,50 = x1,5(0) = (v2() = x1(0)) = +o0.

Therefore, in view of the arbitrary choice of the number § > 0, we see that the solution x1(¢), x2(¢) of system (9)
is Lyapunov unstable.
Thus, in the second case, the process of motion of the points M; and M> is also Lyapunov unstable.
Theorem 4 is proved.

7. Additional Remarks and References

1. In the classical celestial mechanics, the two-body problem was studied by numerous mathematicians and
mechanicians (see, e.g., [17-19]).

Fundamental results in this field were obtained by Kepler [17] and Newton [9].

Thus, Kepler constructed the kinematic picture of motion of two bodies and presented it in the form of three
laws [17, 20]. On the basis of these laws, Newton deduced the law of gravitation. By using this law, together with
his three laws of motion, he constructed the dynamical picture of motion of the bodies. According to Newton’s
results, the trajectories of two bodies are curves called conic sections or straight lines [9, 10].

2. The results of investigation of the rectilinear motion of two bodies with regard for the finite speed of gravity
and conclusions concerning the escape velocity (for two bodies) are presented in the present paper for the first time.
The indicated speed obtained in the celestial mechanics with finite speed of gravity is higher than the corresponding
speed in the classical celestial mechanics (Sec. 5).

3. For the first time, the difference between the escape velocities in the Newton celestial mechanics and the
celestial mechanics with finite speed of gravity was shown by the author in [21] in analyzing the dynamics of three
bodies located on a straight line in the case where the masses of outer bodies and their distances from the central
body are identical. In [21], it is also shown that the motion of these bodies is unstable.

4. In the general case, the Lyapunov instability of star systems with unbounded trajectories studied with regard
for finiteness of the speed of gravity was shown in [22-24]. For the first time, this result in the case of two bodies
was obtained in [5]. The non-Keplerian behavior of motion of two bodies was demonstrated in [5].



384

V. YU. SLYUSARCHUK

5. The law of gravitation for the finite speed of gravity was obtained with the use of Newton’s law of gravitation

and, for the first time, used in [6]. This law is a generalization of Newton’s law and coincides with it in the limit
case (¢ = +00).

11.
12.
13.
14.
15.
16.

17.
18.
19.
20.
21.
22.

23.

24.

25.

6. For problems of celestial mechanics with the use of the theory of relativity, see, e.g., [11, 25].

REFERENCES

A. Einstein, On Special and General Relativity [Russian translation], Gosizdat, Moscow (1922).

Y. Choquet-Bruhat, General Relativity and Einstein Equations, Oxford Univ. Press, Oxford (2009).

E. B. Fomalont and S. M. Kopeikin, “The measurement of the light deflection from Jupiter: experimental results,” Astrophys. J., 598,
704-711 (2003); Preprint arXiv:astro-ph/0302294 (2003).

B. P. Abbott et al., “Gravitational waves and Gamma-rays from a binary neutron star merger: GW170817 and GRB 170817A,”
Astrophys. J., 848, No. 2, L13 (2017); DOI: 10.3847/2041-8213/aa920c.

V. Yu. Slyusarchuk, “Non-Keplerian behavior and instability of motion of two bodies caused by a finite velocity of gravitation,”
Nelin. Kolyv., 21, No. 3, 397-419 (2018); English translation: J. Math. Sci., 243, No. 3, 467-492 (2019); DOI: 10.1007/s10958-
019-04550-0

V. Yu. Slyusarchuk, “Mathematical model of the solar system with regard for the velocity of gravitation,” Nelin. Kolyv., 21, No. 2,
238-261 (2018); English translation: J. Math. Sci., 243, No. 2, 287-312 (2019); DOI: 10.1007/s10958-019-04540-2.

V. Yu. Slyusarchuk, “Investigation of systems of differential equations with delay and constraints imposed on the delays and deriva-
tives of the solutions,” Ukr. Mat. Zh., 71, No. 5, 677-691 (2019); English translation: Ukr. Math. J., 71, No. 5, 774-791 (2019);
DOI: 10.1007/s11253-019-01673-0.

Yu. V. Aleksandrov, Celestial Mechanics. A Textbook [in Russian], Kharkov National University, Kharkov (2006).

L. Newton, Philosophiae Naturalis Principia Mathematica (1687).

V. I. Arnold, V. V. Kozlov, and A. 1. Neishtadt, Mathematical Aspects of Classical and Celestial Mechanics [in Russian], URSS,
Moscow (2002).

V. A. Brumberg, Relativistic Celestial Mechanics [in Russian], Nauka, Moscow (1972).

G. M. Fikhtengol’ts, A Course in Differential and Integral Calculus [in Russian], Vol. 1, Nauka, Moscow (1966).

I. P. Natanson, Theory of Functions of Real Variable [in Russian], Nauka, Moscow (1974).

U. Dini, Fondamenti per la Teorica Delle Funzioni di Variabili Reali, T. Nistri, Pisa (1878).

0. E Kabardin, Physics: A Handbook [in Russian], Prosveshchenie, Moscow (1991).

V. Yu. Slyusarchuk, Absolute Stability of Dynamical Systems with Aftereffect [in Ukrainian], Rivne National University of Water
Management and Utilization of Nature Resources, Rivne (2003).

Yu. A. Belyi, Johannes Kepler (1571-1630) [in Russian], Nauka, Moscow (1971).

FE. R. Moulton, An Introduction to Celestial Mechanics, The MacMillian Company, New York (1914).

D. V. Anosov, From Newton to Kepler [in Russian], MTSNMO, Moscow (2006).

O. V. Golubeva, Theoretical Mechanics [in Russian], Vysshaya Shkola, Moscow (1968).

V. Yu. Slyusarchuk, “Dynamics of three bodies located on a straight line for a finite speed of gravity,” Nelin. Kolyv., 23, No. 4,
529-552 (2020); English translation: J. Math. Sci., 263, No. 2, 299-326 (2022).

V. Yu. Slyusarchuk, “Instability of unbounded solutions of evolutionary equations with operator coefficients commutative with oper-
ators of rotation,” Bukov. Mat. Zh., 7, No. 1, 99-113 (2019).

V. Yu. Slyusarchuk, “Equations in Hilbert spaces whose sets of solutions are invariant under a group isomorphic to a one-parameter
group of unitary operators,” Ukr. Mat. Zh., 72, No. 1, 86-99 (2020); English translation: Ukr. Math. J., 72, No. 1, 98-113 (2020),
DOI: https://doi.org/10.1007/s11253-020-01765-2

V. Yu. Slyusarchuk, “Equations whose sets of solutions are invariant under a group of mappings isomorphic to a one-parameter group
of rotations,” Nelin. Kolyv., 23, No. 1, 112-123 (2020); English translation: J. Math. Sci., 256, No. 5, 689-702 (2021).

J. Chazy, La Théorie de la Relativité et la Mécanique Céleste, Vol. 1, Gauthier-Villars, Paris (1928); Vol. 2 (1930).



	Abstract
	1. Introduction
	2. Law of Gravitation for a Finite Speed of Gravity
	3. Mathematical Model of Motion of the PointsM1 andM2
	4. Investigation of Rectilinear Motion of the Points M1 and M2
	4.1. Case of System (10). We
	4.2. The Case of System (9).
	4.3. Estimates of the Difference

	5. Escape Velocity on Earth’s Surface
	6. Instability of Motion of the PointsM1 andM2
	7. Additional Remarks and References
	REFERENCES



