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1 Introduction
In a bounded domain D C R™, n > 2, we consider the equation
Lu = div (|VuP®)~2Vu) = 0 (1.1)
with a measurable exponent p(z) such that
1 <pi <p(z)<p2<+oo forae ze€D. (1.2)
To define a solution to Equation (1.1), we introduce the class of functions
W(D) = {u € WHY(D) : |Vu|P'® e LY(D)}.

We say that a sequence uj € W (D) converges to a function v € W (D) if

/ lu; — ulP do + / Vuj — VulP@ dz — 0, j — occ.
D D
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The class Wy (D) is the closure of the set of functions in W (D) with compact support in D with
respect to the introduced convergence. We denote by H(D) the closure of C*°(D) N W (D) in
W (D) and by Ho(D) the closure of C§°(D) in W (D).

We say that a function u € W(D) (v € H(D)) is a W-solution (an H -solution) to Equation
(1.1) in D if the integral identity

/ IVulP® =2y - Vo de =0 (1.3)
D

holds for all ¢ € Wy(D) (¢ € Ho(D)). In what follows, W- and H-solutions to Equation (1.1)
are referred to solutions.

This paper is devoted to the study of the continuity of solutions to Equation (1.1) at an
internal point x¢g € D. The systematic study of equations with the nonstandard coercivity and
growth conditions was initiated by Zhikov [1]-[3]. A review of results on equations of the form
(1.1) and related questions of the theory of functions can be found in [4]-[6].

We denote by BX° an open ball with radius r and center at a point xp € R". For a measurable
set F' we denote by |F| its n-dimensional Lebesgue measure. For a measurable set F' C R™ and

a function g € L1(F) we set
1
gdx = —/gda:.
][ |F|
F

F
We assume that B} C D, Ry € (0,1/4), and for a measurable set ' C D there exists pg € [p1, pa]
such that
X
Ip(z) — pol S w(lz —xo[) for a.e. z € B \ E. (1.4)

Here, w is a continuous nondecreasing function on [0, Ry] such that w(0) = 0. Let 6(r) be a
nonincreasing function such that

rm 20 L O(r). (1.5)

If the logarithmic condition due to Zhikov [3] holds, when w(r) = O((In (1/7))~!) as r — 0, we
can assume that 0 is a constant.

On the set F itself, we only require that the exponent p satisfies the condition (1.2) and
|B* N E| < (x(r)* "m0 < r < Ry, (1.6)

where
a = (p2 — p1) max(1,1/(p1 — 1)), (1.7)

whereas the function x is nonincreasing and satisfies the inequality x(r) < C(n)r=°.

We find sufficient conditions on the functions # and x guaranteeing the continuity of the
solution at the point xg.

This paper generalizes and combines the results of [7]-[11]. We also note the results of [8, 10]
in other directions were generalized to a wider class of equations in [12, 13] and to parabolic
equations in [14]. In the case p = py + w(|z — z¢|), where w is not increasing, all bounded H-
and W-solutions to Equation (1.1) are Holder at the point xg (cf. [15]).

The main result of this paper is formulated as follows.
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Theorem 1.1. Assume that u is a bounded solution to Equation (1.1) in a domain D,
By C D, ess 08¢ U < M, and the conditions (1.2), (1.4), (1.6) hold. Then there is a positive

Ro

constant Cy that depends only on n, p1, pa, M and for all R < Ry/4

Ry
d
€ss 0S¢ U < (ess 0sC U+ 2Ry) exp <— /exp (—Co(0(r) + X(T))2n+1)7"”>.
By By
4R

Corollary 1.1. If, under the assumptions of Theorem 1.1, 8 + x = o(h) as r — 0, where
the nonincreasing function h is such that

dr
r

= —1—007

/ exp (— (h(r))?+1)

0

then any solution to Equation (1.1) is continuous at the point xo; moreover, for sufficiently small
Ry and R < Ry/4 the following estimate holds:

Ry
d
esS 0SC U < (essz%sc u+ 2Rp) exp <_ /exp (_(h(r>)2n+1)_7’>.

B B i r
Example 1.1. We give an example of applying Theorem 1.1. Assume that L < 1/(4n + 2),
A >0, and

LlnInlIn(1/r)
In(1/r)

Then any solution to Equation (1.1) is continuous at the point xy; moreover, for any § € (0,1)
and sufficiently small R < Ry

x(r) < A(lnIn(1/7)*, 0<r< Ry<1/2T.

w(r) <

esgi%sc u < Cexp (— <ln %)6), (1.8)

where C'= C(n, p1,p2, M,0, L, A, Ry). Indeed, in this case,
O(r) +x(r)*" T < (A+ 1) (In In (1/7))' 7%, e=1— (4n+2)L.

Denoting C; = (A + 1)?2"+1Cy, we have

Ro

[ e (=Cafotr) + xmy
4R
Ro In(1/4R)
> /exp (—=Ci1(In In (1/7’))175)@ = / exp (—C1(In )1 7¢) dt
iR ' In (1/Ro)

> (In (4R) ™) exp (=Ci(In In (1/(4R)))' %) — (In (1/Ro)) exp (=C1(In In (1/(Ro)))" ),
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where the last inequality is obtained by integrating by parts. Consequently,

4R
essosc u < (essosc u + ZRO)FY( ),
BLY By 7(Ro)

v(t) = exp (—exp(InIn ¢+ — Cy(In In t~1)179)).

For arbitrary § € (0,1) and sufficiently small ¢ > 0 we have () < exp (—(In t71)?), which
implies the estimate (1.8).

Furthermore, in this paper, we establish a weak type Harnack inequality. We say that a
function u € W(D) (u € H(D)) is a W-supersolution (an H -supersolution) to Equation (1.1)
in D if the integral inequality

/ IVulP® 2Ty - Vi dz > 0 (1.9)
D

holds for all nonnegative functions ¢» € Wy(D) (¢ € Ho(D)). We say that a function u € W (D)
(v € H(D)) is a W-subsolution (an H-subsolution) to Equation (1.1) if the integral inequality

/ IVulP® 2Ty - Vi de < 0 (1.10)
D

holds for all nonnegative functions ¢» € Wy(D) (¢p € Ho(D)). As in the case of solutions, W-
and H-supersolutions are called supersolutions and W- and H-subsolutions are referred to as
subsolutions.

Below, as in Theorem 1.1, we assume that R < Rg/4 and Bj}, C D.

Theorem 1.2. Assume that u is a bounded nonnegative supersolution to Equation (1.1) in a
domain D, esssup u < M, the conditions (1.2), (1.4), and (1.6) are satisfied, and s = essinf p.

B9 BO\E

Then for any 1/4 < 11,72 <3 and0<g<n(s—1)/(n—1)

(

where C = C(n,p1,p2,q7 M)

1/q
(u+ R)? dx) < exp (C(O(4R) + x(4R))*"+2) ess:,%nf (u+R), (1.11)

B0 TR
TR

As a consequence, for nonnegative solutions to Equation (1.1) we obtain an analog of the
classical Harnack inequality

Theorem 1.3. Assume that u is a bounded nonnegative solution to Equation (1.1) in a
domain D, esssup u < M, and the conditions (1.2), (1.4), and (1.6) are satisfied. Then
Bih
esssup u < exp (C(A(4R) + x(4R))*"2) essxiglf (u+ R),
B;;O BR

where C' = C(n,p1,p2, M).
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The paper is organized as follows. In Section 2, we obtain a variant of Moser type estimates.
In Section 3, we prove a series of integral estimates for supersolutions. In Section 4, using the
obtained estimates, we prove a lemma on oscillations which is used in Section 5 to estimate the
modulus of continuity for solutions at a point in the proof of Theorem 1.1. Section 6 is devoted to
a weak type Harnack inequality for nonnegative supersolutions (Theorem 1.2) and an analog of
the Harnack inequality for nonnegative solutions to the equation under consideration (Theorem
1.3). The method of proof is based on a modification of the tools applied in [9]-[11]. The scheme
of the proof mainly remains unchanged.

We denote by C' various positive constants appearing in proofs. Unless otherwise stated,
such constants depend only on parameters fixed in the corresponding assertion. For the sake of
brevity, we set

p(r) = 0(r) + x(r), (1.12)
k=n/(n—1), x=2n/2n—-1), » =2n. (1.13)

2 Moser Type Estimates

We first formulate an interpolation lemma.
Lemma 2.1. Let a bounded sequence Y; > 0 be such that Y; < ijle_s__lr, where 0 < r < 1.
Then Yy < (2C)Y/rp(=n)/7%,
The following assertion is based on the classical Moser iteration technique [16].
Lemma 2.2. Let (1.6) hold, and let for a bounded nonnegative function v € WHH(Bi%) and
a number s > 1 the following inequality
/ RIVolo#* 2y do < CO(4R) / WP LRIV + P2 da

x T
B4% B4I%,\E

L OR / VLRIV 4 72) da (2.1)
BJONE

hold for all B > 1, n € C§°(By}), 0 <n < 1. Then for any ¢ >0 and 1/4 <7<t <4

0
BTR

1/q
esssup v < C(p(4R))>™(t — T)_2p2”/q< ][ v dx) , (2.2)

o
BtR

where C' = C(n,pa,q,C).
Proof. The inequality (2.1) implies

][ RIV (0~ 1p2))| da

o
B4R

<C(n,p2)(C(B+5—1)+1)0(4R)R™™ / VLRIV 4 ) de

BB
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4 pa)(C(B+s—1)+ R / o L(RIV )P + 2 da. (2.3)
BJONE

By the Holder inequality and the condition (1.6),

Rme / LRIV + ) da

T
B,%NE

1/
<<Rn / vw“1>%<<R|vm>p2”+np2%>dx> (R |Bip B
BONE

1/
< C(pl,pz)x(4R)< R / ol THTDE(RIV )P + ) dﬂﬁ) :

BJONE
Therefore, since 5+ s —1 > 1, from (2.3) we find

][ RIV (P 1) da

o
B4R

< C(n,p2)C(B+s—1)0(4R)R™" / VTRV + P2 de

x0
B O\E

1/
+C(n,p1,p2)C(B + s — 1)x(4R) ( R / W EETDA(RIV))P27 4 ) dm) - (24
BJONE

Extending the integration domain on the right-hand side of (2.4) to the whole ball Bj}, and
estimating the first term on the right-hand side with the help of the Holder inequality, we get

][ RV (o7 P) | de < C(B + s — 1)0(4R) ][ VLRIV 4 ) da

o 0o
Byr Bir

1/
+C(B+s—1)x(4R) ( ][ v P x (R P27 4 yP27) dw)

0o
B4R

1/
SCOB+s - 1)P(4R)< ][ o BT VARV )P 4 %) dm) :

o
B4R

By the Sobolev embedding theorem,

1/k
( ][ p(B+s=1)ky ok dx)

xo
Bir
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1/
<C(B+s— 1)p(4R)< ][ pB+s=Dx((R|Vy| P2 4 nP2%) dm) . (2.5)

z(
Byr

We introduce sequences 3; and ij where 7 =0,1,2,..., by

Biy1+s—1=(8; +s—1)k/x,

Ej+1+8—1:(ﬂj+8—1)/%-

For 1/4 <7 <1<4weset T;=7+277(t —7) and introduce cut-off functions 7, such that
0<n<l,pj=1in Bf wy Nj € CF° (Bf0 r)» BIVn;| < 2083t — 7)~L. We set

1/(Bj+s—1)
Yj:( ][ vﬁj“_ldx) .

o
B'rj R

Taking n =7, and 8 = BjH in the estimate (2.5), under the condition ﬁj 1, we find
Yji1 < (C(Bj + s — 1)p(4R)2P* (t — 7) P2/ (Bj+s— 1)Y]

Iterating this estimate, we get

supv < lim Y5 < H (B; + s — 1)p(4R)2P23 ( — 7)~p2)/ (Gts=)
TR :
< (Cy(Bo + s — 1)P(p(4R))?" (£ — 7) 2Pz ][ pPots=L gy 1/ (Bots—1) (2.6)
BZ0

tR

where C, = Ci(n,p1,p2, C~’) Here, we used the relations

z &
Bj—i—s—l ﬁg—l-s—l’

dn(n — 1)
Zﬁ]+571 Bo+s—1

We first assume that ¢ > s»ps and set 5y = ¢ — s + 1. Then the condition 50 1 is satisfied
and (2.6) implies

0
B?R

1/q
esssup v < qQ"/in/q(p(élR))Q”/q(?— ?)_QPQ"/q< ][ v? dx) : (2.7)

zQ
Bt~R

This is the required estimate (2.2) with £ =t and 7 = 7.
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In the case q < spa, we set t; =t — (t —7)277, M; = ess Sup v. Applying the estimate (2.7)
Bt‘-R
J

with 7 = ¢, t= tj+1, ¢ = »p2, and further using the inequality v**? < M”*P2799, we find

1/(>p2)
Mj < (%S)Qn/(%m)ci/(%pz)(p(4R))2n/(%p2)(t _ T)—ngn/(%pg)2j2p2n/(%p2) ( ][ V7 P2 dx)

B}O
tj+1 R

r/q
< (%p2)2nr/q01/q(p(4R))2m"/q(t _ T)—2p2nr/q2j2pznr/qu1;{ ( ][ 04 dac) 7

L0
BtR

where r = ¢q/(sp2). Now, from Lemma 2.1 it follows that

1/q
esssupszo<24n<m/q>2<%p2>2”/qci/q<p<4R>>2"/Q<t—ﬂ‘w/q( / ”qd$> ,

0o
BTR B0
tR

which completes the proof of Lemma 2.2. O

Lemma 2.3. Let the conditions (1.2), (1.4), and (1.6) hold. Then for a bounded nonnegative
subsolution to Equation (1.1) in the ball By}, 0 < R < Ro/4, such that esssup u < M and any
z(

B4R
g>0and1/4 <71 <t<4 the following estimate holds:
1/q
esssup (u+ R) < C(p(4R))?M/ (¢t — 7)~22n/a ( 7/ (u+ R)? dac) , (2.8)
i)

0
BtR

where C' = C(n, q,p1,p2, M).

Proof. Choosing the test function ¢ = (u+ R) nP2 with n € C§°(Bi%), 0 < n < 1, and
B > 1in (1.10), we obtain the relation

B[ IVul® (ut R)T P de < py
g

\Vu|p(”)_1(u + R)ﬁnm_1 |Vn| dz.
B 1o

B

4R 4R

Applying the Young inequality to the integrand on the right-hand side, we find

/ VP (u+ R)P 1P da < C(po) / (u+ RPEHI gy pledypa=rle) gy (2.9)
5 5
Setting
s:=essinf p (2.10)
BO\E

and using the Young inequality, we get

/ (RIVul)(u + RY-2p2 da

o
B4R

< RS / IVulP) (u 4+ R)P 2P g 4 / R®@)=8)/(p(2)=1) (4, 4 R)A=1H(s=1p'@)p2 gy

z0 0o
Bir Byr
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The last inequality and (2.9) imply

[ RIvu e+ R < ComRe [ (ut RO Tt o

o o
B4R B4R

+ / (u+ R)PHHR/(u+ R))P@ =)/ @D gy (2.11)

0
B4R

By (1.2) and (1.4),
(u+ RP@ RS |VnP@) = (u 4+ RS R¥PE) (R|Vy|)P)

O(4R)(M +1)P> P g€ B\ E,
< (R|V)P@ - ¢ (M 4+ 1)p2PiRp-P2 . € B N EN {p > s},

1, r € B, NEN{p< s},
and
17 x € BZ}){ \ E17
(R/(u+ R))PEH=/-D < 41, € BENEN{p= s},

p2—P1 P1—P2

(M+1)nTRn-1, zeBNEN{p<s}

To obtain these estimates, we used the inequality (u+ R)P(®)~SRs~P®) < 1 for x € Bi%,NE such
that p(x) < s.

Applying the obtained estimate to the right-hand side of (2.11), we arrive at the inequality

[ ®IVaat Ry i

0o
B4R

< C(p1,p2, M) 0(4R) / (u+ R)PT5=Y(R|Vn| )P gp2 (@) gy

zQ
B, p\E

+ C(p1,p2, M)RPL P2 / (u+ R)BJrsfl(R|vn|)p(w)n1’2*p(z) da

ByYNE
+ / (u+ R)PHs~1IyP2 dy + C (M) RPr=P2)/(P1=1) / (u+ R)PHs=1yP2 dz. (2.12)
Bip\E BYNE
By the Young inequality,
(RIVH|P ) < o 4 (RIV|)=, (2.13)
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from (2.12) we have
/ (RIVul)(u + B2 dz < Clpy, pa, M) 0(4R) / (ut RV (RIVAI) + 1) da
5 B E
+ Cp1,po, MR / (u+ RYFHY(RIV)P + 1) da,
BJ9NE

where « is defined in (1.7). Applying Lemma 2.2, we obtain the required estimate (2.8). O

3 Integral Estimates for Supersolutions

Throughout the section, we assume that v is a nonnegative bounded supersolution to Equa-
tion (1.1) in the ball Bj%, 0 < R < Ry/4, the conditions (1.2), (1.4), and (1.6) are satisfied, and

esssup u < M. We recall that k and s are defined in (1.13), whereas the function p is given by
Bih
(1.12). The quantity s has the same meaning as in (2.10).
We denote fi = max(f,0), in particular,

In 4(x) = max(ln z,0).

We will use the estimate

xIn +E < E, x,p>0. (3.1)
x e
Lemma 3.1. For the function
1
=In,——, R<u<2M + 2R, 3.2
v=mgoTh e + (3.2)

and any q¢ >0 and 1/4 < 7 <t < 4 the following inequality holds:

1/q
esssup v < C(p(4R))*™9(t — T)_QPQ”/q< 1+ ][ v dx) , (3.3)

B0
TR ()
BtR

where C' = C(n, q,p1,p2, M).

Proof. Choosing the test function ¢ = v%(u + R)*™nP2, 3 > 1,5 € Co°(ByR), 0 <n <1,
in the integral inequality (1.9), we get

B | IVulP® (u+ Ry~ da 4 (s - 1) / Vul"® (u+ R) o P do
0o

zQ
Byr Bir

<ps / V@1 (u+ RSPy || de.

zg
Bir
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Removing the second term on the left-hand side of this inequality, applying the Young inequality
to the integrand on the right-hand side, and taking into account the inequality |Vv| < (u +
R)7}Vul, we find

/ |vv|p(z) (u+ R)p(m)—svﬁ—lnpz dx

Bih
<Cpa) [ 077wl + RO T do (3.4)
Bih
Denote M
w=(u+R)v=(u+R) -

By the Young inequality,

/ (RIVv o ~2P2 da < R*|Vo[P@) (4 4 RYP@ =35~ 1pp2 gy
o

0
B4R B4R

n / (R/w) @)=/ (@) =) fts—Lyp2 gy (3.5)
Bi}

Combining the estimates (3.4) and (3.5), we arrive at the inequality

/ (RIVo])o 57202 dz < C(py) / VP (w ) RYP@ =32 =P (@) (R )P da:

By} By}
n / (R)/w)P@)=9)/ (@) =1 Bs—Lyp2 gy (3.6)
Bi%

By (3.1), we have w < M + R. Using this inequality and the conditions (1.2), (1.4), we
obtain the estimate

VPTSTI9(AR) (M + 1)P2P1 x € BY%\ E,
VAT (w/RP@ = < LBt L(M 4 1) iR e B N EN {p> s}, (3.7)
R x € B NEN{p< s}
Here, for estimating on the set By}, N {p(z) < s}, we used the relation

VP w / R)PE) =5 = ofHP@ LR/ (y + R))*PE) L pfts—1 41

Similarly,
vPrs—l 4 B-1 x € B} \ E,
(R /fw)P@) =)/ @)1 pts—1 ) pfts—l 4 of=1, r€BRNEN{p=>s} (38)
B+l <%)(”2‘“)/(’“_1), v € By NEN{p< s},
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where for points in B, N {p(x) > s} we used the estimate
(R/w)P@)=9)/(p(@)=1);,f+s—1
= (R/(u+ R))P@)=8)/(p(@)=1), B=14(s=)p'(2)  ¢)f+s—1 4 o,8-1
The last inequality is valid since p(x) > s implies (s — 1)p'(x) < s.
Taking into account the inequality (3.7), (3.8), from (3.6) we have
][ R|Vo|vP T~ 2P2 dz < CO(4R) ][ (VAL 4 Dy P@) (R )P®) 4 P2) di
Bk BiR\E
+CR™@ ][ (U6+s—1 + Uﬁ—l)np2—p(w)(R|V,7|)p(ﬂf) + nP?) da,
BJ9NE
where C' = C(p1, p2, M). Using (2.13) and the inequalities
P 4 0P Camax{w, 1}
|V max{v, 1}| max{v, 1}°T572 < |Vo|o’ 572,
we find
][ RIV max{v, 1} max{v, 115+~ dz < CO(4R) ][ max{v, 1E5-1(22 4 (R|Vn|)) da
Bin Bip\E
+CR ][ max{v, 1YL (2 + (B|Vn|)P) da.
BJONE
Now, the required assertion follows from Lemma 2.2. O
To estimate the integral on the right-hand side of (3.3), we need the following assertion.

Lemma 3.2. For 1/4 <t < 4 the following estimate holds:

][ RIVIn (u+ R)| dz < C(p1, pa, M)p(AR)(4 — £) 2. (3.9)
B/p

Proof. We set w = In(u + R). Let n € Cg°(B;p), 0 < n < 1. Choosing the test function
¥ = (u+ R)!7*nP? in the integral inequality (1.9), we obtain the inequality
(=1 [ 1Pt Ry de < [ (9P ok R do
B9 B9

4R 4R

which implies

/ \Vw]p(x)(u + R)p(x)—snpa dz < C(p1, p2) / |Vw|p($)_1(u + R)p(ﬂr)—snpz—lwm dz.

z( 0o
B,r Byr
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By the Young inequality applied to the integrand on the right-hand side and the last relation,

/ IVw|P® (u 4+ R =5nP2 da: < C(py, p2) / (u + R)P®) = pp2=p(@) |7 P(*) g
z( 0o
Bp Byr

We again use the Young inequality to obtain the auxiliary estimate

/Rlvwln”da:< /stv’ 2 (u + R)PE=spP2 dg

B 2

O
4R
/ ROE@=9)/0)=1) (4, 4 )2/ (0() =12 gy

Now, (3.10) and (3.11) imply

/RIVWInp2d$<C(p1,pz) /((U+R)/R)”(’” 0 PO (RIV|P) de

o 0
B4R B4R

n / (u+ R)/R)S—P@)/ @@)=1),p2 g,

0o
B4R

By (1.2) and (1.4),
O(4R)(M + 1)P>7P1 x € Bi} \ E,
((u+ R)/R)p(x)*s SSRPP(M 4 1)P2 P 2 € B, NEN{p> s},

1, zeBRNEN{p<s},
and
1, r € Bij \ E,
((u+ R)/R)—PE/(p@)—-1) < I 1, r € B, NEN{p > s},
(M; 1)(p2—p1)/(p1—1)’ v B AEN{p< s}

Applying these estimates to the right-hand side of (3.12), we find

/ RIVewl? de < Clp1, po, M) 6(4R) / (7 + (RIVn))*) do
5 e

+ Cp1,po, MYR® / (17 + (RIVn))) do

0o
B pNE

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

We choose a cut-off function 7 such that n = 1 on B3 and [Vn| < 4(4—¢)~!. Now, using (3.15),

(1.6), and the inequality (y(4R))?>"(4R)*2"~1) < C(n)x(4R), we arrive at (3.9).
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Lemma 3.3. For all 1/4 < 7 <t < 7/2 the following estimate holds:

essinf (u+ R) > - exp (=C(p(4R))*"(t — 7)772"),

BTR

where
[ = exp ][ In(u+ R)dx

o
BtR

and C = C(n7p17p27M)'

Proof. By the Jensen inequality,

T ][ (u+ R)dr < M + R.

Y
BtR

By the Poincaré inequality and Lemma 3.2, for the function v defined in (3.2) we have

][ udxg][ ‘m a ‘dxgcm)R][ ‘vm a ‘d:cgcp(zu%).

u+ R u+ R
B9 B9

zg
tR tR Bir

From the last inequality and the estimate in Lemma 3.1 it follows that

0
BTR Bzo
tR

Recalling the definition v and p, we obtain the required estimate (3.16).

esssup v < C(p(4R))*"(t — T)2p2"< 1+ ][ vdx) < C(t — 7)™ (p(4R))*" .

(3.16)

O

The following assertion is based on the technique of [17], which was adapted in [9] to the
p(z)-Laplacian with logarithmic modulus of continuity at a point zg, and further generalized in

[10] and [11].

Lemma 3.4. There is a positive constant C' = C(n,p1,p2, M) such that for all 1/4 < o <

t<7/2
1/
( ][ (U+R)6Odl'> < - 2%,
B.%
where

5o = Clt — 0)2" (p(AR))2", 1= exp ]l In(u+ R) dz.

0
BzR

(3.17)

(3.18)

Proof. We set w = In 4 (u+ R)/p. Assume that v > 1 and ¢y = 2/(s — 1). Choosing the
test function ¢ = 27" (u + R)' 1P, z = max(w, cyy), where n € C§°(B;3), 0 < n < 1, in the
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integral inequality (1.9), we have

(s —1) / IVulP@ (u+ R P2 de < (v — 1) / IVulP® (u 4 R) 52722 dx

T x,
Bix Byn{w>con}

+ p2 / IVulP® =2 (4 4+ R) P21V - Vi da.

Using the relation (y — 1)z~ ! = (y — 1)/max(w,coy) <1/cop=(s—1)/2, we find

2
/|Vu|p($)(u+R)_szy_177p2dm< p21 / IVulP® =1 (4 4 R) 7P | V| dx.
s —

0 0
B4R B4R

By the Young inequality,

/ VulP@ (u+ R)=27" 1P da < C(py, po) / (u+ R0~y =r@) | g @) iy,
L) L)
Bir Byr

Since |Vw| < |Vu|(u+ R)™!, we obtain the estimate

/ ]Vw|p(x (u+R)p(x) S0 b2 g
B4R

< C(p1,p2) / (u + R)PE@)=8 7= 1yp2=p(@) |7y P(2) (3.19)

5

By the Young inequality,
R|Vw|2 " 1nP?2 < R8|Vw|17($) (u+ R)p(z)—szv—lnpz

+ ((u + R)/R)(S*P(x))/(P(x)*l)Z’Yflnm. (3.20)

From (3.20), (3.19), and the inequality |Vz| < |Vw| we get
/ R’VZ‘ZV—lngﬂ dxr < C(pl,pz) / ((u + R)/R)p(x)—sz’y—lnpz—p(x) (R|Vn’)p(x) dr
By By
n / (u+ R)/R)E—P@)/@(@)=1) 1=1yp0 gy

o
B4R

We apply the inequality (3.13) to estimate the first integral on the right-hand side and the
inequality (3.14) for estimating the second one. Taking into account (1.4) and (2.13), we find

/ RIV=|27 12 do < C(pr, pa, M) 6(AR) / V(I 4 72) da

T x
Big BiR\E

- Clpt, po, MYR / ARV + ) de,

Y
BJYNE
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where « is defined in (1.7). Multiplying both sides of the last estimate by R~ "+ and using the
relations

7o = oy ma(w, o) < 1/co < (p2 — 1)/2,
R (27)| < ARIV 212711 + pp (R + 1),
we find
R [ RVE)|de < Clonpe M)OURE™ [ (RIVa)™ +17) do

x x
Bix B,p\E

- Cp1,po, MR / A(RIVA)P + 1) do.
BJ9NE

Estimating the second term on the right-hand side by using the Holder inequality and taking
into account (1.6), we get

R / S((RIV)P2 + 1p?) de

xZ
B,%NE

1/
< (R" / 27 ((R|Vn|)P? + an)%dx> (|Byx N E|- Pf"f%m)l/%

0o
BJ9NE

1/
<C(p1,p2)x(43)< ][ Z””((R|V77|)p2+77p2)%d$> :
Bin

Consequently,

][ RIV(z77)| dz < C(n, pr, pa, M) 0(4R) ][ DRIV + 1?) de
5 5
1/
+c<n,p1,p2,M>x<4R>( ][ W«R\vmvwnm)%dx) |
5

Hence, again by the Holder inequality, we have

1/5
][ R|v<z7nm>|da:<0p<4R>( ][ zW((me)mmm)%dx) |

zQ 0
B4R B4R

Hereinafter in the proof, C' = C(n, p1, p2, M) unless otherwise stated. By the Sobolev embedding
theorem and the definition of z = max(w, coy), we arrive at the inequality

k/s
][max(w, coy) P2k dx < C(p(4R))k< ][ max(w, coy)"*(nP? 4+ (R|Vn|)P?*) dx) . (3.21)

() o
Bir Bir
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Let o € (7,t). For j =0,1,2,... we set rj = 0 + (t — 0)277 and introduce cut-off functions

n = nj as follows: n; € C5°(By?), 0 < n; <1, nj = Lin B¥ ., and |Vn;| <2913t — o)~}

T‘+1’

. We

introduce sequences v; and 3; by v; = x(k/»)7, j € NU{0}, 7; = (k/5)?~!, j € N. Now, from

the inequality (3.21) with v =75,41, n = n; it follows that

(max(w, coyj41)) 7+ d < (k/3)%+ ][ (max(w, cgy;)) 9+ da

B;? BO
k)

< C(p(AR))F - (e /52) 5 (¢ cf)—m’@m’f( ][ (max(w, co7;)) dx> .
Bro

J

From the estimate (3.9) and the Sobolev-Poincaré inequality it follows that

][ uﬂoda::][ w%dxgj[ n ((u+ R)/u)|* do

s} zQ s}
BtR BtR BtR

< ][ RIVIn((u+ R)/u)|dx < Cp(4R).

B
Setting
Y= f (maxtw.eo)) da.
B0
J
we write (3.22) and (3.23) in the form
Y; SKYMT Yo <Cp(4R), K; = C(p(4R)(t — o) P2F(k/3c) 0202k

Iterating this inequality, we find

H i) BT (Cp(AR)) K/

m=

Since y; = #(k/5)?, for j > 1 we use the equality

i—1
T (i1 = (AR — o) P28 910 g5,
m=0

j—1 j—1
Si= S (/™ Sa= 30— m)(k/"

m=0 m=0

Further, we estimate

S < (k) 52/ (k = 32) = 5/ (k = 52),

] o.9]
k/%JZl k/x)~ (k:/%)j_lzl(k‘/%)l_l
=1 1=0
, k
= (/) (1= (/5™ 2 ==
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Thus,
Yj < (Cp(4R)) /TR (k=2 (¢ _ i) =P2k/ (k=) )Y (F; /50)7i

Taking into account that k/(k — ) = 2n — 1, 1/ < 1, we find

1/
( f (max(w, coy;))" daz) < C(p(4R))*"(t — ) 72"P2 (k) 3). (3.24)

Qo
B

Let m be an integer in [y,_1,71], | € N. It is clear that (k/»)' < (k/3)m/». Using the Holder
inequality and the Stirling estimate (m! > v27wm(m/e)™), we find

m/
" 1
][ % dr < W( ][ wM da:) < Cm(p(4R))2nm(t _ U)_sznm(k‘/%)lm/m!
B | ' B9,

< (Co(t = o) 722" (p(4R))*™. (3.25)
Consequently, for dg < (t — 0)?P2"(2C,) Y (p(4R)) ™"

][ (wdo) der <27™.

0
BO’R

For m =1 from (3.9) and the Poincaré inequality we find

][ “’1—‘?0 dz < Csdy.

0
Bo‘R

Now, setting do = min((2C1)~ 1, (202)71)(t — 0)?2"(p(4R)) 2", we get

Sow _ — ((50,w)m
][ e dx—z ][ o dr < 2.
" B

o
Bo‘R

Therefore, since (u 4 R)% < u% exp (Jow) by the definition of w, we find

1/80
( ][ (u+ R)% dx> < 2% = e exp (C(t = 0) 7 (p(4R))™).

Box
Lemma 3.4 is proved. O

Lemma 3.5. Assume that 0 < dp <g<n(s—1)/(n—1) and 1/4 <7 <0 <7/2. Then

1/q 1/60
( ]l (u+ R)? dw) < (Clo = 7) P2 P2 p(AR) P/ ( ][ (u + R)™ d:v)  (3.26)
) 5

where C' = C(n,p1,p2, M), o =s—1—¢q(n—1)/n.
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Proof. Choosing the test function ¢ = (u + R)'™™npP2, 0 < B < s -1, 0 < n < 1,
n € C§°(B.Y%), in the integral inequality (1.9), we get

s—1—-p VulP® (u + R)P P2 dz < ps VulP@ =2y 4+ R) P21V da
n
o 0

Bo‘R Bo’R

<po / VuP@ 1 (u + R)*HBr1 v da.

B
By the Young inequality,
/ IVulP® (u+ R)P=5nP2 da
B.%
<C(propa)(s —1-8)7 / (u+ RYPE =y PP . (3:27)

0
BUR

We again use the Young inequality to derive
R|Vul(u+ R)*™' < R*|VulP (u+ R~ + (u+ R)’((u+ R)/R)~PEIP@=1 (3 98)

Now, from (3.27) and (3.28) we find

/ R|Vu|(u+ R)*~1nP? dx

0
BUR

<Crp)ls— 1= [ (et RY/RY > (wt R (RIVaPp ) do

0
B(TR

n / (u+ R)/R)EP@/G@-1 () 4 Ry .

o
Bo‘R

Using the estimates (3.13) and (3.14) and taking into account (1.4) and (2.13), we have

/ R|Vu|(u + R)P~1nP2 dx

0
BOR

< Clp1,pa, M) (s — 1 — B) P0(4R) / (u+ R (BRI + 17%) da

x
BO%\E

+ C(p1,pa M)(s — 1 — B) PR / (u+ R (BRI + ) do. (3.29)

z0
BX9NE
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To estimate the second term on the right-hand side of (3.29), we use the condition (1.6) and the
Holder inequality, which implies

Ro / (u+ R (R + %) de

0o
BX9NE

1/
< (R—" / <u+R>ﬁ”<<me>p2+np2>%dx> (B3N E| R

x
BONE

1/
SC(prz)X(‘lR)( ][ (U+R)’3”((R!V77Dp2+77p2)“d1’> :

R0]
BO‘R

Multiplying both sides of (3.29) by R~ and using the last estimate and Hélder inequality, we
find

1/
][Rw«u Ry de < Cs — 1 — m-mp(m)( f (u+ RY*#((RIVn|)” + nm)%dx> |

o E0]
BG'R Bo’R

By the Sobolev embedding theorem,

1/(Bk)
( ][ (u+R)5k77p2kd:z>

0
BO’R

S(Cs = 1= PR - (wt RP(RIVA™ + )7 do)/. (330
5
Let jo be the minimal natural number such that ¢ < So(k/s)%. For j = 0,1,...,50 we set
61 = q(k/»)7°, B; = 61(k/5), Bjt1 = B/, rj = 0 — (0 — 7)(1 — 277). By the condition
qg<k(s—1)forall j=0,1,...,j50 — 1, we have

S—l—§j+128—1—Ej0+128—1—%:’}/0>0. (331)

Assume that n; € Cgo(Bj?]Q), n; =1lon B¥ ,0<mn <1,|Vn| <27%2/(c — 7). Successively

Ti+17 N
writing down the inequality (3.30) for n = n;, 8 = Bj4+1, j = 0,1,...,jo — 1, and using the
estimates

7=0
jo—1 . 00 2
J 1 . 1 x/k 4n
2 < R k J — ,
25 S5 2 S ST G <
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we find

(f wemra)”~(

EN) EN)
B‘I'R BT]'O

1/6]'0
(u + R)Pio daz)

Jo—1 1/61
< [T (Clo =)~ 2ong /P (p(aR)) /i ( ][ (u+ R)™ dw)
j:[) B:L%

1/80
< <c<a—7>-wo1>3p2"/5°<p<4R>>3”/50< f e r dx) ,

o
BO‘R

which means the estimate (3.26). At the last step, we applied the Holder inequality. Lemma 3.5
is proved. ]

Lemma 3.6. Forany 1/4<7<t<7/2and all0<qg<n(s—1)/(n—1)

1/q
( ][ (u+ R)? dm) < exp (CEIn (Cyg P2"¢) + f In (u + R) dz), (3.32)

0 0
BTR BtR

where C = C(n,p1,p2, M), 7o =5 —1—q(n—1)/n, & = (t — 7) 722 (p(4R))*".

Proof. Let p and dg be defined by (3.18). Combining the inequalities (3.18) and (3.26) for
o= (t+71)/2, we have

1/q
( ][ (ut R)f dﬂf) < u2V/%(C(o —7)"Iyg )PP (p(4R)) %

zo
BTR

< p-exp (Céln (C’Y()_sznﬁ))v

which means the estimate (3.32). Lemma 3.6 is proved. O

4 Lemma on Oscillation Decrease

For 0 < r < Ry we set

M, =esssup u, m, = essinf u. (4.1)
T 0
B0 B

Lemma 4.1. Assume that u is a bounded solution to Equation (1.1) in the ball B},

eSS 0SC U < M, and the conditions (1.2), (1.4), and (1.6) hold. Then

B4R

Mpr —mpr+2R < (1 —96)(Myg — mar + 8R), (42)
4.2
§ = exp (—=Co(p(4R))*"*1),  Co = Co(n,p1,p2, M).
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Proof. We first assume that

1
[{u > (Mag +map)/2} 0 Byg| > 5|Bygl- (4.3)
In Lemma 3.1, we set u = Myr — myg + 2R and replace u with @ = u — my4r. Then for the
function
v=1In H =In Mag —mag + 21
T T4+ R u—myr+ R
we have the estimate
esssup v < C’(p(4R))2"< 1+ ][ ’6dx>, C=C(n,p1,p2, M), (4.4)
B
B39

2R

in view of (3.3) with parameters ¢ = 1, 7 = 1, t = 2. On the set of those points where

u > (Mygr +myr)/2, we have v < In 2. Thus,
~ 1
5< 1 2) 0 B3Rl > 5 |B3hl

Using the Poincaré inequality and the estimate (3.9) with ¢ = 2, we find

- C(n) -

—In 2 < — < C(n,p1,pa, M)p(4R).
][ (v —1n 2)4 dx o <In2}n B /R\Vv\d:r C(n,p1,p2, M)p(4R)
Byi Boh

Hence (4.4) implies
esssup v < C’o(p(4R))2"+1, Co = Co(n,p1,p2, M),

B
which implies
ess iglf u = myr + (Myr — mar + 2R) exp (fC'o(p(ZlR))Q”H) — R. (4.5)
A

If (4.3) fails, then
1
{u < (Mar +mar)/2} 0 Byp| > 5| Bopl-
In this case, we consider the functions

ko Myr —myr + 2R
a+R_ Myrp —u—+ R '

a:M4R—u, ﬁ:ln+
Then )
15 <In 2} 1 B3| = @ > (Mar +ma)/2} 1 B33 > 21553

Arguing as above with u and v replaced by u and v, we obtain the estimate

esssup u < Myp — (Myr — mar + 2R) exp (—Co(p(4R))*" ") + R. (4.6)
By

Thus, either the estimate (4.5) or the estimate (4.6) holds for the solution u. Therefore,
Mgr —mp < (1 — 5)(M4R — m4R) + R, d=-exp (—C()(,O(4R))2n+1). (47)

Without loss of generality we assume that 6 < 1/2. Adding 2R to both sides of the inequality
(4.7), we get (4.2) in view of the obvious relation 3R < (1 — §)8R. O
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5 Proof of Theorem 1.1

We set A(r) = M, —m, = ess osc u, where M, and m, are defined by (4.1). Let R,, = 47 Ry,
BI

m € N. Iterating the estimate (4.2), we find

m—1

A(Rpm) + 2Ry < (A(Ro) +2Ro) [[ (1= 6;),  6; = exp (—Co(p(R;))*").
7=0

Since the logarithm is concave, we can write

m—1 m—1 m—1
H(l—éj):exp(Zln(l—@-))éexp(— (5j>.
=0 =0

Thus,

m—1
A(Ry,) 4 2Ry < (A(Rp) + 2Rp) exp ( — Z exp (—Co(p(Rj))Q”H)) . (5.1)

7=0
If 6 4+ x is not monotonically increasing, then

R]
exp (~Colp(Ry)") > [ exp(~Calptr) )
Rjq1
Then from (5.1) we find
Ry
A(Rj) < (A(Ro) + 2Ry) exp ( — /GXP(—Co(p(r))%H)%)_
R;

Respectively, for arbitrary R < Ry/4

B0
R Ry

Ry
ess 0sc u < (essz%sc u+ 2Rp) exp (— /exp (—Co(p(r»QnJrl)ﬁ).

Theorem 1.1 is proved.
6 Harnack Inequality

In this section, we prove a weak type Harnack inequality for supersolutions (Theorem 1.2)
and an analog of the classical Harnack inequality for solutions (Theorem 1.3).

Proof of Theorem 1.2. Combining the estimate of Lemma 3.3 with parameters 7 = 7,
t = 7/2 and the estimate of Lemma 3.6 with parameters 7 = 1o, t = 7/2, we find

essinf (u+ R) > exp < C(p(4R))*" 1 4 ][ In(u+ R) dm)
B 0

B9,
1/q
> exp (—C(p(4R))*™ 1 In (Cy 2" (p(4R))™™)) ( (u+ R)? dm) 7
B
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where 79 = s — 1 — g(n — 1)/n, which immediately implies the estimate (1.11). Theorem 1.2 is
proved. ]

Proof of Theorem 1.3. From the estimate (1.11) of Theorem 1.2 and the estimate (2.8)
of Lemma 2.3 with parameters ¢ = n(p1 —1)/(2(n — 1)), t =2, 7 = 1 we find

1/q
esssup u < C(p(4R))*/1 ( ][ (u+ R)? dx)
o 5y

< C(p(AR))™ exp (C(p(AR)) ™) essinf (u + R) < exp (C(p(4R))"™2) essinf (u+ R),
B! B

R

where the constants C' depend only on n, p1, p2, M. Theorem 1.3 is proved. ]
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