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1 Introduction

In a bounded domain D ⊂ R
n, n � 2, we consider the equation

Lu = div (|∇u|p(x)−2∇u) = 0 (1.1)

with a measurable exponent p(x) such that

1 < p1 � p(x) � p2 < +∞ for a.e. x ∈ D. (1.2)

To define a solution to Equation (1.1), we introduce the class of functions

W (D) = {u ∈ W 1,1(D) : |∇u|p(x) ∈ L1(D)}.

We say that a sequence uj ∈ W (D) converges to a function u ∈ W (D) if

∫

D

|uj − u|p1 dx+

∫

D

|∇uj −∇u|p(x) dx → 0, j → ∞.
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The class W0(D) is the closure of the set of functions in W (D) with compact support in D with

respect to the introduced convergence. We denote by H(D) the closure of C∞(D) ∩W (D) in

W (D) and by H0(D) the closure of C∞
0 (D) in W (D).

We say that a function u ∈ W (D) (u ∈ H(D)) is a W -solution (an H-solution) to Equation

(1.1) in D if the integral identity

∫

D

|∇u|p(x)−2∇u · ∇ψ dx = 0 (1.3)

holds for all ψ ∈ W0(D) (ψ ∈ H0(D)). In what follows, W - and H-solutions to Equation (1.1)

are referred to solutions.

This paper is devoted to the study of the continuity of solutions to Equation (1.1) at an

internal point x0 ∈ D. The systematic study of equations with the nonstandard coercivity and

growth conditions was initiated by Zhikov [1]–[3]. A review of results on equations of the form

(1.1) and related questions of the theory of functions can be found in [4]–[6].

We denote by Bx0
r an open ball with radius r and center at a point x0 ∈ R

n. For a measurable

set F we denote by |F | its n-dimensional Lebesgue measure. For a measurable set F ⊂ R
n and

a function g ∈ L1(F ) we set ∫

F

− g dx =
1

|F |
∫

F

g dx.

We assume thatBx0
R0

⊂ D, R0 ∈ (0, 1/4), and for a measurable set E ⊂ D there exists p0 ∈ [p1, p2]

such that

|p(x)− p0| � ω(|x− x0|) for a.e. x ∈ Bx0
R0

\ E. (1.4)

Here, ω is a continuous nondecreasing function on [0, R0] such that ω(0) = 0. Let θ(r) be a

nonincreasing function such that

r−2ω(r) � θ(r). (1.5)

If the logarithmic condition due to Zhikov [3] holds, when ω(r) = O((ln (1/r))−1) as r → 0, we

can assume that θ is a constant.

On the set E itself, we only require that the exponent p satisfies the condition (1.2) and

|Bx0
r ∩ E| � (χ(r))2nrn+2αn, 0 < r � R0, (1.6)

where

α = (p2 − p1)max(1, 1/(p1 − 1)), (1.7)

whereas the function χ is nonincreasing and satisfies the inequality χ(r) � C(n)r−α.

We find sufficient conditions on the functions θ and χ guaranteeing the continuity of the

solution at the point x0.

This paper generalizes and combines the results of [7]–[11]. We also note the results of [8, 10]

in other directions were generalized to a wider class of equations in [12, 13] and to parabolic

equations in [14]. In the case p = p0 + ω(|x − x0|), where ω is not increasing, all bounded H-

and W -solutions to Equation (1.1) are Hölder at the point x0 (cf. [15]).

The main result of this paper is formulated as follows.

267



Theorem 1.1. Assume that u is a bounded solution to Equation (1.1) in a domain D,

Bx0
R0

⊂ D, ess osc
B

x0
R0

u � M , and the conditions (1.2), (1.4), (1.6) hold. Then there is a positive

constant C0 that depends only on n, p1, p2, M and for all R � R0/4

ess osc
B

x0
R

u � (ess osc
B

x0
R0

u+ 2R0) exp

(
−

R0∫

4R

exp (−C0(θ(r) + χ(r))2n+1)
dr

r

)
.

Corollary 1.1. If, under the assumptions of Theorem 1.1, θ + χ = o(h) as r → 0, where

the nonincreasing function h is such that

∫

0

exp (−(h(r))2n+1)
dr

r
= +∞,

then any solution to Equation (1.1) is continuous at the point x0; moreover, for sufficiently small

R0 and R � R0/4 the following estimate holds:

ess osc
B

x0
R

u � (ess osc
B

x0
R0

u+ 2R0) exp

(
−

R0∫

4R

exp (−(h(r))2n+1)
dr

r

)
.

Example 1.1. We give an example of applying Theorem 1.1. Assume that L < 1/(4n+2),

A > 0, and

ω(r) � L ln ln ln (1/r)

ln (1/r)
, χ(r) � A(ln ln (1/r))2L, 0 < r < R0 < 1/27.

Then any solution to Equation (1.1) is continuous at the point x0; moreover, for any δ ∈ (0, 1)

and sufficiently small R < R0

ess osc
B

x0
R

u � C exp
(
−

(
ln

1

R

)δ)
, (1.8)

where C = C(n, p1, p2,M, δ, L,A,R0). Indeed, in this case,

(θ(r) + χ(r))2n+1 � (A+ 1)2n+1(ln ln (1/r))1−ε, ε = 1− (4n+ 2)L.

Denoting C1 = (A+ 1)2n+1C0, we have

R0∫

4R

exp (−C0(θ(r) + χ(r))2n+1)
dr

r

�
R0∫

4R

exp (−C1(ln ln (1/r))1−ε)
dr

r
=

ln (1/4R)∫

ln (1/R0)

exp (−C1(ln t)1−ε) dt

� (ln (4R)−1) exp (−C1(ln ln (1/(4R)))1−ε)− (ln (1/R0)) exp (−C1(ln ln (1/(R0)))
1−ε),
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where the last inequality is obtained by integrating by parts. Consequently,

ess osc
B

x0
R

u � (ess osc
B

x0
R0

u+ 2R0)
γ(4R)

γ(R0)
,

γ(t) = exp (− exp (ln ln t−1 − C1(ln ln t−1)1−ε)).

For arbitrary δ ∈ (0, 1) and sufficiently small t > 0 we have γ(t) � exp (−(ln t−1)δ), which

implies the estimate (1.8).

Furthermore, in this paper, we establish a weak type Harnack inequality. We say that a

function u ∈ W (D) (u ∈ H(D)) is a W -supersolution (an H-supersolution) to Equation (1.1)

in D if the integral inequality

∫

D

|∇u|p(x)−2∇u · ∇ψ dx � 0 (1.9)

holds for all nonnegative functions ψ ∈ W0(D) (ψ ∈ H0(D)). We say that a function u ∈ W (D)

(u ∈ H(D)) is a W -subsolution (an H-subsolution) to Equation (1.1) if the integral inequality

∫

D

|∇u|p(x)−2∇u · ∇ψ dx � 0 (1.10)

holds for all nonnegative functions ψ ∈ W0(D) (ψ ∈ H0(D)). As in the case of solutions, W -

and H-supersolutions are called supersolutions and W - and H-subsolutions are referred to as

subsolutions.

Below, as in Theorem 1.1, we assume that R � R0/4 and Bx0
4R ⊂ D.

Theorem 1.2. Assume that u is a bounded nonnegative supersolution to Equation (1.1) in a

domain D, ess sup
B

x0
4R

u � M , the conditions (1.2), (1.4), and (1.6) are satisfied, and s = ess inf
B

x0
4R\E

p.

Then for any 1/4 � τ1, τ2 � 3 and 0 < q < n(s− 1)/(n− 1)

( ∫

B
x0
τ2R

− (u+R)q dx

)1/q

� exp (C(θ(4R) + χ(4R))4n+2) ess inf
B

x0
τ1R

(u+R), (1.11)

where C = C(n, p1, p2, q,M).

As a consequence, for nonnegative solutions to Equation (1.1) we obtain an analog of the

classical Harnack inequality

Theorem 1.3. Assume that u is a bounded nonnegative solution to Equation (1.1) in a

domain D, ess sup
B

x0
4R

u � M , and the conditions (1.2), (1.4), and (1.6) are satisfied. Then

ess sup
B

x0
R

u � exp (C(θ(4R) + χ(4R))4n+2) ess inf
B

x0
R

(u+R),

where C = C(n, p1, p2,M).
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The paper is organized as follows. In Section 2, we obtain a variant of Moser type estimates.

In Section 3, we prove a series of integral estimates for supersolutions. In Section 4, using the

obtained estimates, we prove a lemma on oscillations which is used in Section 5 to estimate the

modulus of continuity for solutions at a point in the proof of Theorem 1.1. Section 6 is devoted to

a weak type Harnack inequality for nonnegative supersolutions (Theorem 1.2) and an analog of

the Harnack inequality for nonnegative solutions to the equation under consideration (Theorem

1.3). The method of proof is based on a modification of the tools applied in [9]–[11]. The scheme

of the proof mainly remains unchanged.

We denote by C various positive constants appearing in proofs. Unless otherwise stated,

such constants depend only on parameters fixed in the corresponding assertion. For the sake of

brevity, we set

ρ(r) = θ(r) + χ(r), (1.12)

k = n/(n− 1), κ = 2n/(2n− 1), κ
′ = 2n. (1.13)

2 Moser Type Estimates

We first formulate an interpolation lemma.

Lemma 2.1. Let a bounded sequence Yj � 0 be such that Yj � CbjY 1−r
j+1 , where 0 < r < 1.

Then Y0 � (2C)1/rb(1−r)/r2.

The following assertion is based on the classical Moser iteration technique [16].

Lemma 2.2. Let (1.6) hold, and let for a bounded nonnegative function v ∈ W 1,1(Bx0
4R) and

a number s > 1 the following inequality∫

B
x0
4R

R|∇v|vβ+s−2ηp2 dx � C̃θ(4R)

∫

B
x0
4R\E

vβ+s−1((R|∇η|)p2 + ηp2) dx

+ C̃R−α

∫

B
x0
4R∩E

vβ+s−1((R|∇η|)p2 + ηp2) dx (2.1)

hold for all β � 1, η ∈ C∞
0 (Bx0

4R), 0 � η � 1. Then for any q > 0 and 1/4 � τ < t � 4

ess sup
B

x0
τR

v � C(ρ(4R))2n/q(t− τ)−2p2n/q

( ∫

B
x0
tR

− vq dx

)1/q

, (2.2)

where C = C(n, p2, q, C̃).

Proof. The inequality (2.1) implies∫

B
x0
4R

− R|∇(vβ+s−1ηp2)| dx

� C(n, p2)(C̃(β + s− 1) + 1) θ(4R)R−n

∫

B
x0
4R\E

vβ+s−1((R|∇η|)p2 + ηp2) dx
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+ C(n, p2)(C̃(β + s− 1) + 1)R−n−α

∫

B
x0
4R∩E

vβ+s−1((R|∇η|)p2 + ηp2) dx. (2.3)

By the Hölder inequality and the condition (1.6),

R−n−α

∫

B
x0
4R∩E

vβ+s−1((R|∇η|)p2 + ηp2) dx

�
(

R−n

∫

B
x0
4R∩E

v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

(R−n−ακ′ |Bx0
4R ∩ E|)1/κ′

� C(p1, p2)χ(4R)

(
R−n

∫

B
x0
4R∩E

v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

.

Therefore, since β + s− 1 � 1, from (2.3) we find
∫

B
x0
4R

− R|∇(vβ+s−1ηp2)| dx

� C(n, p2)C̃(β + s− 1)θ(4R)R−n

∫

B
x0
4R\E

vβ+s−1((R|∇η|)p2 + ηp2) dx

+ C(n, p1, p2)C̃(β + s− 1)χ(4R)

(
R−n

∫

B
x0
4R∩E

v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

. (2.4)

Extending the integration domain on the right-hand side of (2.4) to the whole ball Bx0
4R and

estimating the first term on the right-hand side with the help of the Hölder inequality, we get
∫

B
x0
4R

− R|∇(vβ+s−1ηp2)| dx � C(β + s− 1)θ(4R)

∫

B
x0
4R

− vβ+s−1((R|∇η|)p2 + ηp2) dx

+ C(β + s− 1)χ(4R)

( ∫

B
x0
4R

− v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

� C(β + s− 1)ρ(4R)

( ∫

B
x0
4R

− v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

.

By the Sobolev embedding theorem,

( ∫

B
x0
4R

− v(β+s−1)kηp2k dx

)1/k
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� C(β + s− 1)ρ(4R)

( ∫

B
x0
4R

− v(β+s−1)κ((R|∇η|)p2κ + ηp2κ) dx

)1/κ

. (2.5)

We introduce sequences βj and β̃j , where j = 0, 1, 2, . . ., by

βj+1 + s− 1 = (βj + s− 1)k/κ,

β̃j+1 + s− 1 = (βj + s− 1)/κ.

For 1/4 � τ̃ < t̃ � 4 we set τj = τ̃ + 2−j(t̃− τ̃) and introduce cut-off functions ηj such that

0 � ηj � 1, ηj = 1 in Bx0
τjR

, ηj ∈ C∞
0 (Bx0

τj−1R
), R|∇ηj | � 2j+3(t̃− τ̃)−1. We set

Yj =

( ∫

B
x0
τjR

− vβj+s−1 dx

)1/(βj+s−1)

.

Taking η = ηj and β = β̃j+1 in the estimate (2.5), under the condition β̃j � 1, we find

Yj+1 � (C(βj + s− 1)ρ(4R)2p2j(t̃− τ̃)−p2)κ/(βj+s−1)Yj .

Iterating this estimate, we get

sup
B

x0
τ̃R

v � lim
j→∞

Yj � Y0

∞∏
j=0

(C(βj + s− 1)ρ(4R)2p2j(t̃− τ̃)−p2)κ/(βj+s−1)

� (C∗(β0 + s− 1)2n(ρ(4R))2n(t̃− τ̃)−2p2n

∫

B
x0
˜tR

− vβ0+s−1 dx)1/(β0+s−1), (2.6)

where C∗ = C∗(n, p1, p2, C̃). Here, we used the relations

∞∑
j=0

κ

βj + s− 1
=

2n

β0 + s− 1
,

∞∑
j=0

κj

βj + s− 1
=

4n(n− 1)

β0 + s− 1
.

We first assume that q � κp2 and set β0 = q − s+ 1. Then the condition β̃0 � 1 is satisfied

and (2.6) implies

ess sup
B

x0
τ̃R

v � q2n/qC
1/q
∗ (ρ(4R))2n/q(t̃− τ̃)−2p2n/q

( ∫

B
x0
˜tR

− vq dx

)1/q

. (2.7)

This is the required estimate (2.2) with t̃ = t and τ̃ = τ .
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In the case q < κp2, we set tj = t− (t− τ)2−j , Mj = ess sup
B

x0
tjR

v. Applying the estimate (2.7)

with τ̃ = tj , t̃ = tj+1, q = κp2, and further using the inequality vκp2 � Mκp2−qvq, we find

Mj � (κs)2n/(κp2)C
1/(κp2)∗ (ρ(4R))2n/(κp2)(t− τ)−2p2n/(κp2)2j2p2n/(κp2)

( ∫

B
x0
tj+1R

− vκp2 dx

)1/(κp2)

� (κp2)
2nr/qC

r/q
∗ (ρ(4R))2nr/q(t− τ)−2p2nr/q2j2p2nr/qM1−r

j+1

( ∫

B
x0
tR

− vq dx

)r/q

,

where r = q/(κp2). Now, from Lemma 2.1 it follows that

ess sup
B

x0
τR

v = M0 � 24n(p2/q)
2
(κp2)

2n/qC
1/q
∗ (ρ(4R))2n/q(t− τ)−2p2n/q

( ∫

B
x0
tR

− vq dx

)1/q

,

which completes the proof of Lemma 2.2.

Lemma 2.3. Let the conditions (1.2), (1.4), and (1.6) hold. Then for a bounded nonnegative

subsolution to Equation (1.1) in the ball Bx0
4R, 0 < R � R0/4, such that ess sup

B
x0
4R

u � M and any

q > 0 and 1/4 � τ < t � 4 the following estimate holds:

ess sup
B

x0
τR

(u+R) � C(ρ(4R))2n/q(t− τ)−2p2n/q

( ∫

B
x0
tR

− (u+R)q dx

)1/q

, (2.8)

where C = C(n, q, p1, p2,M).

Proof. Choosing the test function ψ = (u+R)βηp2 with η ∈ C∞
0 (Bx0

4R), 0 � η � 1, and

β � 1 in (1.10), we obtain the relation

β

∫

B
x0
4R

|∇u|p(x)(u+R)β−1ηp2 dx � p2

∫

B
x0
4R

|∇u|p(x)−1(u+R)βηp2−1|∇η| dx.

Applying the Young inequality to the integrand on the right-hand side, we find∫

B
x0
4R

|∇u|p(x)(u+R)β−1ηp2 dx � C(p2)

∫

B
x0
4R

(u+R)p(x)+β−1|∇η|p(x)ηp2−p(x) dx. (2.9)

Setting

s := ess inf
B

x0
4R\E

p (2.10)

and using the Young inequality, we get∫

B
x0
4R

(R|∇u|)(u+R)β+s−2ηp2 dx

� Rs

∫

B
x0
4R

|∇u|p(x)(u+R)β−1ηp2−p(x) dx+

∫

B
x0
4R

R(p(x)−s)/(p(x)−1)(u+R)β−1+(s−1)p′(x)ηp2 dx.

273



The last inequality and (2.9) imply

∫

B
x0
4R

(R|∇u|)(u+R)β+s−2ηp2 dx � C(p2)R
s

∫

B
x0
4R

(u+R)p(x)+β−1|∇η|p(x)ηp2−p(x) dx

+

∫

B
x0
4R

(u+R)β+s−1(R/(u+R))(p(x)−s)/(p(x)−1) dx. (2.11)

By (1.2) and (1.4),

(u+R)p(x)−sRs|∇η|p(x) = (u+R)p(x)−sRs−p(x)(R|∇η|)p(x)

� (R|∇η|)p(x) ·

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

θ(4R)(M + 1)p2−p1 , x ∈ Bx0
4R \E,

(M + 1)p2−p1Rp1−p2 , x ∈ Bx0
4R ∩E ∩ {p > s},

1, x ∈ Bx0
4R ∩E ∩ {p � s},

and

(R/(u+R))(p(x)−s)/(p(x)−1) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, x ∈ Bx0
4R \E,

1, x ∈ Bx0
4R ∩E ∩ {p � s},

(M + 1)
p2−p1
p1−1 R

p1−p2
p1−1 , x ∈ Bx0

4R ∩E ∩ {p < s}.

To obtain these estimates, we used the inequality (u+R)p(x)−sRs−p(x) � 1 for x ∈ Bx0
4R∩E such

that p(x) < s.

Applying the obtained estimate to the right-hand side of (2.11), we arrive at the inequality

∫

B
x0
4R

(R|∇u|)(u+R)β+s−2ηp2 dx

� C(p1, p2,M) θ(4R)

∫

B
x0
4R\E

(u+R)β+s−1(R|∇η|)p(x)ηp2−p(x) dx

+ C(p1, p2,M)Rp1−p2

∫

B
x0
4R∩E

(u+R)β+s−1(R|∇η|)p(x)ηp2−p(x) dx

+

∫

B
x0
4R\E

(u+R)β+s−1ηp2 dx+ C(M)R(p1−p2)/(p1−1)

∫

B
x0
4R∩E

(u+R)β+s−1ηp2 dx. (2.12)

By the Young inequality,

(R|∇η|)p(x)ηp2−p(x) � ηp2 + (R|∇η|)p2 , (2.13)
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from (2.12) we have

∫

B
x0
4R

(R|∇u|)(u+R)β+s−2ηp2 dx � C(p1, p2,M) θ(4R)

∫

B
x0
4R\E

(u+R)β+s−1((R|∇η|)p2 + ηp2) dx

+ C(p1, p2,M)R−α

∫

B
x0
4R∩E

(u+R)β+s−1((R|∇η|)p2 + ηp2) dx,

where α is defined in (1.7). Applying Lemma 2.2, we obtain the required estimate (2.8).

3 Integral Estimates for Supersolutions

Throughout the section, we assume that u is a nonnegative bounded supersolution to Equa-

tion (1.1) in the ball Bx0
4R, 0 < R � R0/4, the conditions (1.2), (1.4), and (1.6) are satisfied, and

ess sup
B

x0
4R

u � M . We recall that k and κ are defined in (1.13), whereas the function ρ is given by

(1.12). The quantity s has the same meaning as in (2.10).

We denote f+ = max(f, 0), in particular,

ln +(x) = max(ln x, 0).

We will use the estimate

x ln +
μ

x
� μ

e
, x, μ > 0. (3.1)

Lemma 3.1. For the function

v = ln +
μ

u+R
, R � μ � 2M + 2R, (3.2)

and any q > 0 and 1/4 � τ < t � 4 the following inequality holds:

ess sup
B

x0
τR

v � C(ρ(4R))2n/q(t− τ)−2p2n/q

(
1 +

∫

B
x0
tR

− vq dx

)1/q

, (3.3)

where C = C(n, q, p1, p2,M).

Proof. Choosing the test function ψ = vβ(u + R)1−sηp2 , β � 1, η ∈ C∞
0 (Bx0

4R), 0 � η � 1,

in the integral inequality (1.9), we get

β

∫

B
x0
4R

|∇u|p(x)(u+R)−svβ−1ηp2 dx+ (s− 1)

∫

B
x0
4R

|∇u|p(x)(u+R)−svβηp2 dx

� p2

∫

B
x0
4R

|∇u|p(x)−1(u+R)1−svβηp2−1|∇η| dx.
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Removing the second term on the left-hand side of this inequality, applying the Young inequality

to the integrand on the right-hand side, and taking into account the inequality |∇v| � (u +

R)−1|∇u|, we find
∫

B
x0
4R

|∇v|p(x)(u+R)p(x)−svβ−1ηp2 dx

� C(p2)

∫

B
x0
4R

vβ+s−1(v(u+R))p(x)−sηp2−p(x)|∇η|p(x) dx. (3.4)

Denote

w = (u+R)v = (u+R) ln +
μ

u+R
.

By the Young inequality,∫

B
x0
4R

(R|∇v|)vβ+s−2ηp2 dx �
∫

B
x0
4R

Rs|∇v|p(x)(u+R)p(x)−svβ−1ηp2 dx

+

∫

B
x0
4R

(R/w)(p(x)−s)/(p(x)−1)vβ+s−1ηp2 dx. (3.5)

Combining the estimates (3.4) and (3.5), we arrive at the inequality
∫

B
x0
4R

(R|∇v|)vβ+s−2ηp2 dx � C(p2)

∫

B
x0
4R

vβ+s−1(w/R)p(x)−sηp2−p(x)(R|∇η|)p(x) dx

+

∫

B
x0
4R

(R/w)(p(x)−s)/(p(x)−1)vβ+s−1ηp2 dx. (3.6)

By (3.1), we have w � M + R. Using this inequality and the conditions (1.2), (1.4), we

obtain the estimate

vβ+s−1(w/R)p(x)−s �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vβ+s−1θ(4R)(M + 1)p2−p1 , x ∈ Bx0
4R \E,

vβ+s−1(M + 1)p2−p1Rp1−p2 , x ∈ Bx0
4R ∩E ∩ {p > s},

vβ+s−1 + vβ−1, x ∈ Bx0
4R ∩E ∩ {p � s}.

(3.7)

Here, for estimating on the set Bx0
4R ∩ {p(x) � s}, we used the relation

vβ+s−1(w/R)p(x)−s = vβ+p(x)−1(R/(u+R))s−p(x) � vβ+s−1 + vβ−1

Similarly,

(R/w)(p(x)−s)/(p(x)−1)vβ+s−1�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

vβ+s−1 + vβ−1, x ∈ Bx0
4R \ E,

vβ+s−1 + vβ−1, x ∈ Bx0
4R ∩ E ∩ {p � s},

vβ+s−1
(M + 1

R

)(p2−p1)/(p1−1)
, x ∈ Bx0

4R ∩ E ∩ {p < s},
(3.8)
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where for points in Bx0
4R ∩ {p(x) � s} we used the estimate

(R/w)(p(x)−s)/(p(x)−1)vβ+s−1

= (R/(u+R))(p(x)−s)/(p(x)−1)vβ−1+(s−1)p′(x) � vβ+s−1 + vβ−1.

The last inequality is valid since p(x) � s implies (s− 1)p′(x) � s.

Taking into account the inequality (3.7), (3.8), from (3.6) we have

∫

B
x0
4R

− R|∇v|vβ+s−2ηp2 dx � Cθ(4R)

∫

B
x0
4R\E

− (vβ+s−1 + vβ−1)ηp2−p(x)(R|∇η|)p(x) + ηp2) dx

+ CR−α

∫

B
x0
4R∩E

− (vβ+s−1 + vβ−1)ηp2−p(x)(R|∇η|)p(x) + ηp2) dx,

where C = C(p1, p2,M). Using (2.13) and the inequalities

vβ−1 + vβ+s−1 � 2max{v, 1}β+s−1,

|∇max{v, 1}|max{v, 1}β+s−2 � |∇v|vβ+s−2,

we find∫

B
x0
4R

− R|∇max{v, 1}|max{v, 1}β+s−2ηp2 dx � Cθ(4R)

∫

B
x0
4R\E

− max{v, 1}β+s−1(ηp2 + (R|∇η|)p2) dx

+ CR−α

∫

B
x0
4R∩E

− max{v, 1}β+s−1(ηp2 + (R|∇η|)p2) dx.

Now, the required assertion follows from Lemma 2.2.

To estimate the integral on the right-hand side of (3.3), we need the following assertion.

Lemma 3.2. For 1/4 < t < 4 the following estimate holds:

∫

B
x0
tR

− R|∇ ln (u+R)| dx � C(p1, p2,M)ρ(4R)(4− t)−p2 . (3.9)

Proof. We set w = ln (u + R). Let η ∈ C∞
0 (Bx0

4R), 0 � η � 1. Choosing the test function

ψ = (u+R)1−sηp2 in the integral inequality (1.9), we obtain the inequality

(s− 1)

∫

B
x0
4R

|∇u|p(x)(u+R)−sηp2 dx � p2

∫

B
x0
4R

|∇u|p(x)−1(u+R)1−sηp2−1|∇η| dx

which implies
∫

B
x0
4R

|∇w|p(x)(u+R)p(x)−sηp2 dx � C(p1, p2)

∫

B
x0
4R

|∇w|p(x)−1(u+R)p(x)−sηp2−1|∇η| dx.
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By the Young inequality applied to the integrand on the right-hand side and the last relation,

∫

B
x0
4R

|∇w|p(x)(u+R)p(x)−sηp2 dx � C(p1, p2)

∫

B
x0
4R

(u+R)p(x)−sηp2−p(x)|∇η|p(x) dx. (3.10)

We again use the Young inequality to obtain the auxiliary estimate

∫

B
x0
4R

R|∇w|ηp2 dx �
∫

B
x0
4R

Rs|∇w|p(x)(u+R)p(x)−sηp2 dx

+

∫

B
x0
4R

R(p(x)−s)/(p(x)−1)(u+R)(s−p(x))/(p(x)−1)ηp2 dx. (3.11)

Now, (3.10) and (3.11) imply

∫

B
x0
4R

R|∇w|ηp2 dx � C(p1, p2)

∫

B
x0
4R

((u+R)/R)p(x)−sηp2−p(x)(R|∇η|)p(x) dx

+

∫

B
x0
4R

((u+R)/R)(s−p(x))/(p(x)−1)ηp2 dx. (3.12)

By (1.2) and (1.4),

((u+R)/R)p(x)−s �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

θ(4R)(M + 1)p2−p1 , x ∈ Bx0
4R \E,

Rp1−p2(M + 1)p2−p1 , x ∈ Bx0
4R ∩E ∩ {p � s},

1, x ∈ Bx0
4R ∩E ∩ {p � s},

(3.13)

and

((u+R)/R)(s−p(x))/(p(x)−1) �

⎧⎪⎪⎨
⎪⎪⎩

1, x ∈ Bx0
4R \ E,

1, x ∈ Bx0
4R ∩ E ∩ {p � s},(M + 1

R

)(p2−p1)/(p1−1)
, x ∈ Bx0

4R ∩ E ∩ {p � s}.
(3.14)

Applying these estimates to the right-hand side of (3.12), we find

∫

B
x0
4R

R|∇w|ηp2 dx � C(p1, p2,M) θ(4R)

∫

B
x0
4R\E

(ηp2 + (R|∇η|)p2) dx

+ C(p1, p2,M)R−α

∫

B
x0
4R∩E

(ηp2 + (R|∇η|)p2) dx. (3.15)

We choose a cut-off function η such that η = 1 on Bx0
tR and |∇η| � 4(4− t)−1. Now, using (3.15),

(1.6), and the inequality (χ(4R))2n(4R)α(2n−1) � C(n)χ(4R), we arrive at (3.9).
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Lemma 3.3. For all 1/4 � τ < t � 7/2 the following estimate holds:

ess inf
B

x0
τR

(u+R) � μ · exp (−C(ρ(4R))2n+1(t− τ)−2p2n), (3.16)

where

μ = exp

∫

B
x0
tR

− ln (u+R) dx

and C = C(n, p1, p2,M).

Proof. By the Jensen inequality,

μ �
∫

B
x0
tR

− (u+R) dx � M +R.

By the Poincaré inequality and Lemma 3.2, for the function v defined in (3.2) we have

∫

B
x0
tR

− v dx �
∫

B
x0
tR

−
∣∣∣ ln μ

u+R

∣∣∣ dx � C(n)R

∫

B
x0
tR

−
∣∣∣∇ ln

μ

u+R

∣∣∣ dx � Cρ(4R).

From the last inequality and the estimate in Lemma 3.1 it follows that

ess sup
B

x0
τR

v � C(ρ(4R))2n(t− τ)−2p2n

(
1 +

∫

B
x0
tR

− v dx

)
� C(t− τ)−2p2n(ρ(4R))2n+1.

Recalling the definition v and μ, we obtain the required estimate (3.16).

The following assertion is based on the technique of [17], which was adapted in [9] to the

p(x)-Laplacian with logarithmic modulus of continuity at a point x0, and further generalized in

[10] and [11].

Lemma 3.4. There is a positive constant C = C(n, p1, p2,M) such that for all 1/4 � σ <

t � 7/2

( ∫

B
x0
σR

− (u+R)δ0 dx

)1/δ0

� μ · 21/δ0 , (3.17)

where

δ0 = C(t− σ)2np2(ρ(4R))−2n, μ = exp

∫

B
x0
tR

− ln (u+R) dx. (3.18)

Proof. We set w = ln +(u+R)/μ. Assume that γ � 1 and c0 = 2/(s − 1). Choosing the

test function ψ = zγ−1(u + R)1−sηp2 , z = max(w, c0γ), where η ∈ C∞
0 (Bx0

tR), 0 � η � 1, in the
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integral inequality (1.9), we have

(s− 1)

∫

B
x0
4R

|∇u|p(x)(u+R)−szγ−1ηp2 dx � (γ − 1)

∫

B
x0
4R∩{w>c0γ}

|∇u|p(x)(u+R)−szγ−2ηp2 dx

+ p2

∫

B
x0
4R

|∇u|p(x)−2(u+R)1−szγ−1ηp2−1∇u · ∇η dx.

Using the relation (γ − 1)z−1 = (γ − 1)/max(w, c0γ) � 1/c0 = (s− 1)/2, we find∫

B
x0
4R

|∇u|p(x)(u+R)−szγ−1ηp2 dx � 2p2
s− 1

∫

B
x0
4R

|∇u|p(x)−1(u+R)1−szγ−1ηp2−1|∇η| dx.

By the Young inequality,∫

B
x0
4R

|∇u|p(x)(u+R)−szγ−1ηp2 dx � C(p1, p2)

∫

B
x0
4R

(u+R)p(x)−szγ−1ηp2−p(x)|∇η|p(x) dx.

Since |∇w| � |∇u|(u+R)−1, we obtain the estimate∫

B
x0
4R

|∇w|p(x)(u+R)p(x)−szγ−1ηp2 dx

� C(p1, p2)

∫

B
x0
4R

(u+R)p(x)−szγ−1ηp2−p(x)|∇η|p(x) dx. (3.19)

By the Young inequality,

R|∇w|zγ−1ηp2 � Rs|∇w|p(x)(u+R)p(x)−szγ−1ηp2

+ ((u+R)/R)(s−p(x))/(p(x)−1)zγ−1ηp2 . (3.20)

From (3.20), (3.19), and the inequality |∇z| � |∇w| we get∫

B
x0
4R

R|∇z|zγ−1ηp2 dx � C(p1, p2)

∫

B
x0
4R

((u+R)/R)p(x)−szγ−1ηp2−p(x)(R|∇η|)p(x) dx

+

∫

B
x0
4R

((u+R)/R)(s−p(x))/(p(x)−1)zγ−1ηp2 dx.

We apply the inequality (3.13) to estimate the first integral on the right-hand side and the

inequality (3.14) for estimating the second one. Taking into account (1.4) and (2.13), we find∫

B
x0
4R

R|∇z|zγ−1ηp2 dx � C(p1, p2,M) θ(4R)

∫

B
x0
4R\E

zγ−1((R|∇η|)p2 + ηp2) dx

+ C(p1, p2,M)R−α

∫

B
x0
4R∩E

zγ−1((R|∇η|)p2 + ηp2) dx,
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where α is defined in (1.7). Multiplying both sides of the last estimate by R−nγ and using the

relations

γz−1 = γ/max(w, c0γ) � 1/c0 � (p2 − 1)/2,

R|∇(zγηp2)| � γR|∇z|zγ−1ηp2 + p2z
γ((R|∇η|)p2 + ηp2),

we find

R−n

∫

B
x0
4R

R|∇(zγηp2)| dx � C(p1, p2,M) θ(4R)R−n

∫

B
x0
4R\E

zγ((R|∇η|)p2 + ηp2) dx

+ C(p1, p2,M)R−n−α

∫

B
x0
4R∩E

zγ((R|∇η|)p2 + ηp2) dx.

Estimating the second term on the right-hand side by using the Hölder inequality and taking

into account (1.6), we get

R−n−α

∫

B
x0
4R∩E

zγ((R|∇η|)p2 + ηp2) dx

�
(
R−n

∫

B
x0
4R∩E

zγκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

(|Bx0
4R ∩ E| ·R−n−2αn)1/2n

� C(p1, p2)χ(4R)

( ∫

B
x0
4R

− zγκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

.

Consequently,∫

B
x0
4R

− R|∇(zγηp2)| dx � C(n, p1, p2,M) θ(4R)

∫

B
x0
4R

− zγ((R|∇η|)p2 + ηp2) dx

+ C(n, p1, p2,M)χ(4R)

( ∫

B
x0
4R

− zγκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

.

Hence, again by the Hölder inequality, we have

∫

B
x0
4R

− R|∇(zγηp2)| dx � Cρ(4R)

( ∫

B
x0
4R

− zγκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

.

Hereinafter in the proof, C = C(n, p1, p2,M) unless otherwise stated. By the Sobolev embedding

theorem and the definition of z = max(w, c0γ), we arrive at the inequality

∫

B
x0
4R

− max(w, c0γ)
γkηp2k dx � C(ρ(4R))k

( ∫

B
x0
4R

− max(w, c0γ)
γκ(ηp2 + (R|∇η|)p2κ) dx

)k/κ

. (3.21)
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Let σ ∈ (τ, t). For j = 0, 1, 2, . . . we set rj = σ + (t− σ)2−j and introduce cut-off functions

η = ηj as follows: ηj ∈ C∞
0 (Bx0

rj ), 0 � ηj � 1, ηj = 1 in Bx0
rj+1

, and |∇ηj | � 2j+3(t − σ)−1. We

introduce sequences γj and γ̃j by γj = κ(k/κ)j , j ∈ N ∪ {0}, γ̃j = (k/κ)j−1, j ∈ N. Now, from

the inequality (3.21) with γ = γ̃j+1, η = ηj it follows that∫

B
x0
rj+1

− (max(w, c0γj+1))
γj+1 dx � (k/κ)γj+1

∫

B
x0
rj+1

− (max(w, c0γj))
γj+1 dx

� C(ρ(4R))k · (k/κ)γj+1(t− σ)−p2k2jp2k

( ∫

B
x0
rj

− (max(w, c0γj))
γj dx

)k/κ

. (3.22)

From the estimate (3.9) and the Sobolev–Poincaré inequality it follows that∫

B
x0
tR

− wγ0 dx =

∫

B
x0
tR

− wκ dx �
∫

B
x0
tR

− | ln ((u+R)/μ)|κ dx

�
∫

B
x0
tR

− R|∇ ln ((u+R)/μ)| dx � Cρ(4R). (3.23)

Setting

Yj =

∫

B
x0
rj

− (max(w, c0γj))
γj dx,

we write (3.22) and (3.23) in the form

Yj � KjY
k/κ
j−1 , Y0 � Cρ(4R), Kj = C(ρ(4R))k(t− σ)−p2k(k/κ)γj2p2kj .

Iterating this inequality, we find

Yj �
j−1∏
m=0

(Kj−m)(k/κ)
m
(Cρ(4R))(k/κ)

j
.

Since γj = κ(k/κ)j , for j � 1 we use the equality

j−1∏
m=0

(Kj−m)(k/κ)
m
= (C(ρ(4R))k(t− σ)−p2k)Σ1(k/κ)κj(k/κ)

j
2p2kΣ2 ,

Σ1 =

j−1∑
m=0

(k/κ)m, Σ2 =

j−1∑
m=0

(j −m)(k/κ)m.

Further, we estimate

Σ1 � (k/κ)jκ/(k − κ) = γj/(k − κ),

Σ2 = (k/κ)j
j∑

l=1

l(k/κ)−l � (k/κ)j−1
∞∑
l=0

l(k/κ)1−l

= (k/κ)j−1(1− (k/κ)−1)−2 = γj
k

(k − κ)2
.
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Thus,

Yj � (Cρ(4R))(1/κ)+k/(k−κ)(t− σ)−p2k/(k−κ))γj (k/κ)jγj .

Taking into account that k/(k − κ) = 2n− 1, 1/κ < 1, we find

( ∫

B
x0
rj

− (max(w, c0γj))
γj dx

)1/γj

� C(ρ(4R))2n(t− σ)−2np2(k/κ)j . (3.24)

Let m be an integer in [γl−1, γl], l ∈ N. It is clear that (k/κ)l � (k/κ)m/κ. Using the Hölder

inequality and the Stirling estimate (m! �
√
2πm(m/e)m), we find

∫

B
x0
σR

− wm

m!
dx � 1

m!

( ∫

B
x0
σR

− wγl dx

)m/γl

� Cm(ρ(4R))2nm(t− σ)−2p2nm(k/κ)lm/m!

� (C1(t− σ)−2p2n)m(ρ(4R))2nm. (3.25)

Consequently, for δ0 � (t− σ)2p2n(2C1)
−1(ρ(4R))−2n

∫

B
x0
σR

− (wδ0)
m

m!
dx � 2−m.

For m = 1 from (3.9) and the Poincaré inequality we find

∫

B
x0
σR

− wδ0
1!

dx � C2δ0.

Now, setting δ0 = min((2C1)
−1, (2C2)

−1)(t− σ)2p2n(ρ(4R))−2n, we get

∫

B
x0
σR

− eδ0w dx =
∞∑

m=0

∫

B
x0
σR

− (δ0w)
m

m!
dx � 2.

Therefore, since (u+R)δ0 � μδ0 exp (δ0w) by the definition of w, we find

( ∫

B
x0
σR

− (u+R)δ0 dx

)1/δ0

� μ · 21/δ0 = μ · exp (C(t− σ)−2np2(ρ(4R))2n).

Lemma 3.4 is proved.

Lemma 3.5. Assume that 0 < δ0 < q < n(s− 1)/(n− 1) and 1/4 � τ < σ � 7/2. Then

( ∫

B
x0
τR

− (u+R)q dx

)1/q

� (C(σ − τ)−p2γ−p2
0 ρ(4R))3n/δ0

( ∫

B
x0
σR

− (u+R)δ0 dx

)1/δ0

, (3.26)

where C = C(n, p1, p2,M), γ0 = s− 1− q(n− 1)/n.
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Proof. Choosing the test function ψ = (u + R)1−s+βηp2 , 0 < β < s − 1, 0 � η � 1,

η ∈ C∞
0 (Bx0

σR), in the integral inequality (1.9), we get

(s− 1− β)

∫

B
x0
σR

|∇u|p(x)(u+R)β−sηp2 dx � p2

∫

B
x0
σR

|∇u|p(x)−2(u+R)1−s+βηp2−1∇u∇η dx

� p2

∫

B
x0
σR

|∇u|p(x)−1(u+R)1−s+βηp2−1|∇η| dx.

By the Young inequality,

∫

B
x0
σR

|∇u|p(x)(u+R)β−sηp2 dx

� C(p1, p2)(s− 1− β)−p2

∫

B
x0
σR

(u+R)p(x)−s+β|∇η|p(x)ηp2−p(x) dx. (3.27)

We again use the Young inequality to derive

R|∇u|(u+R)β−1 � Rs|∇u|p(x)(u+R)β−s + (u+R)β((u+R)/R)(s−p(x))(p(x)−1). (3.28)

Now, from (3.27) and (3.28) we find

∫

B
x0
σR

R|∇u|(u+R)β−1ηp2 dx

� C(p1, p2)(s− 1− β)−p2

∫

B
x0
σR

((u+R)/R)p(x)−s(u+R)β(R|∇η|)p(x)ηp2−p(x) dx

+

∫

B
x0
σR

((u+R)/R)(s−p(x))/(p(x)−1)(u+R)βηp2 dx.

Using the estimates (3.13) and (3.14) and taking into account (1.4) and (2.13), we have

∫

B
x0
σR

R|∇u|(u+R)β−1ηp2 dx

� C(p1, p2,M)(s− 1− β)−p2θ(4R)

∫

B
x0
σR\E

(u+R)β((R|∇η|)p2 + ηp2) dx

+ C(p1, p2,M)(s− 1− β)−p2R−α

∫

B
x0
σR∩E

(u+R)β((R|∇η|)p2 + ηp2) dx. (3.29)
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To estimate the second term on the right-hand side of (3.29), we use the condition (1.6) and the

Hölder inequality, which implies

R−n−α

∫

B
x0
σR∩E

(u+R)β((R|∇η|)p2 + ηp2) dx

�
(
R−n

∫

B
x0
σR∩E

(u+R)βκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

(|Bx0
σR ∩ E| ·R−n−2nα)1/2n

� C(p1, p2)χ(4R)

( ∫

B
x0
σR

− (u+R)βκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

.

Multiplying both sides of (3.29) by R−n and using the last estimate and Hölder inequality, we

find

∫

B
x0
σR

− R|∇((u+R)βηp2)| dx � C(s− 1− β)−p2ρ(4R)

( ∫

B
x0
σR

− (u+R)βκ((R|∇η|)p2 + ηp2)κ dx

)1/κ

.

By the Sobolev embedding theorem,

( ∫

B
x0
σR

− (u+R)βkηp2k dx

)1/(βk)

� (C(s− 1− β)−p2κ(ρ(4R))κ
∫

B
x0
σR

− (u+R)βκ((R|∇η|)p2 + ηp2)κ dx)1/(βκ). (3.30)

Let j0 be the minimal natural number such that q � δ0(k/κ)
j0 . For j = 0, 1, . . . , j0 we set

δ1 = q(k/κ)−j0 , βj = δ1(k/κ)
j , β̃j+1 = βj/κ, rj = σ − (σ − τ)(1 − 2−j). By the condition

q < k(s− 1) for all j = 0, 1, . . . , j0 − 1, we have

s− 1− β̃j+1 � s− 1− β̃j0+1 = s− 1− q

k
= γ0 > 0. (3.31)

Assume that ηj ∈ C∞
0 (Bx0

rj ), ηj = 1 on Bx0
rj+1

, 0 � ηj � 1, |∇ηj | � 2j+2/(σ − τ). Successively

writing down the inequality (3.30) for η = ηj , β = β̃j+1, j = 0, 1, . . . , j0 − 1, and using the

estimates

κ

j0−1∑
j=0

1

βj
� κ

∞∑
j=0

1

βj
=

2n

δ1
� 3n

δ0
,

j0−1∑
j=0

j

βj
� 1

δ1

∞∑
j=0

j(κ/k)j =
1

δ1

κ/k

(1− (κ/k)2)
� 4n2

δ0
,
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we find

( ∫

B
x0
τR

− (u+R)q dx

)1/q

=

( ∫

B
x0
rj0

− (u+R)βj0 dx

)1/βj0

�
j0−1∏
j=0

(C(σ − τ)−12jγ−1
0 )p2κ/βj (ρ(4R))κ/βj

( ∫

B
x0
σR

− (u+R)δ1 dx

)1/δ1

� (C(σ − τ)−1γ−1
0 )3p2n/δ0(ρ(4R))3n/δ0

( ∫

B
x0
σR

− (u+R)δ0 dx

)1/δ0

,

which means the estimate (3.26). At the last step, we applied the Hölder inequality. Lemma 3.5

is proved.

Lemma 3.6. For any 1/4 � τ < t � 7/2 and all 0 < q < n(s− 1)/(n− 1)

( ∫

B
x0
τR

− (u+R)q dx

)1/q

� exp (Cξ ln (Cγ−2p2n
0 ξ) +

∫

B
x0
tR

− ln (u+R) dx), (3.32)

where C = C(n, p1, p2,M), γ0 = s− 1− q(n− 1)/n, ξ = (t− τ)−2np2(ρ(4R))2n.

Proof. Let μ and δ0 be defined by (3.18). Combining the inequalities (3.18) and (3.26) for

σ = (t+ τ)/2, we have

( ∫

B
x0
τR

− (u+R)q dx

)1/q

� μ21/δ0(C(σ − τ)−1γ−1
0 )3p2n/δ0(ρ(4R))3n/δ0

� μ · exp (Cξ ln (Cγ−2p2n
0 ξ)),

which means the estimate (3.32). Lemma 3.6 is proved.

4 Lemma on Oscillation Decrease

For 0 < r < R0 we set

Mr = ess sup
B

x0
r

u, mr = ess inf
B

x0
r

u. (4.1)

Lemma 4.1. Assume that u is a bounded solution to Equation (1.1) in the ball Bx0
4R,

ess osc
B

x0
4R

u � M , and the conditions (1.2), (1.4), and (1.6) hold. Then

MR −mR + 2R � (1− δ)(M4R −m4R + 8R),

δ = exp (−C0(ρ(4R))2n+1), C0 = C0(n, p1, p2,M).
(4.2)
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Proof. We first assume that

|{u > (M4R +m4R)/2} ∩Bx0
2R| >

1

2
|Bx0

2R|. (4.3)

In Lemma 3.1, we set μ = M4R − m4R + 2R and replace u with ũ = u − m4R. Then for the

function

ṽ = ln +
μ

ũ+R
= ln

M4R −m4R + 2R

u−m4R +R

we have the estimate

ess sup
B

x0
R

ṽ � C(ρ(4R))2n

(
1 +

∫

B
x0
2R

− ṽ dx

)
, C = C(n, p1, p2,M), (4.4)

in view of (3.3) with parameters q = 1, τ = 1, t = 2. On the set of those points where

u > (M4R +m4R)/2, we have ṽ < ln 2. Thus,

|{ṽ � ln 2} ∩Bx0
2R| �

1

2
|Bx0

2R|.

Using the Poincaré inequality and the estimate (3.9) with t = 2, we find∫

B
x0
2R

− (ṽ − ln 2)+ dx � C(n)

|{ṽ � ln 2} ∩Bx0
2R|

∫

B
x0
2R

R|∇ṽ| dx � C(n, p1, p2,M)ρ(4R).

Hence (4.4) implies

ess sup
B

x0
R

ṽ � C0(ρ(4R))2n+1, C0 = C0(n, p1, p2,M),

which implies

ess inf
B

x0
R

u � m4R + (M4R −m4R + 2R) exp (−C0(ρ(4R))2n+1)−R. (4.5)

If (4.3) fails, then

|{u � (M4R +m4R)/2} ∩Bx0
2R| �

1

2
|Bx0

2R|.
In this case, we consider the functions

û = M4R − u, v̂ = ln +
μ

û+R
= ln

M4R −m4R + 2R

M4R − u+R
.

Then

|{v̂ � ln 2} ∩Bx0
2R| = |{û � (M4R +m4R)/2} ∩Bx0

2R| �
1

2
|Bx0

2R|.
Arguing as above with ũ and ṽ replaced by û and v̂, we obtain the estimate

ess sup
B

x0
R

u � M4R − (M4R −m4R + 2R) exp (−C0(ρ(4R))2n+1) +R. (4.6)

Thus, either the estimate (4.5) or the estimate (4.6) holds for the solution u. Therefore,

MR −mR � (1− δ)(M4R −m4R) +R, δ = exp (−C0(ρ(4R))2n+1). (4.7)

Without loss of generality we assume that δ � 1/2. Adding 2R to both sides of the inequality

(4.7), we get (4.2) in view of the obvious relation 3R � (1− δ)8R.
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5 Proof of Theorem 1.1

We set Λ(r) = Mr−mr = ess osc
B

x0
r

u, whereMr andmr are defined by (4.1). Let Rm = 4−mR0,

m ∈ N. Iterating the estimate (4.2), we find

Λ(Rm) + 2Rm � (Λ(R0) + 2R0)
m−1∏
j=0

(1− δj), δj = exp (−C0(ρ(Rj))
2n).

Since the logarithm is concave, we can write

m−1∏
j=0

(1− δj) = exp

(
m−1∑
j=0

ln (1− δj)

)
� exp

(
−

m−1∑
j=0

δj

)
.

Thus,

Λ(Rm) + 2Rm � (Λ(R0) + 2R0) exp

(
−

m−1∑
j=0

exp (−C0(ρ(Rj))
2n+1)

)
. (5.1)

If θ + χ is not monotonically increasing, then

exp (−C0(ρ(Rj))
2n+1) �

Rj∫

Rj+1

exp (−C0(ρ(r))
2n+1)

dr

r
.

Then from (5.1) we find

Λ(Rj) � (Λ(R0) + 2R0) exp

(
−

R0∫

Rj

exp (−C0(ρ(r))
2n+1)

dr

r

)
.

Respectively, for arbitrary R � R0/4

ess osc
B

x0
R

u � (ess osc
B

x0
R0

u+ 2R0) exp

(
−

R0∫

4R

exp (−C0(ρ(r))
2n+1)

dr

r

)
.

Theorem 1.1 is proved.

6 Harnack Inequality

In this section, we prove a weak type Harnack inequality for supersolutions (Theorem 1.2)

and an analog of the classical Harnack inequality for solutions (Theorem 1.3).

Proof of Theorem 1.2. Combining the estimate of Lemma 3.3 with parameters τ = τ1,

t = 7/2 and the estimate of Lemma 3.6 with parameters τ = τ2, t = 7/2, we find

ess inf
B

x0
τ1R

(u+R) � exp

(
− C(ρ(4R))2n+1 +

∫

B
x0
7R/2

− ln (u+R) dx

)

� exp (−C(ρ(4R))4n+1 ln (Cγ−2p2n
0 (ρ(4R))2n))

( ∫

B
x0
τ2R

− (u+R)q dx

)1/q

,
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where γ0 = s− 1− q(n− 1)/n, which immediately implies the estimate (1.11). Theorem 1.2 is

proved.

Proof of Theorem 1.3. From the estimate (1.11) of Theorem 1.2 and the estimate (2.8)

of Lemma 2.3 with parameters q = n(p1 − 1)/(2(n− 1)), t = 2, τ = 1 we find

ess sup
B

x0
R

u � C(ρ(4R))2n/q

( ∫

B
x0
2R

− (u+R)q dx

)1/q

� C(ρ(4R))2n/q exp (C(ρ(4R))4n+2) ess inf
B

x0
R

(u+R) � exp (C(ρ(4R))4n+2) ess inf
B

x0
R

(u+R),

where the constants C depend only on n, p1, p2, M . Theorem 1.3 is proved.
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