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Abstract

Given a regular measure n € M([0, 1)) and an analytic function g € H(D), we define H(n, g)(z) = /01 g(tz)dn(t)
and study its boundedness from X X Y into Z where X C M([0, 1)) and Y, Z C H(D) are the Hardy spaces. We
shall analyze the case X = LP([0, 1)) and characterize the functions g € H(D) such that H, maps IV ([0, 1))
into H?(D) where Hg(n) =H(n,g).
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Introduction

We denote by D the unit disc in the complex plane C and by H(ID) the space of all analytic functions in D. Throughout
the paper, # stands for a complex measure in M([0, 1)) with||n]|, = /0 d|n|(¢) and g € H(D). We denote by 2(n) the Taylor
coefficients of g € H(D), i.e., g(z) = zn:O 8(n)z" and by p,,(n7) the moments of #, that is u,(n) = fo *dn(t) for n > 0. Also
we write & * g for the Hadamard product 4 * g(z) = Z°° fz(n)g(n)z" between £, g € H(D). We denote K ,(z) = ﬁ for
A>—land D,g = K, * g. In particular Dg(z) = Y.*° o+ Dg(n)z".

We use the notations dm(&) = ﬁ and dA = 22 for the normalized Lebesgue measures on dD and D, respectively. As usual,
for f € H(D),1 <p < coand 0'< r < 1 we write f.(z) = fGr2)and M, (f, r) = G "")|P“9 /P Fora > 0, > —land
1 < p < o0, we denote by H?(D), H>(D) and A? (ID) the Hardy spaces, and weighted Hardy and weighted Bergman spaces

consisting on functions f € H(D) such that

VANl = sup M (f r) < oo,

0<r<1

Nl = sup (1 = r)*M,,(f.r) < oo

O<r<1

and

1/p
il = < /D [F@ra - |z|2>ﬂdA<z)> < .
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Let us also recall the mixed norm spaces of analytic functions to be used later on: given1 < p, g < coand @ > 0, we denote
by H(p, g, @) the space of functions f € H(D) such that

1 1/q
Wl g = < /0 (1 - r)q“-lMg(f, r)dr> < .

We say that f € D(p,q,a) if Df € H(p,q,a) and ||[fllpg, .0 = IDf |4, Note that H(p, o0, @) = H?(D), and that for
0 < a < 1the space

D(p, 0, a) = {f € H(D) : M,(Df,r) =O0((1 —r)™*)}

coincides with the Lipschitz classes A(p, 1 — a) (see [8, Theorem 5.4]).
Of course, one has the identification H*(D) = D(2, 2, 1) and, due to the work of Hardy, Littlewood, Paley, and Flett, we
have the following embeddings:

D(p,p,1) CcH” ¢ D(p,2,1),1 <p <2 (1)
and
D(p,2,1) c H” Cc D(p,p,1),p > 2. )

The reader is referred to the books [8, 14] for these results and for the original references.
‘We now mention the operators we shall be dealing with. Recall that the Hilbert matrix can be viewed as an operator acting
on spaces of analytic functions by its action on the Taylor coefficients:

(s

® A )""
)z = <k§0 n+k+1/n=0
which can be formally rephrased as

1
HG) = / 1f (”t i, feHD)
0 —IZ

whenever the integral makes sense. Of course, the above operators are well defined for f(z) = Y. a,z" whenever

n=0"n
Zf;o % < oo or whenever f € L'([0, 1)), respectively.

A possible generalization of the above mapping was given in [10] by considering a positive measure u € M([0, 1)) and
defining the operator

©
o0
(an)ZO:O - ( 2 ”k,nak)
=0 n=0

1 . . . .
where y; , = /0 #**"d (). This operator can be seen as an integral operator in the case that 4 is a Carleson measure, namely

1
H, () = / lf(—t)dﬂ(t), f e H(D).
0o 11—z

The conditions on a positive measure u € M([0, 1)) to obtain that },, is bounded on different spaces of analytic functions
have been studied by several authors (see [4, 10, 13]).
Another generalization of the operator H was given in [11]. The authors introduced, for a given g € H(D), the operator

1
H () = /) f(0g (t2)dt.
(

This clearly generalizes H, which corresponds to g(z) = log(%_z). The study of functions g € H(D), such that H, is
bounded between Hardy, Bergman, and weighted Bergman spaces, has been developed in different papers (see [11, 16]).
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In this paper, we shall consider the bilinear map H : M([0, 1)) X H(D) — H(D) given by
0 1
H(n, g)2) = Z H,(MEM)Z" = / 8(tz)dn(1) 3)
n=0 0

for any n € M([0, 1)) and g € H(D). We shall write Hg(f) = H(f(t)dt, g) and Hn(g) =H(n,g).

Of course, denoting K(z) = 1L—z we have H(f) = HKO(f(t)dt), H, ()= Hy, (f(O)du@) and H,(f) = H(f (t)dt, g') for any
f € H'(D) and g € H(D).

There are many results in the literature concerning the boundedness of H, where dn(r) = f(r)dt for some f € H(D)
belonging to the classical spaces of analytic functions. In this paper, we shall analyze the situation for general meas-
ures dn and in particular for dy(¢) = f(¢#)dt where f € LP([0, 1)) is not necessarily a holomorphic function. Let us recall
some of the known results when acting on Hardy spaces

H : H (D) - H’(D), 1<p < oo, 4)
[6, Theorem 1.1],
‘H : H*(D) - BMOA (5)
[15, Theorem 1.2],
H:H'(D)— H)(D), 1<p<oo,a<l1/p ©)
[15, Theorem 3.1],
H, : HP(D) - HP(D)iffg € A’l’/p(ID), l<p<?2 @)
[11, Theorem 1].
If1 < max{q,2} < p, then
g€ A‘l’/q(D) = H, : H(D) - H"(D) ®)

[11, Theorem 2].
We shall study some conditions on # and g to obtain that H(y, g) € H?(D) and to get conditions on g to obtain that
Hg . LP([0, 1)) —» HY(D) for some values of p and g. Our techniques are based on the formula

H,(m(z) = H(n) * g(2), )

combined with some results on H(y), multipliers between spaces of analytic functions
X, Y)={geH(D) : g=f €Y Vf e X}, and inclusions between mixed norm spaces and Hardy spaces.

The paper is divided into two more sections. In the first one, we show that for very general Banach spaces Y C ‘H(D)
we have that H, : M([0, 1)) — Y is equivalent to H, : L'([0,1)) = Y and it holds only when g € Y (see Theorem 3.1).
Then, we study some couples X C M([0, 1))and Y C ‘H(D)suchthat H : X XY — HP(D)forl < p < 0. In section “3,”
we study the functions g € H(D) such that H,: L7([0, 1)) — H4(D) for some values of p and g. We get some independ-
ent proofs of some results in [6] and [11] and extend them to L”-spaces instead of H?(D).

As usual, p' stands for the conjugate exponent 1 /p + 1/p’ = 1and C denotes a constant that may vary from line to line.

Results on the Hilbert matrix operator
We start mentioning some general facts on the Hilbert matrix operator which follows the ideas from [15].

Proposition 2.1 Letn € M([0, 1)). Then
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(i) Hm)) =L

@ii) H@) € Al (ID)for any ﬂ > —1.
(iii) Iflog(—) € L'(In|) then H(n) € Hl(ID)
Gv) Ifn> 0and H(n) € H'(D) then log(—) e Li(x).

= o [E, ()] < co.

Proof

(i) Let us write

F,(z) =0 =2Hmk) =

= 2 (1) = 1 (1)
n=0

Clearly,

) ©0 1
2 a0 = ] < 3 |20 =) =
n=0 n=0

(i) From (i), we have

HF, @)
/ IHm @)1 - z])PdA(z) < / |z))PdA(z)
D

o|1I

C /0 (Z |F, (m)|")M, (Ky, r)(1 = r)Pdr
n=0
o0 1
SCZ‘) |, (m( / ” log(ﬁm ~rYdr)
scz |F”<n>|<2 ¢ / P = »Pdr)

=¢ Z ¥ (")l(Z k+ D(n+ k+ e

<C(p) Z |E, ()] < CB)linll,-
n=0

(iii) Assume that log(i) € L'(|n|). Note that

1
dinl(o)

M@l < | 5o

implies that

1
M,(H(n).P) < C / tog(=—)dln|(),

Therefore, forany 0 < r < 1

1
IOl = sup 4,301 < € [ o -

0<r<l1

tdlnl(t) <C.

(iv) Assumen > 0and H(y) € H'(D). From Féjer-Riesz’s inequality (see [8, Theorem 3.13]), it follows:

277

(10)
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1—rt

1 1 1 1
/ log(+— ) = / / " drdn(s) = / Hoprdr < CIHM,.
0 - 0 0 0

The case X = M([0, 1))

Let us start by showing a result for a very general class of Banach spaces of the analytic functions. We deal here
with Banach spaces Y € H(D) containing the monomials u,(z) = z" for n > 0 and satisfying

Tim 3/, [y = 1. an

Note that this condition guarantees that g, € Y for any g € H(D) and for any 0 < r < 1. Moreover, the mapping r — g, is
continuous from [0, 1) into Y. This is due to the fact that the series Z:;O 8(nm)u, 7" defines a Y-valued homorphic function
defined in the disc because if g € H(D) then (11) implies that

limsup '§/18()|llu, [ly = limsup '§/|2(n)| > 1.
We shall also assume the following properties (see [3] or [14, Chapter 9]):
(P1) There exists M > O such that sup,,; l|g,|ly < Ml|glly forany g € Y.

(P2) Y satisfies the Fatou property, i.e., there exists A > 0 such that for any sequence (g,) C Y with sup,, ||g,|ly < 1 and
g, — &in H(D) one has that g € Y and ||g||, < A.

Proposition 3.1 Let Y C H(D) be a Banach space satisfying (11), (P1) and (P2), and let g € H(D). Then, the following
conditions are equivalent:

(1) H,is bounded from M([0, 1)) to Y.
2) H,is bounded from L'([0,1)) to Y.
3) gevt.

Proof (1)=> (2) Itis obvious.
(2)= (3) Let 0 < r < 1. Then, for any £ > 0, we can write

1 1 r+e
Hg(_/l/[r,r+6]dm)(z) = - g(tZ)dt, z e D
£ € J,

h, in H(D) and

n—oo n

Observe now that i, = H,(ny, ,,i/,dm) € Y foralln € N, g, = lim
IIHg(n)([r,rH/n]dm)Hy < ||Hg”[,(Ll,Y)’ ne€N

Hence, using the Fatou property, one gets ||g, ||y < |H,ll 21 y)- Since g, — g in H(D) for any r,, — 1, due to the Fatou
property again we conclude that g € Y.
(3) = (1) From (P2), we have that the mapping ¢ — g, is Bochner integrable with respect to |#| and

1
1 ),y < / e lydlnl®) < Allgllylinll
0

Therefore, using the Fatou property again, we obtain ||H,(#)|ly < K||glly||#]l, for some constant K > 0.
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Note that from Proposition 3.1, we have H : M([0, 1)) x H?(D) — H?(D) for any 1 < p < 0. We shall now consider
other possible pairs of Banach spaces such that H maps X X Y into H?(D).

We shall make use of the following result, which can be found in [8, Theorem 6.7] for p = 2 and that was proved by
Stein-Zygmund for p > 2 (see [2, 14, 17]).

Lemma3.2 Let p > 2 and F € H(D). The following ones are equivalent:

(1) There exists C > 0 such that ||F * f||g» < C||f||grfor any f € HP(D)
(i) M,(DF,r)= O(ﬁ).

Theorem 3.3 Let p > 2 and set, for a > 0,

X, = {n e M0, 1)) sug(n + D*u,(Inl) < o0}.
n|
Then H : X, ,, X H'(D) — H?(D) is bounded.

Proof Letn € X, ;. Let us first show that

sup (1 = M, (DH(n),r) < co.

O<r<1

. 1 .
Since DH(n) = (1‘1'_7222, we obtain that

d|nl(®)

1 1
M,(DH(n).r) < / M, (K, rdd|n|(t) < C / -
0 O (1—rm)*7

Taking into account that (; & Zf;o(n + D) for y > 0, we get the following estimates:

1—r)1+r

1 [o0]

dln|(t ,

_dinl® o Z(,H_ DYy (Inhr < L

0 1+ - 1—r
1=r) 7 n=0

Now we can use Lemma 3.2, together with the fact H,(g) = H(n) * g, to obtain

IH@. Dl < Cligl g sup](l — M, (DH(n),r)

O<r<

and the proof is completed.

Theorem 3.4 Let p > 2 and set

1
M,Og:{neM([O,l)):/ log(+)dln|(n < o)
[ log(—

and denote the Zygmund class by

Z,={f € HD) : sup (1 — M (D’*f,r) < co}.
1

O<r<

Then H : M,,, X Z, — HP(D) is bounded.

Proof Combine Proposition 2.1 and Lemma 3.2 as in the previous theorem.
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The case X = LP([0, 1))
In this section, we consider the case dn(t) = f(¢)dt where f € LP([0, 1)).

Lemma4.1 Letl <p<o0,1<g< ooandi + Il) > 0.If f € LP(0, 1), then H(f) € D(q,p,i + i)and
IHO N pgps ety < CO DIF |-

Proof As abovementioned, we use that DH(f)(z) = fol S(K,(tz)dt for z € D. Therefore,

G

1 1
M, (DH(f),r) < / [F(OIM (K, tr)d < C / _dt.
0

o 1-m'"
If p = cothen g > 1 and for f € L*([0, 1)) we have

Il o

This gives that H(f) € D(q, o, —,)

For1 < p < o0, we use the estimate

r 1
(l—r)l/q’Mq(DH(f),r)$C</ %dt+ﬁ/ F0ldr). (12)

It is well known and it follows easily from interpolation that the mapping f — ]— f f(t)dt defines a bounded operator on
LP([0, 1)) forl < p < co. Hence, using the adjoint operator, also the mapping f — /0 iy dt defines a bounded operator on
LP([0, 1)) for 1 < p < o0. Therefore, for any f € L”([0, 1)) we have

/ a-rypld MIDH(F), dr < CIIfI, .-
That gives that H(f) € D(q,p, a) fora = zlr + i and the desired estimate for the norms. O

Corollary 4.2 Let1 < p < 0.

(1) Iff e L”(]0, 1)) for some p < oo, then fole(DH(f), rydr < co.
2) Iff € ([0, 1)) for somel < p <2, then H(f) € H?(D).
(3) Iff €L=(0. 1), then H(f) € N>  Alg. ;).

Corollary 4.3 ([6, 15]) Let1 < p < 0. Then 'H : HP(D) - HP(D) and H : H*(D) - BMOA

Proof We first show that H : H*(D) — BMOA. This follows trivially from (3) in Corollary 4.2 since A(2, %) C BMOA.
For 1 < p <2, we have that H?(D) C L([0, 1)) (due to F¢jer-Riesz’s inequality) and the result follows using Lemma
4.1 for g = p and the fact that D(p, p, 1) C H?(D).
Finally, the case 2 < p < oo follows from duality. Note that H* = H as an operator acting on Hardy spaces. Indeed, if
f € H?(D) and g € H” (D), we have



Journal of Mathematical Sciences (2022) 266:274-284

1
) dp ——d¢
.AA 1—mp% R0k
g(&) de. dr
///l_tw v

= / H@(p)f (p)—
T P

/HW@M®§

Therefore, H* is bounded on H” (D) for 1 < p’ < 2 and then we obtain the result.

Remark 4.1 The case 2 < p < oo also follows from interpolation using that [H*(D), BMOA), = H"(D) for 117 =

10
=3

281

Remark 4.2 Let dn(1) = f(t)dt for some f € LP([0, 1)), since p,(|f]) < |Ifl,(n + 1)~'/7' we have that L([0, 1)) C X,y and

invoking Theorem 3.3 we obtain H : L”([0, 1)) X H'(D) — HP(D) is bounded for p > 2.
On the other hand,

1
|mﬁmnsmuqnﬂmmwm
0
Therefore,

1
m@mnSWAAw@mesmmmM

This shows that H : L7 ([0, 1)) x A?(D) — HP(D) is bounded for p> 1

Our objective now is to get the “best” space Y C H(D) such that H : LP([0, 1)) X Y — H?(D) is bounded. We start with

the case p =g = 2.

Theorem 4.4 Let g € H(D). The following ones are equivalent:
(1) H, : L*([0,1)) = H*(D) is bounded.

(2) H, : H*(D) — H*(D) is bounded.

(3) g€ H,D)

In particular H : L*([0, 1)) X Hf/z([D) — H?*(D) is bounded.
Proof (1) = (2) It follows from Féjer-Riesz’s inequality.

(2) = (3) Let us assume that H, is bounded on H?*(D). For 0 < r < 1consider C,(z) = Ky(rz) =

o0 rk
We have ||C, ||z = (1 = )72, 4, (C,) = 32 ——and

H@)—ngQj+k+p

n=0

Note that

Therefore, for each 0 < r < 1, we have

1 _ oo n
1-rz Z”=0 iz

13)
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2 2 2
||Hg||£(H2,H2)||Cr||H2 Z”Hg(cr)llHZ

=Y 1B PIp,(C)P

n=0

This shows that g € H (D).
(3)= (1) Letsup,,.;(1 — r)'/>M,(g,r)) = A and f € L*([0, 1)). Combining the fact H*>(D) = D(2,2, 1) and Lemma
4.1, we obtain that

1
VI, ~ / (1 = PMADH,(f). Pdr
0
1
~ / (1 = M5 (g * DH(f), *)rdr
0
1
SC/ (1= r)M%(g, r)Mf(DH(f), r)dr
0
1
<CcA? / MY (DH(f), r)dr
0
<CA|If1I3..
This completes the proof.
Corollary 4.5 [11, Theorem 1] Let g € H(D). Then 'H,, : H*(D) - H*(D) iffg € A2,1/2).
Theorem 4.4 can be easily generalized for L? spaces and D(2, g, a).
Theorem 4.6 Let g € H(D),1 < g < oo and a > 1/q. The following ones are equivalent
(1) H,:LU[0,1)) - D(2,q,a)is bounded.
(2) H, : HID) — D(2,q,a)is bounded.
2
(3) geH,, D).
Proof (1) = (2) It follows as above stated using now that H4(D) c LI([0, 1)).
(2)=> (3) Let us assume that H,, is bounded from H%(D) into D(2, g, a). Note that DH,(C,) = Hp,,(C,) and arguing as
in Theorem 4.4 we have that for0 < s < 1
1
My(DH(C,). ) = Ma(Hp,(C,).5) 2 My (Dg.rs) (14)

Therefore,

AT 2[1H(Cllds

— q
_“HDg(Cr)”H(z’q’a)

q
(H1,D(2,q,a)) “ Cr “H‘i

1 ]
251D, Wy
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. U e o c
Since ||C, ||y & =7 itimplies that ||(Dg), | y2.g.a) <

e T for some constant C > 0. Therefore, forany 0 < s,r < 1

1
U—WWW%WSM/UﬁW”@WﬂWSWWWMmm

This gives M,(Dg, r?) < (l—r)%/‘/ Now since « + 1/¢’ > 1, this is equivalent to (1 — r)"‘l/qu(g, r) < C. Therefore,
gEH, | (D).
(3)= (1) Set A = sup,,;(1 — r)“‘l/qu(g, r). We can use Lemma 4.1 for f € L9([0, 1)) to obtain

1 1
/0 (1 — r)*~ ' MI(DH (f), r)dr = /0 (1 =)™ ' M (g * DH(f), r*)rdr
! q
<C / ((1 — V(g r)) MY(DH(), r)dr
0

1
<CA1 /0 M{(DH(f), r)dr
<CA||f|I%,.

This shows that Hg(f) € D(2, g, a) and the proof is complete now. O

Theorem 4.7 Letl < g<p < oo,a > ﬁand% = .Then H : L([0,1)) X H(p, t,at — é) — D(p, q, @) is bounded.

1_1
g P

Proof Let f € L”([0, 1)). Due to Lemma 4.1, we have H(f) € D(1, p, %). Assume first that ¢ < p and use Holder inequality,
for p/q and p/(p — g) to obtain the following estimate:

1
/ (1 = N™~'MA(r, D(g * H(f)dr
0
1
<C / (1 = ™~ Mg, NM{(DH(), r)dr
0
1 — 1
SC(/ (1 _r)(aq—l)P/(P—f/)MZq/@—q)(g’ r)d,,)l q/p</ M’f(DH(f), r)dr)q/p
0 0

! a/t
<c( [ a=nemngna ) Mo,
0 P D(1,p,

»

)

<Cligll?, ,_, , W1,
The case p = g (hence, t = o) follows using the same argument but a simpler one. O

Corollary 4.8 Let g € H(D).

(i) Ifl<p<2andg € Ap, 117), then Hg : [P(0,1) —» HP is bounded (see [11]).
(i) If2<p<ocoandg e D(p,t, I%) where% = % - 11), then H, @ LF(0,1) — HP is bounded.

Proof

(1) Recall that due to Hardy-Littlewood g € A(p, [lj) corresponds to g € D(p, oo, [%). Now use Theorem 4.7 together

with the inclusion D(p,p,1) C HP for1 < p < 2.
(ii) Recall that D(p,2,1) C H? for p > 2 and use Theorem 4.7 forg =2 and a = 1.
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