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Abstract

An efficient method for construction of J-unitary matrix polynomials is proposed, associated with com-
panion matrix functions the last row of which is a polynomial in 1/z. The method relies on Wiener-Hopf
factorization theory and stems from recently developed J-spectral factorization algorithm for certain Her-
mitian matrix functions.
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Introduction

Matrix spectral factorization method developed in [3, 7, 8] reveals important properties of unitary matrix functions of
the following special structure:

u (1) up@® e ug,,
Uy (1) up() o uy,,(0)
U = : : : | ow P, (1.1
Uy 11 () Uy g p(O) = Uy g (D)
U () Uy () - 1y, (D)

which play a crucial role in the method. Here, P}, := {ZkN=0 a,t* : a, € C}is the set of polynomials of degree < N. The
matrix functions (1.1) we consider are unitary on the unitcircle T :={r€ C : |¢| =1},

unuy=1,, teT,
and they have the determinant equal to 1,

detU(r) = 1. (1.2)
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It turns out that these matrices are closely related to the so-called wavelet matrices [9], and complete parameterization of
such matrices in terms of coordinates in the Euclidian space C™~DN is given in [2]. In particular, it is proved in [2] that
there is one-to-one correspondence between the unitary matrix functions (1.1) satisfying (1.2),

vl =1, (1.3)
and
> i, (0)] > 0, (1.4)
k=1
and companion matrix functions
1 o0 o0 -« 0 O
o 1 o0 -« 0 O
ro=| P 0 LT 0 Y wen (15)
0 0 0 = 1 0

€@ &) &G@) - Gy () 1

where P, 1= {22\;1 a7 € C}. This bijective correspondence is reflected in the fact that

1 0 0 0 0

0 1 0 0 0

_ 0 0 1 0 0
F 1(t)= : : : : : : (1.6)

0 0 0 . 1 0

-G -&LO -&GO - =4, 1
is the first factor in the right Wiener-Hopf factorization of (1.1). Namely,
FOU@W) = (1) <= U@) = F (D@ (1),

where @t € (P]’;)mx’", i.e., the entries of m X m matrix ®* are from PX,
It is explicitly described in [2] how to construct U(¢) for the given matrix function (1.5) and how to construct F(z) for
the given unitary matrix function (1.1). If we multiply the last row of (1.1) by #¥, we get a unitary (for |z| = 1) matrix

polynomial

N
A(z) = diag(1,1,...,1,2")U() = ZAkzk, A, €C™m zeC, 1.7)
k=0
of rank m, order N, and degree N. Since
A()A(z) =1, for each z € C\{0}, (1.8)

where K(z) = Zg:o Azz'k, the polynomial det A(z) is the monomial cz¢, where |c| = 1, and d is called the degree of A.
Since we have a natural bijection

A(z) — U, (1.9)

the abovementioned one-to-one map F(f) «— U(¢) parametrizes also the class of unitary matrix polynomials (1.7) such
that det A(z) = 2V, A(1) = I,, and at least one entry in the last row of Ay does not vanish.

In [4], the first steps have been made towards the generalization of the abovementioned matrix spectral factorization
method to the J-spectral factorization of Hermitian matrices. This generalization is achieved by observing that J-uni-
tary matrix functions of structure (1.1) play a similar important role in the proposed J-spectral factorization method.
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Throughout the paper, J is a diagonal matrix
J =diag(,jps -+ sJm1> D (1.10)

where each j, is either positive or negative 1 (without loss of generality, we assume that j,, is always equal to 1). A matrix
U is called J-unitary if UJU* = J, and a matrix function U(¥) is called J-unitary if

unJu ) =J,teT.

In the present paper, we prove the following:

Theorem 1.1 For any matrix function F(t) of the form (1.5), there exists (generically) a J-unitary matrix function U(t) of
the form (1.1), satisfying (1.2), and such that

F(OU(1) € (PHy™ (1.11)

holds. The matrix function U(t) satisfies (1.4) and it is unique if we require in addition (1.3).

Conversely, for each J-unitary matrix function U(t) of the form (1.1) which satisfies (1.2) and (1.4), there exists a unique
matrix function F(t) of the form (1.5) such that (1.11) holds.

The explicit algorithms which construct U(¥) from F(¢) and F(¢) from U(r) are described in the following sections, where the
exact meaning of the word “generic” used in the theorem is also specified.

Due to the one-to-one correspondence (1.9), Theorem 1.1 gives a description of the class of J-unitary matrix polynomials
(1.7) in terms of the coordinates of the Euclidian space C~P¥, Such description can be used to apply convex optimization
methods for searching specific J-unitary matrix polynomials with additional properties required, e.g., for construction of
quasi-tight framelets [1].

Notation and Preliminary Observations

For a matrix A = [A;], its transpose is denoted by AT and A* = ZT = [@] stands for the Hermitian conjugate.
The set of J-unitary matrices, U, (defined in the “Introduction”) is a group. Furthermore, U € U, => U” € U,, since
AJB =J = BJA = J. Indeed, AJB = J = BJAJB = B —> BJA = J. Note that {; = U_,, which is the reason why we
can assume without loss of generality that j,, = 1in (1.10). Obviously, every diagonal matrix D with unimodular diagonal
entries belongs to ;. Also, every permutation matrix P belongs to I/,

PJP* = . 2.1)

If A is a square matrix (function), then Cof (A) denotes the cofactor matrix of A (so that A~! = @Cof (A)T for non-

singular matrices) and cofAi,- denotes the cofactor of A in the matrix A, i.e., cofA,_-,» = (CofA)i]-.

Let T be the unit circle in the complex planeand T, = {z € C : [z] < 1},T_={z € C : |z] > 1} U {c0}.We assign the vari-
able 7 as an argument to functions with domain T, and the variable z to functions with domain C (or C\ {0}). Slightly abusing
the notation, we denote by f() not only the value of function f at ¢, but the function itself (with corresponding domain). The
exact meaning of the notation will be clear from the context. Also let Al‘j be the submatrix of A obtained by deleting its ith row

and jth column.

For a set S, let S™ stand for the set of m X m matrices with entries in S.

The set of Laurent polynomials with complex coefficients is denoted by P. We consider the following subsets of P:
for M,N >0, let P_yy 1= {20 0 1 ag €C); for N> 1, Py :=P_yny Phi=Pony Py =Py}
Pro = P{_Nﬁ?}; PP = Uy Py P 1= Ups Py, Py 1= Uy Py - Note that Py 0 Py = {0} according to our notation.
For p(z) = X,__,; 2" € Pi_ywy let
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~ N — _
PR =), | &
Note that p(z) = p(z) forz € T. If

N
P(z) = Z A = [p;(2)] € (P_yny))™", where A, € C™,
k=M

then

P() := Z A = B

k=—M

Note that P(z) = P*(z) for z € T. Furthermore, PO = QP and if P~!(z) € (P(_pn))™ ", then PR = P().
The matrix J was defined in the “Introduction” (see (1.10)). A matrix polynomial U(z) € (P;)mx’" is called J-unitary if

A(Z)JK(Z) = K(Z)JA(Z) = J for each z € C\{0}. 2.2)
For
N
AQR) = ZAkzk, A, € C™m, (2.3)
k=0

condition (2.2) can be as well expressed in terms of the coefficients:
ZAkJAZ_n =64, n=0,1,...,N, (2.4)

where 6 stands for the Kronecker delta.
If Ay # 01in (2.3), then we say that the order of A is equal to NV.
Note that (2.2) implies that det A(z) = cz%, |c| = 1, for some integer d. The latter is called the degree of the J-unitary matrix.

Lemma 2.1 (cf.[2], Lemma 1) If (2.3) is a J-unitary matrix polynomial of order N and degree d, then:

a) d> N,
b) d = N ifand only ifrank(A,) = m —

Proof Due to (2.2), we have

AR =JA'(2)J.
Therefore,

N

Z J— A(Z)( of A())'J = ez T (CofA®))"J. (2.5)

k=0

Since J (CofA(z))TJ € (PHy™™ and A}, # 0 the relation (a) follows.

In order to prove (b), note that rankA, # m since AO(JAX,) =0 due to (2.4) for n = N. In addition, we have
rank(Ay) <m —1 & Cof (Ay) = 0 and CofA(z)|.— = Cof(A,). Therefore, it follows from (2.5) that rank(Ay) < m — 1
is equivalent to d > N. Hence, (b) follows.

The class of J-unitary matrix polynomials (2.3) which have the order and the degree equal to N is denoted by A, (m, N).
Since A(2) € A,(m,N) = PA(z) € A,;(m,N) for any permutation matrix P (see (2.1)), and Ay, # 0, we can rearrange
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the rows, if necessary, and assume without loss of generality that the last row of A is nonzero. The subclass of functions
(2.3) from A, (m, N) for which the last row of A, is not 0 will be denoted by Ag(m, N).

Wiener-Hopf Factorization

In this section, we briefly review some well-known facts from Wiener-Hopf factorization theory which are used in
what follows.
Every P € P™" without zeros of its determinant and poles of its entries on T can be factorized as (see, e.g., [6])

P(2) = P,(2)D(2)P_(2), (3.1)

where P, € (P*y™m with det P ,(z) # Ofor z € T, and D(z) = diag(z*1, 2’2, ..., z"")is a diagonal matrix function. The fac-
torization (3.1) is called a left factorization since the analytic in T, factor P, stands on the left. The integers x;, x,, ..., x

> m
are called the (left) partial indices of P and they are determined uniquely if we assume »; > x, > ... > x,,. If all partial
indices are equal to 0, i.e., D = [, the factorization has the form

P(2) =P (2)P_(2) (3.2)

and it is called a canonical factorization. The necessary and sufficient condition for the existence of canonical factoriza-
tion is that (see, e.g., [6]) det P has the winding number equal to 0 and

Pu & (PYY™! for each u € (P~)"™!.

If P € P has a canonical factorization (3.2), then P, € (P})™™ and P_ € (P}, )" (see [5]). If, in addition, P is

symmetric P(z) = ;(z), then its Wiener-Hopf factorization can be represented in J-factorization form (see [10])
P(2) = P, ()P, (2), (3.3)

and it has a special name: J-spectral factorization. Factorization (3.3) is unique up to a constant right J-unitary factor.
Indeed if P (2)JP (z) = O, (2)JO,(2), then the continuous (on T) function Q;l(t)P (D =J0 +(t)Pjrl (¢)J can be extended
analytically on C U {0} and, therefore, it is constant.

Proof of the Main Result
In this section, we prove Theorem 1.1, which for convenience of exposition is split into two statements.

Theorem 4.1 Let matrix function (1.5) be such that F(z)J F (2) has a left J-spectral factorization

FR)JFR) =D, (2)J D, (). (4.1)
Then there exists a J-unitary matrix function
up (@) up@ g, (2)
Uy () up(@) v Uy, (2)
U(z) = : : . u; € Py, 4.2)

um—l,l(z) M/n—l:Z(Z) um—l,m(z)
U (@) () U (2)

with the determinant 1,
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detU(z) =1, forz e C\{0}, 4.3)
and such that
FU € (Py)y™™. (4.4)

Furthermore, this matrix function is unique under the additional restriction (1.3), and the relation (1.4) is also fulfilled.
Remark 4.1 The algorithm for construction of (4.2) will be provided in Section “5.”

Proof As it was mentioned in Section “3,” the existence of factorization (4.1) is equivalent to the condition that F(z) J F (2)
possesses the canonical factorization, and

@, € (Phy™". 4.5)

Since |det®,(z)|> =1 for z € T, because of (4.1), det®, € P* and det®,(z) # 0 for z € T,, we have that
det @_ (z) = Const. Without loss of generality, we can assume that

det®, (z) = 1. (4.6)
Suppose
U@) = F' 0@, (2), 4.7
where F~!is determined by (1.6). Then U is J-unitary since
U@/ U@ = F (00,0 J 8,F () = F'(F@)J FQF () = J. (4.8)

Equation (4.3) follows from (4.7), (1.6) and (4.6).
It follows from Eqs. (1.6) and (4.7) that the first m — 1rows of U and @, coincide. Therefore, by virtue of (4.5),

uU:Q;ePX,, forl<i<m-1,1<j<m. (4.9)
It follows from (4.8) and (4.3) that
U= (UN)™" = Cof(JUJY, (4.10)
which, taking into account (4.9), implies that
INJm_,- eP.
Since we know from the beginning that (4.7) belongs to (Py)"™*", we conclude that
ﬁmj e Py.
Therefore, matrix (4.7) has the structure (4.2). In particular, due to (4.10),
Uy = Cof(JUJ)mj(z), j=12,...,m, 4.11)

in matrix (4.2).

The relation (1.3) will be satisfied if we consider the matrix U(z)U~!(1) instead of U(z), which does not change the
structure of (4.2), and the uniqueness of U follows from the uniqueness of J-spectral factorization (4.1).

Because of (4.6), we have
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Y @F (9)Cofd* (2) = 1,
k=1

which implies that

m

Y ICof®? (0)] > 0. (4.12)
k=1

However, because of (4.9),

CofU,;(z) = Cof ®* , k=1,2,....m, (4.13)
and
|Cof (JUJ),1(2)| = |CofU,,,.(2)] 4.14)

since the signs in matrices U, JU, and JUJ can differ only across entire rows and columns. Therefore, by virtue of (4.11),
(4.14), (4.13), and (4.12), the relation (1.4) holds.

Theorem 4.2 For any J-unitary matrix function U of structure (4.2) which satisfies (4.3) and (1.4), there exists a unique
matrix function F of structure (1.5) such that (4.4) holds.

Proof Because of (1.4), there exists n < m such that u,,,(0) # 0. Define functions

ﬁin (Z) ] -

Uy (2)

¢i(@) :=ji[ =1,2,...,m—1, (4.15)

where [ - |~ stands for the projection operator:

o0 - -1
S| -3 e
k=—N k=—N

L_is understood as its formal series expansion in a neighborhood of 0. Note that we need only the first N + 1 coef-

Uy (€9)

ficients of this expansion in order to compute (4.15).
Define the matrix function F by (1.5) and let us prove that (4.4) holds. To this end, we need only to check that the
entries of the last row of the product FU,

and

m—1

Y @U@ + Uy ), j=1,2,...m, (4.16)
i=1

belong to P;\r, Because of the definition (4.15), we know that the functions in (4.16) belong to P,. In addition, for
1 <j < m, we have

o - © . (0@ i1 N
Y G@uy@ + Ty @) = DG = = [ )uy@) + T, () =
i=1

i=1 Un (Z) Upnp (Z)

m—1 m—1 ~ +
1 <;jiﬂm(z)uij(z) + umn(z)ﬁ,nj(z)> _ Z}ji [ Ui (2) ] uy(2) =

Uy (2) Uy (2)

jnénj i . ﬂin(z) *
umn(Z) - ij [umn(Z)] M,‘j(Z).

i=1
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The latter expression is analytic in a neighborhood of 0 which yields that (4.16) belongs to Py NP+ = 77;, Thus, (4.4)
holds.
Let us now show the uniqueness of the desired F(z). Suppose

F(U(z) = @*(2) € (Py)"" and F(9)U(2) = @7 (2) € (P)"™", 4.17)

where F;(z) has the same form (1.5) with the last row [{[(2),{3(2), ..., ¢! (2),1], ¢ € Py, i=1,2,...,m— 1. Since
det ®*(z) = 1, we have

(@"7'(z) € (P (4.18)
It follows from (4.17) and (4.18) that

FiF ' (2) = (@) () € (PH)™".

Hence, the last row of the above product [{] — {1, () — &, .08 =&y, 11 € (PHY>", which implies that {—-¢=0,
i=1,2,...,m— lsince these functions belong to P, which has a trivial intersection with P

Remark 4.2 Theorems 4.1 and 4.2 deliver one-to-one correspondence between the matrix functions (1.5) for which
J-spectral factorization (4.1) exists and the class Ag(m, N) defined in the end of Section “2”.

The Algorithm for Constructing J-unitary Matrix Polynomials

In this section, we provide an algorithm for constructing J-unitary matrix function (4.3) for a given matrix function
(1.5). Consider the following system of conditions:

é‘lxm _jl fi € P+’
é’me _j2 'fé € 7)+’
5.1
Cm—lxm _jm—l )Em\:l € P+’

Exy+ 86X+ o+ 8y X, + X, €PT,

where {; € P,,i=1,2,...,m — 1, are the entries of Fin (1.5).
Definition 5.1 We say that a vector function
sYWm—1>Y"m

T .
u:(ul,uz,... u u ) s whereuiepj\'lfor eachi=1,2,...,m,

is a solution of (5.1) if and only if all the conditions in (5.1) are satisfied whenever x; = u;,i=1,2,...,m.
Remark 5.1 Note that the set of solutions of (5.1) is a linear subspace of (Py )",

Lemma5.1 Let
u=(up,u, ... u~)T and v=(v,v,,... \7)T

> m >'m

be two (possibly identical) solutions of the system (5.1). Then

m—1

iju,f; + u,v,, = const. (5.2)
k=1
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Proof Substituting the functions v in the first m — 1 conditions and the functions u in the last condition of (5.1), and then
multiplying the first m — 1 conditions by u and the last condition by v,,, we get

m?>

$\Vplty = Jy - Viuy € P,
$oVplty = Jo - Volty € P,

Cm—lvmum—l _jm—l VU € 7)+’
C]ulvm +...+ gm—lum—lvm +Jmumvm € P+

Subtracting the first m — 1 conditions from the last condition in the latter system, we get
m—1
(zj'kukv; + ﬁ;vm> e Pt (5.3)
k=1
We can interchange the roles of u and v in the above discussion to derive in a similar manner that
m—1
ijvk'/Tk + v,y € P
k=1
Consequently, the function in (5.2) belongs to P* N P, which implies (5.2).

We construct m linearly independent solutions of (5.1). Namely, we rewrite (5.1) in equivalent form of a linear system
of equations. Let in (5.1)

N
L@ =) v i=12,..,m—1 (5.4)
n=1
and
N
x(@) =Y a7, i=12..,m, (5.5)
n=0

Equating all the coefficients of the non-positive powers of z of the functions in the left-hand side of (5.1) with 0, except
for the free term of the gth function which we set equal to 1, we arrive at the following system of algebraic equations in
the block matrix form, which we denote by S .

-

[y X,, _jl)z =0,
0,X, —j2X, =0,
Sq = Fqu —quq =1, 5.6)

m

CX 4.+, X, | +X

Iﬁm—l)( _jm—IXm—l =0, .
=0

m

Here the following notation is used:
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Yio Yit Vi " Vin-1 ViN

Ya Yo ¥a v Yiv O
Li=lrors Vs - 0 0}, i=L2,....,m—1,
e e . .7
vy 00 - 0 O
X: = (ay, ;5 ... a;y)", i=1,2,...,m (see (5.5)),
0=(0,0,...,00" e C¥! "and1=(1,0,0,...,0)7 € C¥Dx1,
Determining X;,i = 1,2, ...,m — 1, from the first m — 1 equations of (5.6),
X =i( X, -6,1), (5.8)
i=1,2,...,m— 1, and then substituting them in the last equation of (5.6), we get
G Ty X, 410y T X 4 4 Dy Ty X, + X, =Jj,, 1 (5.9)
(it is assumed that the right-hand side is equal to 1 when g = m) or, equivalently,
(jlrl FT ++... +jm—lrm—1 F;_l +ijN+1)X_m qu Fq 1 (510)

(we used I'* in place of T because I'” = TI'). For each g=1,2,...,m,(5.10) is a linear system of N + 1 equations with
N + 1unknowns. This system (5.10), and consequently (5.6), has the unique solution for eachg = 1,2, ... ,m if and only if

detA #0, (5.11)
where
m—1 "
A=Y QT+ Iy (5.12)
We will assume that (5.11) holds. Finding X_m from (5.10) and then determining X, X,, ..., X,,_; from (5.8), we get the
unique solution of S,. To indicate its dependence on ¢, we denote the solution of S, by (X}, X7, ..., X! . X}),
qu ::(a?o,alfil,...,agv)T, i=1,2,...,m, (5.13)

so that if we construct a matrix function V,

Y11 Vi2 Vim
Va1 Voot Vo
V= : : : : , (5.14)
vm—l,l vm—l,2 vm—l,m
Vil Vm Vo
by letting (see (5.13))
N .
v =Y d " 1<ij<m, (5.15)

n=0
then the columns of (5.14) are solutions of the system (5.1). Hence, due to the last equation in (5.1),
FV e (P;)mxm (5.16)

and, by virtue of Lemma 5.1,
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V(2)JV(z) = C, (5.17)

where C is a constant Hermitian matrix with signature J.
Let us show also that the determinant of V is constant.
It follows from (1.5) and (5.16) that

detV € P*. (5.18)

Since the columns of (5.14) are solutions of (5.1), the direct computations show that

Vi whooov,
YV = r::—l,l W;:m W;z——'l,m ’ G149
Vol Va2 Vo
where y; = =, +j;V;- In addition, due to the choice of the right-hand side vector in (5.6), we have
w0 ==6;, 1<i<m-1 1<k<m. (5.20)
Since the right-hand side of (5.19) belongs to (P*)™"™ we have
detV e P*. (5.21)
Relations (5.18) and (5.21) imply thatdet V € P" n P, Hence, it is constant:
detV(z) =c. (5.22)
If we denote the right-hand matrix in (5.19) by W*, then it follows from (5.22) that det P*(z) = Const and hence
det P(z) = det P(0).
It now follows from (5.20) that
det ¥+ (0) = (=1)""v,,.(0).
Recall from (5.9)—(5.12) that m is the Oth term of the solution of the equation
AX =1, (5.23)
where 1 = (1,0,0,...,0)7 € CV*DX1 j e _if the solution of (5.23) is X = (xy,X;, ..., xy)", then x, = v, (0).
Since x, = Ay/A, where A, is the N X N submatrix of A obtained by deleteing its first row and column,
Ay = A7, (5.24)
we get
detV(z) =c #0 < detA, #0. (5.25)
The following simple example shows that (5.25) does not always hold.
Example If m =2, J = diag(—1, 1), and
0 a \/E
I'={+/a y/a 0 [, (5.26)
Va 0 0

where a is a root of the equation x2 = 3x+1 =0, then det A = 0 and det Ay =0, where A is defined by (5.12) and A is
defined by (5.24). Indeed



Journal of Mathematical Sciences (2022) 266:196-209 207

20—1 « 0
T+ =- a 2a-1 «
0 a a-—1

20—1 «

anddetA, = 0 a1

= a®> — 3¢ + 1 = 0. Note that corresponding to (5.26) matrix function F is

1 0
F0= (ot e 1)

We proceed with the construction of U by the algorithm under the additional restriction (5.25), since, as it is proved in
Theorem 5.1 below, the desired J-unitary matrix U does not otherwise exist.
Suppose

Uk) = VoV (5.27)

(the matrix V='(1) exists since V*(1)JV(1) = C and | det C| = | det V(1)|> = |c|* # 0 because of (5.25)). Then (5.27) is
J-unitary since U(z)JU(z) is equal to

VIV IVERVL(1) = (V1) tlev=L (1) = (V1) VIV Vi) = J.

Of course, (4.4) holds because of (5.16) and (5.27). The structure of the matrix function (5.14) is preserved, and
det U(z) = det U(1) = 1, so that (4.3) holds. Thus, U is the desired matrix because of the uniqueness of J-spectral factori-
zation presented in Section “3.”

Theorem 5.1 Let F be a matrix function (1.5), and define matrices I';i = 1,2,...,m — 1, A, and Ay according to (5.4),
(5.7), (5.12), and (5.24). Suppose det A # 0 and det A, = 0. Then the canonical J-spectral factorization of F, i.e., the
representation (4.1), does not exist.

First, we prove the following:

Lemma5.2 Let F and U be as in Theorem 4.1. Then the columns of U,
Uy = Uy s oe s Uy o o) s k=12, ..,m, (5.28)

are solutions of the system (5.1).

Proof The last equation in (5.1) holds automatically because of (4.4).
Suppose

FUQ) = @,(2) (5.29)
where @, € (P})™. Since U™ (z) = JU(z) J and det @, (z) = 1, the equation (5.29) implies
JU(2) JF~\(z) = (Cofd, )T
Hence,
JUR)JF ' (z) € (PFy™". (5.30)

Writing the left-hand side product in (5.30) explicitly, we get that
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— - 0 .. 001 0 - 0 0
Mo et Yl g 5 0 offo 1 - 0 0
Upp Upp wev Uy 10 Upp |] . . . : : : : :
— = i u' 00 ...j,,0ll0o o - 1 o0
tm Yom -+ Un—1,m U 00 ... 0 1 _Cl _4‘2 _é:m—l 1

belongs to (P)™", which shows that (5.28) are solutions of (5.1).

Proof of Theorem 5.1 For the sake of contradiction, let us assume that factorization (4.1) exists. Then, by virtue of Theo-
rem 4.1, there exists (4.2) such that (4.4) holds, and by virtue of Lemma 5.2, the columns (5.28) are the solutions of (5.1).

_ : _ ~\T
Consequently, for each g = 1,2, ..., m, the vectors constructed from the coefficients of Uq = (u, g Wags - s U go umq)
X? = (a?, af al )T, where u, = E Nk
i TN i 2 NS ig ™ k=0 ik~

will be solutions of the following system of linear equations (cf. (5.6))

Dﬁ_jlxl = Bql’

[ X, — X, = qu’

l—‘m—l Xm _jm—le—l = Bq,m_—l’
rx+..+0,.,X,., +X, =B,
where each B,; has the form

B, = (b;,0,0,...,0)" € V¥,

We can consider S, as m(N + 1) x m(N + 1) linear system of equations (with unknown X = (X[, X7, ..., X" |, X")T) It

is clear that since AX = b has a unique solution for each b € CV*D*!, the system S, will also be non-singular. Conse-
quently, since the columns of the matrix (5.14) constructed by the algorithm are solutions of the system (5.1), and the
corresponding vectors

x| = (0/1:0’0/:1’ ’a/l:N)T

1 L

(see (5.15)) are solutions of (5.6) with the standard right-hand side vectors, we will have

N
— —\ —
Ui = (g g oo s Uy s W)™ = Z b,V
i=1

This implies that U(z) = V(z)B for some B € C™ which is impossible since det U(z) = 1 and det V(z) = 0. We arrive at
a contradiction.

Remark 5.2 1t is natural to ask if the condition (5.11) is necessary for the existence of J-spectral factorization (4.1). Pres-
ently, we do not know the answer.
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