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Abstract
We consider the Dirac operators with singular potentials

Dy o mrs, = Daom+10s

where
n
Dpom = Z aj<—i()xj +Aj> +a,, m+®ly
j=1
is a Dirac operator on R” with variable magnetic and electrostatic potentials A = (A, ..., A,), @, and the vari-

able mass m. In formula (2), a; are the N X N Dirac matrices, that is a;a; + aya; = 26,1y, Iy is the unit N X N
matrix, N = 2[¢+D/2] s is a singular delta-potential supported on C2—hypersurface £ C R” periodic with
respect to the action of a lattice G on R”. We consider the self-adjointnes and discretness of the spectrum of
unbounded in L2(T, CV) operators associated with the formal Dirac operator (1) on the torus T = RY /G.
We study the band-gap structure of the spectrum of self-adjoint operators D in L2(R", CV) associated with
the formal Dirac operator (1) on R" with G-periodic regular and singular potentials. We also consider the
Fredholm property and the essential spectrum of unbounded operators associated with non-periodic regular
and singular potentials supported on G-periodic smooth hypersurfaces in R".
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Introduction

We consider the formal Dirac operators with singular potentials
Dy omrs, = Daom+ 165 3)
where D, 4, is a Dirac operator on R”

Dyom=a-(D+A)+a,, m+ @Iy
=Y (D, +A)+ &, m+®ly,D, = —io,, @
=1 ‘

with magnetic and electrostatic potentials A = (A, ...,A,,), @, and the variable mass m, such that Aj, D, m e L2(R"). In
formula (2), a; are the N X N Dirac matrices, that is

a0y + o = 26,1y,

I is the unit N X N matrix, N = 2[*+D/2] (see [18, 24]), and I'6y is a singular delta-type potential supported on a C2—
hypersurface £ C R” periodic with respect to the action of a lattice G C R”. More exactly, we assume that

=]z, )

g€t

, Where 2, = %, + g, % is a closed C?-hypersurface which is a boundary of the open bounded set €2;. We assume that

L, NZ, =aifg #g . LetQ, = gLeJGQg, Q, = Q)+ g, and Q_ = R™\Q,, that is ¥ is a common boundary of the sets
Q,and Q_.

Such Dirac operators arise as approximation of Hamiltonians of interactions of relativistic quantum particles with
potentials localized in thin tubular neighborhoods of the supports of singular potentials (see for instance [15, 30, 31]).
In physical statements such problems describe the transitions of relativistic particles through obstacles generated by
the potentials supported on the mentioned domains in R” (see for instance [9, 14, 16, 22, 23, 28]).

The formal Dirac operators with singular potentials are realized as unbounded operators D in Hilbert spaces with
domains described by interaction conditions on the sets carrying the singular potentials. Recently, many papers
devoted to their spectral properties for the dimensions n = 2, 3 have appeared; see, for instance, [4, 7, 8§, 11-13, 15,
21, 29-31, 37, 38].

In the paper [39], it was considered the self-adjointness of the unbounded operators in L2(R", CV) associated with the
operators Dy g, s, for Z belonging to the class of so-called uniformly regular C?—hypersurfaces which contain all
closed C*>-hypersurfaces and a wide set of unbounded C>—hypersurfaces, in particular, G—periodic C>2—hypersurfaces
described by formula (5).

Let H'(Q,, CV) be the Sobolev spaces of distributions on Q, with values in C" and we set

H'(R™\Z,C") = H'(Q,,C") @ H'(Q_,C").

We associate with the formal Dirac operator Dy ¢ ,, s, the unbounded in L*(R", CN) operator Dy ¢ mn, defined by the
Dirac operator D g, ,, with the domain
Hy (R™\Z,C")
z

= {u e H'R"\Z,C") : Byu(s) = a,()r5u(s)(s) + a_(s)ygu(s) = 0,5 € £} ©

where y¥ 1 H'(Q,CV) - H'/(Z,CV) are the trace operators, and
n

a.(s) = %F(s) Fia-v(s), a-v(s) = Z ajvj(s),s €, (7)
=1
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v(s) = (v1 )..., vn(s)) ,5 € Xis the field of unit normal vectors to X pointed into £_. We also associate the operator D, ¢,
of the interaction (transmission) problem with the formal Dirac operator Dy g, ,, s,

_ | Dpoaiton R™NZ
IDA,tb,m,%Eu - { %2” =0onX . (8)

acting from H'(R"™\\Z, C") into L*(R",CM).
The following problems are considered in the paper.

1. We study the Dirac operators on K’z—dimensional torus T with singular potentials I'6y where Z is (n — 1)—dimensional
C?—submanifold of T,T = (FU)ijzl is the matrix with elements I'; € C'(Z). As above, we associate with the formal
Dirac operator with singular potential an unbounded L*(T, C") operator D, .m3, and the interaction operator D4 o, 55,
bounded from H'(T\Z, C") into L*(R", C"). We study the Fredholm properties of D4 g, ,, 3, - the self-adjointness and
discreetness of the spectrum of the operator Dy 4, ,, 3 On the torus T.

2. We consider the Floquet theory for the formal Dirac operator (3) where ¥ C R" is a G—periodic C>~hypersurface, I" is
a G— periodic matrix, and the potentials A, ®, m are G— periodic. We describe the band-gap structure of the spectrum
for the self-adjoint operator Dy g, . -

3. We consider the Fredholm property of D 4, 5, and essential spectrum of Dy 4,3 in the case if ¥ is G—periodic
hypersurface in R” but the matrix I', and potentials A, ®, m are not periodic. Our approach to the investigation of the
Fredholm property of Dy o, . f:md the essential spec.trum of the operator D4 om, 18 based on the limit operator
method (see [32-34]). We associate the sets of the limit operators with the operators Dy g, 3, and Dy g, 8,

h h
IDA,¢,m,232 = IDA]’,d)h,mh,ﬁg’ DA,@,m,BZ = Ah,(D”,m",%g
defined by the sequences G > h; — oo, where A'(x), ®"(x),m"(x) are the limits of the sequences
A (x + hk) , O(x + hy), m(x + hy) in the sense of uniform convergence on compact sets in R", and

23/1

— o+ h, -
su=aysu+aysu,

where aﬁ(x) = lim;_,  a,(x + k) in the sense of uniform convergence on compact sets in X. We denote by
Lim(Dy ¢ ,) Lim(Dy o,,5,) the set of all limit operators of Dy ¢, .- Ds o m,- Applying the limit operators
approach, we obtain the following result.

Theorem 1 Let X be G—periodic C*-hypersurface, A;, ®,m € Cli(Q), I'= (Fj,)jvl:] be an Hermitian matrix defined on
such that l"j, S C;(Z), k,l=1,...,N. We assume that the Lopatinsky-Shapiro condition

et <a - @) £0.6,€THE) ¢ |&] = 1.

holds at every point x € L where T;(X) is the cotangent space to X at the point x. Then:

(1) Dyomm, : HY(R"™\ZX,CN) - L2(R",CN) is a Fredholm operator if and only if all limit operators

IDZ o - H' (R™\X,CN) - L*(R", CN) are invertible;
,P.m, Dy

(it) The operator Dy g, ,, s is closed and

— h
sp es‘vDA,fb,m,%x - U sp DA,(I),m,%Z
D"€Lim(Dy ¢,5,)

As an example, we consider the essential spectrum of operators which are perturbations of periodic operators Dy g, ,, .
by slowly oscillating at infinity potentials.
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Notations and auxiliary material
Notations

e If X, Y are Banach spaces, then we denote by B(X, Y) the space of bounded linear operators acting from X into Y
with the uniform operator topology, and by (X, Y) the subspace of B(X, Y) of all compact operators. In the case
X =Y, we write shortly B(X) and (X).

e Anoperator A € B(X,Y)is called a Fredholm operator if kerA, and cokerA = Y /ImA are finite dimensional spaces.
Let A be a closed unbounded operator in a Hilbert space H with a dense in H domain dom.A. Then A is called a
Fredholm operator if ker A = {u € dom A : Au = 0}and cokerA = H /Im.A where ImA={w eH:w=AuueD A}
are the finite-dimensional spaces. Note that A is a Fredholm operator as the unbounded operator in H if and only
if A : domA — H is a Fredholm operator as the bounded operator where domA is equipped by the graph norm

2 2\1/2
Netll goma = (Nully, + Nl Aully,) " u € domA

(see for instance [1]).

e The essential spectrum sp, A of an unbounded operator A is a set of 4 € C such that A — A/ is not the Fredholm
operator as the unbounded operator, and the discrete spectrum sp,;, A of A is a set of isolated eigenvalues of finite
multiplicity. It is well known that if A is a self-adjoint operator, then sp;;, A = spA\sp, ., A.

e We denote by L?(R", CV) the Hilbert space of N—dimensional vector functions u(x) = (u' (x), ..., u" (x)),x € R” with
the scalar product

(u,v) = / u(x) - v(x)dx,
Rn

whereu -v= Y"1 ub;.
e We denote by H*(R", CV) the Sobolev space of vector-valued distributions u € D'(R", CN) such that

1/2
loall s e vy = </ 1+ |5|2)S”ﬁ(§)”éwdé‘> <oo,5 €ER,
R"

where # is the Fourier transform of u. If Q is a domain in R” then H*(Q, C") is the space of restrictions of
u € H*(R",C") on Q with the norm
HMHHS(Q’CN) = luEHj?Rf",CN) ||lu”HA(R”’CN)’
where [u is an extension of u on R”. If ¥ is a smooth enough hypersurface in R”, we denote by H*~!/2(Z, CV) the space
of restrictions on X the distributions in H*(R”, CV),s > 1/2.

e We denote by C,(R") the class of bounded continuous functions on R", CZ‘(R") the class of functions ¢ on R” such
that 0%a € C,(R") for all multi-indices « : || < m. We denote by C}j(Z) the class of differentiable on X functions
that are bounded with their first derivatives, and C;"(IR”) = anOCZ’(IR”).

e Let a C>~hypersurface = C R",n > 2 be the common boundary of the domains Q.. We say that X is uniformly
regular (see for instance [3, 19]) if: (i) there exists r > 0 such that for every point x, € X there exists a ball
B,(xp) = {x € R" : |x — xo| < r}and the diffeomorphism ¢, : B,(x,) = B;(0) such that

Py, (Br(x()) N Qi) =B,(0)n Ri’ Ri
:{y = (y/,yn) (S R:,_l X Ryn . yn z 0},
., (B,(x) N T) =B,(0) n R,

(ii) Let (piﬂ, l[/}’;(), i = 1,...,n be the coordinate functions of the mappings ¢, , qo;ol. Then
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sup sup
X9 € |a|<2,xEB,(xy)

0“(pio(x)| <o0,i=1,..n;

sup sup
Xo€ZX |a|<2,yeB,(0)

()au/)’;o(y)’ <,i=1,..n

Note that each closed C>—hypersurface is uniformly regular.

Auxiliary material
Dirac operators on R" with singular potentials ([39]).

o Let
Dy omrst®) = (Dgom + 65 )ux),x € R"

be the formal Dirac operator defined by formulas (3), (5). We assume that X is the uniformly regular C>~hypersurface

inR",A;, ®,me L°R"),T = (FiJ)Z=1,FiJ € C;(Z). We define the product ['§5u where u € H'(R"™\Z, C") as a dis-

tribution in D'(R", CY) = D'(R") ® C" acting on the test functions ¢ € C°(R", CV) as
(Cosu) (@) = % /Z () (75 u(s) + vz u(s)) - @(s)ds. ©)
Integrating by parts and taking into account (9), we obtain that
Dy omrst = D omlh = [ia . v(y;u - yz_u) + %F(y;u + ygu)]&z, (10)

where y¥ 1 H'(Q,,CY) - H'/*(Q,, C") are the trace operators, v(s) = (v,(s), ..., v,(s)) is the field of unit normal
vectors pointed to _. Formula (10) yields that in the distribution sense

. _ 1 _
Dy o mrs,it = Dpomit — [za : V(Y;M — Vs M) + EF(}’;M +7s M)]5z, (11)

where D4 ¢ ,,u is the regular distribution given by the function D, 4 ,,u € L%(R",CV). Formula (11) yields that
Dp o mrs i € LA(R",CY) if and only if

—ia - v(yiu—ygu) + %F(y;u +ygu) =0onX. (12)

Condition (12) can be written in the form

Bru=a,ygu+a_y;u=0onX (13)
where a, are N X N matrices:
1._ .
ai=§F+la-vonZ. (14)

We associate with the formal Dirac operator Dy ¢ 5, the unbounded in L2(R", CN) operator Dy o,ms, defined by the
Dirac operator D4 4, ,, with the domain

domDy ¢ 5, =H§,Z(R"\z, c)

15
={ue H'R"™\Z,C") : Byu=00nX}, (1)

and the bounded operator of the interaction (transmission) problem
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Dy omtt 0N RN,

DA,CD,W,%EM = { 2321,{ = a+y;u + a_yz_u =0onZX (16)

acting from H'(R"\ Z, C") into L>(R", C").
e We consider the parameter-dependent operator

DA@’m’%Z(l.H)M = (DA,(I),nl,%z - iHIN)u

_ Dponimu=(Dy e, — inly)uon R™NZ, cR a7
- Byu=a,y u+a_y;u=00nZ H

acting from H'(R"\\Z, C") into L2(R", CV).
e Condition

det (a Gt % - iﬂ1N> #0for (5, 1) €TIED)XR : & + 42 =1 (18)

is called the local parameter-dependent Lopatinsky-Shapiro condition where T7'(Z) is the cotangent space to X at the
point x € Z, and the condition

inf inf
YT (£ WETH(D)XR: e |2+M2=1

det <a e+ e _ i,uIN> >0 (19)

2

is called the uniform parameter-dependent Lopatinsky-Shapiro condition.
e Note that if the matrix I'(x) is Hermitian for every x € I', then condition (18) becomes the local Lopatinsky-Shapiro
condition

I'(x)

det <a &+ T) #0foré, €eTHD) @ |&] =1 (20)

Theorem 2 Let X be the uniformly regular Cz—hypersurface in R, Aj, O, me LR, I'= (Fixi)j:;ﬂ’ Fi’]» € C;(Z), and
the uniform parameter-dependent Lopatinsky-Shapiro condition (19) hold. Then there exists u, € R such that the
operator

Dyoms, () 1 H(R'™\Z,C") - L*(R",C")
is invertible for every y € R : |u| > R.

Theorem 3 Let X be the uniformly regular Cz—hypersurface inR", Aj, D, me LR, I" = (Fi:/')jvj:l s F,-J € Cé(Z), Aj, D, m

be real-valued functions, I'(x) be Hermitian matrix for every x € X, and the uniform Lopatinsky-Shapiro condition

det <a-§x+ @>

inf inf

>0 21
e en@:| =

2

hold. Then the operator Dy g, ,, s_is self-adjoint.

Example 4 LetI'(x) = n(x)Iy + t(x)a,,, where (x), 7(x) € C;(Z) be real-valued functions. Then condition

inf |#?(x) = 22(x) — 4| > 0 (22)

xeR”

ensures the condition (21), and therefore the invertibility D, ¢, 3 (ip) for large enough ||, and the self-adjointness of

DA,ﬂD,m,%E .
Note that the singular potential I'6y. describes the electrostatic and Lorentz scalar shell interactions in R" (see [11-13].)
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Band-dominated operators on R" and their local invertibility at infinity ([32-34],[26])

Lety € CP(R"),w(x) = 1if x| < 1/2and w(x) = 0if |x| > 1, y(x) = 1 — y(x), yr(x) = yr(x/R), xx(x) = x(x/R).
Definition 5 We say that A € B(L>(R", C")) is locally invertible at infinity if there exists R > 0 and the operators
L, Ry € B(L>(R", CV)) such that

LrAxrl = yrl, xsARR = xrl.
Definition 6 We say that the operator A € B (LZ(IR", cy )) belongs to the class A(R”", CV) of band-dominated operators on

R" if for every function ¢ € Cr(R")

tim o1, A] | = lim [[o.A ~ Ao -
0 [(p’ ] B(LA(Rn,CNY) 0 [(p'A (p,] BILAR",CVY)

where @,(x) = @(t,x,, ..., t,x,), t = (¢}, ....1,) € R".
Note that A(R”, CV) is an inverse closed C*—algebra.

We denote by V,,, h € G the unitary in L>(R", CV) shift operator V,u(x) = u(x — h).
Ler G be the lattice in R”, that is

@:{geRn;g=2gjaj,gjeZ}, (23)

J=1

where {al, vy an} is a linearly independent system of vectors in R".

Definition 7 Let the sequence G 3 h, — oco. We say that the operator A" € B(L*>(R",C")) is a limit operator of
A € B(L*(R", CN))if for every function ¢ € Cr(R™)
: _ Ak
Jm ”(V‘hkAth A )(pI”B(LZ(R",CN)

o _ b =
- k1£>n<;lo ||(p<v—h/‘Ath A )||B(LZ(R",CN)

We say that the operator A € B(L?>(R", CV)) is rich if every sequence G 3 &, — oo has a subsequence hy, defining the

limit operator.

Theorem 8 (see [26, 32, 33]). Let A € A(R", CN) be a rich operator acting in L*(R", CV). Then the following assertions
are equivalent:

(i) A s alocally invertible at infinity operator;
(i) The family Liqn(A) of all limit operators is uniformly invertible in L>(R", CN) that is every limit operator A" has
inverse (Ah)_ ,and

sup ”(A")_l” < o0;
AhELim(A)

(iii) Each limit operator A" € Lim(A) is invertible in L>(R",CV).

Remark 9 The equivalence of conditions (i) and (ii) has been proved in [32, 33], but the question of the equivalence of
conditions (ii) and (iii) has been open for a long time. The affirmative answer to this question has been obtained in [26].



140 Journal of Mathematical Sciences (2022) 266:133-147

Interaction problems for Dirac operators on the torus

Let G be the lattice defined by (23). We consider the formal Dirac operator on R” given by formulas (3), (5) with the
G—periodic potentials A;, @, m, and the G—periodic singular potentials I'5y. Let W be a fundamental domain for the action
of the group G on R”, and €, be a domain such that Q, C int(W). We set

o, =Je,.0 =rR"\Q,
geG

and

T = Uzg, %, = 0Q,
g€G

is the periodic common boundary of the domains Q.
We associate with the periodic formal Dirac operator

Dy ommrs, = Daom+ s

where Aj, ®,m e CY(R") are G—periodic function on R",T" = (Fkl)j:l=l is a periodic matrix withI'y, € C!(2),the interac-
tion operator [[1)14I R the torus T=R" /G
2L, 5
D uon T\
T _ A,®,m 5
DA,cb,w,%zu - { Bsu = a+ygou + a_yz_ou =0onX’ @49

where a, = g Fia - v, ¥ is a C® manifold on T of dimension (n — 1) which is the natural projection on T by the hyper-
surface £ ¢ R”, and £ is the common boundary of the domain Q, C T, which are the projections of Q, on T, v(s) is the
unit normal vector to £ pointed to Q_.

Let

H' (T\Z,C") = H'(Q,,.CYH ® H'(Q_,CY),

H 1(f2+, CN) are Sobolev spaces on domains Q+ C T. We consider [[Dj‘T omp. 54 bounded operator from H LME,CY)
- - et it ang )}

into L?(T, CV). We denoted by DI@,m,%z the unbounded operator in L>(T, CV) generated by the Dirac operator D 4@y ON

the torus T with the domain

domDy o, = {1 € H' (TNE,CY) : Bsu=00nL}.

Theorem 10 (i) Let £ C T be a C?-submanifold of the dimension (n — 1), A;, ®,m € CY(TN), the matrix T = (FU)N be

& ~ ~ ij=1
defined on X and such thatT'; € C Y(Z). Moreover, let for every point x € % the Lopatinsky-Shapiro condition
r -
det (a &+ %) #0,foreach& € TX(2) : |&] =1 (25)
hold, where T:(i) is the cotangent space to the manifold S at the point x. Then, Dy ¢y 35 HY(T,CN) - LX(T,CN) is
the Fredholm operator.

(ii) Let in addition to the above conditions the matrix I'(x) be Hermitian for each x € £. Then ind(D A0 mBs) = 0, and
the operator Dy g, 5. — Al : HY(T\ZE,CN) — LX(T, CV) is invertible for each A € C\II where 11 is a discrete set in C
with a unique limit point oo. The unbounded operator Dy g, ,, 3. s closed and has the discrete spectrum only.
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Proof (i) As in the paper [39], one can prove that the Lopatinsky-Shapiro condition (25) is sufficient for the local Fred-
holmness of the operator Dy ¢y 5. at the point x € <. Since the operator D 4.0 18 elliptic at every point x € T the local
principle of the elliptic theory [1] yields that the operator D 4, ,, s, is Fredholm if condition (25) holds at every point x € z;
(i1) It follows from (i) the operator D4 oy 3. — iptly is the Fredholm operator for every u € C. Hence Dy g, 8, — intly
is the analytical family of the Fredholm operators. Moreover, since I'(x) is a Hermitian matrix for every x € R” the
parameter-dependent Lopatinsky-Shapiro condition holds for every 4 € R. By Theorem 2, the operator D , ,, 3. — ittly
is invertible for y € R with || is large enough. Hence, by the Analytic Fredholm Theorem (see [10, 20]), the operator

Dgomm, — A 1 H(TN\E,CY) - L*(T,CY)

. . (26)
is invertible for each 4 € C\II
where I1 is a discrete set with a possible limit point co.
Moreover, ind ([D A,q,’m,%i) = 0. The Lopatinsky-Shapiro condition (25) yields the a priori estimate
lull g s.0v) < C<||®A,<I>,mu||L2('|]-,@N) + ”ullLZ(T,CN)) 27)

for every u € H'(T\ £, CV) with a constant C > 0 independent of u. The a priori estimate (27) implies the closedness of
Dy o ms, - Moreover, applying property (26) we obtain that spD, g, 3, is discrete.

Theorem 11 Let conditions (i) of Theorem 10 hold. Moreover, A]@, m are real-valued functions, and the matrix I'(x) is
Hermitian for every x € . Then the operator DI OB, is self-adjoint in L*(T,C").

Proof We turn to the paper [39] where the similar result was obtined for the unbounded in L2 (R*\\Z, C") opertator
DA@,m,%z'

19 Letu,v € domDy g, 3. - Then integrating by parts we obtain that
<®A,<1>,m”’ v>L2('[I',CN) - <”’ ‘{‘;)A,‘D»mv>L2('I]',CN)
1 i _ " -
- Z<F<yzo” )y W>Lz@,c~> (28)

1/ 4 _ + _
+ I <y20u + Vs, Us [(ygv— yZv>L2(i,CN)'

Since I is an Hermitian matrix we obtain that D, 4, is a symmetric operator.
20, Let

o (Dawm —inly)uon TNE
D m8, (U = { Bsu =0on ) @9

be the operator depending on the parameter u € R acting from H'(T\Z, C") into L*(T, C"), and let the Lopatinsky-

Shapiro condition (25) holds at every point x € £. Then since D 4.0 — il is the elliptic with parameter operator on

the torus T, and the Lopatinsky-Shapiro condition (25) yields the parameter-dependent Lopatinsky-Shapiro condition
I'(x)

det <a SE+ - - iy1N> #0,6, €THE) : |§X|2 +ut=1 (30a)

since I' is a Hermitian matrix. Condition (30a) yields that the interaction (transmission) operator I]]J;r omp. (1) is invert-
»PM, O3

ible for the large value of |u| (see [1, 2]). Moreover, the invertibility of IDLD . (ip) for large || implies that
,P,m, s

Range(Dy o, — inly) = L*(T,CV) for all 4 € R with large enough |u|. Hence, the deficiency indices of Dy o mm, are
equal to zero, and the operator Dy 4, ,, 3, is self-adjoint.
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Floquet theory of interaction problems on periodic hypersurfaces

Let G be the lattice (23), and G* be the reciprocal lattice
G* ={k ER" k=) kbk € IR},
j=1

a; - b, =27z5j,,j,l =1,...,n

We fix a connected fundamental domain W, C R"” (Wigner—Seitz cell) of the lattice G in R”, i.e., a set

W, ={x€|R" x—Z”,. 01)}

such that R" = de@ W, =W, +g. We will also fix a connected fundamental domain B, (Brillouin zone) of the

reciprocal lattice G*

={xew;x—z,], on} 31

We also introduce two tori T = R" /G and T*= R”" /G* which can be identified naturally with fundamental domains W),
By, respectively. Let as above

Q, = ) Q,. where & C inf(Wy),Q, = Q) +8.¢ €6,Q_ = R\Q,,

& (32)
and
=z, 5 =09, T, =%, +¢ (33)
geG
is the common boundary of the domains €2, .
We consider here the periodic formal Dirac operator on R” with singular potentials of the form
Dg o mrs, = Daom+10s (34)

where D o, is a Dirac operator on R” given by formula (4), A;, ®,me C '(R") are real-valued G—periodic functions, and

r=(T, J) el is a G-periodic Hermitian matrix with I';; € C'(Z).
Let Dy g, be the unbounded operator in L*(R",CN) generated by the Dirac operator D g, ,, With the domain
dom(Dy g ,n,) = {u € H'(R'™\Z,C") : Byu=0}

associated with the formal Dirac operator Dy g, , 5, -
We assume that the local Lopatinsky-Shapiro condition

det< e+ (x)> 40,6 €T (2 : 6] =1 (35)

is satisfied at every point x € X.
By Theorem 3 Dy 4, ,, 33, is a self-adjoint operator in L*(R", CN). Since the operator D 'A,®,m,, 1S Invariant with respect to the
shifts V,,g € G

SpessDA,(D,m,Qiz = SpDA,@,m,%E .

We consider the band-gap structure of the spectrum of D4, ,, 55 applying the Floquet transform (see for instance [25, 40]).
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Let f € S(R",CY) = S(R™) ® CV, where S(R") is the Schwartz space. The Floquet transform of fis defined as

(Fof )0 k) = Y flx = e, k € By,

y€EG

and the inverse Floquet transform is

1 _ ik dk
(F5'v)) = /B R

The operator JFg is continued from the space S(R", CV) to the unitary operator acting from L?(R", CV) into the space
LX(T x T*,CN). Applying the Floquet transform, we obtain that

FeDaomn, o= k:; IDA,d),m,%z(k)#l;O) (36)
where Dy 4, 3, (k), k € T is the unbounded operator in L*(T, C") generated by the Dirac operator
Dy om®) =Dpppom=a - D+A+k)+ma,, +®lyonT
with domain
dom(Dy g, () = {u € H'(T\ £,C") : Bsu=0}.
As follows from Theorem 11 the operator Dy 4, ,, @, (k) has real discrete spectrum
PDa oz, k) = { 4;(K) }]ij_m, keT*
where 4,(k) < 4;,,(k) for every j € Z and ;(k) are continuous real-valued functions on the torus T*.
The decomposition of Dy 4, ,, s in the direct integral (36) yields that
SPDy o mB; = PessPaoms, = U la;. 5] (37)
ez
where
laj.b;| ={A€R : A= Ak),keT*}. (38)

Fredholm theory and essential spectrum of interaction problems on periodic
hypersurfaces in R"

We consider the interaction problem on the domains €, with the common boundary Z described in (32) and (33). Hence,
the domains Q, and the hypersurface X are invariant with respect to the shifts on the vectors h € G. We do not assume the
periodicity of the potentials and the matrix I" with respect to the action of G.

We assume that

A, ®,m € C[(R").,T; € C,(2). (39)

Our approach is based on the limit operators method and Theorem 8. We introduce the limit operators defined by the
sequence G 3 h;, — co. We set

Alx) = kli_)rg) A(x + hy), ®"(x) = ]}Lrg O(x + ), m"(x) = kli_)r?o m(x + hy)

where the limits are understood in the sense of the uniform converges on compact sets in R”, and
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M) = Jim T+ 7y

is understood in the sense of the converges on the finite unions Y ngZEg,l e N.
We use the notations X = H/(R™\Z, C") and Y = L*>(R", C"), and

DA,CD,m,%Eu = (SA,CD,mu’ Byu = 0)

is a bounded operator from X into Y. We introduce the limit operator IDZ o, defined by the sequence G 3 7 — oo as
Lk bt iane )
follows:
[D)Z’Qm,%zu = Dpr g s 1 = (Dgh oty hs Blu = 0)

where B'u = d'yru+d yzu,at = = Fia-v
=AYy s dm =+ :

One can see that for every ¢ € Cg"(lR”)

lim (V D v, —D" ) !
kl»co H —h, "~ A,D,m, By _hk A,(D,m,%z @ BOXY)

=0.
BOX.Y)

T Yy
B len; H ¢ < V_hk DA"D’M%E V—hk IDA,(DJ"»%E )

The Arcela-Ascoli Theorem implies that every sequence G 3 h, — oo has a subsequence defining the limit operator
h
A,D,m,By"

Definition 12 (i) We say that: (a) the operator
Dpoms, - X—=>Y
is the locally Fredholm if for every R > O there exist operators Lz, R € B(Y, X) such that

LDy o mm,Wrlx = Wrlx + 7,1@ w0
WrDa oms, Rr = wrly + 'ﬁy

where ’]','e € K(X),’Ti € K(Y);
(ii) The operator Dy g, : X = Y is locally invertible at infinity if there exists R> 0 and the operators
L;, R;e € B(Y, X) such that

E;{DA,(D,W,%ZXRIX = Xrlx:

41
)(RIDA,cb,m,%Z R;e = xrly-

We will use the following simple statement.
Proposition 13 The operator Dy g, 53, © X — Y is Fredholm if and only if:
(1)) Dy @ .3, is locally Fredholm; (ii) Dy o ,, s, IS locally invertible at infinity.

Theorem 14 Let conditions (39) hold, and the Lopatinsky-Shapiro condition

det <a SE+ @) #0,6, €T () : |&] =1 (42a)

be satisfied at every point x € X. Then the operator

Daoms, : H'®R™\Z,C") - L*(R",C")
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is Fredholm if and only if all limit operators IDZ o, 4E invertible.

Proof The ellipticity of D, 4, and the local Lopatinsky-Shapiro condition imply that the operator D A,0.m,8, 18 locally
Fredholm. Hence, Proposition 13 yields that Dy 4, ,, _is the Fredholm operator if and only if D4 4, 5 1s locally invertible
at infinity. We reduce the study of local invertibility at infinity of D4 4, ,, _ to the application of Proposition 13.

We introduce the operator

-D_—iul R™ X
D%(iu)u={ (a - Dy = iuly)u on RINE,

Bsu=ayfu+a’uy; =0onx

where ag = %an +1 F i - vacting from X into Y. Then according to Example 4 the operator

D%Z(iﬂ)  H'(R™Z,CY) - L2(R",CM).

-1
is invertible for |u| large enough. We fix such u. Let E(iu) = (ID?B (iu)) . We introduce the bounded in L2(R”, CN)
z

operator
Dy oms, = Da.oms, E0H). 43)

It is easy to prove that

Jim | et 2601 (@

CV)LH (R™NZ,CV)) -
Formula (44) implies that the operator D g, 3. 18 locally invertible at infinity if and only if the operator D A, By is locally
invertible at infinity. One can prove that the operator D A.0,m.3, belongs to the algebra .A(IR” cV ) Hence, IDA omB, 18

locally invertible at infinity if and only if all limit operators IDZ ®mp, UC invertible. Formula

Vo DA,Q’,m,%X Vi =(VoiBaoms, Vi) (VIEGHY),)

— 45)
=(V_1Dg o, Vi) EG), h € G
implies that IDA omB, = IDZ o 5. ZUH).
Hence, DZ(D 8, : L2(R", CN) - LX(R",CV) is invertible if and only if [Df1 omB,  HY(R™NZ, CY) - L2(R",CN) is
invertible, and by Theorem 8 the operator D" 4D B, is locally invertible at infinity if and only if all limit operators D" A B
m, Sy
are invertible. Hence, the Theorem has been proved.
Corollary 15 Let conditions of Theorem 14 hold. Then
_ h
SpessIDA,(ID,m,%Z - USPDA,‘PJH,%; (46)
h
where D 4.0.m 8, 4T€ unbounded operators associated with the operators [D . and the union is taken with respect to
@,m, By

all such limit operators.

Example 16 We consider an operator D 4, 3. Where X is the above defined G—perlodlc hypersurface in R”, We assume
that the real-valued potentials A, ® have the form A=A"+A",® ="+ &, where A’is a G—periodic magnetic poten-
tial, @ is a G—periodic electrostatic potential, m € R is the mass of the particle, and I' is a Hermitian G—periodic matrix
on X such that the local Lopatinsky-Shapiro condition is satisfied at every point x € . We assume that the perturbations
A’ and @' are slowly oscillating at infinity, such that their partial derivatives tend to zero at infinity. In this case the limit
operators Dy g, . are such that A" = A° + A}, ®" = ®° + @/ where A} € R", @, € R. Then
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SPDph g 33, = sp(DAU,(DO,m,%Z + @21) = Z [aj + d>;l, b, + @;l]
jez

Applying formula (46), we obtain that

PPy omm, = D, [a;+ m(®). b; + M@,
JjeZ

where m(®’) = liminf,_, , ®'(x), M(P’) = limsup,_, , D' (x).

Hence, if

aj. — b, < M@') — m(P)

the gap (b;, a;,,) in the spectrum of operator Do 4 ,, s disappears in the spectrum of perturbed operator Dy 4, , 53, -
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