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CONSTRUCTION OF APPROXIMATION FUNCTIONALS
FOR MINIMAL SPLINES

E. K. Kulikov* and A. A. Makarov* UDC 519.6

This paper presents formulas for constructing quadratic minimal splines, which explicitly depend
on the components of a generating vector function. Formulas for various approximation function-
als for minimal splines used as coefficients in local approrimation methods are obtained. Examples
of special cases of approximation schemes, known as quasi-interpolation, are provided. Results of
numerical experiments on approximating a circular arc by minimal splines are considered. Bibli-
ography: 37 titles.

1. INTRODUCTION

One of the most important tasks of spline approximation is determining the coefficients at
the basis functions. In solving an interpolation problem with polynomial splines of odd order,
the set of interpolation points and the grid used in constructing the splines usually coincide,
whereas for splines of even order they are different. In general, the solution of an interpo-
lation problem is a plain polynomial spline of maximal smoothness. In order to compute
such splines, it is necessary to solve a system of linear algebraic equations; its order coincides
with the number of interpolation points. There are two classical approaches to solving an
interpolation problem with parabolic splines, which are due to Subbotin and Marsden. Sub-
botin suggested to select the nodes of a spline grid as the midpoints of the intervals between
neighboring interpolation points, whereas Marsden considered a spline grid to be known and
selected the interpolation points as the midpoints of the spline grid intervals. On a uniform
grid, these two approaches yield the same construction. However, on a nonuniform grid, we
have two different approximation constructions, possessing different properties, which can be
used in solving specific problems (see [1,2] for more detail).

In the last few decades, local approximation methods have actively been studied. Their
main feature is that the coefficients at the basis functions are determined as values of the
approximation functionals, which are, for example, linear combinations of values of the func-
tion and those of its derivatives at some points (see [3-9] for more detail). Local methods
allowing one to obtain the maximal order of accuracy are called quasi-interpolation meth-
ods, and the functionals used in constructing them are called quasi-interpolation functionals
or quasi-interpolants. These functionals have been constructed for different spline functions,
see [10-17]. Approximation approaches based on quasi-interpolation are widely used in solving
boundary-value problems of mathematical physics [18-21], in numerical differentiation and in-
tegration methods [22], in computer-aided geometric design systems, etc. In particular, circles
and circular arcs are widely used in such systems; various methods for approximating these
curves were studied in a number of publications (see, e.g., [23-27] and the references therein).

The goal of this paper is to construct the approximation functionals (quasi-interpolants) for
minimal splines. Splines obtained from the so-called approximation relations using a complete
chain of vectors and a generating vector function and having a minimal support are called
minimal splines (see, e.g., [28=30]). A special approach to choosing the above-mentioned
chain of vectors allows one to consider the minimal splines of maximal smoothness and to
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establish the uniqueness of the space of these splines [31]. Minimal splines provide a nice tool
for approximation because they are obtained from the approximation relations.

It turns out that the approaches used in quasi-interpolation with quadratic polynomial
splines are similar to Subbotin’s and Marsden’s methods. Grebennikov [10], similarly to Sub-
botin, considered averaging local methods and selected spline grid points in between known
function values. Later, Sablonniere [12], similarly to Marsden, selected the points for quasi-
interpolation in between the nodes of a given spline grid. These approaches can be regarded
as special cases of the methods developed in the present paper, where a polynomial generating
vector function is used. Moreover, the ideas of these two approaches can be combined, which
leads to n-point quasi-interpolation. In this case, given a spline grid, the quasi-interpolation
points are selected either at the grid nodes or at some auxiliary points, located in between
the spline nodes. This approach was studied, for example, in [13]. In the present paper, we
generalize this approach to the case of minimal splines using the three-point method.

This paper continues the research initiated in [32,33], where a system of biorthogonal func-
tionals for minimal splines of small orders was constructed. An approximation approach based
on these functionals was successfully used in a number of practical applications, such as ap-
proximation of transcendental curves [34], circular arcs [27], and also some functions with
large gradients in a boundary layer, which frequently occur in solving singularly perturbed
boundary-value problems [35,36]. The paper presents results of numerical experiments on
approximation of a circular arc by minimal splines generated by various vector functions, the
coefficients at them being computed as values of the approximation functionals. Also we pro-
vide formulas for de Boor—Fix type functionals, which are used in the numerical experiments.

2. THE SPACE OF MINIMAL QUADRATIC SPLINES

Let Z be the set of integers, Z, = {j | 7 > 0, j € Z}, R! be the set of reals. The
linear (vector) space of three-dimensional column vectors is denoted by R3; vectors of this
space are identified with one-column matrices, and the usual matrix operations are applied
to these vectors. In particular, given two vectors a,b € R3, the expression a’b denotes the
Euclidean inner product of the vectors. A square matrix with columns ag, aj,as € R3 (in
the order indicated) is denoted by (ag,ai,as), and det(ag,a;,as) is its determinant. The
vector components are denoted by square brackets and indexed by integers; for instance,
a = ([a]o, [a]1, [a]2)”. For an arbitrary number S € Z, we denote C¥[a,b] := {u | u® € Cla,b],
i=0,1,...,5}, setting C°[a,b] := Cl[a, b]. We write u € C*[a,b] if the components of a vector
function u € R3 are S times continuously differentiable on an interval [a, b].

On [a,b] C R, we consider a grid X,

=2 90=T_1=290< X1 <+ < Tp_1<Tp=2Tptl = Tpto = 0. (1)

Denote J;j, := {i,i+1,...,k}, i, k € Z, i < k. An ordered set A := {a;};ecs ,,_ , of vectors
aj € R3 is called a wvector chain. A chain A is said to be complete if det(aj_2,aj_1,a;) # 0 for
all JjE J07n—l-

The union of elementary grid intervals is denoted by M := Ujey,,_, (x5, 241). By X(M)
we denote the linear space of real-valued functions defined on M. We set S; = [z}, ;3]
JE€J an1.

Consider a three-component (column) vector function ¢ : [a,b] — R3 with components in
the space C?[a,b] and nonzero Wronskian determinant W (t),

W(t) := det(e(t), ' (£), (1)) #0, ¢ € [a,b]. (2)

Let A be a complete vector chain. Assume that functions w; € X(M), j € J_9 1, satisfy
the relations
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k
Y ajwp(t)=@(t), te (g ae), k€ Jon1,
Parnl (3)

w]'(t) =0, te M\Sj, j e J_Q’n_l.
For every fixed t € (2, xk11) and all k € Jy,,—1, relations (3) can be regarded as a system

of linear algebraic equations in the unknowns w;(t). Since, by assumption, the vector chain A
is complete, system (3) has a unique solution. Using Cramer’s rule, we find

det ({a;}yen_anizs | 7 (t))

wj(t) = . te(@p,2pq1),  JE Juopk,
det (ak—2yak—lyak)

where the symbolic notation || ” means that the determinant in the numerator is obtained
from that in the denominator by replacing the column a; with the column ¢(t) (the column
order being preserved). It follows that suppw; C S;.

The linear span of the functions w;(t) is called the space of quadratic minimal coordinate
(A, ¢)-splines. We denote it by

n—1
S(X,A @) == u(t) : ut)= > cjwi(t), ¢; €RY, t € [a,b]
j:_

Identities (3) are called the approzimation relations. The vector function ¢ is called the
generating vector function.
Given a vector-valued function ¢ € C'[a,b] and its derivatives, we set

w;=p(r;), @ =@ (x)), J€ I 2nte
and consider the vectors d; € R3 determined by the identity
dj x = det(p), ¢}, ¢}, x), xR’ (4)
Define the vector chain A = AN := {a“;-v}jeJ_Q’n_l by the formula
aj'v =P 04j+1<P;‘+1, (5)
T
dji2 @)t

djo¢) )
j+2 Pj+1
As is known [31], if the condition

[W(t)] > ¢=const >0, tEe€]la,b,

where a1 ==

is fulfilled, then, for a sufficiently small hx := sup (xj4+1 — x;), the chain of vectors {aé-V }
Jj€Jo,n—1

j € Jon—1, is complete, and w; € C'[a,b] for all j € J_5,_1. Moreover, if ¢ = ¢, and the
vector function ¢, is such that [¢p;(t)]o = 1, then the partition of unity property is valid:
n—1
> wit) =1, tela,b].
j=—2
In this case, the functions w;(t) are called the normalized quadratic minimal coordinate

By -splines, and the corresponding space is denoted by S(X) := S(X, AN, @1). The following
theorem is known [32].
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Theorem 1 ([32]). The function w; € C'la,b] and its derivative are determined by the fol-
lowing formulas (i = 0,1):

) dT (Z
L0y — (t)

) (¢
j (t) dg“ N te [:Ej,xj—i-l)’ (6)
a;
. dr ()(t) dTaly . g7 @ (¢)
@)y AP j &j+1 AP ) .
w] (t) - dT N dT N dJ+1a]+l ) te [$]+1,$]+2), (7)
i dj. ‘P( )( t)
WJ(- () = gg N 0 L€ [Tj42, Tjt3)- (8)
438

Remark 1. For ¢(t) := (1,¢ t2)T the functions w;(t) coincide with the following known
quadratic polynomial B-splines w; B(t) of the third order:

(t — ;)
(Tjr1 — x5) (w2 — )’
WB(t) = 1 ( (t—x;)*  (t—xj41)*(xj3 — ) > 7
Tip1 — o5 \Tjr2 — 5 (Tjy2 — Tj1)(Tj43 — Tjq1)
(t— 33j+3)2
( (2543 — 2j41) (243 — Tj12)

t € lzj, i),
t € [xj41,2542),

t € [1542,7543).
(9)

Theorem 2. Let g € S(X), i.e., assume that the spline g(t) on an interval [a,b] can be

—
represented as g(t) = Y. cjwj(t), ¢; € R1. Then the following assertions are valid:
=2

k
(1) ift € [k, xp41) for a certain k, 0 <k <n—1, then g(t) = > cjw;(t);

j=k—2
(2) gla) =c_2 and g(b) = cp1.

Proof. In order to prove the first assertion, we consider the location of the supports suppw; =
[z, 23] of the spline functions for different values of j.

Prove the second assertion. As is known (see [37] for more detail), if z* := z; = xj41 =
Tjy2 < xji3, then wj(z*) =1 and wj(z*) = 0 for j* # j. Thus, in accordance with the first
assertion of the theorem, the equalities g(a) = g(zp) = c—a w_a(x0) +c—1 w_1(x0) +co wo(zo) =
c_9 are valid. The equalities g(b) = g(z,) = ¢,—1 are proved similarly. O

Let ¢(t) := (1, p(t),0(t))T, where p,o € C?[a,b]. By using the notation (see [33])

/
Pj Py

Aj(p7 o) = O'j' O'Z» )
J

where p; := p(z;) and o; := o(z;), from (4) we obtain

d; = (Aj(p, 0), =%, )" (10)
Denote
Aj(ﬂ) J) Aj+1(p7 J)
T TS
Sip.om) =" 7 o
Pj  Pi+1
05 0Oj+1

where 7 € Clla, b], 7 = 7(x5).
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Then, by using (5), for the vector al¥ we obtain

j
T
aéV = (17 Sj-l-l(pv g, p,)7 Sj—i—l(pv g, OJ)) . (11)
In accordance with (10) and (11), we have
Py pt) —pj
dTpt) = |79 I, 12
i P(t) o; o(t) — o (12)
/ /
. Skt1(p, 0, 0) — pj
dTal = |Pj 2k il 13
7 Y 0; Sk+1(p, 0, 0') —0; (13)

Now, by using (12), (13), and (6)—(8), we obtain the following closed-form expressions for
the minimal quadratic normalized B,-splines:
if t € [z, zj41), then

o o) =1,
o o(t)—oj
7 J
(,Uj(t) =, , ; (14)
P Siti(pso,p') — pj
O-‘;' Sj+1(p7 g, OJ) —0j
if t € [xj41, xj42), then the following string of equalities is valid:
T T
djp(t) d; aj]\ﬂrl
T T N
w;(t) = d;r'i'la;'\-fi-l d;FCP(t) - d?a;\—fi-l d?+190(t) dj+190(t) dj+1aj+1
J - T N 4T N - T.N 3T N
dja;’ djial, dja;’ dj,al,
P Sita(p,o.p)—pj  pt)—p; O
oi  Sjy2(p,0,0') —0;  o(t) o 0
0 Sjt2(p,0,0) = pjr1 p(t) = pj+1 Pl
. 0 Sjy2(p.o,0') —0jp1 o(t) —ojn1 U§+1 ) (15)
P Sj1(pso,0) = pi| P Siv2(pio,p') — pita
o; Siti(p.o,0") — o)l |0j1 Sjra(p,0,0") — o)1
if t € [xj42, xj43), then
Pivs P(t) — pjts
o o(t) —o;
Jj+3 Jj+3
w;(t) = ) (16)

Pivs  Si+1(pso,0") = pjts
g Sj+i(p,0,0') = 0jis

3. ON THE APPROXIMATION APPROACH
We consider the approach to approximating a given function f : [a,b] — R! by splines from
the space S(X) described by the following algorithm:
(1) Choose a subinterval I = [z, z,] C [a,b] such that IN(x;,zj43) # @. By f! we denote
the restriction of the function f to the interval I, i.e., f! := Tz

(2) Using a local approximation method P!, we determine an approximation g’ of f in
the form

v—1
g' =Pl = Z biwi, b €R" (17)
i=p—2
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(3) Denote the approximation of the function f on [a,b] by
n—1
Pf=>Y cjwj;, ¢ R (18)
j=-2
The value of b; obtained at the previous step is taken as the coefficient ¢; of the global
approximation, i.e., we set ¢; = b;.
Let S(XT) denote the restriction of S(X) to the interval I. Then the suggested approxima-
tion approach possesses the following property.

Theorem 3. If a local approzimation approach P! reproduces all functions in the space S(X'),
then the approximation Pf reproduces all functions in S(X).
n—1

Proof. Consider f € S(X). Then, in accordance with (18), f = > ¢;jw;, whence the restric-
j=—2

v—1
tion f! can be written in the form f/ = cj wj.
J=p—2
If the method P! reproduces a function f!, then, in view of (17), we have

v—1
f=pPf= Z b; wi.
i=p—2
v—1 v—1
Thus, >, ciw;i= > bjw;. From the linear independence of the functions {w;} on the
i=p—2 t=p—2
interval I it follows that ¢; = b; for all ¢ € J,_2,_1. Since this property holds for all values
of j € J_2,-1, we conclude that Pf = f, which proves that the approximation considered
reproduces the space S(X). O

4. THREE-POINT APPROXIMATION FUNCTIONALS

Consider an interval I = [xj41,2j42] C [a,b]. We need to construct a local approximation
method P! reproducing functions f € {[p];|i = 0,1,2}. For example, as P! we can use
interpolation at arbitrary three distinct points @1, 2j13/2 = Tj41 + 0(zj42 — Tj41), where
6 € (0,1), and xj 42 of the interval 1.

Represent (17) in the form

Plf(t) = Oéw]'_1(t) + ﬁw]'(t) + ’7Wj+1(t), tel, (19)

where o, 8,7 € RL

Then, in order to determine the coefficients in (19), we must solve the following three
simultaneous linear equations in three unknowns, which express the coincidence of P! f and f
at the points z; 11, T 3/2, and ;o

awj1(zj41) + Bwj(@jt1) + Ywitr(@jpr) = f(@j41),
awj1(zj3/2) + Bwj(@jts/2) + Y wit1(@j13/2) = [(@j43/2), (20)
awj1(zj42) + Bwj(@jt2) +Ywjt1(zjt2) = f(@)t2).
In accordance with the approach (18) described above, the value of the approximation
functional ¢; can be obtained as the value of 5 in representation (19).
From the location of the support of the function w;(t) it follows that
wj—1(zj42) = wjt1(zj41) = 0.
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Then, by expressing the coefficients & and « from the first and third equations in (20), respec-
tively, and substituting them into the second one, we obtain
wj—1(Tj43/2) wit+1(Tj43/2)
_ f(xj+3/2) RRAERY Z’j—l(ﬂjﬁjﬂ) — f(@j42) UJJ]'+1(9JE]'+2) (21)
- wj—1(T;43/2) wj+1(Tj+3/2)
Wi (@ja/2) — wj(@jn) " A —wimiee) L0
Note that on every grid interval (14)—(16), the function w;(t) is represented as a fraction
whose denominator is independent of ¢. Therefore, the denominators of the representations of
the function w;_1(t) at the points z;,1 and x;3/5, as well as those of the function w;1(t) at the
points x; 3/5 and w9, coincide. The corresponding numerators are denoted (depending on
an interval) by wé-(t), w§(t), and wi(t) for formulas (14), (15), and (16), respectively. Replacing
the ratios on the right-hand side of (21) with the ratios of their numerators and multiplying
the numerator and denominator of the right-hand side of (21) by w;-"_l(a:jﬂ)wé» 11(xj42), we
obtain

B=A"" <A<l>f($j+1) — A2 f (25 500) + )\<2>f($j+2)> :

Here, the following notation is used:
1
A = Wi (T1372) whi1(@je2),

)
AB2) = wi_1(j41) g+1(%+2):
2@ = §—1($j+1) ]+1($]+3/2)7
A= A wj(ws41) — A8 (Tj+3/2) + AP wj(wj19).
Now it remains to find closed-form expressions for A, A3/2 X2 and A. By using (14)—
(16), we obtain

/ /
A |Pirr Pivz T Pt P2 Pit2 T P32
= ’ / b
Tj+1 9542~ 9j+1|  |Tj42 Tj+2 T 0j+3/2
/ /
A2 — _|Pirr Pit2 T Pl Pit2  Pj+2 = Pj+1
- / / ?
Ojy1 Oj+2 = Oj+l|  |Ti42 Oj+2 — Tj+l
/ ) / . — N
A2 = Pi+1  Pj+3/2 — Pj+1 Pit2  Pj+2 — Pj+1
/ / 9
41 Tj+3/2 — 0j+1 Ojt2 0j+2 — 0541
/ /
Pj  Pj+1— Pj Pi+3  Pj+2 — Pj+3
/ /
o Ojy1— 05 o’ Oitg — Oiys
A — )\<1> / j J+ / J I )\<2> , 7j+3 J+ , J+
p;  Siti(p,o,0") — pj Pis Si1(p,o,0") — pits
/ / / /
o; Siti(p,o,0') —0; 0ivs Sj+1(p,0,0") = 0jy3

Py Sita(pyo.p’) —pj  pirzp—p; O

o Sjre(p,0,0') =0 ojizp—0o; 0

0 Sjt2(p,0.0) = pjt1 P32 — P+l Pi
_)\3/2) 0 Sj+2(p7 0, U/) —Oj+1 Tj43/2 ~ 0j+1 0';'4-1 .
Py Sj1(pso,0) = pi| |Pj41 Si+2(py0,p") = pjta
o; Sjti(p,0,0") = 04| |oj11 Sjralp,0,0") — 01

Note that our conclusions are correct for the grid points xj11 < 242, j € J_1,,—2. For the

multiple points of the grid (1) the coefficients c; for j = —2 and j = n—1 in expansion (18) are
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determined, in accordance with Theorem 2, from the equalities g(z9) = c_2 and g(z,) = cp—1
for an arbitrary spline g € S(X). Therefore, we set c_a = f(x0) and cp—1 = f(xy).
Thus, the approximation (18) of the function f can be written as

n—1
Pr=3" N(fw, (22)

j=—2

where the approximation functional \;(f) is defined as follows:

f(m0)7 ] = _27
()= QAT (A F(mj0) = A2 fmi4500) + A2 f(z542)), G=—1,...,n—2, (23)
f(ajn)7 ] =n—1.

Remark 2. Our approach to constructing an approximation allows one to select the interval
I in a different way, say, one may set I = [zj,x;;1]. Then the local approximation (17) is
constructed in the form

PLf(t) = o/ wja(t) + B wj_1(t) + 7 w;(t), tel,

where o/, 3,7 € R!, and the value of the functional is determined by the coefficient 4/ from
the equations that express the coincidence of P! f and f at the points Tj, Tji1/2, and Ty
However, the most concise representation of the functional is obtained if the interval I =
[€41,%j42] is considered.

Remark 3. For ¢(t) = (1, t, t)T and 0 = 1/2, the functional (23) has the form
1 .
Ai(f) = Yy (f(@j1) —4f (mj13/2) + f(js2)), j=-1,...,n—2,

and coincides with the well-known quasi-interpolation functional for the quadratic B-splines
(see, e.g., [13]).

5. AVERAGING APPROXIMATION FUNCTIONALS

In this section, for convenience, all the necessary objects defined on the grid X are sup-
plied with the superscript X, i.e., we write ij , ij (p,0,7), etc. Then, in accordance with
representation (11), in componentwise form the approximation relations (3) are as follows:

( n—1

2z Wi =1,

=

jii_lz S5a(p, 0, p)wi (0) = p(8), (24)
\jnzz_zlz Sﬁl(p’ o, ') wi'X(t) =o(t).

Consider another grid Y with the nodes

o, ] = _27
Yj = $j+1+9($j+2_33j+1), NS [07 1]7 ]: —1,...,71—2, (25)
T, j=n-—1

We construct the approximation Pf of a function f in the form

n—1

j=—2
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where the approximation functional p;(f) is defined as follows:

f(y—2)7 j=-2,
wi(f) == Qajf(yj—1) + b f(y;) +¢j f(yj+1), j=-1,...,n—=2, (26)
f(yn—l), j=n—1.

As above, the approximation Pf must reproduce all functions f € {[¢]; |i = 0,1,2}. This
time, this property is ensured by an appropriate choice of the coefficients aj,b;,c; of the
functional (26). From the reproduction conditions we obtain the following system of equations:

I
—

n

> (aj+bj+¢)wi(t) =1,

j=—2

5 (@pl50) + bipls) + copluzin)) o) () = 0) 0
5 @0l + b0 + 5ol (0 = o).

Upon equating the left-hand sides of the respective equations in (24) and (27), we obtain
the following system of equations for determining the coefficients a;, b;, ¢;:

Qj + bj + Cj = 1,
a;p(yj—1) + bip(y;) + cip(yjr1) = S (p, o, ),
a;jo(yj—1) + bjo(y;) + cjo(yj+1) = Sﬁ1(ﬂ7 o, a’).

Solving this system, we find
a; = 1-— bj — Cj.

(p(yj+1) = p(Yi—1))(S¥ 1 (p, 0, 0') — o (yj-1))

bi = (p(yj+1) — p(yi—1))(a(y;) — o (yj-1))
(SFa(p oy p)p(yi—1)) (oY) — o(yj-1))
(p(y)p(yj—1))(o(yjt1) —o(yj-1))
o (e, 0 p) = ply-0)) (0 ;) — o (Y1)
=

(Y1) — p(yi-1))(o(yj) —o(y;j—1))
(p(ys) = p(yj—1))(SFa(p, 0, 0") — o (yj-1))
(p(y;) — p(yj—1)) (0 (yj+1) — o(y;—1))

Remark 4. In order to compute the value of u_o(f), we must determine the additional node
y—3. However, this can be avoided because, by Theorem 2, every spline in the space S(X)
reproduces the first and last coefficients of the expansion at the ends of the interval [a,b].

Thus, we may set p_ao(f) := f(y—2). Similarly, tn,—1(f) := f(yn—1).

Remark 5. For (t) := (1,£,t>)T and § = 1/2, the functional (26) on the uniform grid has
the form

o) = = (Flg1) = 105 (;) + F(y+1)

and coincides with the well-known quasi-interpolation functional for the quadratic B-splines
(see, e.g., [12]).
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Consider a grid Z with the nodes

Zo, .7 = _170717
zj = xjo+0(xj1—xj_2), 6€[0,1, j=2,...,n+1, (28)
T, j=n+2,n+3,n+4.

We construct the spline functions on the grid (28) using (14)—(16). All objects considered
on the grid Z are supplied with the superscript Z, e.g., ij, S]-Z(p, o,T), etc.
Now we construct the approximation Pf of a function f in the form

n+1
Pf: Z Vj(f)wjz7

j=—1

where the functional v;(f) is defined as follows:

f(x0)7 ] = _17
V](f) = a;’f('xj—l) + b;f(ﬂj’]) + C;’f(xj-i-l)v ] = 07 sy 1, (29)
fxn), j=n+1

Since the approximation P f must reproduce all functions f € {[¢];|i = 0,1,2}, we obtain
the system of linear equations

T (a8 + ufn =1

P>

5 hplas) + Vi) + ot ) 0 = o0, (30
jiill(a;a(mj_l) + o () + cio(rj11)) ij(t) = o(t).

Then, on the grid Z, we can write the following equations, similar to (24):

n+1 z

g Z Z

'lej—i-l(pv g, p/) wj (t) = p(t)7 (31)
j=—

n+1

'lejz—i-l(pv g, OJ) ij(t) = U(t)'

j=—

On equating the coefficients at the spline functions in the left-hand sides of the respective
equations in (31) and (30), we again obtain a system of linear equations for determining the

coefficients a;-, b;, c;-. Solving this system, we find the following closed—form expressions for
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the coefficients of the desired approximation functional:

a’ —1—b’—c,

Y (p(xj41) = p(xj-1)) (S (p, 0, 0') — o (2-1))
! (p(zj41) — p(zj-1))(0(z;) — o(zj-1))

(SZ1(ps 0, 0) = plxj—1))(0(2)41) — 0(2)-1))
(p(x;) = p(xj—1))(0(2j41) — o(xj—1))
, (8Palp o, p') = p(zj-1))(0(25) — o(x-1))
T (p(agan) = plai-) (o (@) — o)
(p(x) = p(xj-1))(S7i1(p, 0, 0") — o (xj-1))
(p(x;) = p(xj—1))(0(zj41) — o(xj-1))
Remark 6. In order to compute v_1(f), we can use the following string of equalities:
vor(f) = alyflx—a) + 0 1 f(x1) + ¢y fzo) = (alq + 0y + 1) fzo) = f(x0).
Similarly, vp+1(f) = f(xn).

Remark 7. For (t) := (1,t,t*)T and § = 1/2, the functional (29) on the uniform grid has
the form

() = =g (Flaga) = 10 () + F )

and coincides with the well-known quasi-interpolation averaging functional for the quadratic
B-splines (see [10]).

6. BIORTHOGONAL FUNCTIONALS OF DE BOOR-FIX TYPE

Consider yet another type of linear functionals £J<.T> ,j=-2,...,n—1,r=0,1,2, which are
defined by the following formulas:
0
&7 () = Fap) + (10711 = F10540) (00} 12 = £1207)

T (P10)s2 = P20 ) (005 = i0)) + (pi420h 2 = P20542) (010) = pff) )

f/(x]) < / / / / /!
) o) s sl
(11— a0 — oy~ im0 = a0 B2y = 052

+ (P;+1U§'+2 - Pj+20j+1)(pj‘7j - pjaj) + (Pj+203'+2 - P;'+2Uj+2)(/);’0;'+1 - P;+1U;'))

< g Yo 1 ECa),
(0410742 = P40 ) (0505 — pog)’

(0j+2 = 0j11)P5 10 — (Pj+2 = Pj+1)07 1o

M (1) = flaj) + Flwir), feChab] (32)

/ r /
Pjr20i401 — P19 42

@) (0542 = 05410541 — (P42 — Pj+1)05 4y

&7 (f) = fzj42) + fl(xj42),  feCllab]. (33)

Pi+20541 ~ Pir10] 42
As is known [33], the approximation

n—1
Pf=>Y & (fHw

j=—2
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of a function f reproduces all functions f € {[@]; | i = 0,1,2}, i.e., for these functions we
have Pf = f. Moreover, for every fixed r = 0,1, 2, the functionals £J<-T> are biorthogonal to the

functions wy/, i.e., 5]@ (wjr) = d; 4, where §; ;s is the Kronecker symbol.
These functionals are known to reproduce all splines g € S(X), and (in accordance with the
biorthogonality property) they yield the value of the coefficient ¢; at the function w; in the

related expansion (18):
n—1
SHOETILN I PRI
j'=—2

Remark 8. For the polynomial generating vector function ¢(t) = (1,t,t%)T, the functionals
5]@ coincide with the well-known functionals of de Boor and Fix [32]:

1

o (@i+1 = 25)(Tj42 = z;) f" (x5),

&0(f) = flay) + <xj+1 ;rxjH - $j> () +

&) = flan) + ;(l’jw = zj1) [ (@),
e8(f) = F(wj) - ;(l’jw = zj1) [ (@j42).

7. NUMERICAL EXPERIMENTS

In this section, we study the error of approximating a circular arc by the B-splines and
minimal splines with various generating vector functions and approximation functionals.

We use the circular arc u(t) = v/1 — 2 as a test function, which is approximated on a
uniform grid on the interval [—0.5,0.5], whereas the error is estimated using another uniform
grid that is ten times finer than the original one. The error is estimated by the absolute value
of the largest deviation of the constructed approximation u” from the value of the function u
at the nodes of the finer grid, i.e.,

h
B o8y 0 0l

In Table 1, we present the results of numerical approximation of the considered circular arc
by the B-splines. The approximations were constructed for different numbers of grid nodes,
depending on the choice of the approximation functionals. The three-point functional (23) is
denoted by Aj; the averaging functionals (26) and (29) are denoted by p; and v}, respectively
(in both cases, the midpoints of the grid intervals were used as the nodes of the auxiliary grid).

The de Boor-Fix type functional (32) is denoted by §]<-l>.

Table 1. The approximation error for the B-splines as a function of the node
number n.

Functional n =10 n =20 n =30
Aj 2.8x107° 34x107% 1.0x 1076
14 3.6x107% 53x1076 1.7x10°°

3 1.2x107* 1.6 x1075 5.0x107°

Now consider approximation by the minimal splines. Tables 2, 3, and 4 provide the approx-
imation errors for different generating vector functions and for the averaging functionals (26),
(29) and de Boor-Fix type functional (32), respectively. Here, we select the nodes of the
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auxiliary grid as the midpoints of the intervals of the original grid. The results of our numer-
ical experiments show that the suggested approximation approach based on minimal splines
allows one to construct more accurate approximations of circular arcs using the approximation
functionals considered.

Table 2. The approximation error for the averaging functional (26) as a function
of the node number n.

p(t) n =10 n =20 n =30
(1, t, )T 3.6 x107° 53x10°% 1.7x10°6
(1,sinh¢,cosht)” 2.8 x107° 4.2x107% 1.3 x 1076
(1,V/1—t,v1+t)T 75x107% 1.1x107% 3.3x 1077

Table 3. The approximation error for the averaging functional (29) as a function
of the node number n.

p(t) n =10 n =20 n = 30
(1, t, t)T 27x107° 34x107% 1.1x107°6
(1,sinh¢,cosht)” 94 x 1076 1.5x107% 1.3 x 1077
(1,V/1—t,v1+t)T 51x1075% 6.8x1077 2.2x 1077

Table 4. The approximation error for the de Boor-Fix type functional (32) as
a function of the node number n.

p(t) n =10 n =20 n = 30
(1, t, t)T 1.2x107% 1.6x10° 5.0x 1076
(1,sinht,cosh, )T 9.2 x107° 1.3x107® 4.0 x 1076
(1,V/1—t,v1+8)T 23x107° 3.1x107% 9.6 x 1077

Remark 9. The quadratic minimal splines generated by the vector function
o(t) = (1,sinh t, cosh t)T

are called the hyperbolic splines. For their properties and application to approximation of
catenary and other transcendental curves, see [34].

This work was supported by the Russian Foundation for Basic Research (project No. 20-
31-90095).

Translated by the authors.
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