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GENERALIZED INTERPOLATION PROBLEM
OF THE KOREVAAR-DIXON TYPE

R. A. Gaisin UDC 517.53

Abstract. In this paper, we study the generalized interpolation problem in the class of entire functions
of exponential type defined by a certain majorant from the convergence class.
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1. Introduction. In this paper, we consider the generalized interpolation problem in the class of
entire functions of exponential type, which is determined by a certain majorant from the convergence
class. The ordinary interpolation problem of the Korevaar—Dixon type in the class of entire functions
determined by a non-quasi-alalytical majorant was examined in [3]. In a narrower class, where the
majorant possesses the concavity property, a similar problem with nodes at points of a certain subse-
quence of natural numbers was earlier considered by Berndtsson. By an ingenious method based on
an estimate of a solution of the 0-problem obtained by Hormander, Berndtsson proved a solvability
criterion for this interpolation problem. In papers of Pavlov, Korevaar, and Dixon, interpolation se-
quences were successfully applied in many problems of complex analysis; moreover, a relationship with
approximative properties of power systems {zP"} and with well-known Pélya and MaclIntyre problems
was detected.

In [3], an interpolation criterion in a more general sense was stated for an arbitrary sequence of real
numbers; the proof of the main theorem in [3] was based on the modified Berndtsson method. In this
paper, we transfer this result to the case where given values of an entire function are constrained by
certain minimal restrictions, namely, natural conditions imposed by the convergence class.

Let L be the class of all continuous functions [ = I(z) on Ry such that 0 < [(x) 1 oo as z — o0,

(o]
W = wEL:/waE;E)dac<oo , Q:{wEW:wf)i, :1:—>oo}.
The set W is called the convergence class and functions w from W are called weights (non-quasi-
analytic weights; see [3]).

Definition 1 (see [1]). An increasing sequence {p,} of natural numbers is called a Pavlov-Korevaar—
Dizxon interpolation sequence if there exists a function w € Q depending only on the sequence {p, } such
that for any sequence {b,} of complex numbers, |b,| < 1, there exists an entire function f possessing
the following properties:

(1) f(pn) =bn, n=>1, (2) My(r) = gl‘agf\f(z)\ < e,

Let A = {\,} be an arbitrary sequence of real numbers, 0 < A, 1 co. A sequence A is called an
interpolation sequence if there exists a function w € W depending only on this sequence such that
for any sequence {b,} of complex numbers, |b,| < 1, there exists an entire function f possessing the
properties (1) and (2), but with the function w.

Necessary and sufficient conditions under which a sequence {p,} (p, € N) is an interpolation se-
quence were obtained in [1] for the class Q, and in [3] for the class W.
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Definition 2. Let 8 be a function from the class W. A sequence A = {\,} (0 < A\, T 00) is called
an interpolation sequence in the wide sense if there exists a function w € W depending only on the
sequence A such that for any sequence {b,} of complex numbers, |b,| < ¢®*) (n > 1), there exists
an entire function f possessing the following properties:
(1) fn) =bn, n=>1, (2') My(r) = | |aX\f(Z)\ <ev,
z|<r

The problem (1')—(2) is called the generalized Korevaar—Dizon interpolation problem, whereas the

condition
|bp| < PP) > 1, (1)

where f is a fixed function from the class W, is called the natural condition.

The aim of this paper is to prove an interpolation criterion for a sequence A in the wide sense.

n(t) = Z 1

An <t

2. Auxiliary results. Let

be the counting function of a sequence A and

N(t) = /t ”f:)dx.
0

Without loss of generality, we assume that A\; = 1; this allows us to simplify some calculations.

Lemma 1. Let 7, = %;éin A = Ak, hyp, = min(7,, 1),
n
>1

Kn:{g;]l”gg—)\nmh”}, n>1.

Then in rings K, , the following estimates hold:

A — 2

(1) sup |In <In2; (2) sup

k#n

k— \n
3)

Assume that a sequence A has a finite upper density

2

In <In10+ |[Inh,|+InA,.

z
1—)\2

n

. n
lim =7 < 0.
n—oo n

(9

n=1

Then

is an entire function of the exponential type.

Lemma 2 (see [3]). Let a sequence A = {\,} (1 = A\ < A\, T 00) have a finite upper density,
h, = min (Ikl;éln Ak — Anl, 1),

Then in the rings
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the following estimate holds:
An

1 An;
In - / G
lq(2)] t

where v(An; t) is the number of points Ay # Ay from the segment {h: |h — \,| < t},
m(Ap) =1In10 +1In A, + [Inhy| + n(2X,) In8 + 2N (2),,) + 201n My (Ay,).

Corollary 1. If

1

Z ) <oo and |Inh,| <wi(A\,), n>1,

n=1
for a certain function wy € W, then for z € K,, we have

T

L [v(xt) w7
]

where wsy is a function from W.

Corollary 1 easily follows from Lemma 2, if we take into account the fact that the convergence of
o0

the series > 1/\, is equivalent to the convergence of the integrals

n=1
/n(g)dr, N(;)dr, /lnl\%(r)dr
r r T
1 1 1
(see [2, 6]). Further, since
-] == 3 1= "+ > = = —%1(\n) + A,

An /280 <2An,
k#n

for ¥1(A\,) and A we have

0<A= > ln<§”_1>§ > ln<1—|—i\\g>§lan(>\n),

A <An /2 A <An /2 k

‘)‘k—An|S)\n

An
51 () = _/ ”(A’;; D + N1(2An) — n1(22p) In 2.
0

Thus, the following assertion holds.

Lemma 3. The following estimate is valid:

An
An Anj T
“m ] ‘1— | —/”( t Jdt| < n(@An) + N(22n) + In M, (),
k

where v(\y;t) is the number of points A\, # Ay from the segment {h : |h — \,| < t}.
Lemma 4 (see [5]). Let w € W. Then
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where

w(r) = /ooln <1 + 7;) dw(t), =z,

i a subharmonic function in C.

3. Solvability criterion for the generalized interpolation problem. Let

A={\}, 0< )\, Too, lim "7 <o

n—o00 \p,

Theorem 1. A sequence A is an interpolation sequence in the wide sense if and only if there exists a
function w € W such that

— 1 An
(a) Z A, < 00; (b) —1In H 1-— A\ <w(\,), n>1
n=1 An/2< A <2Ap
k#n
Note that Lemma 3 and the conditions (a) and (b) imply that
1
In b <wo(An), n>1,

where h,, = min (1221;&1 [An — Ak, 1) and wq is a function from the class .
<k#n

The proof of sufficiency in Theorem 1 is based on a certain existence theorem for J-equations
obtained by Hormander. We recall this theorem.

Theorem 2 (see [1]). Let ¢ = p(z) be a subharmonic function in C and g € C°°(C). Then there
exists a solution u € C*°(C) of the equation Ou/0z = g satisfying the condition

[ulee s ) Pan < [ lgPean @)
C C

under the condition that the right-hand side is finite (here X is the Lebesque measure).

Proof of Theorem 1. Sufficiency. We choose a function 1) € C'* such that 0 < ¥ (z) <1, ¢(z) = 1 for
|z| < 1/4, and 9(z) =0 for |z| > 1/2. We set

A(z) = g:l ba¥lalz =) Wn(s) =¥ (’jn>

where {b,} is an arbitrary given sequence of complex numbers satisfying the natural condition (1).
Since A(z) = bpVUr(z— Ag) for z € By, = {z : |z — A\g| < hg/2} and A(z) = 0 if z belongs to the exterior
of the union of the disks B,,, n > 1, we obviously conclude that A € C*°. Further, since |\ — A\,| > hy,
for k # n, we obtain A(A\x) = bp(0) = by, k > 1.

Let

00 2
o(z) =2In H 1-— iz + v(2),
n=1 n

where v is a subharmonic function to be specified below. Since the sequence A has a finite upper

density, we see that

n=1
is an entire function of the exponential type and ¢ is a subharmonic function. We have

M, (r) = max|p(z)| < 2In H <1 + )\2> + M, (r).

|z|=r

n=1
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Further,

gélln <1 + ;;) = O/OOIH <1 + ::) dn(t). 3)

Integrating by parts the Stiltjes integral (3), we obviously obtain

7111 (1 + 7;) dn(t) = 212 /oot(t;lf)ﬁ)dt = wy (r).
0 1

The fact w1 € W is proved immediately.

We construct a subharmonic function v such that the value of M, (r) (the maximum of the modulus
of v) admits an upper estimate in terms of a certain function from the class W and, moreover, the
right-hand side in (2) for the function g = 0A/0z is finite. Let

K, = {f: "

h
4n <€ =Ml < 2"}, n>1.
Note that the rings K,,, n > 1, do not intersect pairwise. This fact follows from the inequality

hn hn+1
< n — \ny Z 1.
2 + 9 <A +1 A n
Hence we can write
Al? Al?
/‘8 e Yd\ = g e ¥d\
J 13 o8

(HE&:NE=An[>hn/2}

2

2 e Pd\+ i / 'OA e Pd\. (4)

n=1 85
—{&lE—Anl<hn /4}

. 0A
+
> s
=15
Obviously, the first and last integrals on the right-hand side of Eq. (4) vanish. Further,

— A\,
A= (7). ek
Assuming that ¢ = ¢(w,w), where w = x + iy = (§ — \,,)/hy, we obtain
o o fow Oy 1
o€ COw\ o) Owh,
This implies

‘a¢_ P T R

ot |~ 2y |0z T Oy | T hy |02

Since |b,| < e” (An) p > 1, where f8 is a function from the class W, we have
/ ‘&4
o€
C
e2B(An)

=", / O]
n k=1

n

2 [e'e)
e AN < Cy Y T,
n=1

where
-2

dA(§),

2

2

16
Ak

BeW and C; = max |9¢/dz|>.
|z[<1/2
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For each fixed n and £ € K, we have

- & & & & &
p(f):Hl— 2| = H 1_)\2 H L= H 1_)\2 1_>\2‘
k=1 k Me<An /2 EL X, /2< e <22n k1 xe>20, k n
k#n
Since Re& > 0 for £ € K, n > 1, we have
‘1 + § > 1. (5)
k
Further, for A\ < \,,/2 and n > ny we have
€ leP 1]
1-— > —1>411- —1>1. 6
‘ 2o Tty 12 (6)
Taking into account the estimates (5) and (6) we obtain
£ & &
> 1— 1— 1— 7
)\n/2<)\k<2)\n Ae>2n
k#n
for £ € K,,, n > ng. Applying Lemma 1, for £ € K,, (n > 1) we have
3 Al €=l 1 An
1-— =|1- > |1- k . 8
‘ Ak e | A — X T 2 el 7 ®

Now we estimate the value |1 — £2/X2| for £ € K,:

& b |+ Anl _ Pn
> .

(T4 a2 T,

As was noted above, the conditions (a) and (b) imply that

! <o) >

h,n — bl — )
where wyg is a function from the class W. Therefore, for n > 1 we have the following estimate for
Ee Ky

P_

52

A3
The required estimate for the first product in (7) in terms of a function from W easily follows from
the conditions (a) and (b) if we take (8) into account. It remains to estimate the product

I -5

T2

Ae>20n A

€2 (A +1/2\% /1 1\? 2
< <

2 =\ o, =\leTay ) S 9

2 2 2
ZmQ_@>24ﬁh
t 12

as the function p(a) = In(1 — «) 4+ 3« increases for o < 2/3. Since |£|/\, < 3/2 for £ € K,,, n > 1, we
have
{2

t2

> e_w2()‘"), wy € W. (9)

:

1

Since

we have

In 1_5
t

2

A2 27
In|l1-— Z—Ogt;, 02:4
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Hence we have

e|_ T e [ [ nt
m I -5, = /m -4 dn(t)2—02/ ; dn(t)2—202>\%/ t(g)dt. (10)
Ae>2An AR 2, 2Xn
Let - -
n(t n(sr
w3(r) =r2/ t(?’)dt:/ 23 )ds.
2r 2

One can easily verify that w3z € W.
Since p(§) > > 0on |J K,, due to the estimates (7)-(10) and the conditions (a) and (b) of the

n<ng
theorem we finally conclude that there exists a function wy € W such that for all n > 1 we have

p(€) > et e K. (11)
We set

w*(r) = /ln <1 + t2> dwj(t) + (wi(1) + 1) In(1 + r?),
1
where w; = wy + B. Then v(z) = Cw*(]z]) is the required function for some C' > 0. Indeed, by
Lemma 4, v is a subharmonic function in C, whereas M, (r) = Cw*(r) is a function of the class W (cf.

above arguments concerning the function wy).
o0

It remains to prove that > T, < oco. Taking into account the estimate (11) and the definition of
n=1
the function v, we have
28(An) . 1
T < e o /e—Cw (|§|)+2’w4()\n)d)\(§) < Csexp [2/3( ) + 2wi(N\,) — Cuw* < " — 2>} 7
n e
C3 = 3/167. Note that
* 9,2 wj(t) 2 2 dt L.
w*(r) =2r /t(t2 +T2)dt+ln(1 +17%) > 2r w4(r)/ HE2 + 12) > 2w4(7’),
1 r
and also O\
v oM oms
W*O‘n - 2)
Therefore,

ZT <nge Cw* (An)+2w] (An) Z —C/M+4)w*(An)

n=

The definition of the functlon w ( ) implies that w*(r) > (wj(1 ) 1) In(1 + r2); therefore,

o0 o 1
T, < Cs
nz::l nz::l (14 \2)Cs
where o .
Cy = <M —4> (wZ(l)—l—l) > 9

due to the choice of the constant C' from the definition of the function v (it suffices to set C' > 5M).
Then, obviously, the last series converges.
As was stated above, M, (r) = Cw*(r), w* € W. Therefore,

My (r) < ws(r), (12)
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where ws = 2wy + Cw* is a function of the class W.

Now we apply Theorem 2 to g = 0A/0z. Since the function ¢ is chosen so that e”¥ has a noninte-
grable singularity at each point A, we have u(A,) =0, n > 1.

Consider the equation

gz - g’j, u(h) =0, n>1. (13)

We set f = A — u, where u is a solution of Eq. (13) (it exists due to Hérmander’s theorem). Clearly,
f is an entire function and f(\,) = by, n > 1.

Since |f|? is subharmonic in the whole plane, for any p > 0, in particular, for 1 < p = r (see [4]) we

have .

™p

. [ werae < L, [ 1norae. =

|§—=|<p €[<2r
Since |f[* < 2(|A[]* + |ul*), we have

1 2 2
e [ PO < 2 [ apaxe+ 2 [ uPae)
|€[<2r |€]<2r l¢[<2r

Since A(§) = 0 outside the circles By, k > 1, the first integral in the right-hand side is really taken
over the set

[f(2)? <

B(r) = (LI;JBk> n{¢:l¢g <2}, where By= {g: € — M| < };"f}

where B} do no intersect pairwise. But for £ € By, k > 1, we have

@) =l (£ )

so that this integral does not exceed 8e” (2r+1) < 8eP(B3r) > 1. Therefore,

< eﬁ(M)j B ew,

FP <800+ [ (1:;2)2(1+|£|2>2e%<s>, r= sl

|€|<2r

Applying to the last integral the estimate (2) from Hormander’s theorem, we obtain

1£(2)> < 8”6 4+ exp {2In(1 + 4r*) + M, (2r)} / lg|2e~?d.
C

Taking into account the convergence of the last integral and the estimate (12), we conclude that
1£(2)] < evsl2) where wg € W. This means that the function f = A — u is a solution of the
generalized interpolation problem. The sufficiency is proved.

Necessity. Let A = {\,} be an interpolation (in the wide sense) sequence and @ be a function from
the class W (its existence is stated in Definition 2). Therefore, there exists an entire function f, which
is a solution of the generalized interpolation problem for b = 1 and b,, = 0, n > 1. From the Jensen
inequality, taking into account the property (2') from the definition of an interpolation (in the wide
sense) sequence (Definition 2), we obtain

n(r) <InMy(er) < w(er).

As was said above, the following integral and series converge simultaneously:

303



To prove the condition (b), we fix n and choose an entire function f, which solves the generalized
interpolation problem for b, = 1 and by = 0, k # n.
The following representation holds:

CENN | B (R IEE (1)

An /2< A <2An,
k#n

where GG is an entire function (if neither of \x, k # n, lies in the interval (\,/2,2\,), then we take
G = f). For \,/2 < A\ < 2)\,, we have

z 4\
1— " |>1-""">1 =4\,
EMEL = T
This implies that |G(2)| < |f(2)|, |z| = 4\,. By the maximum principle for the modulus we have
|G(M\n)| < Ma(4X,) < My(4),) < P, (15)
On the other hand, from (14) we have
A _l
G(\,) = 1-"" , 1
o= T (=) (16)
An/2<AE <2,
n#k

since f(An) = 1. The relations (15) and (16) imply

An
—1In H 1-— L

An /2< A <2An,
k#n

where w is a function from the class W.
The theorem is proved. O
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