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Distribution of random motion at renewal instants in
three-dimensional space

A. Pogorui, R. M. Rodriguez-Dagnino

1.

(Presented by O. Dovgoshey)

Abstract. In physics, chemistry, and mathematics, the process of Brownian motion is often identified
with the Wiener process that has infinitesimal increments. Recently, many models of Brownian motion
with finite velocity have been intensively studied. We consider one of such models, namely, a generalization
of the Goldstein—Kac process to the three-dimensional case with the Erlang-2 and Maxwell-Boltzmann
distributions of velocities alternations. Despite the importance of having a three-dimensional isotropic
random model for the motion of Brownian particles, numerous research efforts did not lead to an expression
for the probability of the distribution of the particle position, the motion of which is described by the three-
dimensional telegraph process. The case where a particle carries out its movement along the directions
determined by the vertices of a regular n + 1-hedron in the n-dimensional space was studied in [13], and
closed-form results for the distribution of the particle position were obtained. Here, we obtain expressions
for the distribution function of the norm of the vector that defines particle’s position at renewal instants
in semi-Markov cases of the Erlang-2 and Maxwell-Boltzmann distributions and study its properties. By
knowing this distribution, we can determine the distribution of particle positions, since the motion of a
particle is isotropic, i.e., the direction of its movement is uniformly distributed on the unit sphere in R2.
Our results may be useful in studying the properties of an ideal gas.

Keywords. Transport process, telegraph equation, Erlang distribution; Maxwell-Boltzmann distribution,
3-D random motion.

Introduction

Let us consider the renewal process v (t) = max{m > 0: 7, <t}, t > 0, where 7, = > ;- 0k,
79 =0and 0 >0, k=1, 2,..., are i.i.d. random variables with a distribution function G(¢) and a

probability density function (pdf) g (t) = 4 G (t).

We assume that a particle starting from the coordinate origin (0,0, 0) of the space R?, at the time ¢ =
0, continues its motion with a velocity v > 0 along the direction of 1y, where n; = (21, z2, x3) is a ran-
dom 3-dimensional vector uniformly distributed on the unit sphere QF = {(z1, z2, x3) : 1 + 23 + 23 =1} .

At the instant 7, the particle changes its direction to 72, where 12 and m; are independent and
identically distributed on 02, and continues its motion with a velocity v along the direction of ns.
Then, at the instant 79, the particle changes its direction to 13, where 713 is also uniformly distributed
on Q2 and independent of 11, 12, and continues its motion with a velocity v along the direction of n,

and so on.

Denote, by x (t), t > 0, the particle position at the time ¢. We have that

()
x (1) = vy 5 (15— 75-1) + v (E— 7o) -
j=1

Here, we assume that 2?21 Nj—1 (175 — 1j-1) = 0.
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Basically, this equation determines the transport or storage process with semi-Markov switches
v (t). It is easily seen that v (¢) is the number of velocity alternations occurred in the interval (0, ).

The standard generalization of the Goldstein—Kac telegraph process to a 3D-space is obtained, by
assuming that 0, is exponentially distributed. However, despite the efforts of many scholars in obtaining
the closed-form results for the distribution of x (¢), it is not represented in terms of elementary functions
[2-6].

Let us denote x, = v m; (7j — 7j—1). It is easily seen that x;, is x () at the instant of n-th
velocity alternation. Denote, by z, = v 2?21 nj—1 (7j — Tj—1), the projection on a line, where n; is the
projection of 1; on the line.

In this paper, we will find the distribution Fj, (z) and the corresponding probability density

, where ||x,|| is the norm of the vector x,, by using the

function of ||x,| = v szzl n; (15 — 7j-1)

distribution Fj, | (z) of the length of z,, i.e., [x,] = v ’2?:1 nj (15 — Tj,l)‘ = ‘Z?Zl njHj‘.

Lemma 1. The probabilistic properties of a random vector x, are completely determined by those
of its projection x, on a line.

Proof. Indeed, it is easily verified that x,, is isotropic, and the characteristic function ¢,, of variable
a = (a1, a9, a3) depends only on ||af| = /a3 + a3 + a3, ie.,
¢on (llall) = E[exp {i (o, xn)}] .

Hence, we can show that

¢ (el]) = Efexp {i (@, xn)}] = E [exp {i [|[| (e, %) }] = E [exp {i ||| 2 }]

and E [exp {7 ||a|| z,,}] is the characteristic function of z,.

Thus, if we have the characteristic function of x,, we have the characteristic function of x,,.

It is well known that the projection 7; on a line is uniformly distributed on [—1, 1] [1].

Let us denote, by G (x), the distribution function of 6; and, by G, (), the distribution function
of m 01 .

Lemma 2. The relationship between G,g and Gy is as follows:
11 9 1 [t
Goo (2) =5 =5 1 Go (¢/y) dyLz<oy + 5 ; Go (z/y) dyliz>0}- (2)

Proof. Taking into account that %P (m <y)= %I{—1§y§1}7 it is easily seen that

0

1 1 [t
Gno (v) = P(mbh <) = 2/ P (01> z/y)dylizcoy + 2/0 P (01 < z/y) dyli>oy-

~1
This concludes the proof.
By differentiating Eq. (2), we obtain the following equation for the pdf g, of 7:6;:
d 1 [ dy
o (@) = g Gu@ =5 [, Q
where gg (z) = %Ge (x) is the pdf of 6.
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By differentiating Eq. (3), we obtain

90 () = -G (1) =~ oo (1), 2 € R, @

2. Erlang-2 case

Let us consider the case where #; has the Erlang-2 distribution, i.e., gg (y) = A2ye ™™ Iiy>0y, With
scale parameter \.

Lemma 3. The characteristic function ., (2) of xy is of the following form:

22 "
#on (2) = (/\2+22> |

Proof. 1t follows from Eq. (3) that

1 [ o d A
mo) =5 [ e =S, aeR
T

Therefore, 1161 has the Laplace or double exponential distribution. It is well known that
mbr =& —«,

where & and ¢; are independent exponentially distributed random variables with parameter .
Thus, there exist a set &;, ¢j, 7 = 1,2,...,n, of independent exponentially distributed random
variables with scale parameter A such that

n n n n
tn=v) mtj=v) (G-)=v|D &= 5
Jj=1 Jj=1 Jj=1 j=1
It is also well known that 2721 §j and 2721 ¢j have the Erlang-n distribution with the pdf

)\nxn—l

The characteristic function of the Erlang-n pdf is

on(2) = <)\:\iz)n'

Therefore, the characteristic function of z,, is

(A Y (A Y (Y
Pan A\ N\ —ivz Ativz )  \A2+40222)

Hence, the lemma is proved.

| eiAI I{(EZO} .

The function ¢, (z) = ()‘72>n is the characteristic function of the bilateral double (BD)

N o222
gamma distribution |7], whose pdf is sometimes denoted as BDI" (n, A\/v;n, A/v) (z).
It is easily seen that BDI' (n, \/v;n, A/v) () is the convolution

BDI (n, A/v;n, A/v) (x) = (T (n,\/v) T (n, —A\/v)) (z),

418



where I" (n, \/v) (x) is the pdf of a gamma distribution with parameters n, \/v.
The explicit expression for BDI' (ny,a1;n2,a2) (z) was obtained in [8]. In our case, the pdf
BDTI (n, A\/v;n, A/v) (z) has the form

plPlo—3lel  poo v n—1
BDT (n, A\/v;n, A/v) (z) = |(1)|/)\)7T(n)/0 et (1 + ) Tx‘) dt. (5)

Formula (5) was obtained from formulas (5) and (41) in [8]. In formula (41), we took A\; = Ay = v/A,
a1 = ag = n, since the authors of [8] used the parameter 1/ instead of the common notation A in the
gamma distribution.

The pdf f,, (z) of x,, is the inverse Fourier transform of ¢, (z). Hence,

Jon (®) = F 1 (0, (2)) = BDT (n, \/v;n, Afv) ().
Theorem 1. The pdf fix,| of [[Xall in the case where 61 has the Erlang-2 distribution of the form
)\nfl 82 wne—%x 00 ot n
—(dn—2) 2 [T —tm(14 2
Fipen) (%) = (4n )v"_l Ox? ( n! /0 et < + 2)\x> dt

)\n—i—l xnef%x 00 Cim ot n

Proof. Considering the symmetry of x,, with respect to 0, it is easily verified that

We note that || is uniformly distributed on [0, 1]. Similarly to Eq. (4), we can show that the pdf

fijxn) () can be expressed in terms of the pdf fi,,| (z) as follows:

d
Pl (#) = = flo (), @20,

Let us assume d (v) = —w 4 fe, (), 2z € R. It is easily seen that d(z) is the probability distri-
bution, and fjx,| (z) =2d(z), x>0.
The characteristic function g4 (2) of d (z) can be written as

0 A2 " 2nv?z?
— 2, . =(——"— 11— —— ).
¢ (2) = 25w, () + 0x, (2) <A2+v2z2> < Azﬂzzz) (8)

Therefore, making the inverse Fourier transformation of Eq. (8), we obtain

v? 9?2

Pt () = 2F 7 (0 (2)) = (40 = 2) 1555 F " (Panys (2)) (@) +2F 7 (P0ns (2)) () (9)
= (4n — 2) f\z;;BDF (n+ 1L, N v;n+1,\/v) () +2BDT (n+ 1,\/v;n+1,\/v) (), x>0.

Taking Eq. (5) into account, we complete the proof of the theorem.
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Figure 1: Probability density function f|,,|(z) for A =1 and v = 1.

In Fig. 1, several probability density functions are shown for the values of n = 2,4,10, and 20.
These pdfs were calculated, by using the MatLab package and Eqgs. (8) and (9).

Remark. Applying the binomial theorem, we obtain

n n k
e t o0 vt
“tn(1 4 ) g = / —tyn L R
/0 ¢ +2)\x 0 ° Z 2z

k=0
e [Tt 3 (2 T+ k1)
2xx/  Jo 2z ’
k=0 k=0
Substituting this expression in Eq. (6), we have the following formula for the pdf of ||x,||:

Fisen () = €7 <)‘>n_1 kzn::o( v )k (AR ks

v 2\ n!

X [(4n—2)(n—k) <n—k—1—2v)\x> + 4n <2)2m2]

3. Maxwell-Boltzmann distribution

Let 61 have the Maxwell-Boltzmann probability density

2

PR
2 x2e” 2.2

Y LR )
ge () 3 T >

This density is used for describing the particle speeds in ideal gases, where the particles move freely.
Thus, it is a reasonable model for the distribution of the free path of a particle.

Theorem 2. The pdf fix,| of |[xull in the case where 61 has the Mazwell-Boltzmann probability
density is of the following form:
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Figure 2: Probability density function f),,,|(z) for a = 1.5 and v = 1.

222 —%
=t T’ x>0 (10)
(av)’V2mn3

d
fixnl () = ~&— fianl (z) =

Proof. By using Eq. (3), we have

1 [ d 1 _ a2
gne($)=2/| 9 () 2 = e 22, z€R.

| Y 2ma
In this case, the pdf fy, (z) of 2, = v} " ;0; is as follows:

1 __az?
Fon (&) = ——e T,
om(va)’n
Hence,
2 __a?
flen| (@) = ——=—=€ @, 2>0.
om(va)’n
Therefore,
212 __a?

d
fixnl () = ~&— fianl (z) =

———e W@’ >0
(av)3V/2mn3
In Fig. 2, several probability density functions are shown for the values of n = 2,4, 10, and 20.
These pdfs were calculated with the use of the MatLab package and Eq. (10).
Hence, the mean distance ||z,|| from the starting point to the position of the particle at the n-th
change of a movement direction (i.e., the mean of ||z,]|) is

2 > = 4
E(loal] = —5— / 2S¢ T gy — 2V
(av)*V2mn3 Jo on

It is not difficult to prove that the following integral has the closed-form solution:
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I [ENC E— — F
. (@) vVams Jo ’
B (cw)m_z(Qn)mTH r <m—|— 1>
2mn 2 ‘
For m = 3, it reduces to the mean value E[||z,||] = %. The second moment is given, when

m = 4, and can be expressed as E {Hxn\ﬂ = 3(av)®n. As a consequence, the variance is given by

Var (||z,|) = (CW)2TL <3 — 8) ~ 0.453521 (cw)gn
T

It is easily seen that f|;,| is a unimodal pdf [9], and its mode m can be obtained from d%wanll (x) =
0, which gives

my = v2avy/n.

With regard for the Gauss inequality for unimodal distributions [10], we have

1
nll — 2 n n a
P (11zll = ml > 24/ Ellaall-mp)* + Var (Jaul) ) < 5
if 24/ (B[l ] -m)? + Var ([lza]) > 2 +/Var ([za])

The last inequality can be easily verified:

<\favf— 4%) + (av)’n <3 - 8) S (@)’n (3 - 8>

Therefore, with a probability of %, the distance from the starting point to a particle position at the
instant of the n-th change of a movement direction satisfies the inequality

[zn]l < mys+ 2\/(E [l ll] =mg)* + Var (|||

- s (=) (0-3)

8
= V2+ /5= —= | avv/n = 2.111697 avy/n.
VT

We can find a double-sided tighter bound, by using the well-known Vysochanskij—Petunin inequality
for the unimodal pdf of a random variable X [11,12]

P (|X —E[X]| > AMVar(HXH)) < % A > \/8/3.
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By using the Vysochanskij—Petunin inequality for A = 2, we obtain with a probability of greater
than % that the distance from the starting point to a particle position at the instant of the n-th change
of a movement direction satisfies the inequalities

E [[|zn[]] = 2v/Var ([ X]]) < [[zn]l < E[lzn]]] + 2y Var ([ X])).

4 8
P((2W—2,/3—W> avy/n < ||y |

4 / 8 8
§<m+2 3—7T>CL’U n>29

Thus, almost all particles of such an ideal gas after n collisions will be located in the ring between
two circles with the radii

4 8
ri= [ — — 2\/3—7 avy/n = 0.248889 av/n
4 . 2\/378 2.942648 avy/n
ro = - — — | avv/n = 2. avy/n
2 \/ﬂ T

As a final remark, we mention that these models can approximate the random motion of some
birds, animals in the ocean, flying objects (airplanes), and mobile users in a shopping mall.

or, equivalently,

and

centered at 0.
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