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THERMOELASTIC ANALYSIS OF FUNCTIONALLY GRADED CYLINDRICAL SHELLS
R. M. Kushnir,' U.V. Zhydyk,” and V.M. Flyachok®" UDC 539.3

We perform the analytic investigation of the stress-strain state of a functionally graded cylindrical shell
of finite length heated by a two-dimensional temperature field. The properties of the shell material
are regarded as analytic functions of the thickness coordinate. In our investigations, we use the equa-
tions of the refined theory of shells that takes into account the deformation of transverse shear and
the transverse normal deformation. The heat-conduction equation is deduced under the assumption of
linear temperature distribution over the thickness of the shell. For the boundary conditions of simply
supported shell, the quasistatic uncoupled problem of thermoelasticity is solved by the methods of Fou-
rier and Laplace transforms. Numerical examples are presented and discussed to show that it is im-
portant to take into account the influence of inhomogeneity of the properties of materials of the metal—
ceramics composites.

Keywords: thermoelasticity, cylindrical shell, functionally graded material, thermal loads.

Introduction

Thin-walled structural elements in the form of plates and shells made of inhomogeneous composite materi-
als are often used in the contemporary engineering [1-3, 15]. Much attention is given to the investigation of
functionally graded (FG) composites with continuous inhomogeneity. These materials are heat- and fracture-
resistant, capable to operation under the action of elevated thermal stresses, and not susceptible to corrosion and
erosion. Therefore, they are suitable for application in advanced technological processes. Functionally graded
materials are, as a rule, alloys of ceramics and metal or combinations of different materials. Their physicome-
chanical characteristics undergo smooth and continuous variations from plane to plane. To apply nontraditional
materials for the production of thin-walled structural elements in the form of plates and shells, it is necessary to
develop new models and methods for their numerical analyses. Hence, the investigations carried out in this field
are important and actual.

In recent years, the FG plates and shells were studied fairly extensively. Thus, in particular, the influence of
the inhomogeneity of material on the limit equilibrium of a shell weakened by a surface crack was investigated
in [3]. The nonstationary thermoelastic response of a cylindrical panel to the action of inhomogeneous thermal
loads was theoretically investigated in [11]. An exact solution of the equations of thermoelasticity of the shear
theory of FG cylindrical shells with finite length subjected to the action of thermal loading, internal pressure,
and axial forces was found in [7]. The classical theory, as well as various refined theories, was used for this
purpose in [6, 8, 12, 14]. The thermomechanical behavior of FG cylindrical shells was analyzed in [5, 16]
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by using the equations of coupled thermoelasticity and the finite-element method. For FG shells and plates, ana-
lytic solutions were constructed on the basis of 3D equations of thermoelasticity in [4, 9, 13, 19]. In [17],
the loss of stability of FG cylindrical shells under thermal and force loads was analyzed by using the methodolo-
gy based on the Hamiltonian principle. The optimal compositions of FG materials, which enable one to lower
the level of thermal stresses and improve their heat resistance were analyzed in [10]. A more detailed survey of
various theories aimed at modeling and investigation of FG shells and plates can be found in [18]. At the same
time, the stress-strain state of inhomogeneous shells formed under the action of temperature fields determined
from the heat conduction equation with regard for the heat transfer is studied quite poorly.

The aim of the present work is to determine the thermoelastic state of an isotropic FG circular cylindrical
shell heated by a two-dimensional temperature field given at the initial time by using the equations of thermoe-
lasticity of the refined theory of shells and heat conduction equations with regard for the presence of convective
heat exchange with ambient medium.

1. Formulation of the Problem and Basic Equations

Consider an inhomogeneous isotropic circular cylindrical shell of constant thickness 2k, length [, and
radius of the middle surface R. We refer the points of the shell volume to a cylindrical coordinate system x,
0, z whose coordinates correspond to the axial, circumferential, and radial directions, respectively. In what
follows, we denote these coordinates by subscripts 1, 2, and 3, respectively.

We assume that the shell is made of a metal-ceramics composite. Then the effective properties of the com-

posite material P, of Canbe expressed via the characteristics of the ceramics P, and metal P, as follows:

P ()= Pf, 4 Pofy.
where f, and f, are the relative fractions of the ceramics and the metal in the composite, respectively, whose

distributions over the thickness should be specified and, in addition, f, + f, =1. We specify the following
power law of distribution [5, 8]:

k
fom e+ =00 Fr g )

where fCJr and f. are,respectively, the fractions of ceramics f. on the upper z=~h and lower z=—h sur-

faces and k is the parameter of inhomogeneity that describes the variations of the fraction of material across
the thickness and takes the values k =0. Varying the values of this parameter, we can get the optimal proper-

ties of the composite. In a special case where f. =0 and fc+ =1, we find

| k
fe= (2h+2)

and the formula for the effective characteristics of the material takes the form

k
Py(z) = P, +(P.~P )(2h+é) )
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It is clear that, as the parameter k decreases down to zero, the material of the shell acquires the properties
of pure ceramics. At the same time, as the parameter infinitely increases, the characteristics of the material ap-
proach the characteristics of the pure metal. We assume that Young's modulus E(z), the coefficient of linear
thermal expansion 0/ (z), and heat-conduction coefficient A(z) are described by Eq. (1) and that Poisson’s
ratio v =const.

Suppose that the shell is heated either by thermal sources or by a temperature field given at the initial time
and that convective heat exchange takes place between the surfaces z=th and the ambient medium. As a re-
sult, temperature strains and stresses are formed in the shell. For the investigation of the stress-strain state of
the shell, we apply the mathematical model proposed in [1, 2] and based on the assumptions that the dependenc-
es of the components of the vector of displacements U; and temperature ¢ on the radial coordinate z are lin-

ear,i.e.,

U,;(x,0,2,7) = u;(x,0,1)+ 27, (x,0,7) (j=1,2,3), ()
1(x,0,2,7) = T, (x,G,I)+%T2 (x,0,7), (3)

where u ;j are the components of displacements of points of the middle surface; y, and Yy, are the angles of

rotation of the normal; Y5 is the radial normal strain, and

. h .
21—‘.1jtz"ldz (i=12)
Y

T =

1

are the integral characteristics of temperature.
The proposed model is formed by the system of heat-conduction and thermoelasticity equations. In the
general case, these equations are coupled. If we neglect the influence of deformation on the variations of tem-

perature field, then the corresponding systems become independent and the heat conduction equations for the
integral characteristics of temperature 7, and 7, take the form

(1) : .
AT, — €T, + AT, + (—7;1 = s’ijz W7, -7, = - f, - W/,
“4)
@ 0 : .

where

. . . h j-1
A(j):x(-’)(afﬁ#a%z), A9D.c = | {x(z),cg(z)}@ dz, (j=12.3);
—h

h i—1
W = jwt(%j de,  f, =t riel,  (i=12),
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e = (a+_(_1)ia—)’ £} :%(;g—(—l)it;);

A(z) is the heat-conduction coefficient; t; and 7, are the temperatures of the media surrounding the surfaces

z=h and z=-h, respectively; " and o are the heat-transfer coefficients for these surfaces; c.(z) is the

specific heat; w, is the intensity of heat sources, and the overdot in the notation Ti denotes the partial deriva-

tive of the function with respect to time 7.
We now represent the system of thermoelasticity equations in generalized displacements in the operator
form as follows:

6
ersys = br (”,S:l,2,...,6), (5)
s=1

where

Yi=ujs Y=V (j=12,3).

The differential operators L, (Lrs = Lsr) and the free terms b, are given by the formulas

A AL+ A
_ 2, e 2 _ At A 2
Ly, = Anan"'—Rz dy, Ly =—=F5—"20),,
2

B
_ 2, bee 2
dy, Ly = Bllall+R—822’

By, +Bgs 2 B,
Lis =—=7—0dn, Ljg=|4A3+— |9,

R R
A A A, + kA
L, =A 32+a2252 85 _ An 559,
22 66 Y11 R2 22 Rz 23 Rz 2
By, + Bgg 12 2 By o KA
Ly = =01 Lys = Beg o+ R It =7

Ays | By, +kBss
Lye = (—"‘7 d,

R R
k'A A B
a2 5542, Ap _ (D12 _ 4
L3y = —k'Ay 07— Iy O+ R Ly, —( R _kA44)al’

R? R’
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Dy +Dgg 2 32

D
_ 2 66 _

Dy, ’
Ly = (T*‘Bn —k B44)81,

D B,.—k'B D
_ 2 22 _ [ P23 55 2
Lss = Dgg an+—R2 03— k'Ass,  Lsg = ( +— ]327

R R
2By kD
Lo = Ay + —3393,,
66 = 433 R R R o2

B A B

Ay Bf D!

B D, B D.,/R+B!
bs = 20,1+ 20,1, b = (A§3+ ;2)T1+ 23T,
where
{Au’ i’ u mJ‘E(Z){IZZ } (i=1,2,3)>
h
v .. ..
{AU’BU’D } = WJE(Z {1 7,2 }dz (i,j=12,3), (i#})),
—h
1 h
{Alll,B”,D } - 1—2\/ '[E(Z)O(t (Z){I,Z,ZZ}dZ (i= 1,2,3),
—h
1 h
_ 2 .
{A”’ ”a - 2(1+V) J‘hE(Z){l,Z,Z }dZ (1—4,5,6),
and

k’ is the shear coefficient [2].
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According to the known displacements and temperature fields, the forces and moments in the shell can be
found as follows:

ou
Ny Ay Ap Az By By 82u;-iu3 Afl BE‘
Ny App Ay Ay By By R Ax By, .
N33 |=| Az Ay Ay Bz By Y3 -| ALy |Ty—-| Bj; 72
My, By, By Bjz Dy Dy 9,7 B, Dj,
My, B, By, By Dy, Dy dr Y, + 73 B D!
R 22 22
(Nu j:(A% Bge j 81M2+32R”1
M, Bgg Deg 3,7, + 2R71
(6)
( N ]: k'( Agy By J( REILE ]
M, Byy Dy 9173
( Ny ]: k'( Ass Bss ] Y2+%Tu2
My, Bss Dss 321;(3

2. Procedure of Solution

For the uniqueness of the solution of systems (4) and (5), it is necessary to impose the corresponding
boundary conditions for the mechanical and temperature functions and also the initial conditions for tempera-
ture. Assume that the ends x=0 and x=1[ of the shell are simply supported and kept at temperature equal
to zero. Then we have the following boundary conditions:

uz =y =Y3 =Y, =0, Ny =M, =0, 7
T, =T, = 0. (®)
At the initial time, we specify the temperature characteristics as the following functions of coordinates:

T,(x,0,0) = T° (x,0), T,(x,0,0) =T (x.,0). 9)

It is assumed that the conditions of heat exchange on the surfaces z=xth are identical: ot =0 = o,

t; =1, =0, the heat sources are absent, and ¢, = const. Hence, by using the Laplace integral transformation

and double finite Fourier transformation, in view of conditions (8) and (9), we find the solution of system (4)
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in the form
oo oo 2 0
T = 2 z 2 (P: = 84) T + 82 2m o P gin X Loc b
1 - p _p. l 9
n=1m=0 i#j=1 ! J
(10)
o oo 2
Z Z Z — 8 T2nm+g3Tlnme Pi%gin n”xcosme
n=1m=0 i#j=1 P; p] !
where
81184 (81_84)2
p; = 2 +( 1) T+g2g3 s
Bi By B
b =BE+E 6oBE-BS. g =38 g =3Bk,
22 _ TR . oh 5ok
g_l"tn-i-m’ un_ l s Bl_}\’ 5 _E9
m
K2+ k+2)h /A +k(k?+3k+8
5 AN,k 8 (A, ~ 1)k _3( +k+ ) A, + ( +3k+ )
L™ k+1 27 (k+1)(k+2)° 3 3(k+1)(k+2)(k+3)
Here,
k 1, m=0
0 o L B
D = '[T (x, 9)sm—xcosm9dxd9 ky = {2’ 20 (i=1,2) (11)

As an example, at the initial time, we specify a plane temperature field described by the following piecewise

continuous function:

T (x.0) = T° (1 o) _dXO)

X[S_(x—x0+d)—

=

S, (x=xy—d)][S_(6+m)-S,(6-M)],
(12)

Ty (x,0) = 0,

where T° =const, 2d and 21 are, respectively, the width and angle of the domain of heating, (xo ,O) are

the coordinates of the center of this domain, and

1, x>0,
S+ =10 L <o

S_(x) = {0 ¢ <0,

1, x=0 . .
are unit functions.
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Relations (11) and (12) now imply the following expressions for the Fourier coefficients:

16 T (1 . qnd d nnd)~ X, 0
Ty = 25— =—sin sin ., Ty, =0,
03 n (i)’ l 20

0 _ 321" 1 . 7mnd d___ 7wndll1.. _ . Tnx
Tim = n3n2m2n2(d/l)2(7msm_l oS T— )(msmmn ncosmn)sm T

TO

2nm

=0 (m=0).

We find the components of generalized displacements caused by the temperature field (10) with regard for
the boundary conditions (7) from the system of differential equations (5) also by the method of double finite
Fourier transforms. The forces and moments are determined from Eqgs. (6).

3. Analysis of Numerical Results

The numerical computations were carried out for a shell made of a metal-ceramics composite with the fol-
lowing physicomechanical characteristics [5]:

~ metal: v=03; E, =662GPa; a! =10.3-10"°1/K; A,, =18.1W/mK;
— ceramics: v=0.3; E, =117GPa; 0(227.11~10_61/K; 7\.C=2.036W/mK.

The values of the other parameters are as follows: #/R=0.05,//R=3,n=n/6,d/l= (R/l)sinn s Xy =112,
k"=5/6, and Bi=0.2.
For the given parameters, we computed the values of dimensionless deflections

’ Us
w = =
Ro, T
normal forces
N;= Ni -,
E, ho, T
and bending moments
, M,
Mi — P h2 il T*
m am
. . . ;AT . .
for the dimensionless times T = ? equal to 0.05 and 5 and also for parameter of inhomogeneity k =1, 5,
c

€

and 20.
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0 60 120 0¢

Fig. 2. Dependences of the deflection w’ on the circumferential coordinate 6.

In Figs. 1 and 2, we show the variations of radial deflections w’ along the generatrix =0 and along the
directrix x"=0.5, respectively. We recorded the maximal deflections at the center of the domain of heating.
Along the generatrix, these deflections monotonically decrease to zero on approaching the ends of the shell.
At the same time, along the directrix, they oscillate between positive and negative values. Moreover, the deflec-
tions become larger as the parameter of inhomogeneity k (the fraction of metal in the composite) increases.

The dependences of normal forces N 1' and N é on the axial x" and circumferential © coordinates are
presented in Figs. 3—6. The normal forces acting at the center of the domain of heating are always compressive.
Their variations along the directrix are oscillating, and the maximal positive values are attained on the boundary
of the heated and unheated domains. The maximal values of the force N é are higher than N 1' .

As shown in Figs. 7-10, the characters of changes in the bending moments M 1' and M é both along the
generatrix and along the directrix are oscillating starting from the center of the heated domain. At the cen-
ter of this domain, they take positive values. For the moment M 1' , these values are maximal. The maximal
values of the moment M é are first attained at a point (0.5; 30°) and then shift (with time) toward the center
of the heated domain. In general, the maximal values of M 1' are higher than M é As the fraction of ceramics
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Fig. 3. Dependences of the normal force N l' on the axial coordinate X .
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Fig. 4. Dependences of the normal force N l' on the circumferential coordinate © .
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Fig. 5. Dependences of the normal force N ; on the axial coordinate X .
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Fig. 6. Dependences of the normal force N ; on the circumferential coordinate 0.
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Fig. 8. Dependences of the bending moment M 1' on the circumferential coordinate 6.
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Fig. 10. Dependences of the bending moment M ; on the circumferential coordinate 6.

in the composite increases (the parameter k decreases), the forces and moments become higher because the
Young modulus of the ceramics is higher than for the metal.

CONCLUSIONS

By using the equations of the refined theory of uncoupled thermoelasticity, we analyze the stress-strain state
of inhomogeneous (across the thickness) isotropic circular cylindrical shells subjected to the action of nonsta-
tionary local heating. By the methods of Fourier and Laplace transforms, we constructed, in the closed form,
a solution of the quasistatic thermal-stress problem for a finite shell simply supported at its ends and subjected
to heating by temperature fields specified at the initial time. We perform the numerical analysis for a metal—
ceramics composite whose properties vary in the radial direction according to the power law from the ceramics
on the outer surface of the shell to the metal on its inner surface. We also study the dependences of radial dis-
placements, normal forces, and bending moments on the radial and circumferential coordinates for different
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times and different values of the parameter of inhomogeneity. The accumulated numerical results are presented

in

10.
11.

12.

13.

14.

15.
16.

17.

18.

19.

the graphical form.
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