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ON ENTROPY SOLUTIONS OF ANISOTROPIC ELLIPTIC EQUATIONS
WITH VARIABLE NONLINEARITY INDICES
IN UNBOUNDED DOMAINS

L. M. Kozhevnikova UDC 517.956.25

ABSTRACT. For a class of second-order anisotropic elliptic equations with variable nonlinearity indices
and summable right-hand sides, we consider the Dirichlet problem in arbitrary unbounded domains.
We prove the existence and uniqueness of entropy solutions in anisotropic Sobolev spaces with variable

exponents.
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Introduction

Let © be an arbitrary domain of the space R" = {x = (z1,29,...,2,)}, @ C R, n > 2. We
consider the Dirichlet problem for equations of the kind
n
> (@il V), = [0l 2+ ax,u), x €, (1)
i=1
with the homogeneous boundary condition

U =0. (2)

Nonlinear second-order elliptic equations
n
Z(ai(x,u, Vu))z, — ao(x,u, Vu) = f, (3)
i=1
where f belongs to L or is a measure, have been actively investigated since the end of the previous
century. For equations of the kind (3) with power nonlinearities and f € L 1oc(R"), weak solutions in
the whole space R™ were investigated, e.g., in [7, 14, 16]. In [12, 13], the existence of weak solutions of
the Dirichlet problem in a bounded domain 2 was proved for elliptic equations under the assumption
that the right-hand side f belongs to L1(2) or is a bounded Radon measure.
In [9], for elliptic equations with power nonlinearities and right-hand sides from Lj, the entropy
solution of the Dirichlet problem was introduced and its existence and uniqueness were proved. Instead
of the entropy solution introduced in [27] for first-order equations, one can consider renormalized

Translated from Sovremennaya Matematika. Fundamental'nye Napravleniya (Contemporary Mathematics.
Fundamental Directions), Vol. 63, No. 3, Differential and Functional Differential Equations, 2017.

692 1072-3374/21/2535-0692 (© 2021 Springer Science+Business Media, LLC



solutions as well. Such solutions are elements of the same class of functions as entropy solutions;
however, unlike the latter ones, they satisfy another family of integral relations. There are cases
where the notion of entropy solutions is equivalent to the notion of renormalized ones.

Summability properties and estimates of entropy solutions of the Dirichlet problem for Eq. (3) with
the degenerate coercivity condition in bounded domains were established by Kovalevskiy (see [22]).
For second-order nonlinear elliptic equations with degenerate coercivities and right-hand sides from
Ly, the existence of entropy solutions of the Dirichlet problem was proved in [2]; for more general
cases, it was proved by Kovalevskiy in [23].

In [11], local entropy solutions were introduced for the following equation with the p-Laplacian,
absorbtion, and Radon measure f:

Apu— [uP2u=f, pe(l,n), p<po. (4)

In particular, for the case where f € Lj1,.(R"), the existence of a local entropy solution of Eq. (4) in
the space R" is proved by Bidaut-Veron.

In [1, 10, 20], the existence and uniqueness of renormalized and entropy solutions of the Dirichlet
problem were investigated in Orlich spaces for second-order elliptic equations with nonlinearities dif-
ferent from power functions (nonpower nonlinearities) and right-hand sides from L;(£2), where Q is a
bounded domain. In [24, 25], for a class of anisotropic elliptic equations with nonpower nonlinearities,
theorems on existence and uniqueness of entropy solutions were proved for the Dirichlet problem in
arbitrary domains.

Nowadays, differential equations and variational problems related to the p(x)-growth conditions are
broadly studied. This interest is motivated by the fact that such equations can be used to simulate
phenomena arising in mathematical physics. For example, they are required for the investigation of
such physical fields as electro-rheological and thermo-rheological liquids (see [21]). Other important
applications are related to the image processing and elasticity.

In [3, 5, 6, 8, 15, 28, 29], for equations with variable powers of the nonlinearities, existence and
uniqueness theorems were proved for renormalized and entropy solutions of the Dirichlet problem in
bounded domains. Papers [15, 28] are the closest to the results presented here. Namely, in [15], in a
bounded subset 2 C R™, n > 3, Bonzi and Ouaro considered the Dirichlet problem with condition (2)

for the isotropic equation
n

> (s, Vu))a, = f + a(u),
i=1
where 3" (a;(x, Vu)),, is an analog of the p(x)-Laplacian, p : @ — (1,00) is a measurable function,

=1
and a : R — R is a continuous nondecreasing function. The existence and uniqueness of an entropy

solution were proved under the assumption that f € Li(Q).
In [28], for the anisotropic equation
n

Z(ai(xﬂuﬁvi))xi =f

i=1
with f € Li(Q2), Ouaro proved the existence and uniqueness of an entropy solution of the Dirichlet
problem with condition (2) for bounded subsets 2 € R™, n > 3. Rather restrictive assumptions were
imposed on the Caratheodory functions a;(x, s) : 2 x R — R. For example, one can take the functions

ai(x,s) = |s[Pi®=2s i =1,...,n, where p; : @ — [2,n) are continuous functions such that
“(n—1 “(n—1 "1 fop -1 ~—n
p(_ )<pi_<p( _)7 IS pi =P o P 7
n(p~ —1) n—p —~p; P; p~(n—1)

~1
n
pT=n <Z 1/p2-_> , p; = inf pi(x), and pf =suppi(x), i=1,...,n.
i=1 xef x€Q
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Note that a lot of papers from this research direction were devoted to the Neumann boundary
condition, including nonlinear Neumann conditions (see, e.g., [18]). We do not discuss these results
here.

Thus, in publications known by the author, the results are obtained for entropy and renormalized
solutions of elliptic problems in bounded domains (except for [9, 11]). In the present paper, the exis-
tence and uniqueness of entropy solutions of problem (1)-(2) are proved in anisotropic Sobolev spaces
with variable exponents such that no boundedness of the domain €) is assumed and the admissible
class of equations is substantially broader than the one from [15, 28] (see conditions (2.1)—(2.7) below).

1. Anisotropic Sobolev Spaces with Variable Exponents
Let @ € R” be an arbitrary domain. Introduce the notation
CTHQ)={peC(Q): 1<p” <p" < +oo},
where p~ = inf p(x) and p = sup p(x).
x€Q XEQ
If p € CT(Q), then the following Young inequality holds:
2yl < P + 270, 2y eR, x€Q, P(x)=px)/(pEx) —1). (L.5)
By virtue of the convexity, the following inequality holds:
ly + 2P0 < 22" Y|y PO 4 2PB)) ) 2y e R, xe€Q. (1.6)

Define the Lebesgue space Lp(.)(Q) with a variable exponent as the set of real-valued functions v
measurable on () and such that

o) = [ GoPRdx < oc
Q

The Luxembourg norm in the space Ly.)(Q) is defined by the relation

1vllz,. @ = IVllp().@ = inf {k >0 pp)@v/k) < 1} :
In the sequel, we use the notation [|v][,.) o = [[v][,() and pp)a(v) = pp)(v). The norm of the space
Ly(Q) is denoted by ||v[,,@ while [[v]|, 0 = [Jv]|,. The space L,.)(Q) is a separable reflexive Banach
space (see [17]).

For each u € L,()(Q) and each v € Ly,y(Q), the following Hélder inequality holds:

/u(x)v(x)dx L 2[ully oy, 0lvllpe),0- (1.7)
Q
Also, the following relations hold (see [17]):
- +
[0l @ = 1 < ppa(®) < 0I5 o + 1, (18)
1/p* 1/p~
(b0 =)' < lellr@ < (apr@(®) + 1) (19)

Introduce the vector B (-) = (p1(-),p2(-), -, pu(-)) € (CF(Q))™. Introduce

p+(x) = maxp;(x), x€Q.

i=1n
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The anisotropic Sobolev space ﬁ%(_)(Q) with variable exponents we define as the completion of the
space C§°(Q) with respect to the norm

n
”v”ﬁl Q) = Z ”vxi”Pi(')vQ’
0@ &

The space ﬁ%(_)(Q) is a reflexive Banach space (see [19]).
Let

np(x)

n -1
p<X>=n<Zl/m<x>> C P =1 n-px)’ p<x3

i=1 +o0, (x

ST and peo(x) = max{p. (x), p (x)}-
>n

The following embedding theorem for the space H?(')(Q) is proved in [19, Theorem 2.5].

Lemma 1.1. Let Q be a bounded domain and T () = (pi(-),p2(-),...,pn()) € (CHQ))". If q €
CH(Q) and
q(x) <pso(x) VxeEQ, (1.10)

then the continuous compact embedding PDI%(.)(Q) = Lg((Q) holds.

Remark 1.1. If no additional assumptions are imposed on the exponent p(x), then it is not guaran-
teed that smooth functions are dense in Wpl(.)(Q) (see [30]). However, if the modulus of continuity of
the exponent p(x) satisfies the logarithmic condition, then smooth functions are dense in the space
Wpl(.)(Q) and, defining the Sobolev space ﬁ;(.)(Q) with a variable exponent as the completion of the
space C§°(Q) with respect to the norm ||V - ||,y o, one causes no contradiction.

2. Assumptions and Results

Let ﬁ() = (po(-),p1(-),...,pn(")) € (0+(Q))n+1 and

p+(x) < po(x) < pi(x), x€ (2.1)
It is assumed that the functions a(x, sg) and a;(x,s), ¢ = 1,...,n, contained in (1) are measurable
with respect to x € 2 provided that sp € R and s = (s1,...,s,) € R" and are continuous with respect

to sp € R and s € R” for almost all x € Q. It is assumed that the function a(x, sg) does not decrease
with respect to sg € R. Also, we assume that there exist positive numbers @ and a and nonnegative

measurable functions ®; € Lpg (y(£2), i =1,...,n, such that the inequalities
lai(x,8)] <@(P(x, )P + @i(x), i=1,...,n, (2.2)
(a(x, S) - a(x, t)) ’ (S - t) >0, s 7é t, (23)
a(x,s) - s > aP(x,s) (2.4)

hold for a.e. x € Q and for all s,t € R"™, where P(x,s) = Zn: |5;|P*®) s - t denotes the scalar product
of s = (81,...,8n) and t = (tl, ..., ty) from R™, and a(x, S)ZZZI (a1(x,8),...,an(x,8)). Also, we use the
notation P’(x,s) = Z |5i|Pi®) and P(x,s0,5) = P(x,s) 4 |so[P0®).
Applying (1.6), we der1ve the following estimates from inequalities (2.2):
lai(x,8) [P < AP(x,s) + ¥(x), i=1,...,n, (2.2').

Here W; are nonnegative measurable functions from Li(Q2), i =1,...,n
The following additional conditions are used in the existence theorem. Assign a(x,sp) = a(x,0) +
b(x, sg) and assume that
a(x,0) € L1() (2.5)
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and

sup |b(x,s0)| = Gr(x) € L1 10¢(92). (2.6)
Isol<k

The function b(x, sg) is a Caratheodory nondecreasing function with respect to sy € R and b(x,0) =0
for a.e. x € Q. Therefore, the following inequality holds for a.e. x € Q and sy € R:

b(x, s09)so > 0. (2.7)

Let Lyy(.)(Q2) denote the space Ly, () x ... X Ly, (y(£2) with the norm
IVllis @ = IVlg o) = lotllpio) + - F llonllpaeys v =(v1,...0n) € L) (Q).
Let Lg()(§2) denote the space Ly,()(€2) x Lg ) (2) with the norm
IVl @ = llollpoy + IVIlg ey, v = (vo, 015, 0n) € L ().
Define the Sobolev space W%()(Q) with variable exponents as the completion of the space C§°(€2)
with respect to the norm
ol @ = 1ol + 19l o

Define the function
k for r > k,
Tp(r)=<qr for |r| <k,
—k forr < —k.

Introduce the notation (u) = [ udx.
Q

Definition 2.1. A measurable function u : 2 — R is called an entropy solution of problem (1)-(2) if:
(1) A(x) = a(x,u) € L1();

S

2) Ti(u) € Wi () for all positive k;
B()
(3) the inequality

((a(x,u) + [u*Y )T (u — €)) + (alx, V) - VTi(u — €)) <0 (2.8)
holds for each positive k and each £(x) € C}(9).

Theorem 2.1. Let conditions (2.1)~(2.4) hold and u' and u? be entropy solutions of problem (1)-(2).
Then ut = u? in Q.

Theorem 2.2. Let conditions (2.1)—(2.7) hold. Then there exists an entropy solution of problem (1)-(2).

3. Preliminaries

In the sequel, all constants are assumed to be positive.
Let xg(x) be a characteristic function of a set G. From the second assumption of the definition of
the entropy solution, it follows that

VT (u) = X{:juj<k} VU € Ly (2) (3.1)
for every positive k, whence, applying (2.2), we prove that
X{ul<k)a(X, V) € Ly (2) (3.2)

for each positive k.
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Lemma 3.1. If u is an entropy solution of problem (1)-(2), then the inequality
/ P(x,u, Vu)dx + k / lu[PP™1ax < C1k (3.3)
{Quful<k} {Quful>k}

holds for each positive k.
Proof. Due to inequality (2.8) and the first assumption of the definition of entropy solutions, the
following inequality holds provided that & = O:

/|u|p°(x)_2uTk(u)dx + / a(x, Vu) - Vudx < —/a(x, w) Ty (u)dx < k||A||;.

Q {Q:|ul<k} Q

Applying inequality (2.4), we establish the inequality

k /1 [ufPot)~1 g 4 / PO dx + g /" P(x, Var)dx < k|| A1
{Q:|u|>k} {Q:|u|<k} {Q:|u|<k}
This yields (3.3).

Lemma 3.2. Let a measurable function v : Q0 — R be such that if k > 0, then Tiv € VT/%(.)(Q) and
u[Pe®)—1dx < 5. (3.4)
{2:|v[=2k}
Then
meas {Q : [v] >k} — 0, k — oo, (3.5)
and
lw[Pe®=1 e Ly(Q). (3.6)

Proof. The inclusion (3.6) is an obvious corollary from (3.4). Moreover, inequality (3.4) implies that
kPo “'meas{Q: |v| > k} < Co, k>1,

which yields (3.5).

Remark 3.1. If u is an entropy solution of problem (1)-(2), then Lemmas 3.1-3.2 imply that

meas {Q: |u| >k} =0, k— oo, (3.7)
and
luPe®™=1 e L1(Q). (3.8)
Lemma 3.3. Let a measurable function v : Q — R be such that if k > 0, then Tiv € W%()(Q) and
P(x, Vv)dx + k / lw[Pe =L dx < Cyk. (3.9)
{2 vl <k} {|v| 2k}
Then
meas {Q : P(x,Vv) > h} -0, h— oc. (3.10)

Proof. Assign ®(k,h) = meas{Q: |v| > k, P(x,Vv) > h}, k,h > 0. It is proved above (see (3.5)) that
®(k,0) >0, k— .

Since h — ®(k, h) is a nonincreasing function, it follows that

h h
MQMg;/¢m@@§¢w®+2/@&@—¢%mM9 (3.11)
0 0
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for all positive k and h.
Note that

®(0,0) — P(k,0) = meas{Q: |v| < k, P(x,Vv) > o}.
Therefore, (3.9) implies that

/(@(O, 0) — ®(k,0))do = / P(x, Vv)dx < Csk.
0 ([ <k}

Now, from (3.11), we obtain the inequality
®(0,h) < ®(k,0) + Csk/h.

Select k to satisfy the inequality ®(k,0) < . Then select h to satisfy the inequality ®(0,h) < 2e. This
proves (3.10).

Lemma 3.4. Let p € CT(Q) and v (x), m € N, and v be functions from Ly.\(Q) such that the
sequence {v™ }imen is bounded in L,y (S) and

v — v, m—o0, a.e in S

Then v™ — v weakly in Ly.)(Q2) as m — oo.

For the case of bounded domains, Lemma 3.4 is proved in [4]. That proof is valid for the case of
unbounded domains as well.

Lemma 3.5. If u is an entropy solution of problem (1)-(2), then inequality (2.8) holds for every
function £ € W%(')(Q) N Lo (£2).

Proof. By the definition of the space VCV%(.)(Q) N Loo(€2), there exists a sequence of functions ™ €
C5°(§2) such that it is bounded in Loo(£2), VE™ — V€ in Ly y(Q2) as m — oo, and ™ — & in Ly, (2)
as m — oo. This implies that £™ — £ and VE™ — V& in Ly 16.(£2) as m — oo; hence, there exists a
subsequence (we preserve the same notation for it) such that £™ — £ and V™ — V¢ a.e. in . Then
the following limit relations hold for every positive k:

Ti(u—E&m) = Tp(u—&) and VTp(u—E&") — VIg(u—¢), m—o0, a.e. in Q. (3.12)
Let k =k + su%(H&mHOO, 1€]l0)- Then
me

VT — €™)] < [VT(w)| + V€™, x€Q, meN.

Since the converging sequence {VE™} is bounded in Ly (£2), it follows from (3.1) that the norms
[VTi(uw — €™)[l5 (), m € N, are bounded. Applying (3.12) and using Lemma 3.4, we obtain the
following convergence for each positive k:

VIg(u—E&m) = VT (u—E§), m—oo, in Ly (Q). (3.13)
Now, let us pass to the limit as m — oo in the inequality
/(a(x, w) + |uPo 20 Ty (u — €™)dx + /a(x, Vu) - VIi(u—EM)dx <0.
Q Q

Since a(x, u) and |u[P*®) =2y belong to L1 () (see Definition 2.1 and (3.8)), it follows from the Lebesgue
theorem that, applying (3.12) to the first term of the latter inequality, one can pass to the limit as
m — 00. Since a(x, VU)X{Q:|U‘<E} € Ly (82) (see (3.2)), it follows from (3.13) that the second term

of the latter inequality has a limit as k — oo as well.
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Remark 3.2. In the sequel, to avoid a cumbersome reasoning, instead of assertions like “from the
sequence {u"}, one can select a subsequence (we preserve the same notation for it) converging a.e.
in Q as m — 00,” we say “the sequence u™ selectively converges a.e. in €2 as m — 00.” Respectively,
we use the term “selectively weakly converges,” etc.

Lemma 3.6 (see [12, Lemma 2]). Let (X, 7 ,meas) be a measurable space such that meas(X) < oo.
Let v : X — [0,400] be a measurable function such that meas{x € X : v(x) = 0} = 0. Then for any
positive € there exists a positive § such that the inequality

/’y(x)dx )
Q

implies the inequality meas Q) < e.

4. Uniqueness of Solution

Consider the function T 4 (r) = Tj(r — T(r)) under the assumption that k and h are positive. It
is obvious that

0 for |r| < h,
Tpn(r) =< r—hsignr for h <|r| < k+h,
ksignr for |r| > k+ h.

Let u be an entropy solution of problem (1)-(2). Fix positive k£ and h and assign £ = T}, (u) in (2.8).
Then & € Lo(2) N W%(.)(Q). We have

/‘u|p0(x)_2UTk,h(U)dX + /a . VThh(u)dX
Q Q

=k / |u[Po™)~Lax + / u|PoCI=2u Ty (u) + / a - Vudx
{Q:|u|>k+h} {Q:h<|u|<k+h} {Q:h<|u|<k+h}
< - /a(x, w) T p(uw)dx < k / | Aldx.
Q {Q:h<|ul}

Applying (2.4), we deduce the inequality

k / luPe®~1dx + q / P(x, Vu)dx < k / | Aldx. (4.1)
{Q:|u|>k+h} {Q:h<|u|<k+h} {Q:h<|ul}

Since A € L1(Q2), it follows from (3.7) that the right-hand side of (4.1) tends to zero as h — oc.

Proof of Theorem 2.1. Let u! and u? be entropy solutions of problem (1)-(2). In inequality (2.8) for
ul, assign ¢ = Tj,(u?). In inequality (2.8) for u?, assign & = Tj,(u'), h > k. Summing these integral
inequalities, we see that
I(h,k) = / A V(u! — T, (u?))dx + / A? .V (u? — Ty(u'))dx (4.2)
Ql(h,k) Q2(h,k)
: ‘/ (AL [ut PO 2u) Ty (u! = T (u))dx — / (A2 + [u? P02 T (u? — Ty (u'))dx = J (h k),
Q(h,k) Q(h,k)

where Al(x) = a(x, Vu?), A (x) = a(x,u’), and Q¥ (k,h) = {x € Q: |u' — T, (v* )| < k}, i =1,2.
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Represent the sets Q!(h,k) and Q%(h,k) by unions of disjoint subsets: Q(h,k) = Q2(h, k) U
Q1 (h, k) UQL(h,K), Q2(hk) = Q2(h, k) UQ3(h, k) UQ3(h, k), where

Q2(h k) ={xeQ: [ut —u?| <k, [ut| <h, [u?| < h},
k) ={xeQ: |u' —hsignu® | <k, [u¥ | >R}, i=1,2,

Qih, k) ={xeQ: [u' —u*7| <k, |u'| > h, W37 < h}, i=1,2.

On the left-hand side of (4.2), the integrals of the functions A - V(u® — T, (u3~%)), i = 1,2, over the
set Q'2(h, k) take the form

(A' — A?) . V(u' — u?)dx = I'?(h, k). (4.3)
Q12(h,k)

The integrals of the functions A’ - V(u! — Tyu®~?) over the sets Q% _,(h, k), i = 1,2, respectively, are
nonnegative due to (2.4):

/ Al Vuldx + / A? . Vu?dx > 0. (4.4)
QL(h,k) Q2(h,k)
Finally, using (2.4), we obtain that
/ Al V(u! = u?)dx + / A? .V (u? —ub)dx
Q1(h,k) Q2(h,k)

> — / Al Vuldx — / A? . Vuldx = —I{ (h, k) — I3(h, k). (4.5)

Q1(h,k) Q2(h,k)

Combining (4.3)—(4.5), we establish the estimate

I(h,k) > I"*(h,k) — I*(h,k) and I?(h,k) = I{(h, k) + I3(h, k).
Let us show that I3(h, k) — 0 as h — oo. Using (1.5), we obtain the following estimate of the integral:
|15 (hy )| < [Ixqeensiutj<nei P05 AN+ X geen—k<iu2)<ny P (s Vi?) 1

Applying (4.1), (3.2), and (3.7), we find that I3 (h, k) — 0 as h — oco. The integral I2(h, k) is estimated
in the same way. B B B
The following representation is obvious: Q = Q'2(h) U Q' (h) U Q2(h), where

Q2(h)={xeQ: [u'| <h, [u’| <h}, Q(h)={xeQ:|[u'|>h}, i=12

Due to the nondecreasing of the functions a(x, so) and |so[P*®)~2sy with respect to sq, the integrals of
the functions — (A" + [t/ [Po) =2\ T}, (u? — Tj,(u?~?)), i = 1,2, over the set Q'2(h), which are contained
on the right-hand side of inequality (4.2), satisfy the relations

J2(h) = — / (a(x,u') — a(x, u?) + [u![PoO) =2y — [ 2PoC=2u )Ty (u! — u?)dx < 0.
§~212(h)
For the integrals of these functions over the set ﬁl(h), we obtain the estimate

[ JH ()] <k / (JAY + JA2]  Ju PO fu? P00, (4.6)

Q1 (h)
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A similar estimate holds for the integrals of these functions over the set §~22(h):

[ J2(h)| < k / (JAY A+ AP 4 fut P91 PP~ ), (4.7)
02 (h)
Since~A1 and A2~belong to L1(Q), [ut|Po®=1 and |u?[P?®)~1 belong to L1(), and the measure of the
sets Q1(h) and Q2(h) tends to zero as h — oo (see (3.7)), it follows from estimates (4.6)-(4.7) that
Tinn (|7(1)] + |72(1)]) = 0.
Thus, the limit passage in (4.2) yields the relation
Jim I'*(h, k) = lim / (A' =AY . V(u' —u?)dx < 0.
—00

h—o0
Q12(h,k)

The set Q2(h, k) converges to Q12(k) = {x € Q | |u! — u?| < k} as h — oo. Therefore, the following
inequality holds for each positive k:

lim I'2(h) = / (a(x, Vul) — a(x, Vu?) - V(u! — u?)dx < 0.

h—o00
ﬁlz(k)

This contradicts condition (2.3). Hence, V(u! — u?) = 0 a.e. in Q12(k) for each positive k. This
implies that u! = u? a.e. in Q.

5. Existence of Solution

Consider the equation
n

> (ai(x, V), —ag(x,u) =0, x€Q. (5.1)
i=1
Let there exist positive numbers @ and a and measurable nonnegative functions ¢ € L1(f) and
D; € Lpg(.)(Q), it = 0,1,...,n, such that the following inequalities hold for a.e. x €  and every
s = (sg,s) € R*TL:

|ao(x, 50)| < @lso[PP0 ! + Do (x),  as(x,5)] <@P(x,8)) P £ Bi(x), i=1,...,m, (5.2)
ao(x, s0)s0 + ¥ ai(x,8)s; > aP(x, 50,8) — $(x). (5.3)
=1

Definition 5.1. A function u € VCV%(.)(Q) is called a generalized solution of problem (5.1), (2) if it
satisfies the integral identity

(ap(x,u)v) + (a(x, Vu) - Vo) =0 (5.4)
for any function v € W%()(Q)

In [26], the following assertion is proved.

Theorem 5.1. If conditions (2.3), (5.2), (5.3), and (2.1) are satisfied, then there exists a generalized
solution of problem (5.1), (2).

The proof of Theorem 2.2 is based on Theorem 5.1.

Proof of Theorem 2.2.
Step 1. Select a sequence of functions A™(x) € C§°(Q2) to satisfy the limit relations

A™(x) = A%(x) = a(x,0), m — o0, in Li(N) (5.5)



and the inequalities
[A™ s < [[A%)1, meN. (5.6)

Consider the equation
n

D (ai(x,Vu))e, = af'(x,u), m €N, (5.7)
i=1
where a'(x, s9) = A™(x) + b™(x,s0) + |so|p0(x)_230, b™(x,50) = Tin(b(x, 50))X(m), and Q(m) = {x €
Q: x| < m}. It is obvious that

|6 (x,50)] < [b(x,50)], x€Q, s09€R (5.8)
Applying (2.7), we establish the inequality
b™(x,50)s0 >0, x€Q, speR. (5.9)
Any generalized solution of problem (5.7), (2) is a function v € W%()(Q) satisfying the integral
identity
(A™(x) + T (b(x, u™)) Xy(m) + [ PP~ 2u™ )oY + (a(x, Va™) - Vo) =0, m €N, (5.10)

for any function v € W%()(Q)
Verify conditions (5.2)-(5.3) for the functions a(x,s) and af'(x, so). It is obvious that
|bm(xv 80)| = |Tm(b(X, 80))|Xﬂ(m) < mMxXa(m) € Lp{)()(Q)
Therefore,
g (x, 50)| < [A™ ()] + [0 (x, 50)] + [so[°C7 < [so 0O+ B (x),  BF' € Ly (). (5.11)
Inequalities (5.2) follow from (2.2) and (5.11).
Further, applying (1.5) and (5.9), we conclude that
al'(x, 50)s0 = (A™(x) 4 b™(x, s0) + |s0]P°®)"2s0)s0 > [s0[P0) — e]so[P0®) — ()| AP0,
Then, selecting € < 1, we obtain the inequality
a' (x, 50)s0 = (L —€)[s0l”™ — o' (x), ' (x) € La(). (5.12)
Combining (2.4) and (5.12), we establish inequality (5.3).
Due to Theorem 5.1, for any m € N there exists a generalized solution u™ € W%(')(Q) of prob-

lem (5.7), (2). The uniqueness of the solution of problem (5.7), (2) follows from the strong monotonicity
condition posed by (2.3) and the nondecreasing of the function a(x, sg) with respect to sg € R.
Step 2. Assign v = T, (u™) in (5.10). Then, taking into account (5.9), we have the inequality

a(x, Vu™) - Vudx + k / (|bm(x, u™)| 4+ |um|p0(x)_l) dx (5.13)
{Q:h<]um| <k+h} {Q:fum|>k+h}
+ / (bm(x, u™) + |um|p°(x)_2um) (u™ — hsignu™)dx < k / |A™|dx.
{Q:h<|um|<k+h} {Q:|um™|>h}

Due to (5.9), the inequality (b™(x,u™) + |u™[P?®)=2y4™) (4™ — hsignu™) > 0 holds provided that
h < |u™]|. Taking this into account, from (5.13), we deduce the inequality

a(x, Vu'™) - Vu™dx
(Q:h<|um|<k+h}

+k / (|bm(x, u™)| + \um\m(")—l) dx < k / | A™|dx.

{Q:fum|>k+h} {Q:fum[>h}
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Using (2.4) and (5.6), we reduce the last inequality to the form

a / P(x, Vu™)dx + k / (|bm(X7 u™)| + ‘um‘po(X)—1> dx
{Q:h<|jum|<k+h} {Q:|um|>k+h}

<k / |A™|dx < k||A%];, meN.

{Q:fum|=h}

Now, take Tj(u™) for the test function in (5.10). Applying (5.6), we establish the inequality

a(x, Vu™) - Vu"dx + k / <|bm(x7 u™)| + |um|Po(X)—1) dx
{:|um| <k} {Q:|um| >k}
s [ s < AT < KA
{Q:|um| <k}
Then, using inequality (2.4), we conclude that
P(x, Vu™)dx + k / (\bm(xjum” + |um|po(x)—1) dx
{Q:jum | <k} {Q:|um| >k}
+ / lumPo™dx < kCy, m e N.
{Q:|um| <k}

From estimate (5.15), we have

/ (T (™) PO e — / ™ P09 i + / k7o) dy

{Q:|um|<k} {Q:|um| >k}
< / lu™|Po™) dx + k / lum P —lgx < kC,, meN.
{Q:|um|<k} {Q:|um| >k}

Also, (5.15) implies the estimate
/ P(x, Vu™)dx = /P(x, VT (u™))dx < Cik, m €N.
{Q:|um <k} Q
Since the positive k is selected arbitrarily, it follows from inequality (5.15) that
16 (e, ™)+ [ PO < C1, moe N,
Finally, using (5.8) and (2.6), we establish the relation

sup (6™ (x,u™)] + [u™ PPN < sup [b(x, u™)| + K701+ 1
lum | <k [um|<k

= Gr(x) + k% 141 € Ly1e(Q), meN.
Step 3. Due to Lemma 3.2, from (5.15), we deduce that
meas (Q : [u™| > h) -0, h — oo, uniformly with respect to m from N.
Let us prove the limit relation

u™ —u, m—oo, a.e in Q.

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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Let nr(r) = min(1, max(0, R+1—7)). Applying (1.6), from estimate (5.17), we deduce the inequalities

/P(X,V(T}R(‘XDTk(um)))dx < Oy / P(x, Vu™)dx + Co /P(X, T (u™)Vnr(|x]))dx
0 (Q:um| <k} 0
< Cs(k,R), meN.

This implies the boundedness of the sequence {ng(|x|)Tx(u™)}men in PDI%(_)(Q(R + 1)) for every fixed

positive £ and R. By Lemma 1.1, the space PDI%(.)(Q(R + 1)) is compactly embedded into the space

Ly (Q(R + 1)) because condition (2.1) is satisfied. Thus, for every fixed positive k and R, the
selective convergence ng(|x|)T)(u™) — vy in Ly (Q(R + 1)) as m — oo is established. This implies
the convergence T}, (u™) — v in Ly, (Q2(R)) as well as the selective convergence Ty (u™) — vy a.e. in
Q(R) as m — oo, k € N. Using the diagonal process, we show the existence of a measurable function
u : Q — R such that vy = T(u) and v — w a.e. in Q(R) for any positive R. This implies the
convergence (5.21).

From the convergence of v — w a.e. in Q(R), the convergence with respect to measure follows for
any positive R. Hence, it implies that the sequence {u™} is fundamental with respect to measure, i.e.,

meas {Q(R) : [u™ —u!| > v} =0 as m,l — oo for each positive v. (5.22)

Step 4. From (5.17) and (2.2'), we have the following estimate for any positive k:

1P’ (x, alx, Vu™))x(a:jum|<rpll < Ca(k), m €N. (5.23)
Due to Lemma 3.3, from inequality (5.15), we have the following convergence:
meas {2 : P(x,Vu™) > h} -0 as h— oo uniformly with respect to m € N. (5.24)

First, we establish the convergence
Vu™ = Vu, m — oo, locally with repect to measure. (5.25)
For positive v, 0, h, and R, consider the set
E,on(R) = {QR) : [u! —u™| < v, P(x,Vu!) < h, P(x,Vu™) < h, |u!| < h, [u™] < h,
|V (u! —u™)| > 6}.
Since the inclusion
{QUR) : V(! —u™)| >0} c {Q:P(x, Vi) > h} U{Q: P(x, Vu™) > h}
U{Q(R) : [u! —u™| > v} U {Q: |ul| > R} U{Q: [u™| > h} U B, pn(R)
holds, it follows from (5.20) and (5.24) that one can select h to satisfy the inequalities
meas {Q(R) : |V(u! —u™)| > 0} (5.26)
< 4e +meas E, g, (R) + meas {Q(R) : [u' —u™| > v}, m,l€N.

By the monotonicity condition (2.3) and the well-known fact that a function continuous on a compact
set attains its infimum, there exists y(x) positive a.e. in © and such that the inequality

(a(x,s) —a(x,t)) - (s —t) = ¥(x) (5.27)
holds provided that P(x,s) < h, P(x,t) < h, and |s — t| > 6.

Introduce the notation AJ'(x) = af'(x,u™) = A™(x) + b™(x,u™) + [u™[P°®)~24™ From (5.6)
and (5.18), it follows that the sequence { A7'},,en is bounded in Ly (). Substitute u™ and u' into (5.10)
and subtract the latter from the former. We obtain that

/ (a(x, Vu'™) — a(x, Vul)) - Vudx + /(Agl — A)yvdx = 0.
Q Q
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Substituting the test function v = ng(|x|)nx (|u! )1 (|u™ )T, (u™ — u!), we establish the relation

/ (ax, V) = a(x, Vul) ) - Vnr(])mn (e o (0™ )T (™ = o)) dx
/ (A7 — ADnr(x)mn (Jut ) (Ju™ T, (u™ — ul)dx < Csv,  m,1 € N. (5.28)
Q

Further, applying (5.27), we deduce the inequality

/ v(x)dx < / <a(x, Vu'™) — a(x, Vul)> SV (u™ — ul)dx
Ey0,n( Eyo,n(R)
< / nr (x| (' (Ju™]) (a(x, Va™) — alx, Va')) V (u™ — u')dx. (5.29)
{Q:|um—ut|<v}

Combining (5.28) and (5.29) and applying (1.5), (5.17), and (5.23), we see that

/ A(x)dx <3 / g, V™| | Ty (u™ — ) dx

Byon(R) =L jum|<h+1,|x| < R4+1}

+> / lai(x, Vub) || T, (u™ — ul)|dx
=Ll <hi1, x| <R+1}

+Z / (Jai (x, V™| + i (x, V') ) g, |IT, (u™ — ') |dx

=< |ul|<ht1,|Jum|<h+1}
n

+ Z / (lai (x, Vu™)| + |ai(x, Vul)\)\uZzHT,,(um — ul)|dx + Csv (5.30)
izl{Q:h<\um\<h+1,\ul\<h+1}

< V(3||P/(X7 a(x, Vum))X{Q:\umKh—i-l}Hl + 3||P,(X7 a(Xv Vul))X{Q:\ulKh—i-l}Hl
+ 2||P(x, VU™ )X qupum|<ht1tll + 2P (x V' ) x g putj<niny I + Cs(R)) < Cr(R, h)v.

Take an arbitrary positive § and fix R and h. Then, selecting v from (5.30), we establish the inequality

v(x)dx < 6.

E,0.1n(R)
Applying Lemma 3.6, for any positive £, we deduce the inequality

meas E, 9 p(R) < €. (5.31)
Due to (5.22), one can select mq(v, R, ¢) to satisfy the inequality

meas {Q(R) : [ul —u™| > v} <e, m,l>my. (5.32)
Thus, combining (5.26), (5.31), and (5.32), we deduce the following inequality for any positive 6:
meas {Q(R) : |V(u! —u™)| > 0} < 6e, m,l>my.

This implies that the sequence {Vu"},en is fundamental with respect to measure on the set (R)
for any positive R. This implies convergence (5.25) as well as the selective convergence

Vu™ = Vu, m— o0, a.e in €. (5.33)
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Step 5. Let us prove that
™ Po)=2m P2y, and b (x,u™) — b(x,u), m — 00, in L1 10c(82) (5.34)
and
W PO)=2ym s P2y and b (x,u™) — b(x,u), m — o0, a.e.in €. (5.35)

Assigning k = h in (5.14), we obtain the inequality

/ (17 e, ™) + o1 e < / LA™ — A%dx + / A%dx, meN.
{Q:|lum|>2h} {Q:|um|>h} {Q:|um|>h}
Fix an arbitrary positive . Using the inclusion A% € L;(f2), convergence (5.5), and the absolute

convergence of the integrals on the right-hand side of the latter inequality, we take into account (5.20)
to find sufficiently large h such that

(|bm(x, u™)| + \um\m(")—l) dx <e, meN. (5.36)
{:fum|>2h}

From the continuity of b(x, so) with respect to sg and convergence (5.21), it follows that for any fixed h,
we have the limit relations

m -2, m ) .
X {2 um | <2n} U o) =2y _>X{Q:|u\§2h}|u‘p0(x) u, m—o00, a.e in £,

X{:jum|<2ny0" (X, ™) = X(iju<2nyb(X,u), m — o0, a.e. in Q.
Let K be an arbitrary compact subset of 2. According to (5.19), applying the Lebesgue theorem, we
prove that

X (0 fum| <2k} [ PP T2 yiqug<ony WP 20, m = 00, in Ly(K),

X{:um <2k} 0™ (5 u™) = Xqoujul<2kyb(X,u),  m =00, in Li(K).
Taking into account (5.36), this implies (5.34).
From (5.18), (5.35), and the Fatou theorem, we conclude that b(x,u) and |u[P?®)~2y belong to
L1(Q2). Hence, (2.5) yields the validity of the first assumption of Definition 2.1.
Step 6. Let us prove that Tj(u) € W%()(Q) for any positive k. Combining (5.16), (5.17), and (1.9),
for any fixed positive k, we deduce the estimate
1/p;

n
1T i, ey = 2 1P Te(™) gy < Z 1+ / | D, Ty (u™) ), [P ) < Cs(k), meN.
i=0

The reflexivity of the space W% 0 (Q) allows one to select a subsequence such that Tpu™ — v, m — oo,
in W%()(Q) and v € W%()(Q) The continuity of the natural mapping W%()(Q) — Ly (©2) implies
the weak convergence

Tp(u™) = v, m—o00, in Ly (). (5.37)

Using convergence (5.21) and applying Lemma 3.4, we have the following weak convergence for any
fixed positive k:

Typ(u™) = T(u), m— o0, in Ly (). (5.38)
Relations (5.37)-(5.38) imply that v = Tju € W%()(Q)
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Step 7. To prove (2.8), substitute the test function v = Ty (u™ —€), € € C}(Q), into identity (5.10).
We obtain the relation

/ a(x, Vu™) - Vi (u™ — £)dx + / (bm(x, u™) 4 [um[Pot)=2ym 4 Am) Ty(u™ — €)dx = I™ + J™ = 0.
Q Q

Assign M = k+||§]|oo- If [u™] > M, then [u™ —&| > |u™] —||{]|cc > k. Therefore, {Q: [u™ — | < k} C
{Q: |u™| < M}, which means that

™= / a(x, Vu™) - VT (u™ — €)dx (5.39)
Q
= /a(X7 VTy (™)) - (VI (u™) = VEX[ujum—g|<kydx = I{" — 13"

Q

From (5.21), (5.33), and the continuity of the function a(x,s) with respect to s, we have the limit
relation

a(x, VI (u™))-VTar (u™ )X {uum—g|<ky — (% VTn(0))- VT (W)X {0 u—e|<k} ™ — 00, a.e. inQ,
Applying (5.17), (5.23), and (1.5), we establish the estimate

m = / a(x, VT (™)) - VT (u™)dx < Co(k), m € .
{Q: [um—¢| <k}
Then the Fatou lemma yields the inequality
/a(x, VTM(’U,)) : VTM(U)X{Q:|u—§|§k}dX < lgn inf[{”. (540)
Q

Estimate (5.23) implies the boundedness of the sequence of norms:
[P’ (x, a(x, VT (u™)) X {0 jum—e|<kpllt < [[P'(x, a(x, V™)) X {0:jum )<yt < Cro(k), meN.
Applying Lemma 3.4, we establish the following weak convergence:
a(x, VTn (u™))x(a:jum—ej<ky — a(x, VIM (W)X {Q:ju—g)<k}, ™ —> 00, in Lg)(€).

Passing to the limit in 15", we have the relation

lim I;n = /a(x, VTM(’U,)) 'V§X{Q:|u—§|§k}dx' (5.41)

m—0o0
Q
Combining (5.39)—(5.41), we establish the relation

fim it 17 > [ a(x Vs (0)) - (VTas(0) = VOX{u-l0y

m—r0o0
Q
= /a(x, Vu) - V(u — §)xqo:ju—e|<kydx = /a(x, Vu) - VT (u— &)dx. (5.42)
Q Q
Since
Tr(u™ =€) = Tp(u—&), m— o0, a.e. in £
and

0T (u™ = &)| < klv] € L1(QQ), Vwve L1(2), meN,

it follows from the Lebesgue theorem that

Te(u™ — &) 2 Tp(u—€), m —o00, in Le(Q). (5.43)
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The integral J™ is decomposed into two terms as well. The first integral

Jm = / (bm(x, u™) + |um|:vo<x)—2um) Ty (u™ — €)dx
Q

is estimated as follows. Consider the increasing sequence {K'} of compact subsets © such that
U K!'=Q. Let suppé € K!, 1> 1p, o™ =u™ — &, v =u— &, ™ (x,u™) = b"(x,u™) + |um|p0(x)_2um,
=1

and ¢(x, u) = b(x, u) + [u|Po®) =2y, Then, taking into account (5.9), we have the following relation valid
under the assumption that [ > ly:

Jt = / cm(x,um)Tk(um)dx—i—/cm(x, u"™) T (v"™)dx > /cm(x, u™) T (v")dx = Jllm.
Q\K! K! Kl

Applying (5.34) and (5.43), pass to the limit as m — oo. Then pass to the limit as [ — co. We obtain
that

/ (b(x, u) + |u[P®)20) Ty (u — €)dx = lim lim J™ < lim inf J7. (5.44)
l— 00 Mm—00 m— 00
Q
Using (5.5) and (5.43), we pass to the limit as m — oo in the second integral and obtain that
J = / AT (u™ — €)dx — / ATy (u — €)dx. (5.45)
Q Q

Combining (5.42) and (5.44)-(5.45), we deduce (2.8).

REFERENCES

1. L. Aharouch, J. Bennouna, and A. Touzani, “Existence of renormalized solution of some elliptic
problems in Orlicz spaces,” Rev. Mat. Complut., 22, No. 1, 91-110 (2009).

2. A. Alvino, L. Boccardo, V. Ferone, L. Orsina, and G. Trombetti, “Existence results for nonlinear
elliptic equations with degenerate coercivity,” Ann. Mat. Pura Appl. (4), 182, No. 1, 53-79 (2003).

3. E. Azroul, H. Hjiaj, and A. Touzani, “Existence and regularity of entropy solutions for strongly
nonlinear p(z)-elliptic equations,” FElectron. J. Differ. Equ., 2013, No. 68, 1-27 (2013).

4. M. B. Benboubker, E. Azroul, and A. Barbara, “Quasilinear elliptic problems with nonstandard
growths,” FElectron. J. Differ. Equ., 2011, No. 62, 1-16 (2011).

5. M. B. Benboubker, H. Chrayteh, M. El Moumni, and H. Hjiaj, “Entropy and renormalized solu-
tions for nonlinear elliptic problem involving variable exponent and measure data,” Acta Math.
Sin. (Engl. Ser.), 31, No. 1, 151-169 (2015).

6. M. B. Benboubker, H. Hjiaj, and S. Ouaro, “Entropy solutions to nonlinear elliptic anisotropic
problem with variable exponent,” J. Appl. Anal. Comput., 4, No. 3, 245-270 (2014).

7. M. Bendahmane and K. Karlsen, “Nonlinear anisotropic elliptic and parabolic equations in RY
with advection and lower order terms and locally integrable data,” Potential Anal., 22, No. 3,
207-227 (2005).

8. M. Bendahmane and P. Wittbold, “Renormalized solutions for nonlinear elliptic equations with
variable exponents and L'-data,” Nonlinear Anal., 70, No. 2, 567-583 (2009).

9. Ph. Benilan, L. Boccardo, Th. Gallouét, R. Gariepy, M. Pierre, and J. L. Vazquez, “An L'-theory
of existence and uniqueness of solutions of nonlinear elliptic equations,” Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5), 22, No. 2, 241-273 (1995).

10. A. Benkirane and J. Bennouna, “Existence of entropy solutions for some elliptic problems in-
volving derivatives of nonlinear terms in Orlicz spaces,” Abstr. Appl. Anal., 7, No. 2, 85-102
(2002).

708



11. M. F. Bidaut-Veron, “Removable singularities and existence for a quasilinear equation with ab-
sorption or source term and measure data,” Adv. Nonlinear Stud., 3, 25-63 (2003).

12. L. Boccardo and Th. Gallouét, “Nonlinear elliptic equations with right-hand side measures,”
Commun. Part. Differ. Equ., 17, No. 3-4, 641-655 (1992).

13. L. Boccardo, Th. Gallouét, and P. Marcellini, “Anisotropic equations in L',” Differ. Integral Equ.,
9, No. 1, 209-212 (1996).

14. L. Boccardo, T. Gallouét, and J. L. Vazquez, “Nonlinear elliptic equations in R without growth
restrictions on the data,” J. Differ. Equ., 105, No. 2, 334-363 (1993).

15. B. K. Bonzi and S. Ouaro, “Entropy solutions for a doubly nonlinear elliptic problem with variable
exponent,” J. Math. Anal. Appl., 370, 392-405 (2010).

16. H. Brezis, “Semilinear equations in RY without condition at infinity,” Appl. Math. Optim., 12,
No. 3, 271-282 (1984).

17. L. Diening, P. Harjulehto, P. Hasto, and M. Ruzicka, Lebesgue and Sobolev Spaces with Variable
Ezxponents, Springer, Berlin—Heidelberg (2011).

18. A. El Hachimi and A. Jamea, “Uniqueness result of entropy solution to nonlinear neumann
problems with variable exponent and L'-data,” J. Nonlinear Evol. Equ. Appl., 2017, No. 2,
13-25 (2017).

19. X. Fan, “Anisotropic variable exponent Sobolev spaces and p(x)-Laplacian equations,” Complex
Var. Elliptic Equ., 56, No. 7-9, 623-642 (2011).

20. P. Gwiazda, P. Wittbold, A. Wréblewska, and A. Zimmermann, “Renormalized solutions of non-
linear elliptic problems in generalized Orlicz spaces,” J. Differ. Equ., 253, 635666 (2012).

21. T. C. Halsey, “Electrorheological fluids,” Science, 258, No. 5083, 761-766 (1992).

22. A. A. Kovalevskiy, “A priori properties of solutions of nonlinear equations with degenerate co-
ercitivity and L'-data,” Sovrem. Mat. Fundam. Napravl., 16, 47-67 (2006).

23. A. A. Kovalevskiy, “On convergence of functions from Sobolev space satisfying special integral
estimates,” Ukr. Mat. Zh., 58, No. 2, 168-183 (2006).

24. L. M. Kozhevnikova, “On entropy solution of an elliptic problem in anisotropic Sobolev—Orlich
spaces,” Zh. Vychisl. Mat. Mat. Fiz., 57, No. 3, 429-447 (2017).

25. L. M. Kozhevnikova, “Existence of entropy solutions of an elliptic problem in anisotropic Sobolev—
Orlich spaces,” Itogi Nauki Tekh. Ser. Sovrem. Mat. Prilozh. Temat. Obz., 139, 15-38 (2017).

26. L. M. Kozhevnikova and A. Sh. Kamaletdinov, “Existence of solutions of anisotropic elliptic
equations with variable nonlinearity index in unbounded domains,” Vestn. Volgograd. Gos. Univ.
Ser. 1. Mat. Fiz., No. 5(36), 29-41 (2016).

27. S. N. Kruzhkov, “First-order quasilinear equations with multiple independent variables,” Mat.
Sb., 81, No. 123, 228-255 (1970).

28. S. Ouaro, “Well-posedness results for anisotropic nonlinear elliptic equations with variable expo-
nent and L'-data,” Cubo, 12, No. 1, 133-148 (2010).

29. M. Sancho’'n and J. M. Urbano, “Entropy solutions for the p(x)-Laplace equation,” Trans. Am.
Math. Soc., 361, No. 12, 63876405 (2009).

30. V. V. Zhikov, “On variational problems and nonlinear elliptic equations with nonstandard growth
conditions,” Probl. Mat. Anal., 54, 23-112 (2011).

L. M. Kozhevnikova

Sterlitamak Branch of Bashkir State University, Sterlitamak, Russia;
Elabuga Branch of Kazan Federal University, Elabuga, Russia
E-mail: kosul@mail.ru

709



	Abstract
	Introduction
	1. Anisotropic Sobolev Spaces with Variable Exponents
	2. Assumptions and Results
	3. Preliminaries
	4. Uniqueness of Solution
	5. Existence of Solution
	REFERENCES

