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In a Hilbert space H with an unconditional basis of reproducing kernels, we study the
existence of a weighted integral norm with respect to an absolutely continuous measure,
which is equivalent to the original H-norm. If the space H is defined via weighted
integrals, the problem can be interpreted as restoring the original structure. Bibliography:
16 titles.

1 Introduction

Let H be a Hilbert space of entire functions satisfying the following conditions:

(1) H is functional, i.e., the evaluation functionals ¢, : f — f(z) are continuous for every
z € C,

(2) H possesses the division property, i.e., F € H and F(z) = 0 imply F(z)(z —20)"' € H.

In particular, condition (2) means that the evaluation functionals in H are different from
zero and condition (1) means that each functional 0, is generated by an element k,(A) € H in
the sense that 6,(f) = (f(\), kz(A)). The function k(\, z) = k.(\) is called a reproducing kernel
of the space H. We denote K(z) = k(z,z). Then the Bergman function for H is defined by

* To whom the correspondence should be addressed.

Translated from Problemy Matematicheskogo Analiza 105, 2020, pp. 111-120.
1072-3374/20/2502-0310 (© 2020 Springer Science+Business Media, LLC

310



10| = (K(z))% [1]. A basis {e;}72, for a Hilbert space is called unconditional 2] if there are

¢,C' > 0 such that for any x = ) aper € H
k=1

oo oo 2 o
e lerlllenl? < || Yo ener| <D lenPlenll® (1.1)
j=1 j=1 j=1

The study of unconditional bases of reproducing kernels for Hilbert spaces of entire functions
is an actual problem of complex analysis. (Here and below, for the sake of brevity we write
“basis of reproducing kernels” instead of “basis consisting of the values of reproducing kernels”)
Apparently, the problem in such a formulation was first considered in [3, 4], where the classical
interpolation problem was studied for entire functions. Let {k(X, A\;)}:2; be an unconditional
basis for a Hilbert space H satisfying conditions (1) and (2). Then the biorthogonal system
consists of functions
LX)

LG
L'(Ak) (A — M)

Li(\) =

where L()\) is an entire function, called the generating function, with simple zeros A\, k =

1,2,... . This system forms an unconditional basis. By properties of biorthogonal systems,
L’ = —~—, keN
k - 9 .
K (Ag)

The expansion of a function F' into the series with respect to this basis has the form
o0
=> F(\)Lr()), A€C,
k=1

i.e., the Lagrange interpolation series with respect to the function L. The research was essentially
developed in the paper [5], where radial Hilbert spaces with unconditional bases of reproducing
kernels were introduced; namely, the weighted spaces with the weights (In™ |2])®, a € (1;2]. As
proved [6, 7], unconditional bases also exist in the case of for more general weights.

Another approach to unconditional bases is to represent functions in the form of series of
exponentials. If X is a Hilbert space, where the system e*?*, A € C, is complete, then, using
the Fourier—Laplace transform f — f ( )= {(eM, )., A€ (C, we can represent X as a Hilbert
space X of entire functions. Moreover, the (unconditional) bases of exponentials for the space
X correspond to the (unconditional) bases of reproducing kernels for the space X. Thus, the
exponential bases in the classical space Lo(—a,;a) are transformed to the bases of reproducing
kernels in the Paley—Wiener space of entire functions of exponential type a that are square
integrable over the imaginary axis. Let D be a convex polygon in the plane, and let Ey(D) be
the Smirnov space of functions that are analytic in D and square integrable on the boundary. It is
proved that this space has an unconditional basis of exponentials [8]. Using the Fourier—Laplace
transform, one obtains unconditional bases of reproducing kernels for the space

Ey(D) = {f()\) = /T(z)ez’\ds(z), fe EQ(D)}.
oD
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Let D be a convex polygon in the plane, and let Bo(D) be the Bergman spaces of square
integrable analytic functions in D. Then the space

By(D) = {fw - / F@)edm(z), [ e Bz<D>}
D

has an unconditional basis [9]. If k(\, ;) is an unconditional basis for a Hilbert space, then the
condition (1.1) for the biorthogonal system L, takes the form

oo
1
) |F(w)? <|FIPLCY [FOw))? :
> IO g < 17 Z\ o
oo
Consider the measure p = ) dy,. Then the H-norm is equivalent to the integral norm
k=1
[F)?

K\

When constructing unconditional bases for the above Paley—Wiener spaces Ea(D) and By (D),
auxiliary “intermediate” weighted integral norms equivalent to the original norms arise. These
intermediate norms contain a valuable information about .

In this paper, we study the existence of an equivalent weighted integral norm with respect
to an absolutely continuous measure in a Hilbert space H under the assumption that H has an
unconditional bases of reproducing kernel. If the space H is defined via weighted integrals, then
the problem can be interpreted as restoring the original structure. Theorem 1.1 below presents a
necessary condition on the location of exponents A for the intermediate norms to be equivalent
to the original norm in the space. It turns out that this condition is also sufficient for the main
spaces having unconditional bases of reproducing kernels (Theorem 1.2).

Assume that ¢, (A) = In®(1 + |A|) and introduce the spaces
i%:{FeH /m M’WMM<%}

As shown in [5], the spaces Z#,, « € (1;2], have unconditional bases of reproducing kernels. We
note that some modifications of these spaces were considered in [6, 7].

If H is a Hllbert space with an unconditional basis k(\, A\x), then the most suitable norm
“restoring” the original norm is the integral norm with respect to the measure

where (A, \g,7x) is the characteristic function of a disc B(MAg,ri) and positive numbers 7y
satisfy the condition

1 . 00
E < §dISt My AN\ AMY), A ={ N}y
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Thus, for the sequence r; we set

IF|2 = / FO)[2du()), FeH (1.2)
C

For positive functions f and g we write f(z) < g(z), © € X, if there exists a constant C' > 0
such that g(z) < Cf(x) for all € X. The symbols > and =< are understood in a similar way.

Theorem 1.1. Let H be a functional Hilbert space with the unconditional basis {k(X\, A\i) }72 4
of reproducing kernels and generating function L(\). If for some sequence of positive number
i, k €N, such that rj, < 5 dist (A, A\ {\i}) the weighted integral norm (1.2) is equivalent to
the H-norm, then

S0P 0P (13)

<
— 2 ’

ot K(An) A — gl K(Ag)
Conversely, (1.3) implies ||F|| < ||F|lo for F € H and || Lg|lo < || Lg| for k € N.

Theorem 1.2. (1) In the Paley—Wiener space P, the norms of the form (1.2) are equivalent
to the original P-norm if the condition (1.3) holds.

(2) Let D be a bounded convex polygon in the plane, and let 0; be directions perpendicular to
the polygon sides. If the exponents A of the unconditional basis {k(\, ;) }32, for the Smirnov
space Eo(D) or the Bergman space Ba(D) lie in some half-strips

{r® | Im rel?=%)! < Ty, Re re#=9)% > 0}

and the condition (1.3) holds, then the norms of the form (1.2) are equivalent to the original
norm of the space.

(3) Assume that a € (1;2], 1/a+1/8 =1, Ry = ¢ "+ D™ gnd set Q(R, q) = {z : %R <

|z| < qR}, R >0, g > 1. If the exponents A, of the unconditional basis for the space F, with
o0
some q lie in the union of annuli |J Q(Rym,q) and the condition (1.3) holds, then the norms of

the form (1.2) are equivalent to ti?e i)m'gmal norm of the space.

Remark 1.1. The condition on the location of exponents in assertion (2) of Theorem 1.2
is necessarily satisfied by the bases for the Paley—Wiener space, which is established in [10].
Apparently, this condition seems is also necessary in the case of the Smirnov and Bergman
spaces. The condition on the location of exponents in assertion (3) if Theorem 1.2 for bases in
the spaces %, is necessarily satisfied in the case o = 2.

2 Proof of Theorems

The main properties of the generating function are described in [11, 12].

For a continuous function w in the plane and p > 0 we denote by 7(u, z, p) the largest radius
of discs with center z, where the function u deviates from harmonic functions by at most p:

7(u, z,p) = sup{r : i%f{ sup |u(w) — H(w)|, H is harmonic in B(z,7r)} < p}.
wEB(z,r)

The function In K'(2) = 2supjp|<; In|F(z)] is subharmonic and continuous on the whole plane
(in view of the stability of K(z) > 0).
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Theorem 2.1 (cf. [11, 12]). Let L(z) be the generating function of an unconditional basis.
Then for some P > 1

o

2 2
Z| 2K () < PK(2). (2.1)

D2z — 2i]?

Denote by 7(z) the function 7(In K(w), z,In(5P)), where P is a constant in (2.1). Thus,

inf{ sup |InK(2)—h(z2)|, his harmonic in B(z,7(z))} = In(5P).
z€B(A,T(N)

Then the following assertions hold.
(1) Any disc B(z,27(z)) contains at least one zero z; of the function L.
(2) For any i.j, i # j,

max(7(z;), 7(z;
o> O 7))
10P>2

(3) For any i

1 K (z)|L(2)]”
—K(z) <
55 ) S DGR — 2P

We denote by dj, the distance from A; to the set of other zeros of L: dj = 1%g Ak — Al

< PK(z) in B(zz-, Lzzz)
20P2

Proposition 2.1.

d
—k < (W) < 10P2dj
10P2

Proof. The right inequality follows from Theorem 2.1 (2), and the left inequality is obtained
from Theorem 2.1 (3) in view of K () > 0. O

Proof of Theorem 1.1. We show that the condition (1.3) is necessary. If for a sequence
{rr}32, the norm ||F||g is equivalent to the original norm |F||, i.e., there are m, M > 0 such
that m| F||?> < ||F||3 < M||F|]? for all F € H, then

1
Lill2 < ——

Since 7, < %dn, for A € B(An,rn), n # k, we have

A= Xel < A= An] + [ A — Ak] < 2|\ — Ak,

ke N.

An = Al < [An = AL+ A = Al < d A = Akl < 2[A = Agl.
Consequently,

1
5\%—)\1@\ A=Al <2[An — A,

4r2 1 A= \,)?
N — M| © 72 / PESWE m(3)

ny"n

1 A — Anl? 3 2
> — ———_dm(\) > ——2 .
2 / PEEBYE m(\) 64 [ An — M|
B(Anﬂ'n)\B(Anv%)
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We assume that
(M)

I
;?

By Theorem 2.1 (3),

1 1 1 [P 1 A= A\p)?
— L0\ ——dm(\) < — o dm(\
2 / LM K\ m(A) IOWE KOvy) mr2 / PEBWE m(A),
B(An,rn)

where n,k € N, n # k. Thereby

B(An,rn)

L O |

—~ | o RN = TO0E Bw) Pl
B(An,rn)

where n,k € N, n # k. If rp > 7, then from Proposition 2.1 it follows that

5 B - = [ L g dmY)

K()\) T2
B(norn) B(nin)
o 1 IL'(M)fP 72
IL'Ak)1?2 K(An) (A — Xl

where n, k € N, n # k. Summarizing the obtained inequalities with respect to n # k, we get

|L,()‘n)’2 TQ 2|77/ 2 2|77/ ‘L/()‘k)|2
E n < ||L L'(\ < ||L L'(\ < k e N.

n#k

Thus, the necessity of the condition (1.3) is proved.

We prove the equivalence of the norms of Ly. The function Lg(\) differs from zero in

B(Ak, i) and Li(M\g) = 1. Hence for any F € H

F 2L — )
|F'(Ak)] — / ‘Lk(/\)Pdm()\)
k
B(Akvrk)

By Theorem 2.1 (3), for ry < 7%

[F(\)]? < E() / |F()\)|2dm()\), ke N.

e K(\)
B(Ak,Tk)

If rp. > 7, then

2 2
IF(\))? < K%’“) / @(A))‘ dm()\) < %Ag) / |PI;((A)>| dm()\), keN,

Ty,
B(Ak,7k)

B(Ag,Tk)

in view of Proposition 2.1. Since {Lj}7°, is an unconditional basis, we have

|E (M) )\k = |F |2
IF)? < Z ZM m(\) = |F||§, Fe€H.
h

kvrk)
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For Lj, k € N, the converse assertion is also valid: If r; < 7, then
1

R AN
L ————dm(A\
>y 0 -

()\kﬂ‘k)

K(Ar)

If r,, > 7, then we use Proposition 2.1. Theorem 1.1 is proved. ]

Proof of Theorem 1.2 (1). The Paley—Wiener spaces. By the Pavlov theorem [10], the
exponents of an unconditional basis lie in some strip | Re z| < d. As shown in [12], the function
7(2) = 7(In K, z,p) is continuous and, in the case under consideration, depends only on Re z.
Since it is positive, it is not less than some positive constant in [—d;d]. By Theorem 2.1 (2),

the sequence )\, is separable, i.e., ]gif Ak — An| := 0 > 0. By Theorem 2.1 (1), supdy < oo and
n keN

the sequence {rj}?2, is bounded in the norm (1.2). The Bergman function of the space P = Ly
can be calculated by the formula

1
K\ = / 2t ReAdt,
-1

Therefore, K(A) < 1 on any [—q;g]. Thus, we can write (1.3) as

rk‘L/ / 2
y AT IAk—A |2 < I\, keN. (2.2)
n#k

If (2.2) is valid, then from Theorem 1.1 it follows that ||F|| < || F|lo, ' € P. As known (cf., for
example, [13]), the norm in the space P for any d > 0 is equivalent to the norm

(e 9]

1713 = | / F(x + iy)|2dady.
If suprg := r, then
keN
= 4 FO)P
F m(\ — dm(\
1713 = Z [ R <Y [ Raam®)
B(Ag,rk) k=1 B(X\g,di/2)
<y [FO)2dm(3) < |FI2,, < ||F|2, FeP.

=1
B(Ak,%’“>

The generating functions of the first unconditional basis for the Paley—Wiener space are sine
type functions [8]. Since |L'(A\x)| < 1, k € N, for such functions, they satisfy (2.2).

2. The Smirnov and Bergman spaces. The structure of the spaces F5(D) and By (D), regarded
as normed spaces, is described in [14, 15]. These spaces are isomorphic to the spaces equipped

with the norms
|F (rei?)]
|2 = / dA(¢)dr,

rew
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where K ()) is the squared norm of e*? in the space Fy(D) and, respectively, in By(D). In other
words, K () is the Bergman function of the spaces E2(D) and By(D); moreover,

where h(p) = max Re ze~% is the support function of D. If D is a convex n-gon, then
2€D

where §(6;) is the evaluation functional for the point #; and b; is the side length. We consider
the half-strips ' ‘
I1;(d) = {Re 2¢'*7%) > 0, |Im 2e!¢~%)| < d}.

By [8, 9], 7(In K(A\), z,p) < 1 in these strips. Therefore, in the norms of the form (1.2), it is
assumed that r, < 1, k € N, and the set {\;};en is separable in view of Theorem 2.1 (2).
Furthermore, by [9, Lemma 3],

2 o~
/ ’I;((()?)| dm()\) < |F||?, F € By(D).
I;(d)

The corresponding assertion for Ey(D) follows from [8]. Since the discs B(\y, 1) are pairwise
disjoint and 7 < d/2, because of the separability and increase of averages we have

2 2
IFHO—Z : [ Ry < X / s m() < P

B()‘kﬂ"k B, 2)

3. The space F». We prove that the relation ||F||2 < || F||? always holds in %. As shown in
[5, Lemma 2.7], the Bergman function of the space %5 satisfies the condition

_ 210 (1+(A[)
K=

and 7(\) < |Al, A € C. By Theorem 2.1 (2), d > |X\g| for £k € N. Since the averages of
subharmonic functions are increasing, from Theorem 2.1 (3) for 7, < we have

1 O L FOP

[ dm()\) < — dm(\

—" / Koy Y= e Loy

B()\kﬂ“k) B()\kﬂ“k)
I FOP L FOP

< — dm()) = — dm(\), keN.
- / LN = ROy N ke
B(Ag,Tk) B(\g,Tk)

A eC, (2.3)

By Proposition 2.1, 7 < dj, < |Ag|, k¥ € N. Therefore,

1 [FOV)? 1 [FOV)?
o / o m) < / T m). ke
B()\kﬂ'k) B()\de?k)
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From (2.3) we have

| FOP PO o,
mry, / Ky A / KO\ +|A|)d () = / Baey] dm(\),

B(Ak,7k)

)‘kde B()\k’di)
where k € N. If r, > 7, then

1 [F(\)? 1 [F(N)
— / KO dm(\) < / dm(X)

T2 K(\)
B(Ak,k) B\, %)
= iQ / IF(\)[2e2°0H ) gm()), keN,
mdy,
(Ak) )

in view of Proposition 2.1 and

wir,g / |i(1(()\;)|2dm(>\)-<7%]% / [F(A)2e 2 0D g (1)

B(Akr) B(\, %)

= / IF(\)[2e 22+ ) gm (), ke N.
B, %)
Thus,

w%—z / <Z / )P 2 W+ g (3) < | F2.

B(Ag,rk) ()\k’dk>

4. The space F,, a € (1;2). We find the asymptotics of the Bergman function .%, for

(1;2). Since these spaces are radial, the monomials A", n € NU {0}, form an orthogonal
basis. Consequently,

)
= ch‘)“%v (2.4)
n=0
where -
LRI /t2n+1e—2ln“<l+t>dt, nen.
o 0
Taking into account that
00 0o
/t2n+1€—2lna(1+t)dt - /62(n+1)y—2yady’ neN,
0 0
we calculate the asymptotics of the integral
oo
/e2xy2yady, z e R.
0
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By [16, Theorem 2.4],

oo

I, Yt B B_
/ehy 2y dyerA(a)m z2 Y, zeR,
0

o P(a —1). Furthermore if y(x) is the maximum point of

where 8 = a/(a—1) and A(a) =
| < y(x)=/2}, then y(z) = a'Pzf~1 and

zy—y* and I, = {y: [y — y(z)

o0

/emy_yady = / e Yy, xeR.
0 I(x)
Thus,
o0 o0
1o /tQ”“e_Ql“a(l”)dt = /62("+1)y_2yady = A (1 1) peN.
Cn
0 0

By (2.4), we have

K(T) — Zr2n672A(a)(n+l)ﬁ (n + 1)17§7 r> 07

n=0

and

(NI

K(T’) - T2m€—2A(a)(m+1)ﬁ (m + 1)1— ., r>0 meN. (25)

Since 7, =< di < |Ak|, k¥ € N, the number of points in Q,, := Q(Ry,q) is bounded. Hence for
any function F' € H

1 [F)P? 1 [FO)P
> p—— / 0 dm()\)<@ / 0 dm(\), m €N. (2.6)

AkeQm B()\k,Tk) Q(Rm»Q)

We apply the inequality (2.6) to the function 2. By (2.5), we have

1 A2m 1 e o) ma1)8 s_
In(n) = re / ;(‘(A)dm(/\WR_? / IA[2rmm) AN (g 1) 2 dm(N)
Me€Qum = B3 ) " Q(Romna)

< R2n=m) 24D (o, L 51 e N

An elementary calculation shows that

2-p
enIn(n) < ¢~ 2A@[ ) —(m 1) —B(m 1)~ (n-mm)] ( n+1 ) > omeN
m+ 1 ' ’ ’

By the Taylor formula for z > y > 0 and some xy € (y; )

v = 4 5ty — )+ 5B~ )af 2y — o)

> 2’ + B’y —z) + %6(6 — 1)y 2 (y — ).
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Consequently, for m > n

(n+1)° — (m+1)° = B(m +1)°(n—m) > 26(5 ~ 1)+ 1) 2(m —n)’.

o B2

cnlm(n) < e PTHBD (n+ )2 (m—n)? (1 + = n> . neN, m>n.

n+1
Thus,
o 30 Il < eI G, e
m=n k=0
Similarly, for m < n
1
(n+1)7 = (m+1)" = B(m + 1) (n—m) > BB = 1)(m + 1?72 (m —n)?,

n—1 n—1
Cn Z In(n) < Z e~ PTADR .— 0y peN.
m=1 k=1

Finally, we obtain the estimate

Ch+Cy

Cn

1213 = > Im(n) < = (C1+Co)|2"|?, neN,
m=1

where

1 [FM)P?
Fl3:=—=- FeH.
Q(Rm,q)

Since the system {z", n =0,1,...} is an orthogonal basis, we have
o0 (e.)
IF13 =1 lPl="15 < Y [ faPI2"IP = |1 FI?, FeH,
n=0 n=0

where f,, are the Taylor coefficients of the function F. In view of (2.6), |F||2 < | F||? for F € H.
Theorem 1.2 is proved. O
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