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We consider the optimal mean-square estimation problem for the state variables of a
continuous nonlinear stochastic object by using results of time-discrete measurements.
To obtain clock and inter-clock estimates on a computer of limited power in real time,
we propose a procedure for the synthesis of a nonlinear structure of a discrete finite-
dimensional filter, the state vector of which is formed from the desired number of already
obtained preceding clock estimates. We describe the synthesis algorithm for the filter and
its suboptimal approximations. The advantage of the latter is shown in comparison with
the corresponding generalizations of the Kalman filter. Bibliography: 8 titles.

To obtain estimates for the Markov state variables of a stochastic object of observation by an
absolutely optimal filter [1]-[3], it is required to promptly find the posterior probability density
of the estimated random process, which makes such a filter a distributed parameter system.
Therefore, the state vector of such a filter is of infinite order, and it is difficult to implement an
absolutely optimal filter in real time. Therefor, in practice, one has to use approximate finite-
dimensional filtering algorithms such as various generalizations of the Kalman filter, with a loss
of accuracy, or create poly-Gaussian banks of such filters, which complicates the computer. The
implementation of the particle filter [3] requires a very powerful computer due to the use of the
cumbersome Monte Carlo method at each trajectory.

A conditionally optimal filter is finite-dimensional and thereby can be easily realized [4, 5],
but it is only parametric and its order is bounded by the order of the object of observation.
Finite-dimensional filters of optimal structure of different orders, free from these restrictions,
are synthesized in [6]-[8]. In the sense of potential accuracy, the optimal structure filters occupy
an intermediate position between the absolutely and conditionally optimal filters I,;AOF < ItOSF <
IFOF  where I; is the mean-square estimation error at the time ¢. However, the accuracy of an
optimal structure filter of small order [6, 7] is bounded exactly by its order, whereas an optimal
finite memory filter [8] the order of which is a multiple of the dimension of the measurement

vector, forgets the preceding measurements which could be more exact than the current ones.
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In this paper, we construct a rather simple recurrent optimal structure filter of a large order
multiple to the dimension of the estimate vector. The memory of this filter is infinite, and a
contradiction between accuracy and complexity is regulated by the choice of multiplicity. The
estimate vector is still sought as the best function of the last measurement and the filter state
vector. But the latter is proposed to form from the vectors of several preceding estimates,
thereby increasing the operative filter memory, which allows us to obtain the best accuracy by
extending the admissible set of estimates. Furthermore, the preceding measurements are not
forgotten because information about them is accumulated in the stored estimates.

It is shown that the synthesis of a new filter is reduced to finding in advance the corre-
sponding conditional probability densities from the recurrent chain of prediction-correction type
transformations. This is based on the Fokker—Planck—Kolmogorov differential equation and the
integral Bayesian formula. The same can be done numerically by the Monte Carlo method, but
by cumbersome construction of the conditional expectation function histogram at each clock
point; moreover, the sought function has a large number of arguments and histogram should
be further smoothed. Therefore, we also discuss construction of analytic-numerical covariance
approximations of the proposed filter. The computational advantage of such approximations
over similar approximations of an absolutely optimal filter is shown.

1 Statement of the Continuous—Discrete Estimation Problem

Let a Markov diffusion type process X; € R" defining the state of an object of observation
on a finite time-interval ¢ € [0, 7] be described by the It6 stochastic equation

dX; = a(t,Xt)dt—i-B(t,Xt)th, Xo Np(](xo), (11)

and let its measurements Y; € R™ be obtained only at known clock points tg =0 < t; < ... <
txg < T by the formula

Ykzck(th,Vk), Vquk(’Uk), kEO,...,K. (1.2)

Here, a(t,z) and B(t,z) are the vector-valued drift function and the matrix-valued diffusion
function of the object of observation respectively, W; is the standard Wiener process vector,
ck(x,v) is the vector-valued measurer function, the measurement number k runs from 0 to
K, and the symbol ~ means the correspondence between a random variable and its probability
density, so that the initial value X of the process is determined by the probability density po(zo),
whereas the independent discrete white noise vector Vj, has the probability density g (vi). We
assume that the Ito stochastic equation (1.1) has a strong solution in the form of implementation
of the process X; and this solution is unique.

On each interval between neighboring clock points, it is required to promptly obtain an
estimate X/ € R for the part X of the first n’ < n components of the estimated vector X,
which is the most interesting for the user, as some explicit or implicit Borel measurable function
of all accumulated measurements at that time

X£:¢t,k(%k), Yok:{nayh'"uyk}v te (tkatk+1]7 keoa"‘7K7
optimal in the sense that the mean-square estimation error is minimal:

I =M[(X] - X)TCyX! - X)) = min, C,=Cl>0. (1.3)

Y x()
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Here, M is the expectation operator, C; is the weighted coefficient matrix, and the existence of
I; is assumed. The sufficient existence condition is formulated in Theorem 4.1.

2 Known Continuous—Discrete Filters of Optimal Structure

Definition 2.1 (cf. [6]). A small order filter is a recurrent algorithm for obtaining an

estimate vector that is the state vector.

The order of a small order filter is equal to the dimension n’ of the estimate vector, but does

not exceed the dimension n of the entire vector X;. We distinguish three types of such filters.

1.
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A small order filter with constant prediction in the case )?{ = Zy, t € [tg,tr+1), finds only
the clock estimates Zj, = Xj,_ by the recurrent formula for a small order discrete filter [6]-{7]

Zy = fk(Yi, Zk—1), k=1, Zy= fo(Yo). (2.1)

Here, each function f(-) is found from the optimality conditions (1.3) for ¢ = t.

. A small order filter with continuous prediction is described in the interval between the

measurement times by the autonomous differential equation
dX] = g(t, X))dt, t€ (tg,trsi)

with the initial condition X 23 = fo(Yp), and, at each clock point, its solution is corrected

by the new measurement Y according to the formula
th,j = fe(Ya, X{, )

However, in this case, from the optimality conditions (1.3) for ¢ = t; we can obtain only
the correction function fi(-), whereas the continuous prediction function ¢(-) is found only
from the unbiased estimate condition M [X] — X/] = 0.

. A small order filter with discrete predictions allows us, in addition to the clock estimates

Z},, to obtain the optimal predictions Z,i = )/f;“ i=1,...,L, at L additional points t = T,i
k

in the interval (tx,tx+1) between the last Yy and next Y, measurements
th=Tp <Tp <...<TE<TE =ty
As a result, the prediction is constant only on a small interval between the prediction points
X =2, teli,nth, i=1,...,L
These estimates are obtained by using the recurrent formulas
0 =12y, Zip=g(Z", i=1,...,L, k>0, (2.2)
Zy=fo(Yo), Zp=filYe. Zi), k=L (2.3)

Here, all the correction functions fi(-) as well as the prediction functions gi(-) can be
obtained from the optimality conditions (1.3) at the time ¢; and 7} respectively.



Remark 2.1. The small order filter with constant prediction is a particular case of the small
order filter with discrete predictions in the case L = 0.

However, the fixed form of equations for any small order filter does not allow us to improve
in any way the potential accuracy of the filter. The only changeable parameter for these filters
is their order n’ < n bounded from above by the dimension of the estimated vector X;. It is
obvious that the filter of the same order n as the object is the most accurate among all small
order filters because of a wider class of correction functions and the greatest possible number of
arguments [7].

Definition 2.2 (cf. [8]). A finite memory filter is a discrete estimation algorithm, where the
clock estimates and, possibly, inter-clock predictions are functions of only last few measurements,
the number of which is given.

Thus, the clock estimates Z; and inter-clock predictions Z,i estimates for a finite memory
filter with discrete predictions [8] are sought as Borel functions of the last no more than (I + 1)

measurements L
Zp = fk(Ymax(O,k—l))’ k=0,

Zi = gi(Yk 0k1s1)s i=1,..,L, k>0

max

(2.4)

Here, the integer parameter [ > 0 can be changed to change the accuracy of the finite memory
filter and the processing time for the last measurement by this filter. For example, for [ = 0
we have the trivial case of dependence of all clock estimates on one measurement Z = fi(Y%),
k > 0, but for I = 1 only the initial estimate Zy = fo(Y)) depends on one measurement, whereas
the remaining ones depend on two measurements Zp = fi(Yy, Yi—1), & = 1. Moreover, the
explicit expressions in (2.4) can be written in the following difference form.

Lemma 2.1 (cf. [8]). The finite memory filter (2.4) is a recurrent filter of order lm with
the fized difference equation Uy = sp(Yy,Uk—1) for its state vector Uy = er:lax(o k1) and the
following formulas for the output, optimal in the sense of (1.3), hold:

Zo = fo(Yo), Zr= fe(Yr,Ur1), k=1,
Zi=gi(Uy), i=1,...,L, k>0.

3 Equations for New Continuous—Discrete Large Order Filter

Definition 3.1. A large order filter is a recurrent algorithm for obtaining clock estimates

~

Zy = )/(\'{k and, possibly, inter-clock predictions Z! = X’

7, regarded as functions of the last
k

measurement Y; and at most [ € N preceding clock estimates

Zo = fo(Yo),  Zk = fe(¥is Zhvionny)s K21,
o (3.1)
Zy, :gllc(Zrl;ax(O,k—l—o—l))? i=1,...,L, k=0

The Borel estimation function fx(-) and discrete prediction function gi(-) of this filter are

also found from the optimality conditions (1.3) at the time ¢, and 7, respectively. Moreover, the
prediction function can be left to be constant only on the first subinterval X, = Z, t € [ty, 7',%),
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while it can be made more accurate on other subintervals, for example, it can be linear starting
from the second subinterval

~ , . . t— ,7_i . .

’_ -1 k +1 .

Xt_Z;;:_{—(Z]Z‘_ZIZ )m, tE[T]:.,T]:; )7 ’L—].,...,L.
k k

Another more economic variant of construction of the prediction function that does not require

intermediate values of Z,i, 1 =1,...,L, is its at least linear extrapolation by two only clock

estimates Zp and Zj_1, starting with the second subinterval

t—tg

X, = Zp+ (Zk — Z1) ———
te — te—1

, te [tk,tk+1), k>1.

Remark 3.1. The large order filters generalizes the notion of small order filters because not
one, but several preceding estimates are used to derive a new estimate. The large order filters

differ from the finite memory filters by replacing the preceding measurements Ynli;xl(o,k—l) with
the estimates Zrlfa;i(o,kfl)'

Lemma 3.1. The large order filter (3.1) is a recurrent filter of order In' with the fized
structure si(-) of its linear equation of state

A
lok=1,. 01,
o | Wk
Uo =2y, Uk =s5p(Z,Up—1) =1 _ (3.2)
Zy;
, k=1,
| CUk—1

where C = [Eq_1yn 0=ty xn’], £ is the identity matriz, and the output formulas, optimal in
the sense of (1.3), hold:

S
|

= fo(Yo),
Zy = (Y, Up—1), k>1, (3.3)

Proof. We combine the preceding estimates used in (3.1) for obtaining Zj; to the block
column-vector Up_1 = Zr’:;i(o K—1) of the operative filter memory. Then these higher order
recurrent dependences take the form of the final output formulas (3.3). Analyzing the filling

process of this block column-vector at the next clock point

zk, k=0,...,l —1 (accumulation stage), dim Z§¥ = n'(k + 1),

U = Zrljlax(o,k—l—l—l) = .
_i+1» k=1 (renewal stage), dim le:—l—&-l =n/l,

we obtain the first order difference equation (3.2), where C' is the matrix for removing the last

and already obsolete block Z;_; from the vector Ui_; As a result, the column Uy is the state

vector of the large order filter (3.1) and its dimension, unchanged starting with the /th clock

k =1—1, is the filter order. O
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4 Finding Output Functions of Continuous-Discrete
Large Order Filters

Substituting (3.3) into the criterion (1.3) for the corresponding time moments #, 7 and
using theorem on the best mean-square regression, we easily obtain the following assertion.

Theorem 4.1. If the estimated vector X has the finite second moment M | X/[|? < oo, then
the Borel output functions (3.2), (3.3), optimal in the sense of (1.3) forty, 7}, exist and, under
the assumption that the corresponding random variables are absolutely continuous, can be found
as the conditional expectations calculated in terms of the corresponding conditional probability
densities pi(+), mk(+) by the formulas

fo(yo) = M [X{|yo] = /956P0(330|y0)d900,
Ji(rs uk—1) = M[X] |yg, up—1] = /ﬂffgpk($k|yk,uk—1)dxk, k=1, (4.1)

gi(up) =M (X7 Jux] = /x'wk(ﬁi,xmk)dx, i=1,...,L, k>1
k
Moreover, the estimates Zj, and Z,i are unbiased, M[Z, — X ] =0, M [ch — X;Z] =0, and have
. k
the finite second moments M | Zy|* < oo and M |ZL|* < o0.

Hereinafter, for the sake of simplicity we write integrals over the whole space in the notation

of indefinite integrals, for example,
/f(x)da: = /f(:c)dw
Rn

We note that the assumption and last assertion of Theorem 4.1 guarantee the existence of
the mean-square estimation error (1.3) at the required times.

In the first relation in (4.1), the conditional probability density is known:
Bo(ylz)po()
/ numerator dx

po(zly) =

Hereinafter, S (-) denotes the likelihood function obtained from (1.2) and po(x) is the density
of the initial object state (1.1). The remaining probability densities in (4.1) are found by the
Bayesian formula as follows.

Theorem 4.2. If there exists a joint probability density ri(t,z,uy) of the states of the object
X, and the filter Uy, then the prediction () and correction py(-) probability densities in (4.1)
are represented in terms of ri by the formulas

Tk(t, x, uk)

te (tkvtk+1]7 k > 07
/ numerator dz

7Tk<t7 x’uk) -

(4.2)
Bre(yr| ) -1 (ti, T ug—1) k:

)
/ numerator dx

Pi(Z|Yr, Up—1) = > 1.
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Finally, let us find a sequence of probability densities r(t,z,ug), & > 0. For this purpose
we use the Fokker—Planck—Kolmogorov equation for the transition probability density of the
random diffusion process X; defined by the It6 equation (1.1). Furthermore, to describe the
replacement of the old state vector Up_; with the new one Uy at the measurement time t; by
formulas (3.2) and (3.3), we again apply known properties of probability densities. In particular,
we use the formula, convenient because of its shortness, for the probability density ¢(y) of the
result of the nonlinear transformation ¥ = h(X) of the random variable X with probability
density p(z)

at) = [ oy~ (@) pla)da,
where d(-) is the Dirac function. Then, as in [8], we obtain the following assertion.

Theorem 4.3. If the drift function a(t,z) and diffusion function B(t,x) of the object of
observation (1.1) are once and twice continuously differentiable with respect to = respectively,
then the probability density ri(-) satisfies the equation

aT‘k(t, z, uk:)

T = —VIa(t,x)ry(t, z, up)} + 0.5t [V VI{B(t, ) BT (t, 2)r(t, x,up)}]  (4.3)

for t € (tg,tg+1], where V, is the gradient operator with respect to x € R™ and tr denotes the
matriz trace, and the initial conditions with known initial data in the first interval t € (to, 1] :

rolti s, u0) = po(a) / 5120 — folu0))Bo(volz)dyo.

For each next following interval the corresponding initial condition rk(t;,fc,uk) 18 calculated
from the finite section rg_1(tk,z,up—1) of the solution to the same equation on the preceding
interval and for already known from (4.1) and (4.2) optimal clock output function fi(yk,uk—1)
by one of the following formulas:

ety oy, ) = /5[Zk — ek 267D Brlyklor)re—1(trs v, 26 Dy, k=1,...,(1-1),

et Tk 2f ) = // 8lzk — fu(urs 2271 Br(yrlzr)ri—1(te, z, 2p ) dyrdzg—y, k> 1.

In the last expression, the integration with respect to zp_; corresponds to removing the obsolete
block Zy_; from the vector Ug_1 = Zl,::ll in (3.2).

Remark 4.1. The strong smoothness conditions on the drift and diffusion functions in
Theorem 4.3 can be omitted if a solution to Equation (4.3) is understood as a generalized
solution in the sense of Galerkin.

The relations of this section constitute a synthesis algorithm for optimal functions of a large
order filter. This algorithm does not use the measurement results and, consequently, can be
realized before the estimation process. This fact favorably distinguishes this and other filters of
optimal structure from the classical absolutely optimal filter. This is similar to the advantage
of the linear Kalman filter over its nonlinear generalizations since its measurement gain matrix
can be found in advance by solving the Riccati matrix equation for covariances on a powerful
computer long enough.
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5 Covariance Approximations of Continuous—Discrete
Large Order Filters

By the above-mentioned connection between large order filters and finite memory filters, the
Gaussian approximations of the numerators of both fractions in (4.2) leads, as in [8], to the
following assertion.

Proposition 5.1. If the measurements Yy have the finite second moment M ]Yk\z < 0o and
the conditional means of the sensor (1.2)

vi(x) = M[ep(z, V)] & /Ck(%v)%(v)dv, I (z) = M [e(z, Vi)ci (2, V)]
have the Gaussian moments

hie(m, D) = MU (X)) 2 / v ()N (2] jm, D)dz,

Fy(m, D) = M P [I(X)] = hi(m, D)hif (m, D), (5.1)
Gr(m, D) = 7ahkéTn’D),

where N (z||m, D) is the Gaussian distribution density of the random variable X with parameters
m, D, then the following equations of a suboptimal large order filter hold:

Zy = HoYo+eo, Uo=Zo, Ur=sr(Zk,Ur-1), Ap=TpUr_1+ s, 5.2
| | 5.2

where k > 1, A}, and T}, are the first 0’ rows of the matrices Ay, and Ty, respectively, & denotes the
Moore—Penrose pseudoinversion symbol for matrices, and the function si(-) is defined in (3.2).
Moreover, the initial Hy, eqg and current parameters, the estimates 'y, s, Ty, and predictions
F};, %Z, are expressed only in terms of the first two moments m, D of known random variables
by the formula

Hy = D§ '(DY)®, eo =mf — Hom{,
Ty = Df;:ik—l(D;cL—l)@’ A = mtmk - Pkm}é—lv Ty = thk - Fk(Df,:Lk—l)Ta (53)

Fi_DQU/,’MDuEB i, x i, U =1 L
k — Té,k’( k) ) %k_mTli_ LM, 1=1,..., L.

Since the calculation of sampled values of the parameters m and D in (5.3) does not cause
difficulties, these parameters of the covariance large order filter (5.2) can be easily found in
advance by the Monte Carlo method. For this purpose one can perform the trivial processing
of the results of statistical modeling of the object (1.1), sensor (1.2), and filter (5.2).

As in the case of the finite memory filter, the following assertion holds [8].

Proposition 5.2. If the sensor (1.2) can be linearized at the point of clock prediction Ay
and the mean value of its noise mj, i.e.,

ck( Xy, Vie) = cp (Mg, my) + Cf (Ag) (Xey, — Ag) + Cp (Ag) (Vi — myp),
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where C{(x) and C}(x) denote the sections of the Jacobi matriz of partial derivatives of the
sensor function
Ocg(z,v) ek (x,v)
Ci(r) = ———— Ci(x) = ——=
fo) = 22l R

—m? —
v—mk U—mk

then the Gaussian correction functions (5.1) are approzimated by

hi(m, D) = ci(m,my), Gi(m,D) ~ C}(m),

5.4
Fy(m, D) ~ Cit(m)DCE" (m) + G} (m) Ry Gy (m), o4

where Ry, = cov [V}] is the covariance matriz for the measurement noise.

Thus, both covariance approximations of the large order filter have the same equation (5.2)
and the same formula (5.3) for parameters, but the correction functions are defined by (5.1) for
the Gaussian filter and by (5.4) for the linearized one. Moreover, the adjustment process of the
approximate large order filter on the solution to a particular estimation problem consists in not
only obtaining analytically the structure functions (5.1) or (5.4) from the models of object (1.1)
and sensor (1.2), but also it is required to find the parameters of the filter (5.3). The latter can
be easily implemented by numerical successive statistical simulation of the values of the signal
X; at clock points and, possibly, inter-clock times, as well as the values of the measurement Y}
and the filter state vector Ug_1 consisting of the preceding estimates Zr';;i(o,kil) with further
processing the results of this simulation by simple formulas of mathematical statistics.

Remark 5.1. Covariance approximations similar to (5.2) (the generalized Kalman filter
and the filter of normal approximation) of an absolutely optimal filter can have the suboptimal
estimate )?t only for the whole object state vector (1.1) and only together with the positive
definite approximation P; of the posterior covariance of the estimation error [1, 2, 8]. For this
purpose it is necessary to alternate integration of the autonomous prediction system of ordinary
differential equations on each interval between the measurement times

d ~ .
E—Xt = T(t7Xt7 Pt)7 te (tk7tk+1]7
d s - A~
Ept = A(t, Xy, )P+ PAT (¢, X4, P) + O(t, X4, Py),  t € (tg, tes1),

(5.5)

with recalculation of the final values of their solutions on the preceding interval )?tk, P, into
the initial data for the next one by the correction formulas

)A(tz = Xy, + Hy[Ys — hi( Xy, P, Py = By — HyGr(X4y, Pry) Py

where the current measurement Y}, is taken into account, Hy = P, G;‘:()?tk, Ptk)F,?()?tk,Ptk),
and the initial values of variables X;, = M[Xq] and P,, = cov [Xg| are deterministic. Here,
the correction functions hy(-), Gi(+), Fi() are also defined by (5.1) or (5.4), and the additional
prediction functions 7(-), ©(-), A(-) are found in a similar way, but by using the object functions
a(-), B(-). However, we have to solve the differential equations (5.5) with small step and the
estimate vector, together with different entries of the symmetric covariance matrix, constitutes
a rather large state vector of the filter, so that the orders of the generalized Kalman filter and
the filter of normal approximation are equal to n(n + 3)/2.
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