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SOLVABILITY OF THE CAUCHY PROBLEM FOR
A QUASILINEAR SYSTEM IN ORIGINAL COORDINATES

M. V. Dontsova

Lobachevsky State University of Nizhny Novgorod
23, Gagarina Pr., Nizhny Novgorod 603950m Russia

dontsowa.marina2011@yandex.ru UDC 517.9

We study the Cauchy problem for a system of quasilinear equations in the original
coordinates by using the additional argument method. We obtain sufficient conditions
for the existence and uniqueness of a local solution and show that the solution has the
same x-smoothness as the initial function. We also obtain sufficient conditions for the
existence and uniqueness of a global solution. Bibliography: 4 titles.

1 Introduction

We consider the system

Owu(t, z) + (a1 (t)u(t, z) + b1 (t)v(t, x))0zu(t, z) = asu(t, z) + ba(t)v(t, x), a1
1.1
v(t,z) + (er(t)u(t, ) + g1(t)v(t, x))0pv(t, x) = gov(t, ),
where u(t,z) and v(t, z) are unknown functions, a;(t), b1 (t), ba2(t), ci1(t), g1(t) are known func-
tions, ag and go are known constants. For the system (1.1) we consider the initial conditions

u(0,z) = p1(z), v(0,2) = @2(x), (1.2)
where ;(x) and @2(x) are known. The problem (1.1), (1.2) is considered in the domain Q7 =
{(t,z) |0<t < T,z € (—o0,4+00),T > 0}.

A similar problem was studied in [1]. In this paper, we get other sufficient conditions in the
case of negative aq(t), bi(t), c1(t), g1(t) and nonnegative by(t) on [0,7]. Using the additional
argument method, we obtain a system of integral equations which is equivalent to the system
considered in [1], but allowing one to prove estimates in a simper way.

By the additional argument method, we consider the extended characteristic system

W = ai(s)wi(s,t,z) + bi(s)ws(s,t, x), (1.3)
W = c1(s)wa(s, t,z) + gi(s)wa(s,t, ), (1.4)
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d t
Q0 8) (s, 1) + b (s, 1, ),

(1.5)

ds
W = gows(s,t,x), (1.6)
ws(s,t,x) = wa(s,s,m1), wa(s,t,x)=wi(s,s,n2), (1.7)
m(t, t,x) =z, mlttz) ==z, (1.8)
w1(0,t, ) = ©1(n1(0,t,2)), wa(0,t,x) = @a(n2(0,t,x)). (1.9)
The unknowns n;, wj, i = 1,2, 7 = 1,...,4, depend not only on ¢ and z, but also on the

additional variable s. Integrating (1.3)—(1.6) with respect to s and taking into account the

conditions (1.7)—(1.9), we obtain the equivalent system of integral equations

t
m(s,t,x) =x — / (a1(7T)wy + by (7)ws)dT,

s
t

(s, t,x) = x — / (c1(m)wy + g1(T)we)dT,

S
S

wy(s,t,z) = p1(m(0,t,x)) exp(ags) + /bQ(T)wg exp(az(s — 7))dr,

0
wa(s, t, ) = @a(n2(0,t,2)) exp(g2s),
ws(s, t, ) = wa(s, s,m),
1U4(S,t,$) = w1(87 87772)'
Substituting (1.10), (1.11) into (1.12)—(1.15), we get

t

wi(s,t,x) = 1 (m — /(al(T)wl + bl(T)w3)dT> exp(azs)

0

S

+ /bQ(T)wg exp(az(s — 7))dr,
0

wa(s,t,x) = o <m — /(01(7)w4(7,t,$) +5 (T)wg(T,t,:U))dT> exp(gos),
0

t

w3 (s, t, ) = we (s, S, T — /(al(T)wl + bl(T)’u)g)dT>,

s
t

wy (s, t, ) = wy (s, S, x — /(01(7)w4 + a1 (T)U)Q)dT>.

S

(1.10)

(1.11)

(1.12)

(1.13)
(1.14)
(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

Lemma 1.1. Let wi(s,t,x), wa(s,t,x) satisfy the system of integral equations (1.16)—(1.19).
Assume that wy(s,t,x) and wa(s,t,x) are continuously differentiable and bounded, together with
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their first order derivatives. Then the pair u(t,z) = wi(t,t,x), v(t,x) = wa(t,t,x) is a solution
to the problem (1.1), (1.2) on Qg,, To < T, where Ty is a constant.

Lemma 1.1 plays the key role in the additional argument method. It is proved in a standard
way (cf., for example, [2]).

2 Existence of Local Solution

We introduce the notation
Fp={(s,t,2) |0<s<t<T,x € (—00,+),T > 0},

Co :max{sup|gpl(l)| |i=1,2,1=0....,2},
R

I = max{sup |a(t)], sup [b1(¢)|, sup b2(t), sup [e1(t)], sup [g1(?)], [azl, [g2]},
where the supremum is taken over [0,7]. We also set ||U|| = sup|U(s,t,x)|, || f|| = sup|f(t, z)|
FT QT

and introduce the spaces:

61’2’2(

tiable with respect to x, have mixed second order derivatives, and are bounded, together with

their derivatives on Qrp,

UQ(R) is the space of functions that are continuous and bounded, together with their first

and second order derivatives on R,

Qr) is the space of functions that are differentiable with respect to t, twice differen-

C([0,TY) is the space of continuous functions on [0, 7.

Theorem 2.1. Assume that ¢1(x), p2(z) € UQ(R), ai(t),bi(t),ba(t),c1(t), g1(t) € C([0,TY),
ai(t) <0, b1(t) <0, ba(t) 20, c1(t) <0, g1(t) <0, t €[0,T], and ¢ (z) <0, h(z) <0, z € R.
Then for all 0 < t < Ty, where To = min{1/(25C,l),1/(100)}, the Cauchy problem (1.1), (1.2)
has a unique solution u(t,x),v(t,z) € 61’2’2(QT2) which can be found from the system of integral
equations (1.16)—(1.19).

We divide the proof of Theorem 2.1 into two lemmas.

Lemma 2.1. Assume that ¢1(x),p2(z) € 62(}%), ay(t),bi(t),ba(t), c1(t), g1(t) € C([0,T7),
ai(t) < 0, bi(t) < 0, ba(t) = 0, c1(t) < 0, q1(t) < 0, t € [0,T]. Then the system of
integral equations (1.16)~(1.19) has a unique solution w; € C ’I(FT2), jg=1,...,4, T =
min{1/(25C,1),1/(101)}.

Proof. The zeroth approximation to the solution to the system (1.16)—(1.19) is given by

wio(s,t,x) = p1(x), wa(s,t,x) = pa(x), wso(s,t,x)=2(x), wi(st,x)=p1(z).

The next approximations are defined by the recurrent sequence of systems of equations (n =
1,2,...)
¢

win (s, t,z) = 1 (m — /(al(T)wln + by (T)wgn)d7'> exp(ags)

0

+ /bg(T)U]gn exp(az(s — 7))dr, (2.1)
0
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Wan (8, t, ) = 2 (x — /(01 (T)wan (1, t, ) + gl(T)wgn(T,t,x))dT> exp(g2$), (2.2)
0
wsn(s,t,x) = = Wa(n—1) <3 s,z — [ (a1 (7)win + b1 (7 )wgn)d7'>, (2.3)

Wan (8,1, ) = Wy (n_1) <s,s,:z: / 1(T)wan + g1(7 )wgn)d7'>. (2.4)

For the system (2.1)—(2.4) we define the zeroth approximation by w?n = Wjm-1), J = 1,...,4,
and the next approximations by

t

wlf;fl(s, t,x) = ¢1 (iL‘ - /(a1 (T)wk + by (T)wlgfn)d7> exp(azs)

0
s

+ /bg(T)wlgn exp(az(s — 7))dr, (2.5)
0

w’zc;fl(s, t,z) = p2 (m — /(cl(r)wffn(r, t,z) + g1 (T)wlgn(T, t, :c))d7'> exp(g2s), (2.6)

0
¢
w’g;l(s, t,x) = Wa(n—1) (s, S, T — /(al( )wln +bi(T )w?m)dT) , (2.7)
t
wi‘;&-l(s, t,x) = Wi (n—1) (s, S, — /(cl(T)wjfn + gl(T)wlgn)dT> ) (2.8)

s

By the assumptions on coefficients, for all 0 < ¢t < T4, where 77 = min{1/(20C,l),1/(4l)}, we

have ijnH

continuous and converge to the solution to the system (2.1)-(2.4). Furthermore, |Jwj,|| < 2C,,

2C,, j = 1,...,4. Further, the successive approximations (2.5)—(2.8) are bounded,

j =1,...,4. Differentiating (2.5)—(2.8) with respect to =, we get

t

wllc:wl(‘g?t?x) = 90/1 (1’ - /(al( )wln + bl( )an)d ) <1 - /(al(T)w’fnx + b1<7—)w§nz)d7—>
0

0
s

< explazs) + [ ba(r)ul explaa(s - )i (2.9)
0
Wbt (s,t,7) = b (ac - [t + gl<f>w§n>dr)
0
( / w4nm + gl( )wgnaz)d7—> eXp(QZS)’ (210)
0
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t
wl?fr—zi—azl(&ta $) = Wa(n—1)z ( / a’l wlnx + bl( )w]?fnx)d > (211)

t
w{ZTJLra:l(& t .T) = Wi(n-1)z (1 - /(Cl (T)wffnx + a9 (T)wén:c)dT) . (212)

By the assumptions on coefficients, for all 0 < t < T, where 71 = min{1/(20C,!),1/(4l)},

Differentiating (2.1)—(2.4) with respect to x, we get

t t
Winx = 30/1 ( / CL1 wln + bl( )w3n)d > (1 - / al wlnx + bl( )w3nz)d >
0 0

S

x exp(ags) + /bQ(T)wgm exp(az(s — 7))dr, (2.13)
0

t
Wong = ¥ (rv — / (e1(T)wan + 91(T)w2n)d7>

0
X <1 — /(61(7)w4m +0 (T)wgm)d7> exp(g2s), (2.14)
0
Wanz = Wa(n—1)z (1 - /(al(T)wlmc + 01 (T)w3na:)d7'>v (2.15)
Winz = Wi(n—1)z (1 - /(01 (T)Wanz + g1 (T)wgm)dT). (2.16)

s

k

The successive approximations wy,,,, w’Q“m,, w’gnx, w{,fm, converge to Wing, Wang, Wing, Wing as

k — oo, and
|0zw1n| < 4C,, |Orwan || < 4C, (| Oz wsn || < 6C, |0z wan || < 6C.

The successive approximations (2.1)—(2.4) converge to the solution to the system (1.16)—(1.19),
and ||w;|| < 2C,, j = 1,...,4. Differentiating twice the system (2.1)—(2.4) with respect to x
and setting w? = Wjnazz, j = 1,...,4, we obtain the system of equations

S

-] / T)wi + b1 (7)w3y)dT exp(azs) + /bg(r)w}'f exp(az(s — 7))dr
0 0

¢ 2
+ ¢ <1 - /(al(T)whw + b (T)wgnx)dT) exp(azs), (2.17)
0
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t
—5 / T)wy + g1(T)wy)dT exp(gas)
0

¢ 2
+ ¢ <1 - /(01 (T)Wang + g1 (T)fwgm)d7'> exp(g29), (2.18)
0
¢ 2 ¢
wh = Wit (1 - /(al (T)Winz + b1 (T)wgm)d7'> — Wo(n—1)z /(a1 (T)w] + b1 (T)wy)dr, (2.19)
2 ¢
( T)Wana + g1(T )w2nx)d7> — Win—1)z /(Cl(T)wff + g1(T)wy)dr.  (2.20)
For all 0 <t < Ty, where To = min{1/(25C,1),1/(10l)}, the following estimates hold:
lwitll <25C,, i=1,2, |wy] <124C,, [wy| < 124C,.
mmm%z@m)mzzwwmww%mmmWMMMmmmmzmmmwmw
2nx j=1

Using induction, for all 0 <t < Ty, where Tp = min{1/(25C,1l), 1/(10l)}, we find

ZHQnH anll < 2|\Q1—Q0||+09me

n=1
N N
where Y p, are bounded for any N. Consequently, the partial sums > ||gnt+1 — ¢n|l are
n=1 n=0

o0
bounded for any N and the series Y ||gn+1 — gn| converges. Therefore, win, — wiy = Jpw;,
n=0

i = 1,2. Further, w3n, — w3, = Oyw3 and Wap, — Wiy = Oywy. Consequently, wjn, — wjz =
Ozwj, j =1,...,4, where the functions d,w; are continuous with respect to all its arguments on
I'p,, To = min{1/(25C,[),1/(10l)}. The following estimates hold:

[swill < 4C,, i=1,2 [dsws]l < 6C,, [swal <

Similarly, w;, j = 1,...,4, have continuous bounded t-derivatives on FTQ. The uniqueness of a
solution is proved in the same way as in [3]. O

Lemma 2.2. Assume that ¢1(z), p2(z) € (R), 1(8),01(t), b2(t), c1(t), g1 (t) € C([0,T7]),
ai(t) <0, bi(t) <0, ba(t) =0, e1(t) <0, g1(t) <0, t € [0,T], ¢j(z) <0, ph(z) <0, z € R.
Then the functions {w;}, j = 1,...,4, solmng the system (1.16)—(1.19) have the continuous

ij 82w]
022 dxdt’

bounded derivatives

j=1,...,4 on I'n,, where Tp = min{1/(25C,1),1/(101)}.

Proof. As proved in [1], the following inequalities hold on I'p, :
t

/(al(T)wln + b1 (T)wsy)dr| < 0.16,

-~ ®

< 0.16,

/(01 (T)wapn, + g1(T)way )dT
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where 7o = min{(1/(25C,l),1/(10l)}. We fix 9 € R and consider the set Q,, = {z |
o — 0.16 < & <z + 0.16}. Let 1,29 € Q. We prove that

IMn(s,t,21) — Mn(s,t,22)| < |1 — 22, (2.21)
M2n(s,t,21) — Man(s, t, x2)| < |21 — 22, (2.22)

where
t

Mn(s, t,x) =x — /(a1 (T)win (7, t, ) + b1 (T)wsn (7, t, z))dT,

Non (s, t,x) =z — /(01(7)w4n(7,t, x) + g1(T)wan (7, t, z))dr.

We assume that

Witn-1)z <0, Wa_1)e < 0. (2.23)
For all n € N on I'r,,, where T = min{1/(25C,l),1/(10l)}, we have
¢ t
1-— /(al(T)wlm + b1 (T)wspg)dT >0, 1-— /(cl (T)Wanz + g1(T)wang)dT > 0. (2.24)

From (2.15), (2.23), (2.24) it follows that wsp, < 0. From (2.16), (2.23), (2.24) it follows that
Wanz < 0. Since w3, < 0, from (2.13), (2.24), and the conditions b (t) > 0, ¢t € [0,T], ¢} (z) <0,
r € R, we find wyy, < 0.

From (2.14), (2.24), and the conditions ¢4(z) < 0, x € R, we find way, < 0.
0

Since wipy < 0, Wope < 0, W3nz <0, Wape < 0, we have
t ¢
1-— /(al(T)uqm + b1(T)wspg)dr <1, 1 — /(01(7)w4m + g1(7)wap, )dr < 1. (2.25)
S S

By (2.24), (2.25) and the finite increment formula, we obtain (2.21) and (2.22).
Arguing in the same way as in [4], we can prove the z-equicontinuity of w} and w} for
x € €y, which implies the z-equicontinuity of w}" and wj at any point = € R.
We consider the system of equations
t s
ot = —¢)(m(0,t, ) / T)wy + b1 (7)w3 )dT exp(ags) + /bg(T)aNJQ exp(az(s — 7))dr
0

0
t 2
+ QP/1/< / T)wig + b1 (7T )ng)d7'> exp(azs),
0

wy = —h(n2(0,t,2)) T)wy + g1(7)wy )dT exp(gas)

\W

0
t 2
+ <,0g< / T)Wae + g1(7 )ng)d7> exp(g2$),
0
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t 2

on = ont <1 - /(al(r)wlm + bl(T)ng)ch') — waz (s, s,M(s,t, a:))

s

(a1 (T)@t + ba(7)wy)dr,

—

t 2

wy =wy” 1 (1 — /(01(7)w4x +gl(7')w2m)d7'> — wig(8, s,m2(s,t, )

s

)} + 91 (7@ )dr.

\W

On I'y,, the following estimates hold:
@[] < 2Cy, [Jwz]] < 2Cy, lwg| <3C,, [wg]l < 3C,.
Further, @} — w;, j=1,...,4, on I', and
[0l < 2C,,  lwa]l <2Cy,  lwsl| <3Cy,  [[wall < 3C,.
We show that wj converge to wj, j=1,...,4,asn — oo on I'r,. On I'y,, we have
Wi — @] < [RY|+ 0.14([[wf — w1l + [lws — @s]]),

lwf — @5l < R3]+ Jwy ™! — o + 0.16([|w — &ul| + [|ws — @sll),

where
0 | (1 (0,4,2) — (0, 2)) s (52 £2) + (11 (0, 6, 2)) 1 (0, ) — 1 (0, , )]
t
(G (0,1, 7)) — (0, £,2)) /’ P (£, 2) + by ()l (£, @))dr | explass),
0
t
Ry = | (5, 5, min(s, £, 2)) P (s, 1, ) — 1 (51, 2)] J/ P (1, 2) + by (7)) (£, )

X [wZ(n—l)x(s7 S, 77171(87 t, J))) - wQIE(S’ S, 771(57 t, l’))]

9

Mn(s,t,x) =2 — /(al(r)wln(r, t,x) + b1 (T)wsy, (7, t, x))dT,

s
t

Non(s,t,2) =z — /(01 (T wan (7, t, ) + g1(T)wan (7, t, z))dT.

s

Since all functions in R} and Rj are uniformly continuous, equicontinuous, and bounded, for
any ¢ there exists N such that |R}| < ¢ and |R%| < € for n > N. Consequently, for n > N

wl — || < 1.26 +0.2]|wd — w3,
ot | of Gl . -
|lws — ws|| < 1.2e + 1.2||wh ™" — @al| + 0.2||w] — @1 .
Hence forn > N A .
i — Bl < 5+ 3 g™~ Ball (2.27)

925



Similarly, for n > N

U R
oy’ = ol < g& + Sl L. (2.28)

Adding (2.27) and (2.28), we get
n__ -~ n__ -~ 8 1 n—1 ~ n—1 ~
lwt” = @rf] + flwy — @all < ge+ (llwe™ —@all + flwy™ = &ul)-

The following inequality can be proved by induction:

1\ k
N+k ~ N+k ~ N ~ N ~
oY % — @l + flwd** = all < (3) ol = Bl + od” — Ball) + 42

for n > N. Consequently, w{\”k — W1, wéV'H’C — w9 as N — 00, k — oco. From (2.26) it follows

that wf — w3 as n — oo. Similarly, w} — w4 as n — oo and

o]l € 2Cp, ezl < 2Cp, @]l < 3C,,  [lwall < 3C,.

2

~ . w; . .
Thus, wjnze — Wjze = Wj, where the functions sz, j=1,...,4, are continuous and bounded
2
W
on I'y,. Furthermore, they have continuous bounded derivatives 3 8jt ,j=1,...,4onI'y,. O
x

3 Existence of Global Solution

Theorem 3.1. Assume that p1(x),pa(x) € 62(}3), ay(t),bi(t),ba(t), c1(t), g1(t) € C([0,T]),
ai(t) <0, bi(t) <0, ba(t) =0, c1(t) <0, g1(t) <0, t € [0,T); pj(z) <0, ph(z) <0, xz € R.
Then for any T > 0 the Cauchy problem (1.1), (1.2) has a unique solution u(t,z),v(t,x) €
El’z’Q(QT) that can be found from (1.16)—(1.19).

Proof. Differentiating (1.1) with respect to xz and denoting p(t,z) = u.(t,x), q(t,z) =
vz (t, ), we obtain the system of equations

O + (a1 (t)u(t, ) + by (t)v(t, 2))0zp = —ar (t)p® — b1 (t)pq + azp + ba(t)q,
Orq + (cr(t)u(t, ) + g1 (H)v(t, ))0pq = —g1(t)q* — c1(t)pq + gaq, (3.1)

p(0,2) = ¥ (x),  q(0,2) = ph(x).

We add (1.10)—(1.15) and the equations

dvyi(s,t,x

% = —a1(5)y? — bi(s)y172(5, 5,m1) + aoy1 + ba(s)y2(s, 5,1m1), (3.2)
3.2

dya(s,t,x

(dis) - _91(3)’73 —c1(s)n(s, 8,m2)72 + 9272
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with the conditions 1 (0, ¢, z) = ¢ (m) and 72(0,t, 2) = @h(n2). We write (3.2) in the form

(s, x) = @ (m) exp ( - / (a1(T)y1 + b1(7)7a(7, 7m) — az)dT>
0

S S

+ /52(7')72(% ,71) €Xp <— / (a1 ()1 + b1 (m)y2 (v, v,m) — a?)dV> dr, (3.3)

0 T

Ya(s,t, ) = p3(n2) exp ( - / (1(T)y2 + er(T)m (7, 7, m2) — 92)d7>-

0

Using the method of successive approximations, we establish the existence of continuous solution
to the system (3.3) on I'y,, where T = min{1/(25C,l),1/(10l)}. We define the successive
approximations

S

M = g (m) exp ( - /(@1(7)’7? +b1(7)v3 (1, 7,m) — aQ)dT)

0
s s

+ / ba(7)v3 (T, 7,m1) exp (— / (a1 (7)1 + bi ()3 (v, v,m) — a2)dV> dr, (3.4)

0 T
s

'YS—H = 80/2(772) exp <— /(91 (T)vg + e (T (1,7, m2) — g2)d7->;
0
moreover, 79 = ¢ (n1), 78 = ©5(n2). On 'z, we have
W <20, |miel <1, [ AT <50, i=1,2.

The successive approximations {7'}, i = 1,2, converge to a continuous solution to the system
(3.3) on I'p, since

H,yn+1 -] || + ||z7”+1 — ,yg” < 0-6(”’7{Z - ’7?71” + HVS - 7;71”)-

On I'z,,, we have |y;| < 2C,, i = 1,2. As in [1], we can prove the existence of a continuously
differentiable solution to the problem (3.3). Consequently,

ou ov
’Yl(t,t,iﬂ)—p(t,x)—%, 72(t7t7$)_Q(t733)_ %
As in [4], we can prove that for all t and x on Qp
[ol < Cpexp(lgalT), ull < Cpexp(ag|T)(1 + Tlexp(|g2|T))- (3.5)

From (3.3) it follows that 1 < 0 and 72 < 0 on I'p. Consequently,

2]l < Cpexp(lga|T), Il < Cpexp(laz|T)(1 + Tlexp(|g2|T))-

Since 5 5
u (i
’Yl(t,t,.iU) - %7 72(t7t7$) - %’
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for all ¢t and x on Qp the following estimates hold:
10zv]| < Cp exp(|g2|T),
[0zul] < Cpexp([az|T)(1 4 Tlexp(|g2|T)).

As in [4], for all ¢ and = we obtain the estimates

’ gu’ Fjiich T\/ 012021 + EQM / — Sh T\/ 012021 (3.7)

(3.6)

| C:
| 21)| FEs1 ch (T 012C21) + F11 C—ilsh( \/ 012021), (38)

where Fy1, Fa1, C12, Co;1 are constants. Owing to the global estimates (3.5), (3.6)—(3.8), we can
extend the solution to any given interval [0, T|. We take u(Tp,z) and v(Tp,x) for the initial
values. Using Theorem 2.1, we extend the solution to the interval [Ty, 71]. Then for the initial
values we take u(Th,x), v(Th,x). Using Theorem 2.1, we extend the solution to the interval
[Ty, T»]. In particular, u(Ty, z), v(Tk,x) € GQ(R) satisfy the estimate

u(Th, )| < Cpexp(laz|T)(1 + Tlexp(|g2|T)),  |v(Th, z)| < Cpexp(|g2|T),
|02u(Th, 2)| < Cpexp(laz|T)(1 + Tlexp(|g2|T)),  [0pv(Tk, )| < Cp exp(|g2|T).

The second order derivatives satisfy the estimates (3.7) and (3.8), where T" can be taken for ¢.
As a result, we can extend the solution to any given interval [0, 7] in finitely many steps.

The uniqueness of a solution to the Cauchy problem (1.1), (1.2) is proved with the help of
estimates similar to those used in the proof of the convergence of successive approximations. [
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