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STRUCTURE OF MINIMUM-WEIGHT DIRECTED
FORESTS: RELATED FORESTS AND CONVEXITY
INEQUALITIES

V. A. Buslov* UDC 519.172.1, 519.172.3

A toolkit has been developed that allows one to build directed forests from other directed forests.
With its help, inequalities are proved, which connect the weights of minimal directed forests with
different numbers of trees in them. A theorem on the minimum necessary changes that must be
made in the minimal directed forest is also proved in order to obtain another minimal directed
forest with the number of roots different by one. Bibliography: 10 titles.

1. NOTATION AND DEFINITIONS

For an (undirected) graph G, we denote the sets of its vertices and edges (unordered pairs
of vertices) by VG and EG, respectively. For a digraph G we denote the sets of its vertices
and arcs (ordered pairs of vertices) by VG and AG, respectively.

The outdegree d?"" (indegree d%“ ) of a vertex i is the number of arcs outgoing from i (enter-
ing 7).

A graph H is a subgraph of a graph G (notation: H C G) if VH C VG and EH C EG. H
is a spanning subgraph of G if VH = VG. H is an induced subgraph of G on the set U (or,
briefly, an induced subgraph of G) if EH consists of all edges of G joining vertices of Y = VH.
It is also called a restriction of G to U and is denoted by G|y = H. For digraphs, definitions
of all types of subgraphs are similar (with arcs instead of edges).

A route of length k in a digraph is an alternating sequence of vertices v; and arcs a; =
(vi—1,vi): Vo, Q1,V1,...,0k, k. A cycle is a route such that vg = v and all other vertices are
distinct and different from vy. A path is a route all arcs of which are different. A semiroute
is a sequence of vertices where, for all 4, either (v;—1,v;) or (v;,v;—1) is an arc. A semipath is
defined similarly.

A vertex j is reachable from a vertex i in the digraph G if there exists a path from i to j.
Every vertex is reachable from itself.

A digraph is weak (weakly connected) if any two of its vertices are joined by a semipath. A
maximal up to inclusion weak subgraph of G is its connected component (or simply component).

An undirected graph without cycles is called a forest, and its connected components are
called trees.

In digraphs, two types of forests can be considered: entering forests and outgoing forests,
which are results of reversing all arcs in entering forests. An entering forest is an acyclic
digraph in which the outdegree of each vertex is either one or zero (d?"* € {0,1}). In what
follows, we use only entering forests, which we will call simply forests. Connected components
of forests are trees. The only vertex of a tree with zero outdegree is its root. A tree with root ¢
of a forest F' will be denoted by T}". The set of all roots of a forest F will be denoted by Kp.

The outgoing neighborhood of a vertex i (notation: N (F)) is the set of all ends of arcs of
F outgoing i. If it is clear what graph we consider, or it does not matter, we will write simply
NPut. Similarly, the entering neighborhood of i (notation: NJ®) is the set of all beginnings of
arcs entering i.

We say that an arc outgoes U if it goes from a vertex of U to a vertex outside U.
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For a subset D of the vertex set of a digraph G, its outgoing neighborhood NR"(G) is the
set of all ends of arcs of G outgoing D. We will omit the reference to the graph G if it is clear
or does not matter. Thus, NR" = (,UD/\/;O‘“) \ D. Similarly, the entering neighborhood of a

1€

vertex set D is the set NI = (iéJDJ\fim) \ D that consists of all beginnings of arcs entering D.
We will use the following notation:
i & j means that the vertex j is reachable from i in the graph (digraph) G;
i & j means that the vertex j is not reachable from ¢ in the graph (digraph) G;
x 4 Y means that the set ) is reachable from the set X in G, i.e., there exist vertices
iEXandjEysuchthatigj;

x & Y means that the set ) is not reachable from the set X in G, i.e., i < jforalli e X
and j € ).

2. THE OPERATION OF SUBSTITUTING OUTGOING ARCS

Let F and G be two digraphs with the same vertex set A/, and D C N. Then FT% is the
graph obtained from F' upon substituting all arcs outgoing the set D by arcs of the digraph
G outgoing D.

We are interested in the situation where both F' and G are entering forests (in what follows
we will call them simply forests) on the same vertex set and the digraph FT% is also a forest.

Note that if both F' and G are forests, then, in FT%’ the outgoing degree of a vertex can differ

from its degree in F' but is still equal to 1 or 0. Thus, if FT% has no cycles, then it is a forest.
Let us state a sufficient condition, which implies that the resulting graph is a forest.

Lemma 1. Let F' and G be forests on the same vertex set, and let D be its subset such that
NR(@) £ NE(F). Then FT% is a forest.

Proof. If a cycle appears after substituting arcs, then it must contain arcs outgoing D and arcs
entering D. Since N (F) is not reachable from NR"(G) in F (see Fig. 1), this property will
still hold after substituting arcs and no cycle can appear. O

o0

N
Fig. 1. No route leads from N2"(G) to N2 (F) in F and, therefore, in FTGD.
Hence, no cycle can appear after substituting arcs.

Corollary 1. Let F' and G be forests on the same vertex set, and let D be its subset such that
no arc enters D in F. Then FTGD is a forest.

Proof. Since N}'(F) is empty, the condition of Lemma 1 holds. O

Corollary 2. Let F' and G be forests on the same vertex set, and let D be its subset such that
no arc outgoes D in G. Then FTGD is a forest.
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Proof. Since N2"(G) is empty, the condition of Lemma 1 holds. O

Corollary 3. Let F and G be forests on the same vertex set, and let TT be a tree of F and
D = VTF. Then both FT% and GfD are forests.

Proof. Since TT is a connected component, Ngl(F ) = @ and, therefore, FT% is a forest.
Moreover, NR"(F) = & and, therefore, GfD is also a forest. O

Corollary 4. Let F and G be forests on the same vertex set, let TY and TC be trees of F' and
G, respectively, and D = VT N VTE. Then both FT% and GfD are forests.

) o )
N Ay

Fig. 2. D=v1TF nVTC,

Proof. By symmetry, it is enough to prove that FTGD is a forest. The set N3"(G) is a subset

of VTY \ VT¥ (see Fig. 2). Since T¥ is a connected component of the forest F', there is
no route in F from VI \ VT to VTF and, therefore, to VT \ VT'¢ > NI(F). Hence,

NI(G) TN NE{(F) and the condition of Lemma 1 holds. O

Corollary 5. Let F and G be forests on the same vertex set N, let TF and TC be trees of F
and G, respectively, and D = VI \ VI'Y. Then both FZ D and GTD are forests.

Proof. First, let us prove that N3"(G) contains no vertex of the tree TF. Indeed, the set
D = VI \ VTY contains no vertex of the tree 7% Hence, N3"(G) contains no vertex of
TY. In particular, N3 (G) N (WTF N VTY) = @. However, N3"(G) ND = @ (this property
holds for any graph by the definition). The vertex set of the tree T can be represented as
VIF = DU (VTFNVYTY). Thus, N3"(G) intersects no part of this union and, therefore,
contains no vertex of T (see Fig. 3(a)): N3"(G) Cc N\ VTF.

In the forest F, VTT is not reachable from N \ VT (since T¥ is a connected component
of F). The set NI'(F) is a subset of the vertex set of TX'. Hence, no route goes from N3 (G)
to NJ'(F). Thus, Ff, is a forest.

Now consider GTD Since D = VT \ VTY, the set NI(G) contains no vertex of T (see
Fig. 3(b)). Further, if TF contains an arc (i,7) such that i € D and j ¢ D, then, since
vt =pu (VTF N VTG), we have j € VT N VTY. Thus, N3 (F) C VTY. In G, no arc
outgoes VT'C (since it is a connected component of G). Hence, NIE(G) is not reachable from

NZ(F) in G. O

Corollary 6. Let I' and G be forests on the same vertex set, and let T and TC be trees of F
and G, respectz'vely Assume that D C VT NVTY, NB(F) = @ and N3 (F) C VI'F\ V1Y,
Then both FG p and GTD are forests.
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Fig. 3. D = VT \ v1°.
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Proof. Since NJ'(F) = @, F{, is a forest. By condition, N3"(F) contains no vertex of the
tree TC. At the same time, NI(G) is contained in the vertex set of T¢ (see Fig. 4). Hence,
NB(@) is not reachable from N3"(F) in G. Therefore, Gfp is a forest. O

Fig. 4. D C VT n VT NB(F) = @, and N (F) Cc VTT\ VTC.

Corollary 7. Let I' and G be forests on the same vertex set, and let T and TC be trees of F
and G, respectz'vely Assume that D C VT \VTY, NB(F) = @, and N3“(F) C VTC. Then

both FS o and GTD are forests.

Proof. Since NI(F) = @, FG ip is a forest. Further, N, (@) cannot contain a vertex of T¢

since D C VT \ VT (see Fig. 5). At the same time, by condition, N2%(F) is contained in
the vertex set of T¢. Hence, NI(G) is not reachable from N2"(F) in G. Therefore, foD is
a forest. O

A NN B
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Fig. 5. D C VIF\VTY NI(F) = @, and N3"(F) C VTC.
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3. CONVEXITY INEQUALITIES

Let V be a weighted digraph with vertex set A/, |N| = N. Let each arc (4,j) have a real
weight v;j. For each spanning subgraph G of V and S C N, set the notation

Tg = Z Vij TG = T/C\TV/ = Z Vij - (1)
icS (4,§) EAG
(1,5)€AG
Note that Tg is the sum of weights of all arcs with the beginning in S, including those the
ends of which do not belong to S. If no arc of G outgoes S, then Tg = TCls,
We denote the set of all forests that consists of k =1,2,..., N trees by F*. The minimum
of T over all forests F' € F* will be denoted by ¢*:
¥ = min Y .
FeFk
If F* = @, then we set ¢*¥ = oo. In particular, ¢° = co. Note that F consists only of
the empty forest and, therefore, ¢ = 0. Each forest of FN~! contains exactly one arc and,

therefore, V=1 = min Vij.
(i,§)€ AV

Our tools allow us to obtain simple proofs of well-known convexity inequalities (2) on the
values ¢*, which were proved by Ventsel [1]. Ventsel’s proof was based on the analysis of
the asymptotic spectrum of matrices with exponentially small coefficients (without any graph
theory).

First, we will prove a simple lemma, which will be useful in what follows.

Lemma 2. Let F € F, H € F*, and let D be a subset of the vertex set such that the number
of roots of F contained in D is greater by n than the number of roots of H contained in D.
Then the following statements hold.

(a) If FT% is a forest, then FT% e Fmn.

(b) If HfD is a forest, then HfD € Fhtn,

Proof. (a) By the choice of D, the number of vertices with zero outdegree in FT% is smaller
by n than the number of vertices with zero outdegree in F'. Since FT% is a forest, its number

of roots is smaller by n than the number of roots of the forest F'. Therefore, FT% e Fmm,
The proof of item (b) is similar. O

Let. F* be the subset of F* consisting of all forests on which the minimum ¢ is attained:
FeFFe FeFFand TF = ¢F. We will call a forest of minimal weight minimal.
Theorem 1. Let F* # @ for a certain k € {1,2,...,N — 1}. Then

gbk_l _ Qbk 2 Qbk _ ¢k+1. (2)
Proof. Since F* # @, all sets F', 1 € {k,k+1,..., N}, are also nonempty. In particular, there

exists a forest F € FrH1. If Fh-1 = @, then, by definition, ¢*~! = oo and (2) holds. Let
F¥~1 be nonempty. Then there exists a forest H € F*=1_ Since the number of roots of F is
greater by 2 than the number of roots of H, there exists a tree T of the forest F' all vertices
of which have nonzero outdegree in H. Let P = FT% and QQ = HfD, where D = VTF. By
Corollary 3, both P and () are forests. Since D contains exactly one root of F' and no roots
of H, by Lemma 2 both forests P and @Q belong to F*. Let A = Tg — Tg. Then

TP:TF+A:¢k+1+AZ¢k,
TC =10 A =gkl — A >4k
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Hence,
¢k—1 - ¢k > A > ¢k _ ¢k+1. 0

The convexity inequalities (2) are important in the analysis of dynamic systems with small
stochastic disturbance [2—4].

4. RELATIVE FORESTS OF MINIMAL WEIGHT
Let us study properties of minimal forests for different k.

Lemma 3. Let F' € ]?kﬂ, H e fk, and let a subset D of the vertex set be such that FT% v
and HffD e FEt1 Then FT% e F* and HfD € Fhtt,
Proof. Let H' = FT% and F' = HfD. Since H' € Fk YH' > ¢k Similarly, F' € F**! implies
that T > ¢F+1. Let A = TH — TE. Then

oF < TH =1F + A=g"t A,

Q< PF Y H A = gF A

Substituting A from the second inequality in the first one we obtain TH' < ¢k and, therefore,
TH = ¢F. Hence, H € F*. Similarly, F’ € F++1, O

Remark 1. By simple calculus of roots, the number of roots of F' in the set D from Lemma 3
must be greater by 1 than the number of roots of H in D. In particular, if D contains one
root of I, then all vertices of D have nonzero outdegrees in H.

There exists a “genetic” connection between minimal forests for different k. Let us start
with a definition.

Definition 1. A forest F' € F**! with roots (up to numeration) 1,2,--- , k + 1 is an ancestor
of the forest G € F* with roots 1,2, --- , k if TZF = TZ-G fore=1,2,--- Jk—1, G‘VT{ = T,f,
and G |VT,f+1 is a tree (see Fig. 6). In this case, we will also say that G is a descendant of F.

DD @D @,
L\
AN A /\z/”\/ :
W e

The following theorem describes minimal changes necessary to transform a forest of the set
FF+1into a forest of the set F*, and vice versa.
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Theorem 2 (On relative forests). Let k € {1,2,--- ,N — 1} be such that F* # @. Then the
Jollowing statements hold. N
(a) Each forest of F**1 has a descendant in F*;

(b) Each forest of F* has an ancestor in F*1.

Proof. (a) Since F* # &, we also have F*¥*1 £ @. Let us prove that a forest F € FF+1 has
a descendant in F¥. Consider an arbitrary forest H € F*. Since the number of roots of F is
greater by 1 than the number of roots of H and the outdegree of each vertex does not exceed 1,
there exists a root of F', say, j, such that the tree TJF with root j contains no root of H.

First, we will construct an auxiliary forest H' € .7?]“, which will later help us to construct
a descendant of F. Let H' = FT%’ where D = VTjF. By Corollary 3, both H’ and HfD are
forests. The set D contains no roots of H' and exactly one root of F, namely, j. Thus, by
Lemma 2, H € F* and pr € F*+1. By Lemma 3, H' € F*.

Note that all trees of the forest F' except for TJF are subtrees of trees of H' with the same
roots. The vertices of VTjF are divided between trees of H'. No arc of H' enters VTjF by
construction. The induced subgraph H’ \VTjF is a forest. Let T be the tree of H’ \VTjF that
contains j, and let m be the root of T'. Denote by TH' the tree of H' such that T is its subtree.
By construction, no arc of H' enters D' = VT. (We have constructed the forest H' just for
this property. The forest H may not satisfy such a condition: see Example 1 and Fig. 11).
Thus, NB(H') = @, Ngit(H') c VT \VTF, and D' c VTH N VTF.

Let G = FTHD," By Corollary 6, both graphs G and H' fD, are trees. Since D’ contains no root
of H' and exactly one root of F (namely, 7), by Lemma 2, we have G € F* and H/fDl € FhtL
By Lemma 3, G € F*.

Let us prove that the forest G is a descendant of F'. Indeed, in G, all vertices of VT]-F have
nonzero outdegrees. Since TJF is a tree of I, all arcs of the forest G outgoing VT]-F \ D' must
enter vertices of VTjF . By construction, H'|ps = T. Hence, exactly one arc of G outgoes D',

and this arc outgoes the root m of T', let this arc be (m,n) (see Fig. 6). Therefore, exactly
one arc of GG outgoes VTjF , and this arc is (m,n). The vertex n cannot belong to D’ by the

definition of an arc outgoing a set. Moreover, n cannot belong to VT]-F \ D' (otherwise, T is
not a connected component of the induced subgraph H'|,,;r). Hence, n € N\ VTJF . Thus,
J
G|ypr is a tree with root m.
J

Let n be a vertex of a tree Tf". Then G|y,pr = TF and i is the root of a tree T of the
forest G. The induced subgraph G|y,;r is a tree with root m. All trees of the forests F' and
J

G with roots at Kp \ {i,7} = Kg \ {j} coincide since arcs outgoing vertices of the set N'\ D’
were not changed during the construction of the forest H’ from the forest F' and the only arc
of H' outgoing the set D’ enters T}

As a result, in the forest F', we have replaced exactly all arcs outgoing the set D' = VT
by arcs of the forest H. However, it was necessary to construct the intermediate forest H' in
which no arc enters D’ (see Example 1).

(b) As in the first part of the proof, let F' € Fk+1 and H € F*. Assume that a root j of
the forest F'is such that the tree TjF with the root j has no intersection with g — the set of
roots of the forest H. Let j belong to the tree TZ-H (with the root i) of the forest H. We will
construct the ancestor () of H in several steps.

Let F/ = HffD where D = VT N VT]-F . By Corollary 4, both F’ and FT% are forests. All
vertices of D have nonzero outdegrees in H and all vertices of D except for j have nonzero
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outdegrees in F. Hence, by Lemma 2, F’ € F*+1 and FD € F*. By Lemma 3, F' € Fr+1,
In the forest F”’, the vertex j remains a root. The tree TJF contains exactly those arcs of the
forest F' that form a tree with root j in the induced subgraph F'|p. Also TjF " can contain arcs of
the forest H, these arcs must belong to the tree TZH (see Figs. 7 and 8). Hence, VTjF e VTZ-H .
The set VTJF / \ D may be nonempty, because TJF / may contain arcs of the tree TZH .

J .p

Fig. 7. D = VT]F N VTZ-H . Arcs of the tree TZH outgoing the set D and entering
vertices of D are shown. Arcs of other trees of H (in particular, arcs of the tree
TH shown in the figure) cannot enter D.

rrg (v \/\\\ v )

(Vs \// R VTH\
l .
Fig. 8. D = VTjF NVvTH. Only arcs of the tree TJF are shown. The vertices

n and v do not belong to T, but they belong to the tree Tnle of the forest
F' = HI},. Thus, TE O TH. At the same time, VI c VT

(vri e :q/wﬂ
/

.m l / -
VTF
Fig. 9. D' = VI.E'\ VT2 = {v,n,p,q}. The arcs (n,1) and (v, u) of the forest
F' were arcs of F. Because of these arcs, the trees T and TF" do not coincide,

we have only TF" D T#. We need to replace (n,1) by the arc H outgoing n in
the forest H and the arc (v,u) by the arc (v,7) (see Fig. 7).
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The set of roots of the forest F’ is Ky U {j}. However, in the forest F, arcs outgoing the
set VTH N VTjF can exist. Thus, for m € Kg \ {i}, we have only T D T not necessary
TH = T (see Fig. 9). We have changed too many arcs of H during the construction of
its ancestor, some of them are to be returned (see arcs (n,l) and (v,u) in Fig. 9: these arcs
”extend” the tree T to the tree TL").

Let m € Ky \ {i}, and let D’ = VIE'\ VT 4 &. We will start the procedure of moving
surplus vertices of the tree T to trees with other roots.

Let F" = F' {I .. By Corollary 5, F” and H%, are forests. The set D’ contains neither root
of F’ nor root of H (see Fig. 9). By Lemma 2, F” € F**! and Hfls, € F*. By Lemma 3,
F" € Fk+1 Note that VT, ' — D'UVYTH. By the construction of F”, arcs outgoing vertices of
D’ in F” are the same as in H. By the construction of F”, arcs outgoing vertices of D’ in F’
(and, therefore, in F”') are the same as in H. Thus, T = T, Note that neither F” nor H
has arcs outgoing VT, ,5" = VTH or entering this set, and the induced subgraphs of F” and H
on this set coincide. Hence, any further replacement of arcs of F” by arcs of H (for arbitrary
vertex sets) cannot change the tree 7)1 .1

If there exists another vertex | € Ky \ {i,m} such that D" = VIF" \ VI # @, then we
construct a forest F” {{Du and so on until we obtain a forest F* € F*+! such that T =11
for all m € Ky \ {i}. Now the union of vertex sets of the trees T/ and TJF " is exactly the
vertex set of TZH .

However, I™* still is not an ancestor of the forest H, since TZ-H can contain more than one
arc outgoing the set VTJF " (see Figs. 7 and 10). That is, H |VTjF* is not surely a tree, it may

be a forest. This forest divides the vertex set VT]F " into several trees, we choose among them
the tree T that contains j. Let D = VTjF T\ VT.

fﬁ h VTH = VT U VT]-F*\
\ 12

re® WP

v J J
\J
NN % /
Fig. 10. Arcs of the tree T]-F " are shown. Since H has two arcs outgoing the

set VTjF " (from the vertices r and s, see Fig. 7), the induced subgraph H lypr
J

is a forest with two connected components.

By the construction of the forest F* (starting at the intermediate forest F’, step by step,
we have returned arcs of the forest H), all arcs of F'* outgoing vertices of N\ VT]-F " (and

also some arcs of the tree TjF ") are the same as in H. Every arc we have returned belongs
either to the tree TJF " or to the tree T} (which consists only of arcs of H). Hence, no arc of
H enters VTjF " (arcs of H entering VTjF " have beginnings in VJ;-F ", but these arcs form the

tree TZF *) Therefore, no arc of H enters any connected component of the induced subgraph
Hlypre. Thus, N2 (H) = @. In addition, N2*(H) C VI/'\VT]" and D C VI;TNVT/". Let
J

11f two forests have the same connected component, no operation of replacement of arcs of one of them by
arcs of the other will change this component.
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Q=F *fﬁ. By Corollary 6, both QQ and H fD* are forests. Since D contains neither roots of F*
nor roots of H, by Lemma 2, we have Q € F**! and Hfl; € F*. By Lemma 3, Q € Fr+L,
Let us prove that @) is an ancestor of the forest H. Indeed, VTjQ =VI, H |VTjQ is a tree. The
vertex 7 is a root of the forest Q and H |VTZ_Q = TZ.Q. Finally, T}/1 = TlQ for 1 € Kg \ {i}. O

F P R
/\/ \\ TRy l.\ut
U &m z & ﬂ@j c Nm !

Fig. 11. The construction of a descendant G from the forest F. We use a
forest H and the intermediate forest H'.

Example 1. The construction of a descendant G from the forest F'. We use a forest H.
Trees of forests F' and H involved in the construction are shown in Fig. 11, at the left.
In the second column of this figure, the forests H' = F. % and F/ = H % are shown, where
D =VT; = {4,t,m}. The induced subgraph H'|p is a forest con51st1ng of two trees: an empty
tree with root ¢ and the tree 7" with the only arc (j,m). Let G = T’D’ and P = H', +pr, Where
D' = {m,j}. The forest G is the desired descendant of F. In this example, the graph F.

coincides with the descendant G. However, the graph R = HffD, contains a cycle. Therefore,
we cannot apply Lemma 3 for the forests ', H and prove that GG is a minimal forest. The

cycle in R appears, since H has an arc entering D’ = {j, m}, namely, (I,m). In the forest H’,
no arc enters D’. Thus, we need the intermediate forest H’'.

Remark 2. In the proof of Theorem 2, we pick two arbitrary minimal forests F' € FrHL and
He F* and, with the help of operations of substituting arcs, construct a minimal descendant
of F and a minimal ancestor of H. Thus, two arbitrary forests F' € Fr+land H € F* contain
a lot of “genetic” information, since we can determine by them both a minimal ancestor of H
and a minimal descendant of F.

5. CONCLUSIONS

Entering forests are important, since, in terms of them, we can express minors of Laplacian
matrices (with zero sum in each row) [7—10], minors of arbitrary square matrices and their
spectrum [5,6]. This motivate us to choose entering forests (not outgoing ones).

More special properties of forests of minimal weight and their structure on some special
subsets of the vertex set will be presented in the continuation of this paper.

Translated by D. V. Karpov.
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