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We consider ill-conditioned matrices of systems of linear algebraic equations with ran-
dom error of vector right-hand side. We study the condition number v of the matrix
of the system. We show that, under certain natural assumptions, the number v can be
considerably diminished. Bibliography: 3 titles. Illustrations: 3 figures.

0.1. We consider the system of linear algebraic equations Ax = b. Let Ab and Ax are
errors of the right-hand side b and solution @ respectively. The relative errors of the solution
and right-hand side are connected by the inequality
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where the condition number v := ||[A71| - || A|| determines the quality of the matrix A. The value
of the condition number can be used to determine the coefficient of the regularization system.
The number v in the inequality (1) cannot be replaced with a less number. However, in a sense,
the estimate (1) is rough. We will specify this assertion below and show how to diminish v
considerably in the estimate.

0.2. It is natural to assume that the error vector Ab is random. If the components of this
vector are independent, then it is natural to assume that the random radius vector s := Ab/|Ab|
is isotropic, i.e., a random point s is uniformly distributed on the unit sphere S"~' c R™.
Assume that the vectors  and b are fixed (nonrandom).

We propose a new method for estimating the condition number in the norm || - ||2 taking into
account the randomness of the error vector. We describe ideas providing to such an estimate.

0.3. The inequality (1) is equivalent to the inequality
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which is the product of the inequalities
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The inequality (2) is related to the random vectors Az and Ab. We write the inequality (2) in
the equivalent form

A7 s < A7) (3)

0.4. The length of the radius vector e = A~!s varies in [\n, \1], where )\, < A1, if the
matrix A is ill-conditioned.

To illustrate the situation, we consider the simplified two-dimensional case. In Figure 1,
the points s, are uniformly distributed on the unit circle S, whereas the corresponding points
e, = A7 1s;, are located on the ellipse E. It is seen that the length of the larger half-axis of the
ellipse F is considerably greater than the mean value of the random length of the radius vector
e=A"ls:

E(|A™!s]) < max|A™'s| = ||A7Y. (4)
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(a) (b)
FIGURE 1. Location of points (a) s, € S! and (b) e; € E.

In the case of a real ill-conditioned matrix, the condition number can be equal to several
hundred or even thousands so that the inequality (4) becomes stronger and, respectively, the
inequality (1) presents a rather rough estimate. The above raises a question about distribution
of the random variable |A~1s|.

1 The Random Variable L

1.1. We write the expression for the length L of the radius vector of the point e = A™'s € F
L:=|A"s|=(A's - A7's)/2 = (s- (A7) A7 )2 = ((A74) 15 - )12

Here, s is a random point and, consequently, L is a random variable.
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Let A2 > ... > A2 > 0 be eigenvalues of the matrix (4*A)~1. We have [1]
1 n 1/2
ﬁg{zkn<1“=<§jkﬁﬁ> <= [lA7H) (5)
k=1

1.2. Since s is a random point, the inequality (3) is an estimate for the random variable
|A~1s| and is satisfied with probability 1. We write this inequality in the equivalent probabilistic
form

P(L < \) =1. (6)

In turn, (6) can be generalized as follows. Let F' be a distribution [2] of a random variable L.
Then P(L < t) = F(t) is a generalization of (6).

1.3. We consider calculations of the values of the function F'. Let u be the Lebesgue measure
on the sphere S"~!. Since the point s is uniformly distributed on ™~ (cf. Subsection 0.2), for
any (measurable) set M C S"~!

P(s € M) = p(M)/u(S"H). (7)
Thus,
0, t < Ap,
F(t)={ ML<?) 8
(t) ) An <t < A1, (8)
1, t> AL

We cannot analytically determine p(L < ¢) in (8) (together with the function F'). Therefore,
we calculate a sample distribution function for L by the Monte—Carlo method. For this purpose
we simulate a sequence of random points sy, k = 1,2, ..., uniformly on S"~! with the help of
known formulas. For each point s, we calculate ¢, = |A~'s;|. The numbers t;, k = 1,2,. ..,
form a sequence of sample values of the random variable L. If the number N of points sj is
sufficiently large, then we construct the approximate distribution function.

Note that t; for every k = 1,2,..., N, satisfies the inequalities Ay < tp < A1. For every t;
we calculate the number N; of t; such that ¢, < t;. We define the function Fly, at the nodes ty,
k=1,2,..., N, by the formula

N;
Fy, (tp) = —.
ALY .
The piecewise constant approximation of the function Fl, between neighboring nodes yields the
sample function of distribution. Below, we will consider piecewise linear approximation in order
to obtain convenient graphs.

The random variable L and its distribution function F' are determined by the choice of a
finite sequence A(1:n) = {\y,k = 1,...,n}. Therefore, we use the notation L = Lj(;.,) and
F = FA(lzn)'

Further, we will consider only number sequences A(1:n), where n is large and A, /A1 is small,
without mention matrices from which they are obtained.
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FIGURE 2. (a) Al = {\, =2%0.29 ... 1} and (b) A2 = {\; = 1.01°,1.0171,...,1.017300},

For two such sequences A! and A? we present the graphs of the corresponding functions Fi1
and F)2. They look like the graph of the Heaviside function x. This fact will be explained in
the theorem proved in the following section.

2 Convergence Theorem

We show that for finite number sequences A(1:n) (cf. Section 1) Fy(1.,y = x. To prove the
corresponding limit relation, we form the auxiliary normed sequence A(1:n) = {\x = A/,
k=1,...,n}. Here, Ay = 1 and )\, ~ 0. The finite normed sequence A(1:n) can be regarded
as a part of the infinite sequence {\z, k = 1,2,...}, where A\, — 0. For such sequences the
following assertion holds.

Theorem. Assume that \y — 0 and s™ = (s},...,s") is a random point uniformly dis-
tributed on the unit sphere S"1; Lxam) = (X%(s?)Q +...+ Xi(sg)2)1/2. Then for allt € R
T Fyp,,)(6) = X(0), (©)

Moreover, the convergence FK(l:n) — x for any € > 0 is uniform on the set R\ (0,¢).

Proof. Below, all formulas with the I'-function are taken from [3]. We first transform the
relation (9).

2.1. By (5), we have

Consequently,

o
v
2
—
o~
~—
Il

Le., Fy ., (t) = x(t) for t € (—00,0] U [L, +00). Now, instead of (9), it suffices to prove that for
te(0,1)

n—oo

moreover, the convergence is uniform on the set [e,1) for any € € (0,1).
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2.2. Since
PR () = P(Lg(yy < 1) = 1= PLgy > 1),

(10) is equivalent to the relation
no2
o (sP 2 2 t2
(7) M(Lx(ln) > t) U<kzl k( k) )

PLyy. >t = - = = — 0.
( A(1:n) ) M(Snfl) M(Snfl)

Thus, instead of (9), we have the equivalent relation

n( 3 Risp)? > 2)

— 0. 11
WS ) -
2.3. We prove an auxiliary inequality. Let a function f > 0 be defined on the set S, and let
h > 0. Then
/ f = / / > hp{f(a) > h).
Hence

u{f () / /. (12)

2.4. Assume that ,
s) = Nlsp)? h=t%
n (12). We estimate the numerator of the fraction in (11):
- 32/ .n 1 n
H<ZAk<sk>2/ ) /ZAk =(—2 )/ Pds". (13)
k=1 Sn—1 k=1 k= Sn—1

Since the integral on the right-hand side of (13) is independent of k, we can interchange sum-
mation and integration if 1 < k < n is arbitrary.

2.5. We calculate the integral on the right-hand side of (13):

2 _ o (n=1)/2 % , ; (n—1)/2 g
/(Sk) s = m-/cos (,DSln (,D Y = F /sm — Sin ()0) ®.
Sn—1 0
Here,

™

O/SIH ¢ dp =/ En

+

1)'
)

M‘

w‘+
\V)

We use the following two simple assertions [3].
1 n
2.6.1. If ¢, — 0, then — > ¢ — 0.
k=1

2.6.2. If lim a; =0 and ay > by > 0 for all k, then lim by = 0.
k—o00 k—o00
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2.7. We return to the proof of (11):

n.o—2
p( X N > )
= <. ...
p(Sm=1)

0<

Taking into account Subsections 2.4 and 2.5 and the formula

,n.n/Q

T(n/2)’

p(s™) =2

we have

Using the formula
MNe+1) =z -I'(z), z=(Mn-1)/2, x =n/2,

and taking into account that ¢ > ¢, we continue as follows:

1 < T(2).r(r=l). (=L R 1 11—
N R el B s e b v
—1 (%) -T'(3) - (3) " e "=
Returning to the beginning of Subsection 2.7, we see that
=2
p(NEE=e)
k=1 kY
0< <= [— by }; 14
p(5"1) 2l 2 .
moreover,
17l G
) [— )\k] —0
e?ln
k=1
by Subsection 2.6.1 and
=2
u( pORHCILE )
=1
-0
u(s™1)
by Subsection 2.6.2. The convergence is uniform since the majorant in (14) is independent of ¢.
The theorem is proved. O

We return to the finite sequence A(1:n) = {A\y > 0, K = 1,...,n}, where n is large and
An/A1 is small. With this sequence we associate the auxiliary sequence A(1:n). Since Ly
and LK(l:n) are connected by

n n Y2/ .n 32/.n
LA(l:n) = ()‘%(31)2 +...t )‘121(871)2)1/2 =Ar- ()‘1(81)2 +... A71(87“L)2)1/2 = AlLK(l:ny
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the functions Fj(i.,) and FK(l;n) are connected by the equality

FA(I:TL) (t) = FK(lzn) (t/>\1)
By the above theorem, FK(l:n) =~ x for large n outside the interval (0,¢). Consequently, Fi(1.,) =~
X outside the interval (0, A\1e).

In the following section, we show how to use the above-obtained results.

3 Replacement of v with v.

By definition and notation, the condition coefficient v(A) is the least number satisfying (with
probability 1) the inequality L - || A]| < v.

We choose a sufficiently small € > 0 such that it is possible to ignore some random event
in calculations provided that the probability of this event is less than €. We find a numerical
solution to Equation FK(Ln)(LE) =1 — ¢ (cf. Figure 3; a fragment of Figure 2).

1( 1
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FIGURE 3. The graphical solution of the equations Fpx(L:) =1 —¢ (k= 1,2).

Since P(L < L¢) = Fgy,,y(Le) =1 — ¢, we have P(L > L.) =1 — P(L < L¢) = ¢. In other
words, the event {L > L.} is so improbable that it can be ignored in calculations.
Let v, = L. - ||Al|. Then the following relation holds with probability 1 — e:

Ax
a5 Il = L 4] < v

Thus, the coefficient v can be replaced with v. (although, cf. below v. /v < 1).

The ratio of v. and v is expressed as follows:

ve LAl Le

v MA A
We compute v, /v for the sequences A' and A? (cf. Figure 2) with ¢ = 0,01:

Al: L.=0,2481, X\=1024, 5 —=0,00024,
1%

Ve

A?: L.=0,1411, A=1, = =0,14.
14
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v
The values of — in the first and second cases are essentially different, which could be caused by
v

the fact that the sequence 1,017% (A%) converges to zero much slower than 2% (Al).
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