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Using algebraic-analytic methods, we establish numerous connections, in finite and in-
finite variants, between amplitudes, coefficients, and source functions of dynamical sys-
tems of elasticity theory. Bibliography: 18 titles.

The general identification problem consists in finding an object from its features and is connected
with pattern recognition and inverse problems. In identification problems for dynamical systems
of ordinary differential equations, it is preferable to have explicit formulas for solutions, which
should be specified. For multidimensional identification problems it is also desirable to have
representations of solutions and coefficients of partial differential equations that contain arbitrary
functions of one or many variables [1]-[5]. Applying analytic and constructive methods, it is
possible not only to establish the existence of solutions to identification problems, but often to
construct or approximate the solution [6]-[10]. Therefore, the range of problems related to the
search of new representations of solutions and coefficients of equations in mathematical physics,
their reproduction, and construction of multidimensional counterparts of classical algebraic-
differential transformations are of great interest in problems of identification.
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The ray method has been known since the 50s of the last century and is a powerful tool for
solving wave problems [11]-[14]. We propose a new method for studying identification problems
for system of equations of the theory of elasticity. The method is based on the ray decomposition
of solutions in the case where the coefficients of the system depend not only on the spatial
variable, but also on the time variable, which is of practical interest. Using the algebraic-
analytic methods, we establish new numerous connections, in finite and infinite cases, between
amplitudes, coefficients, and source functions of the dynamical systems of the theory of elasticity
(cf. also [10, 15, 16]).

1 Ray Decomposition

Assume that w = (w!,w? w?) is a vector-valued function of z € D C R3, ¢ > 0, D is a

domain, A = A(z,t) and p = p(z,t) are the Lamé coefficients, and p = p(z,t) > 0 is the density
depending on x and ¢,

(65} 0 0
o = 0 a9 0 ,
0 0 a3

where a; = a;(x,t) are some functions.

We consider the system of equations of the theory of elasticity [17, 18]

2 1 1 1
0—120 =P Aw+ AT H grad divw + — divw grad A + —Aw grad p + adw + —R(z,1), (1)
otr p p P p ot p

where
ow! ow'  ow? ow' owd
2 + +
8l‘1 (9:62 0.%'1 0.%3 (9:61
A ow?  ow' ow? ow?  ow?
w = - 2 +
Bxl 8%2 83?2 8333 (91'2
owd  ow' owd  Ow? ow’
+ + 2——
6%1 81'3 6932 8:1?3 8$3

We look for a solution to the system (1) in the form of a ray series

w(z,t) = Zwk(x7t)fk(t77—(x7t))’ (2)
k=0

assuming that all functions in the decomposition are sufficiently many times differentiable and
possess the required properties. The following algebraic theorem holds.

Theorem 1. Assume that the following conditions hold:
1) w = (w,wi, wi)(z,t) are vector-valued functions of the variables (z,t), k = 0,1,2,...,
and w_1 =w_9=... =0,
2) 7(x,t) is a function of the variables (z,t),
3) fr(t,y) are arbitrary functions of the variables (t,y), y € R, connected by the identities

0
aiyk = fk—l(t’y)7 ke Za (3)
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4) the functions St (z,t), Pi(z,t), QL(x,t), k=0,1,2,...,i=1,2,3, are defined by

o2 pF p  Ox;

(div wk)

%

1

. . P 5
_ ;[dlvwk ; + (gradwk,gradu) + (ale,grad,u) t o g;tk}
; 8w@' 0 ) 82 . |
Pp=2 6tk 8_; w%a—; - % [2 (grad wy,, grad 7) + w;cAT}
A+pr.. or Owg, o
_ T [le Wi oz, (8—9%’ grad T> + (wk, grad axl)}

_ % {(wk, grad T) 8—/\ + w}; (grad T, grad ,u) + g; (wk, grad u) + aiw,i%] ,

o0x;

L r0T\2 A+ 9
0t = k()" — g of] ~ 2 g 1)

If the vector-valued source function R = (Ry, R, R3) admits the representation

1 > (‘)w}c 8fk 8fk 187‘ 8 fk (67 8fk > ;
—Ri(x,t) = - A T2 - By fr—2
PRl kzzo[ TR TS . TR T e kat]+z fi—2

where i = 1,2, 3, and ‘ A - ‘
B, =Qi+Si o+P_y, k=0,1,...,

()

(6)

(7)

(8)

where S_9 =S_1=P_1=0,k=0,1,2,...,i=1,2,3, then the vector-valued function w(x,t)

represented as a formal ray series (2) is a solution to the system (1).

Proof. We find the derivatives of the function w represented in the form (2):

ow Owy, O fy or
o Z[—fﬁwkﬁwkﬁc i)
82w . 6 Wy 8wk 8fk 8wk 8fk,1 or
W_kzzo[aﬂ L TR T f’“ LT

Pfi . or\? 0%1
twrgg T+ Wy fr—2 (6t> +wkfk—1w}a

Oz; ;[8 1oz }
0w = aQUJk owy OT owy, OT 927 or or
Or;0r; ;bxiaxj Jut < dz; Ox; * dxj Ox; * w’“ax,ax)f’“ Ltw kax

We substitute the found derivatives into the system (1). Using the notation (4)—(6) and repre-

sentation (7), we obtain the equality
S Sife+ > Pifici+ Y Qifiea— Y Bifea =0.
k=0 k=0 k=0 k=0
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Since w_1 = 0, we have S_1 = 0 and

> OSife=_Si 1fi1.
k=0 k=0

Therefore, the equality (9) can be written as

o0 o0
Y (S +P) frr+ Y (@ — Bi) fia = 0.
k=0 k=0
Since fy are arbitrary, we obtain (8). The theorem is proved. O

If wy, = wi(x), fr = fx(t—7(z)), the Lamé coefficients, density, and entries of the absorption
matrix « depend only on the variables z, then we obtain the classical ray decomposition.

Corollary 1. Let the Lamé coefficients, density, and entries of the matrix o depend only on
the variables x, A = A(z), u = p(zx), p = p(x), a; = a;(x), i = 1,2,3. Assume that
1) wr = (wh,wi,w})(z) are vector-valued functions of the variables z, k = 0,1,2,..., and
W1 =W_92 = ... ZO,
2) 7(x) is a function of the variables z,

3) fx(y) are arbitrary functions of the variable y € R, connected by

dfy
— = fi_ keZ
dy fk 1(y)7 € 4,

4) the functions Si(x), Pi(z), Qi(x), k=0,1,2,...,i=1,2,3, are defined by
Ad+p 0

S — Pyl - 2TH
g p " p Oz

1 A
(diV wk) - = {div W 4
P .

(2

; 0
G g rad ) + (22, rud )]
Pj = %[2(grad w}, grad 7) + wi AT
A
ﬂ[ or + %,gradT + | wg, grad or }
p ox; Ox;

+ divw
v kax,

1 [ i or
+ 5 [(wk, grad 7)8 + wy,(grad 7, grad p) + B

K3 K

(wy, grad p) — oeiwﬂ ,

or

al‘i '

. . A
Q. = wy, [1 — %| grad 7'|2} — %(wk,gradT)

If the vector-valued source function R = (Ry, R, R3) admits the representation
1 —
;Ri(x,t) = Bifs-olt—7(x), i=123
k=0

where B, = Q4 + Sy o+ Pl 1, k=0,1,...,853=81=P1=0,k=0,1,2,...,i=1,23,
then the vector-valued function w(x,t) represented as a formal ray series

w(z, t) =Y wi(x) fr(t —7(z)),
k=0

is a solution to the system (1).
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Remark 1. By Theorem 1, the amplitudes wy, = (wi, w3, w?)(x,t), density p = p(z,t),

Lamé coefficients A = \(x,t), u = p(z,t), function 7(x,t), and absorption o = (a1, g, as)(x, t)
are connected with the source function R = (R, Ra, R3)(z,t) by the recurrent relations (8) for
given fi(t,y). This fact is fundamental in the theory of identifications problems for equations
of elasticity and will be used below. We will see that the ray decomposition (2) yields different
type waves, in particular, longitudinal, transverse, and surface ones.

2 Systems of Linear Equations Connected
with Equations of Elasticity

In this section, we consider the solvability conditions and general solutions to systems of
linear algebraic equations connected with the algebraic expression (J; and ray decompositions.

Theorem 2. Let Z = (z1, 22, 23) be a set of variables. The system of linear equations
ar\* . A
Z H]grad7'|2 - <8_:5—> } + ﬂ(Z7 grad 7) grad 7 = 0 (10)
P P

for Z has a nontrivial solution if and only if one of the following identities holds:

Plgradrf = (20 (1)
p gra T = 8t y

A+2 o\ >
5 M]gradﬂz = (E) . (12)

Proof. The linear equations (10) for components of the vector Z are homogeneous. Conse-
quently, the determinant of the matrix

g Mu (00 Muor or Mp or Or
p o1 p Oz Ox2 p Oz Ox3
2
= Atp Or Ot Atp (O Aty Or O
P p Oz Ox2 0+ p Bzg) p Ozg Ox3 (13)
M or or Mupor or g4 M (o)’
p Oz Ox3 p Oxg Ox3 ) oxs

with the variables Z, where
87)2
ot)’
vanishes. We have det P = Aj A2 A3, where A1, Ag, A3 are eigenvalues of the matrix P. It is easy
to see that rank[P — §F] = 1. Since P is a symmetric matrix, we have \; = Ay = 6. Since

0= H|grad7‘|2 - (
P

A+ Ao+ A3 =tr P,

we find \
20 + A3 — 30+~ grad 7|2,
p

In other words,

A A2 or\°
)\3:9+#\grad7|2: —;M|grad7|2—<—7-) .
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Therefore,

@U%:MMM:<%QMMV—(%)37A:%ngﬂ?—6%f>

Thus, the determinant of the matrix vanishes in the case (11) or (12). The theorem is proved. [

Remark 2. 1. The case (11) corresponds to transverse waves for Z = wy. Moreover, the
vector Z = wy, is orthogonal to the vector grad 7, i.e., (Z,grad ) = 0.

2. The case (12) corresponds to longitudinal waves. Moreover, the vector Z = wy, is propor-
tional to the vector grad .

The relations (11) and (12) will be used for removing the density p.

Remark 3. Under the assumptions of Corollary 1, the relations (11) and (12) take the form
p = plgrad 7|2 and p = (A + 2u)| grad 7|2 respectively.

We formulate the general result about the formula for the inverse matrix of a special form.

Lemma 1. Assume that the following conditions hold:

1) p,w € C are complex numbers,

2) m=(mi,...,my) € C" is an arbitrary fixed vector,

3) m®m is an (nxn)-matriz such that (m@m);; = mym;, i,j =1,...,n, i.e., m@m =mlm

is the product of column m” and row m.

If the matrix M = pE + wm @ m, where E is the identity matriz of order n, is nonsingular,

then ; @
wm @ m
Ml=—-E—————— |mPP=m+...+m>.
po e+ wlml?) ' "
Proof. Eigenvalues of the matrix M are equal to u (of multiplicity n — 1) and p + w|m/|? (of
multiplicity 1). Since M is nonsingular, we have y, u + w|m|? # 0. A direct verification of the

identity MM ~! = E and the relation (m ® m)? = |m|*m ® m complete the proof. O

We note that the matrix P can be represented as
P =0F + ygradT ® grad ,

where v = (A + u)/p. Therefore if the relations (11) and (12) fail, then the matrix P is invertible

and )
) v
0 0(6 + ~| grad 7?)

Hence the following assertion holds.

pl= grad T @ grad 7.

Lemma 2. 1. If the matriz P defined by (13) is nonsingular, then the solution Z = (z1, z2, 23)
to the system

p 2 (072 _
Z[p|grad7'\ (875) } +v(Z,grad 7) grad 7 =Y, (14)

where Y = (y1,y2,y3), is found by
Y gl

Z=1_
0  0(0+v|grad|?

] (Y, grad 7') grad 7.
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2. Let (11) hold. Then the system (14) has a solution if and only if the right-hand side Y is
proportional to the vector gradr, i.e., Y = ySgradr, where § = B(x,t) is some function. In
this case, the solution Z is found from the relation

(Z,grad ) = 8.
3. Let (12) hold. Then the system (14) has a solution if and only the right-hand side Y is
orthogonal to the vector gradr, i.e., (Y,grad7) = 0. In this case, the solution Z is found by

1

Z =vgradt — ——Y,
sracr ~v| grad 7|2
where v = v(xz,t) is an arbitrary function.

Corollary 2. 1. If the matriz P defined by (13) is nonsingular and the vector Y is propor-
tional to the vector grad 7, i.e., Y = Sgrad T for some function 8 = B(x,t), then the solution Z
to the system (14) has the form

B

- P sadr
0 + | grad 7|2 gract

2. If the matriz P defined by (13) is nonsingular and the vector Y is orthogonal to the vector
grad 7, i.e., (Y,gradT) = 0, then the solution Z to the system (14) has the form

Y
Z =—.
0

Remark 4. By the results of Section 2, the ray decomposition in Theorem 1 yields different
type waves (not only longitudinal and transverse ones) depending on the matrix P.

3 Case w = wy(z,t)fo(t,7(x,1))

In the case w = wo(z,t) fo(t, 7(z,t)), the system (8) consists of the nine equations
Qy =B, Pj=Bi, S)=Bj i=1,23. (15)
Proposition 1. Assume that the following conditions hold:
1) the matriz P defined by (13) is nonsingular,
2) = (Bé, B2, Bg’)(x,t) is orthogonal to the vector grad T, By = —6b, (b,grad ) =0,
)
)

By
By = (B}, B}, B})(x,t) and By = (B3, B3, B3)(x,t) are given vector-valued functions,
the

3
4 vector-valued function b = (b1, ba, bs)(x,t) and scalar functions A = A(z,t), u = p(z,t),
p=p(z,t), 7 =71(x,t) satisfy the system of equations (i = 1,2,3)
2%% + bi% - % [Q(grad bi, grad ) + biAT] - 'yg:; divb
- % [bi(grad T, grad ) + g—;(b, grad p) + aibi%} = Bi, (16)
gt
— % [div bgg + (grad b;, grad p) + (g—gi,grad u) + ai%} = Bi. (17)
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Then the vector-valued function w = wo(x,t) fo(t, 7(x,t)) with wo(x,t) = b(x,t) is a solution to
the system (1).

Remark 5. Since (b, grad 1) = 0 the vector-valued function b is determined by two arbitrary

scalar functions. For example, 1f 75 0, then
or or or
51(3—@"371 0) + 82550 7))

where 51 = [Bi(x,t) and By = Pa(x,t) are scalar functions. Hence the system (16), (17) is well
defined since it consists of six equations for the six unknown functions A(z,t), u(x,t), p(x,t),

T(l’,t), Bl($vt)v BZ(wvt)'

Proposition 2. Assume that the following conditions hold:

1) the matriz P defined by (13) is nonsingular,
2) the vector By = (B}, B, B3)(x,t) is proportional to the vector grad T :

By = —(0 + v|grad T|2)ﬁ grad T,

3) By = (B}, B?,B})(x,t) and By = (B3, B3, B3)(x,t) are given vector-valued functions,

4) the scalar functions A = Az, t), p = p(x,t), p = p(x,t), 7 = 7(x,t), B = B(x,t) satisfy the
system of equations (i = 1,2,3)

28(58T>8T or 0°t

2t \Pam)ar toam Ar|

7 or or
00, 07 p REIE a?)’grad R

+ 8‘ (ﬁ\ gradTF)}

- [div(ﬁ grad 7) or

8$i
- = [5| grad 7']2 (gradT grad p) + a; B— o 87} = Bi, (18)
Ox; Ot
0%/ or 8
W(ﬁaxi) ") (5_) Vg, Av(Beradm)
17.. o\ or
-5 [le(,@ grad T)acci + (grad <ﬂ8—xz> ,grad p)
a 8 87’ i
+ (8 (Bgrad ), grad u) + e (68—@)] = Bj. (19)

Then the vector-valued function w = wo(z,t)fo(t, 7(x,t)) with wo(x,t) = P(x,t)gradr is a
solution to the system (1).

Remark 6. The system (18), (19) is overdetermined since it consists of six equations for
the five unknown functions A(x,t), u(z,t), p(z,t), 7(z,t), B(z,t).

If ay(z,t) = ag(z,t) = as(x,t) = a(z,t), then the function a(x,t) can be added to the
system (18), (19), which makes the system determined.

Based on Propositions 1 and 2, it is possible to construct solutions of general form (2) to the
system (1) by using the following lemma.
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Lemma 3. Assume that we are given

1) functions A\ = N x,t), p = u(z,t), p=p(z,t), 7 =7(2,t), 0y = ay(x,t), i =1,2,3,

2) wector-valued functions By = (B}, B2, B})(x,t), k=0,1,2,...,

3) wvector-valued functions wy, = (w,ﬁ, w,%, wi), k=0,1,2,...,m, wherem > 0 is a fized integer,
)

4

a nonsingular matriz P.

Then the vector-valued functions wy = (w,lﬁ,w,%,w;?), k = m+ 1, are uniquely found from the
system (8).
Proof. The vector-valued functions wg, k > m + 1, are included in the system (8)
By =Qr+ Sk—2+ Pr—1, k>m+1.
Since wy, and w,,_1 are known, P,,, S;,_1, and .S, are also known. Therefore, from the relation
Qm+1 = Bm+1 — P — Sm—1

we find
Wm+1 = P_l(Bm—l-l - P, - m—l)

by formula (14) in Lemma 2. Consequently, we find P,,+;. Therefore, from the relation
Qm+2 = Bm+2 - Pm+1 - Sm

we find
Wm+2 = P_I(Bm+2 — Py — Sm)

To complete the proof of the lemma, we apply induction on k& > m + 1. O

The following two assertions deal with a singular matrix P, i.e., (11) or (12) holds.

Proposition 3. Assume that the following conditions hold:

1) the identity (11) holds,
2) the vector By = (B}, B3, B3)(z,t) is proportional to the vector grad t,

By = z gradr, (= f(z,1),

7 | grad 7

3) B1 = (B, B?,B})(z,t) and By = (B3, B2, BS)(x,t) are given vector-valued functions,

4) the scalar functions A = Az, t), u = p(z,t), 7 = 7(x,t), f = B(x,t) and the vector
wo = (wh, w3, wd)(z,t) satisfy the system of equations (i = 1,2,3)

(w07grad T) = IB’ (20)
Qwp T OPT i ; or 0p

2 0Z° - _ = 2 ? ZA _ .
o ot T Yoz ,0[ (grad wy, grad 7) + wiAT] ’y[dlv wy, o + ax,-]

1798 O\ ; or J0T1

=00, 2, + wg(grad 7, grad ) + oz, (wo, grad p) + alwoa} = B!, (21)
2, i ‘

0 wy EAU)B _ ’yi(divwo)

ot? 1% 8xl
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1

— ; [div wo ai

oz, + (grad wy, grad p) + <8:ci , grad u) + QZW] = Bj, (22)

Then the vector-valued function w = wo(zx,t) fo(t, 7(x,t)) is a solution to the system (1).

0
Remark 7. If, for example, a7 # 0, then the equality (wg, grad ) = 5 can be written in

8.%‘1
the form 5 5 5 5 q
_ or 97 9T 59T _grad7
wo = A (83:2’ 8x1’0> P2 <81:3’0’ 8x1> +B|grad7'\2’

where 31 = pi(z,t) and B2 = fa2(z,t) are scalar functions. We can express p from (11) and
substitute into (21) and (22). Then the system (21), (22) is completely determined since it
consists of six equations for the six unknown functions A(x,t), u(z,t), 7(x,t), f1(x,t), Ba(z, 1),

B(x,t).

Based on the formulas in Proposition 3, it is possible to construct a solution of general form
(2) to the system (1) by using the following lemma.

Lemma 4. Assume that we are given

1) functions A = Xz, t), p = u(z,t), p = p(x,t), 7 = 7(x,t), a; = ayi(x,t), i = 1,2,3, and

(11) holds,

2) wector-valued functions By, = (B}, B2, B3)(x,t), k = 0,...,m, where m > 0 is a fized
integer,

3) wvector-valued functions wy = (wi,wi, w3), k=0,1,2,...,m.

Then the vector-valued functions wy = (w,lc,w,%,w]%), B, = (B,i,B,%,B,%), k> m+1, can be

successively found from the system (7) by using formulas in Lemma 2.
Proof. We consider the relation (7) with k =m + 1
Qm+1 = Bmy1 — Py — Sm—1.
Here, the vector-valued functions P, and S,,_1 are known. By assertion 3 of Lemma 2, we have
Bii1 = Py + Sm—1 — VBm+1 grad T

for some function B,,411 = Bm+1(x,t). In this case, the vector-valued function wy,41 is also found
from the relation

(W1, grad T) = Bm1-
Then we apply induction on k > m + 1. If wg, B, m+ 1 < k < M are already constructed,
then By is found by
Bpyry1 = Py + Sy—1 — vBu1grad 7
for some function Syr41 = Bm+i1(x,t) and the vector-valued function wyr4q is found from the
relation
(wpr+1,grad 7) = Brria-

We note that wy, Bi, k¥ > m + 1, are found at each step with a certain arbitrariness in three
scalar functions. O
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Proposition 4. Assume that the following conditions hold:

—_

the identity (12) holds,
the vector By = (B}, B3, B)(z,t) is orthogonal to the vector grad T;
By = (B}, B?, B})(z,t) and By = (B3, B2, B3)(x,t) are given vector-valued functions,

the scalar functions A = Az, t), p = p(z,t), p = p(x,t)) 7 = 7(x,t), v = v(x,t) and the
vector

w N

)
)
)
4)

3 1

wo = (wé,w%,wo) = WBO — VgradT (23)

satisfy the system of equations (i = 1,2,3)

ow}, Ot (0P i g
o+ g — E(emadwf, grad ) + upAr)

_Atw
p
1

o\
- ;[(wo,grad T)axi

2

or n (8w0

oz, ——, grad 7') + (wo, grad g;”

[div wo oz,

or

al'i

A ) .
+ w(grad 7, grad 1) + o (wo, grad ) + @y o | = Bi,  (24)

Pwh  py 9 .
52 ;Awo Vo (div wy)

)

+ (grad wy, grad p) + (%,grad ,u) + ai%} = Bj. (25)

17, oA
— ;[dlv woa

7
Then the vector-valued function w = wo(x,t) fo(t, 7(x,t)) is a solution to the system (1).

Remark 8. We can express p from (12) and substitute into (23)—(25). Then, in view of
(23) and the relation (By, grad 7) = 0, the system (24), (25) consists of seven equations for the
seven unknown functions A(x,t), u(x,t), 7(z,t), v(z,t), Bo = (Bg, B2, B3)(x, ).

Based on the formulas in Proposition 4, it is possible to construct solutions of more general
form (2) to the system (1) by using the following lemma.

Lemma 5. Assume that we are given

1) functions A = X(z,t), p = p(z,t), p=p(z,t), 7 =7(2,1), 0y = ai(z,t), i =1,2,3, and the
relation (12) holds,

2) wector-valued functions By, = (B}, B2, B3)(x,t), k = 0,...,m, where m > 0 is a fized
integer,

3) wvector-valued functions wy = (wi,wi, w3), k=0,1,2,...,m.

Then the vector-valued functions wy, = (wi,w:, wy), By = (B}, B, B3), k > m+ 1, can be
successively found from the system (8) by using formulas in Lemma 2.

Proof. We consider the relation in (8) with k =m + 1
@m+1 = Bmy1 — P — Sm—1.
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Here, the vector-valued functions P, and S,,—1 are known. By assertion 3) of Lemma 2,
(Bm+1 — P — Sm—1,grad ) = 0.

and, in this case, the vector-valued function wy,+1 is found by the formula

1
P (Berl - Pm - Smfl)

- ad -
W41 = Vmy1 grad 7 + T grad 7]

for some function vy,41 = Vg1 (2, t).

Then we use induction on k > m + 1. If wg, Br, m+ 1 < k < M, are already constructed,
then Bjsy1 is found from the relation

(Byv1 — Py — Sy—1,grad 7) =0

and the vector-valued function wps41 is found from the formula

wy+1 = vy grad T+ (Br41 — Py — Shi-1)

v| grad 7|2
for some function vyr41 = vprea(x, t). O

We note that wy, B, k > m+ 1, are found at each step with a certain arbitrariness in three
scalar functions.

The above identification systems of equations with respect to wo(x,t), A(z,t), u(x,t), p(z,t),
T(x,t), ai(z,t), i = 1,2,3, for different type waves should be further studied, and the authors
hope to discuss them in forthcoming works.

4 Solutions of General Form

The assertions of this section are based on the fact that if the relation in (8))
Qr = By — Pi—1 — Sk—2

is resolved with respect to wy, then the series (2) can be successively constructed by using
recurrent formulas expressing wy, in terms of wy_; and wy_s.

Theorem 3. Assume that the matriz P is nonsingular and the following conditions hold:

1) By = (Bj, B,%, Bg’), k=0,1,2,..., are arbitrary vector-valued functions,

2) the vector-valued functions wy = (wi,w%,wg), P, = (Pkl,PkQ,P,f), S = (51,52,52’), k=
0,1,2,..., are defined by the recurrent formulas (4), (5) and

v
0 + | grad 7|?)

or 1, - ,
(B, — Pi—1 — Sk727grad7)£ - 5(31@ — Py — Sk_a),

T _
where 1 =1,2,3 andw};:Pé:S,i:Oforkg—l.

Then the vector-valued function w(x,t) represented as the ray series (2) is a solution to the
system (1) with the vector-valued source function R = (Ry, Ra, R3) admitting the representa-
tion (7).
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Below, we indicate cases of the existence of solutions subject to the conditions (w, grad 7) = 0
and w x grad 7 = 0. Here, the symbol x denotes the vector product in R3.

4.1. Waves with property (w,grad ) = 0.

Theorem 4. Assume that the following conditions hold:

1) A= )\(l‘,t), H= ;L(ZL‘,t), p = ,O(SL',t), T = T(l‘,t), a; = O"i(x7t)7 i = 1,2,3, are scalar

functions such that
97\ 2
(8—1) — Clgradr? £0,
2) the vector-valued functions wy = (wi,wi,wy), Py = (P}, P2, P}, Sk=(Si,5%,5%), By =
(B,}:7 B,%,B;:’), k=0,1,2,..., are defined by the recurrent formulas
(B, — Pg—1 — Sk—2,grad7) = 0,
By —Py1— Sp2

Wy = - )
(Z5)7 — £|grad
; owt ot 0T i i
PL=2 atk o TWhpm ;[Q(grad wy,, grad 7) + wi AT]
1 - .
_Atp div wy, g; ~ wy,(grad 7, grad p) + aa; (wy, grad p) + aiwzg . (26)

Si is expressed by formula (4), i =1,2,3.

Then the vector-valued function w(x,t) represented as the formal ray series (2) is a solution to
the system (1) with the source function (7); moreover, (w,grad 7) = 0.

or

ox1

Remark 9. If, for example, # 0, then the vector-valued function By is represented as

or or or or
By = ﬁm(@—m’ _8—361’()) +ﬂk2(0—$3’0’ —a—m) + B grad T,

where Sg1 = Bri(x,t) and Bra = Bra(x,t) are arbitrary scalar functions and the function S =

Br(z,t) is given by
1

= ——5(FPr—1 + Sk— dr).
Farad 7p Tt Sz e )

B

Setting [r1 = Bre = 0, we arrive at the following assertion.

Corollary 3. Assume that the following conditions hold:

1) A= )‘(x7t)7 n= ,u(xvt)7 p = p($>t)) T = T(ZC,t), Q; = ai(xvt); i = 1,2,3, are scalar

functions such that
37) S 9
— | —=|grad 7| #0,
(5) ~Llemar

2) By = (B(l),Bg,BS’) is a monzero vector-valued function orthogonal to the wvector gradT,
(By,grad 1) =0,
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3) the vector-valued functions wy = (wi,wi, wy), Py = (PL, P2, P?), S, = (S},S%,83), k =
0,1,2,..., and B, = (B}, B, B}), k = 1,2,..., are defined by the recurrent formulas (26),
(4), and

_ DBrgradt — Py oy — Sk

(Pr—1 + Sk—2,grad7), wy

2 2
| grad 7| (%) — %| grad 7|2

By = Brgradt, B =

Then the series (2) is a solution to the system (1) with the source function (7); moreover,
(w,grad ) = 0.
We note that the term

Z Bk:(xa t)fk—2(t7 T(SL‘, t))

k=0
in the source function (7) is the sum of the term By(x,t)f_2(t, 7(x,t)) orthogonal to the vector
grad 7 and the term

o
> Bi(w,t) fralt, 7(x,t))
k=1
proportional to the vector grad 7.
We clarify whether there exist waves such that (w, grad 7) = 0 provided that (11) holds.

Theorem 5. Assume that the following conditions hold:

1) A= XMz, t), p = ), p=pxt) 7=r11t), s = ai(z,t), 1 =1,2,3, are scalar
functions such that
a 2
(—T> — ﬁ| grad 7% = 0,
ot 1)

2) wy, = (wi,w?,w}), k=0,1,2,... , are arbitrary vector-valued functions orthogonal to the
vector grad T, (wg,grad ) = 0,

3) the vector-valued functions Py = (PL, P2, P?), Sk, = (S}, S%,53), k=0,1,2,..., are defined
by (26) and (4),

4) the vector-valued functions By, = (B}, B2, B}), k=0,1,2,..., are defined by

By, = Py_1 + Sk—2.

Then the vector-valued function w(x,t) represented as the formal ray series (2) is a solution to
the system (1) with the source function (7); moreover, (w,grad 7) = 0.

4.2. Waves with property w x grad 7 = 0.

Theorem 6. Assume that the following conditions hold:

1A= Maz,t), p = plz,t), p=plz,t) 7 = 7(x,t), oy = ay(z,t), i = 1,2,3, are scalar
functions such that

| grad 7|? # 0,

() -
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2) the vector-valued function By = (B{, B3, B3)(x,t) admits the representation

37’) >\+2u

Fr | grad 7| ) grad 7,

-

3) the vector-valued function wo = (wh, w3, wd)(x,t) admits the representation

wo = PBo grad T,

4) the scalar functions B, = Br(x,t), vector-valued functions wy = (w,&,w%,w%)(z,t), k=
1,2,..., and vector-valued functions P, = (P,g,P,?,P,?)(x,t), Sy = (S,i,S,%, S,:;’)(x,t), Qr =
(Q}C, i,Q%)(CL‘,t), k=0,1,2,..., are defined by (5), (4), and

(Py—1 + Sk—2,grad 1)
2
or A+2
|grad7’\2(m> - T“| grad 7|2

Qr Bk<<a7—> /\+2'u]grad7| )gradT,

) Wy = Bk) grad T,

Br = —

5) the vector-valued functions By = (B,i7 B,%,B,‘Z)(x, t), k=0,1,2,..., are defined by

By, = Qi + Pr—1 + Sk—2.

Then the vector-valued function w(x,t) represented as the formal ray series (2) is a solution to
the system (1) with the source function (7); moreover, w x grad T = 0.

‘We note that the term

> Bifis
k=0

in the source function (7) is orthogonal to the vector grad 7 since (By,grad7) =0,k =0,1,2,....

Remark 10. The representation

87’) >\+2u

T | grad 7| ) grad 7

By = fo <(
in Theorem 6 can be replaced with the relation
(Bo, rot Bo) =0

which implies that the vector By is proportional to the gradient of some function 7(z,t); more-
over, the proportionality coefficient is found up to a factor which is a function of ¢.

Apparently, it is reasonable to add a vector-valued function w(z, t) to the ray decomposition,
assuming that w(z,t) is an arbitrary solution to the homogeneous system of elasticity theory
(1), so that the ray decomposition (2) is a partial solution to the problem (1).
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