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ON GEOMETRY OF FOLIATIONS OF CODIMENSION 1
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Abstract. In this paper, we examine geometry and topology of foliations generated by level surfaces
of metric functions.
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1. Introduction. Let M be a smooth Riemannian manifold of dimension n and f: M — R! be a
differentiable function. Let pg € M, f(pg) = co, and the set

Ly, ={peM": L(p) = co}

not contain critical points. Then the level set L,, is a smooth (n — 1)-dimensional submanifold of M.
If we assume that the differentiable function f : M — R! has no critical points, i.e., |grad f(p)| > 0
for every p € M, then the partition of M into connected components of level surfaces of the function f
is an (n — 1)-dimensional foliation (foliation of codimension one).

In the general case, the topology and geometry of foliations generated by level surfaces can be quite
complicated.

In [13], the foliation generated by level surfaces of a function f : M — R! defined on a Riemannian
manifold M is studied, provided that the magnitude of the gradient vector is constant on each level
set. It was also proved in [13] that the level surfaces of such functions generate a Riemannian foliation.
Functions considered in [13] are called metric functions.

Note that level surfaces of functions of this class are arc-connected sets (see [10]). In [5, 6], the
geometry and topology of foliations generated by level surfaces of metric functions were examined. A
complete classification of foliations generated by level surfaces in Euclidean space was obtained in [5];
namely, it was proved that for a function of n variables, there exist exactly n types of foliations.

Classification of foliations generated by level surfaces of metric functions defined on an arbitrary
Riemannian manifold is a difficult problem. In the Euclidean case, if a metric function does not have
critical points, then, as was shown in [5], the level surfaces are hyperplanes. A metric function that
does not have critical points on a Riemannian manifold can have compact level surfaces.

It was proved in [11] that a metric function without critical points defined on a complete, simply-
connected Riemannian manifold does not have compact level surfaces. It was proved in [10] that level
surfaces of a metric function defined in Euclidean space are arc-connected subsets.

Definition 1 (see [9]). A foliation F' on a Riemannian manifold M is said to be Riemannian if each
geodesic orthogonal at one point to a leaf of the foliation F' remains orthogonal to fibers of F' at all
its points.
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2. Statement of the problem and main results. In this paper, we study the geometry of
Riemannian foliations of codimension 1 on Riemannian manifolds generated by level surfaces of metric
functions. As was noted, it was proved in the monograph [13] that if a metric function f has no
critical points, then level surfaces of this function generate a Riemannian foliation on the Riemannian
manifold M.

In Theorem 1, we study the topology of level surfaces of a metric function and the topology of the
manifold on which the metric function is given. We prove that if a metric function without critical
points is given on a complete, connected, n-dimensional manifold, then the manifold is diffeomorphic
to the direct product of an arbitrary level surface of a function and a straight line. Hence, in particular,
it follows that all level surfaces are mutually diffeomorphic.

In Theorem 2, the geometry of foliations generated by level surfaces of metric functions on a com-
plete, connected Riemannian manifold of constant nonnegative sectional curvature is examined. We
prove that if a metric function without critical points is defined on a complete, connected Riemannian
manifold of constant nonnegative sectional curvature, then level surfaces of the function f generate a
totally geodesic foliation whose fibers are mutually isometric. If, in addition, the manifold is simply
connected, then it is isometric to the product of an arbitrary level surface and the gradient line of the
function.

Let M be a smooth manifold of dimension n and f : M — R! be a metric function without critical
points. It was proved in [13] that a foliation generated by level surfaces of a metric function defined
on a Riemannian manifold is a Riemannian foliation.

The following theorem characterizes the topology of a manifold on which a metric function is defined.

Theorem 1. Let M be a smooth, complete, connected manifold of dimension n and f : M — R be
a metric function without critical points. Then the manifold M is diffeomorphic to the direct product
L x R, where L is an arbitrary level surface of the function f. In particular, all level surfaces are
mutually diffeomorphic.

Proof. Consider the system of differential equations
t=X(x),xr € M, (1)
where the vector field X (x) is a unit gradient field, i.e.,

_ grad f(z)
X(®) = | grad £ (@)

This system is called a gradient system. For a point o € M, we denote by 7(¢, xg) the solution of this
gradient system with the initial condition v(0) = z¢. Since the condition X € C'(M,R") is fulfilled,
a unique trajectory of the system (1) passes through any every point zg € M (see [2, 12]). Note that
the curve t — (¢, x) is called a gradient line of the function f.

Since |X(z)| = 1 and the manifold M is complete, the solution ~(t,z() is defined for all ¢ €
(—00, +00) (see [2]).

It is well known that each level surface of the metric function f has only one connected component,
i.e., each level surface is an arc-connected set (see [10]).

Let L be an arbitrary level surface of the function f. We denote by U the set of all points y for
which there exists a number ¢ € R! and a point p € L such that y = v(¢, p). The set U coincides with
the manifold M (see [10]). Therefore, the following mapping appears:

F:M — L xR

where F(y) = (p,t), p€ L, and t € R".
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We show that the mapping F' is a diffeomorphism. Due to the uniqueness of the solution of the
system and the fact that each gradient line intersects the level surface L only once, the mapping F' is
bijective.

Consider an arbitrary point y € M for which F(y) = (p,t). Then v(—t,y) = p. By the theorem on
the smooth dependence of solutions of differential equations on initial data (see [2]), we conclude that
the mapping F' is differentiable. This implies that the mapping F' is a diffeomorphism. U

Corollary 1. Let M be a smooth, complete, simply-connected manifold of dimension n and f: M —
R! be a metric function without critical points. Then an arbitrary level surface L of the function f is
simply connected.

Indeed, since the mapping F' : M — L x R! is a diffeomorphism, the fundamental group of the
manifold M is isomorphic to the fundamental group of the level surface L (see [1]). Therefore, the
level surface L is simply connected. Note that if M = R", then each level surface is a hyperplane
(see [5]) and the diffeomorphism F : M — L x R! is an isometry.

From the results of [5] it follows that if a metric function defined in R™ does not have critical points,
then its level surfaces generate a totally geodesic foliation. The following theorem generalizes this fact
for a Riemannian manifold of constant nonnegative sectional curvature.

Theorem 2. Let M be a smooth, complete, connected Riemannian manifold of constant nonnegative
sectional curvature and f : M — R' be a metric function without critical points. Then level surfaces
of the function f generate a totally geodesic foliation F on M whose fibers are mutually isometric.

Recall the definition of a manifold of constant sectional curvature. Let M be a n-dimensional
Riemannian manifold with a metric tensor g and T, M be the tangent space at a point x € M. We
denote by R(X,Y) the curvature transformation in T, M determined by vectors X,Y € T, M.

The Riemann curvature tensor R for M is a tensor field defined as follows:

R(X17X27X37X4) :g(R(X37X4)X27X1)7 XZ ETwMa Z:1774

For each two-dimensional plane 7 in the tangent space T, M, the sectional curvature K () for 7 is

defined as follows:

K(m)) = R(X1, X2, X1, X2) = g(R(X1, X2) X2, X1),
where X1, X3 is an orthonormal basis of 7; the sectional curvature K () is independent of the choice
of this basis. The set of values K (m) for all planes 7 in T, M defines the tensor of a Riemannian
curvature at the point z.

If K(m) is constant for all planes 7 in T, M and all points x € M, then M is called a space of
constant curvature (see [7]).

The concept of a constant sectional curvature of a Riemannian manifold M has the following simple
geometric interpretation. Consider a point x € M and a two-dimensional plane 7 passing through it,
i.e., the linear span of two noncollinear vectors X; and X, given at the point x. We draw a geodesic
line through x along the direction of each vector of this linear span. The set of these geodesic lines
is a two-dimensional surface ® called a geodesic surface. Obviously, the plane 7 is a tangent plane of
the surface ® at the point .

The Gaussian curvature at the point x of the surface ® considered as a two-dimensional Riemannian
space coincides with the curvature of the Riemannian manifold M at the same point in the direction
of the plane 7 (see [7]).

Among spaces of constant curvature, we indicate Euclidean space, the Lobachevsky space, and the
elliptic space.

Proof of Theorem 2. It is well known that level surfaces of a metric function without critical points
are arc-connected sets (see [10]). Therefore, level surfaces form a certain foliation F' of codimension 1.
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We denote by L(p) the leaf of the foliation F' passing through a point p, by F'(p) the tangent space
of the leaf L(p) at the point p, and by H (p) the orthogonal complement of F(p) in T,M. The following
two subbundles of the tangent bundle T'M arise:

TF={F(p):pe M}, H={H(p):pe M}

moreover, TM = TF & H. Thus, H is a one-dimensional distribution orthogonal to the foliation F'.

A piecewise smooth curve « : [0,1] — M is said to be horizontal if 4(t) € H(v(t)) for each t € [0, 1].
A piecewise smooth curve lying in a leaf of the foliation F' is said to be vertical.

Let I =[0,1], v : I — M be a vertical curve, h : I — M be a horizontal curve, and h(0) = v(0).
A piecewise smooth mapping P : I x I — M, where t — P(t,s), is a vertical curve for each s € I,
s = P(t,s) is a horizontal curve for each ¢t € I, and P(¢,0) = v(¢) for t € I and P(0,s) = h(s) for
s € I, is called the vertical-horizontal homotopy. If for each pair of vertical and horizontal curves
v,h : I — M with h(0) = v(0), there exists the corresponding vertical-horizontal homotopy P, then
we say that the distribution H is an Ehresmann connection for the foliation F (see [3]).

Let g € M and (¢, z¢) be the trajectory of the following system with the initial condition z(0) =
Zo:

& = grad f(z). (2)
Since the function f has no critical points, for each point g € M, the trajectory (¢, z¢) is a smooth
curve different from a point. Due to the fact that the function f is metric, each trajectory of the
system 2 is a geodesic line of the Riemannian manifold M (see [11]). This means that

grad f
| grad f|

Now we show that every leaf of the foliation F' is a totally geodesic submanifold of M. Let Lg
be a leaf of the foliation F and v : [0,ly] — Lo be the shortest path in Ly parametrized by the
arclength. Here L is considered as a Riemannian manifold with the Riemannian metric induced
from M. We extend the gradient line 7(¢,s) of the function f parametrized by the arclength from
each point v(t) (in this case, (¢, s) satisfies the system of differential equations (2) with the initial
condition ~(t,0) = v(t)).

Due to the fact that the function f has no critical points and M is complete, (¢, s) is defined for

VzZ =0, Z=

all s € R! (see [2]). The flow of the unit vector field Z = érrﬁj}' turns level surfaces into level surfaces
(see [13]). Therefore, if y(t, s) is a gradient line parametrized by the arclength emanating from v(t)
at s = 0, then the curve t — (¢, s) lies on the same level surface for each ¢.

Consider the following two-dimensional surface:

o= {fy(t, s): te€[0,l], s€ (—oo,+oo)}.

We set

lh= {7(0,3), s € Rl}, Iy = {'y(lo,s), s € RI}.
By the equality VzZ = 0, the sets I; and [y are one-dimensional, totally geodesic submanifolds
of M. By the uniqueness of solutions to the Cauchy problem for the system (2), the gradient lines
l1 and Iy do not intersect; moreover, they are closed subsets of M. We show that the gradient lines
Y s = gamma(t,s) are straight lines in ®. We consider the restriction of the Riemannian metric g
to ®. If we take (t,s) as curvilinear coordinates on ®, then the restriction of the Riemannian metric g
to @ has the form

E(t,s)dt* + ds?,

where E(t,s) = |X(t,s)|?, and | X(t,s)| is the length of the tangent vector X (¢,s) of the curve ¢ —
v(t,s) at the point p = ~(t,s). If A = ~(t,s1) and B = 7(t,s2), s2 > s1, then the length of the
segment AB is so — s7.
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Let 4 be another curve lying in ® and joining points A and B. Then the length of the curve ¥ is
equal to the integral

T2
| = / VEdt? + ds?
T1

taken over the curve 4 parametrized by 7.
Since E(t,s) = |X(t,s)|?> > 0, we have

T2 T2
VEd + ds? > |ds|, l:/\/Edt2 +ds? > /\ds| > \/ds\ = 59— 51.
T1 T1

Thus, the segment AB of the geodesic line 4 : s — 7(t, s) realizes the shortest distance between the
points A and B.

Let 7 be a two-dimensional plane in the tangent space T, M generated by the vectors Z(t,s) and
X(t,s), where p = 7(t,s). Then the surface ® lies in the two-dimensional section exp,(m), where
exp,, is the exponential mapping at the point p. The Gaussian curvature ® at the point p is equal
to the curvature of the two-dimensional section of the manifold M constructed by the vectors Z (¢, s)
and X (¢,s). By the conditions of the theorem, the curvature of the surface ® is constant and non-
negative. On the other hand, the surface ® contains a straight line, so its curvature should be zero
(see [8]). Therefore, it lies in a surface, which is isometric to the Euclidean plane. Under an isometry,
all straight lines (gradient lines of the function f) pass to parallel lines of the Euclidean plane. There-
fore, if the shortest path is orthogonal to one gradient line in ®, then it is orthogonal to all gradient
lines, since they are parallel (see [8]).

Since [y is a closed subset and M is complete, for each point ¢; € [y, there exists a point g € Iy
such that the shortest line ¢1¢s realizes the distance from ¢; to lo. The shortest line ¢1¢o is orthogonal
to [y since gradient lines are parallel. This means that the shortest line ¢1¢s lies in the leaf of foliation
passing through the point ¢; € [;.

Therefore, if the shortest line v : [0,1;] — Lg of the leaf L( realizes the shortest distance from the
point g1 = v(0) to Iz in Lo, then it is a geodesic in M and realizes the shortest distance on the fibers
between [ and l. Then the variation 6l of the length of the curve

t—y(s,v(t)), tel0,l], (3)

vanishes for s = 0. Let us calculate this variation. The length of the curve (3) is

lo
I(s) = / | X (s,t)dt.
0
Clearly, 1(0) = Iy and |X(0,t)| =1 for all t € [0,[p] and

lo 9
[ VzIX]

ol = 2/X| dt.

It is easy to verify that [X,Z] = 0, where [X, Z] is the Lie bracket of the vector fields X and Z;
moreover,
d t,
Zits) = & F(ts)
| grad f (v(t, )]
Since the Levi-Civita connection V is torsion-free, we obtain the following equality:

VX —VxZ = [Z,X]. (4)

407



In addition, since V is a metric connection, the following equality holds:

Wy(Y1,Y2) = g(Vw Y1, Y2) (5)
for any vector fields Y1, Ys, W € V(M) (see [4]). Since |Z| = 1, from Eq. (5) we obtain

From the relation | X| = g(X,X)é we get (see [5-7])
V2| X[* = Z9(X, X) = 29(V2X, Z) = 29(Vx 2, X). (7)
From Eq. (7) we obtain

lo

g(VXZ,X)
ol :/ dt.
| X|

Since the vector fields X and Z are mutually orthogonal,
0=2Xg(X,2) =9(VxX,Z) +g(X,VxZ). (8)
Equality (8) implies
Q(VXZ, X) = —g(VXX, Z);
therefore, the variation 6! has the form

lo

g(VXX, Z)
5[:—/ dt.
| X

Since the geodesic t — v(t) of the leaf Lg is also a geodesic in M, the equality VxX = 0 holds for
s = 0. From (5) we see that Vx Z is tangent to the foliation F'. Therefore, decreasing [y if necessary,
we can assume that ¢(VxZ, X) > 0 for s = 0 at all points v(t) for t € [0,p]. Since |X(¢,0)| =1 for
t € [0,1p], the equality

lo

[ 99 x2.3) | ot =0 )
0
implies that g(VxZ,X) = 0 for s = 0. The vector VxZ at all points v(¢) lies in the plane of the
vectors X (v(t)) and Z(v(t)); therefore, Eq. (9) implies VxZ = 0 for s = 0. This means that the
vector field Z(t,0) is parallel along the curve v(t).

If we denote by vx the shortest line from the point v(0, s) of the gradient line s — (0, s) to l2, then
it is also a vertical curve and its length is equal to the length of v : [0,ly] — L¢. Since the manifold M
is complete and the foliation F' is Riemannian, the distribution H is an Ehresmann connection for F'
(see [3]). Due to the uniqueness of the vertically horizontal homotopy, we conclude that the vertical
curve vx : [0,lg] = M coincides with the curve t — 7(¢,s). This means that VxX = 0 at all points
of the surface, and the curves t — 7(¢, s) for each s are geodesic lines of length .

Let v : (a,b) :— M be an arbitrary geodesic in M orthogonal to the gradient line of f at a certain
point. Then in a sufficiently small neighborhood of each of its points, it is a shortest arc. Therefore,
repeating the above reasoning, we find that it lies on the level surface passing through the point at
which it is orthogonal to the gradient line of the function, and under the flow of the unit gradient
vector field it turns to a geodesic line of the same length.

Thus, every geodesic line of M that touches a leaf of the foliation F', does not leave this leaf. In
addition, the flow of a unit gradient field Z turns it into a geodesic line of the same length of the
corresponding leaf. Hence it follows that all level surfaces are totally geodesic submanifolds; moreover,
they are mutually isometric. O
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Theorem 2 allows one to prove the following assertion.

Theorem 3. Let M be a smooth, complete, simply connected Riemannian manifold of constant non-
negative sectional curvature, and f : M — R be a metric function without critical points. Then the
Riemannian manifold M is isometric to the direct product L x S, where L is a level surface and S is
a gradient line of the function f.

Proof. By Theorem 2, level surface of the metric function f form a totally geodesic foliation F' of
codimension 1. The above results imply that F' is a Riemannian foliation. Thus, the foliation F' is
Riemannian and totally geodesic simultaneously.

Gradient lines of the function f form a one-dimensional foliation F. Hence, F* is a geodesic
foliation (see [11]. Since F is a totally geodesic foliation, F'* is also a Riemannian and totally geodesic
foliation simultaneously.

Let u: I — M be a smooth curve, x(0) = pp and p(1) = p, where pg,p € M. Since the manifold M
is complete and the foliation F' is Riemannian, for each piecewise smooth curve u : I — M there exists
a unique vertical-horizontal homotopy P, : I — M such that u; = P,(t,t) for t € I.

The curve t — v(t) = P(t,s) lies in the leaf L(pg) of the foliation F' and v(0) = pg. The curve s —
v(s) = P(t,s) is orthogonal to level surfaces and v(0) = po. The curve t — v(t) = P(t,s), t € [0,1], is
called the projection of the curve pu : I — M on L(pg), whereas the curve s — v(s) = P(t,s), s € [0, 1],
is called the projection of the curve p : I — M on S(po), where S(po) is the gradient line of the
function f. The points p; = v(1) and ps = (1) are called the projections of p in S(py), respectively.

Since H is completely integrable, the projection p depends only on the homotopy class of the curve
(see [7]). Therefore, if M is simply connected, the mapping G : p — (p1,p2) is well defined. Since
the foliation F' is Riemannian and totally geodesic simultaneously, the mapping G : p — (p1, p2) is an
isometric immersion (see [7]). Since dim M = dim{L(pg) x S(po)}, the mapping f is a cover; therefore,
it is an isometry (see [7]). O

Corollary 2. Let f : R® — R! be a metric function without critical points. Then each level surface
of the function f is isometric to R*~ 1.

Indeed, by Theorem 3, R" is isometric to the direct product L x S, where L is a level surface and
S is a gradient line of the function f.

It was proved in [6] that the curvature of each gradient line S of a metric function is zero. Therefore,
since the function has no critical points, .S is a straight line. Consequently, R™ is isometric to the
direct product L x R!. This implies that each level surface is isometric to the hyperplane R" 1.
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