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ASYMPTOTIC PROPERTIES OF BAYESIAN-TYPE ESTIMATES
IN THE COMPETING RISK MODEL UNDER RANDOM CENSORING

A. A. Abdushukurov and N. S. Nurmukhamedova UDC 519.24

Abstract. We prove the asymptotic normality of Bayesian-type estimates in the competing risk model
with two-sided random censoring.
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1. Introduction. The likelihood ratio statistic (LRS) plays a fundamental role in the theory of
decision-making, especially in the theory of verification of statistical hypotheses. Among various cri-
teria, we mention criteria based on the LRS; they are actively used in the theory of hypothesis testing.
According to the Neumann—Pearson lemma, criteria based on the LRS are optimal compared with
other criteria constructed on the basis of other statistics. Interesting problems arise when alternatives
Hy depend on n and are “close” to Hy, i.e., H = Hin — Hy for n — oc.

In such situations, asymptotic properties of the LRS appear; these properties are useful in the
theory of estimating of unknown parameters and hypotheses testing. The most important property of
statistical models is the property of local asymptotic normality (LAN) of LRS of a regular statistical
experiment.

The essence of the LAN is that an LRS model admits approximation by functions of the form

L 5
exp {uwmg — 2u },

where wy, g are asymptotically (i.e., as n — 0o) normal random variables with parameters (0,1). The
properties of experiments satisfying the LAN condition in the case of independent and identically
distributed observations were studied by A. Wald, L. Le Kam, and J. Haeck (see [5-10]. The results
on approximation of the LRS by stochastic integrals in competing risk model (CRM) with random
censoring of observations from the right and from both sides were established in [2, 3]; this version of
the LAN generalizes the classical results. In the present paper, using the LAN property in the general
statistical model, we examine asymptotic properties of estimates of Bayesian type for an unknown
parameter, and prove its asymptotic efficiency.

2. Preliminaries. Let us consider a competing risk model (CRM) following [1]. Let X be a random
variable defined on the probability space (2,.4,P), which takes values in a measurable space (X, B).
We consider the joint properties of random pairs (X, A(i)), i =1k, where A ... A®) are pairwise

koo
incompatible events such that P( U A(Z)> =1
i=1
This corresponds to the case where the object (a technical device or an individual) with the uptime X

is exposed to k competing risks and breaks down under one of the events AW =1 k. Let 6® =
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(A(Z ) be the indicator of the event A®, i = 1,k, and the joint distribution of the random vector
(X 6, 6(k)) is given up to a parameter 6 € O:

Q6($7y(1)7"'7y(k)) = P(X <ux, 5(1) = y(1)7 ) 5(k) :y(k))v

where z € R! = (—o0; +00), 4 € {0,1}, i = 1, k, and © is an open set in R!. In particular, we define
the marginal distributions H(z;6) = P(X < z) and assume that the following condition holds:

HD (z,0) = P(X <z o0 = 1), i=1,k

It is easy to see that 6() + ... 4+ 6®*) =1 and for the subdistributions H® (z;0), i = 1, k, the equality
HY (2:0) + ...+ H® (2;0) = H(x;0) (1)

holds for all (z;0) € R! x ©.
Assume that the distributions H(x;60) and H @) (z;0), i =1, k, are absolutely continuous. We define
the integral intensity functions

A(z;0) = / ICZ_HI;%?)Q) = —log[1 — H(x;0)],

—0o0

Z. [ dHO(u:0)
A()(x;e)zfl—H((uﬂ))’ i1=1,k.

—0o0

It is easy to see that AV (z;0) + ...+ A% (a: ) = A(x;0); this implies

1— H(x; —exp{ ZA(Z xQ} H[ F(i)(x;Q)], (2)
=1

where F(i)(m;e) =1—exp {A(Z (a:;@)}, 1=1k.

It was established in [1] that the functions F(*)(z;0), i = 1, k, possess properties of subdistributions.

In the sequel, we consider a statistical scheme according to which in the model considered, the set
(X JAD ,A(k)) is subjected to a random censoring from the right and from the left by random
variables Y and L, respectively, with absolutely continuous unknown distribution functions K (y),
y € R and L(y), y € R

Let

Z =max(L,min(X,Y)) =LV (XAY),
(

DY = {w: X(w) A Y (w) < L)},
0’={w' L(w) <Y(w) < X(w)},
DY =AY N {w: Lw) < X(w) <Y (W)}, i =1,k

The set (Z; DEY DO pM) . D®) is available for observation. Note that the events {D(—1, D©)

DO . ,D(k)} also have the properties of the events AW, ..., A% 1In this model, the random vari-
ables Y and L and the distribution functions K and L are considered to be disturbing.

Let {Xj, L;, Y}, DY pO pA) D(k)} be a sequence of independent copies of the set (X L,
y:; DD pO p® ,D(k)), and let at the nth step of the experiment, a sample of volume n be
observed:

70 = (24, Zy, ..., Z), (3)
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where

Note that in the sample (3), the pairs of interest (X; Ag-i)) are observed only in the case where Ag.i) =1,
i = 1, k. It is easy to see that the observed random variables Z; have the following distribution function:

N(z;0) = L(x) (1 — (1 - K(x))(1 - H(x; 9))).

We introduce the subdistributions 7'(?) (z;0) = P(Zj < D](-i)), 1 = —1, k, where the following identity
holds:

T (@;0) + T (2;0) + TW (2;0) + ... + TW(2;0) = N(x;6);
here

T

T (2;0) = P(X; AY; < Ly Ly < o) = / (1 — (1= K(w) (1 - H(y; 9))>dL(U>a

—0o0
T

TO(2;0) = P(L; <Y; < X;;Y; <) = / L(u)(1 — H(u;0))dK (u) (4)

—0o0
x

TO(;0) = P(L; < X; < Y Xj < 23 AY) = / L(w)(1 = K (u))dH (u;).

Due to the censoring from the left, instead of A (z;0) we must deal with the integral intensity
functions truncated at some appropriate level 7:

AY (2:0) = A9 (2;0) — AD (73 0).

T

In this case, according to (4), it is easy to verify that

xT

Do a7 (u;0) -
A0 = [ n K awey = ®)

Therefore, instead of 1 — F;-(i)(z;6) we can consider the following identity:
1— FO(2;0) = (1— FO(2;0)) (1 — FO(r;0)) " = exp{ ZA’ (:9 } i=1k.

Let (J/(”), U, Q(Sn)) be a sequence of statistical experiments generated by the observations (3).

We denote by Z the set of values of the random variable Z and obtain the relation

n

~ -~ ~
Y = {Z x {0, 1}<k+2>}(n) - {Z x {0, 1}(’“”)} X% {Z x {0, 1}(’“2)},
k+2
where {0,1}(*+2) = EO } X ...x {0, 1} U™ is the o-algebra of Borel sets in Y™, and Q(gn) is the
distribution on ( ym gy ) whlch is the n-fold direct product of the following “one-dimensional”
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distributions:

Qo(a,y 1,y 0y, y®)
= P(Zy < AT =y, AP =y Al =y AR =),
Let f(x:0) be the density of the subdistribution F()(2;6), i = 1,k. Then the distribution Q((;n) is

absolutely continuous with respect to the measure »(™ and its density for any 6 € © is defined on the
sample space Y™ by the following formula:

(1) (5(n) n k e
f&&d—%l IIH{sz—l—mwmu—m%ﬂm}
m=11=1 k y%)
X {L(Zm)(l — K(zm))f Zm7 H zm, )]}
o

e
x L) k(o) (1 = H(zi0)) )2 € Y0, (6)
where k(z) = K'(z), l(x) = L'(z), dv™ (™) = dv(z) x ... x dv(Z,), dv(z,) = €, X Az, i = —1,k,

m = 1,n, and € (;) is the counting measure concentrated at the point y,(f;) € {0,1}.
Assume that the following condition is fulfilled:

WO (2;0) = £ ;0 [ | (1 - F(j)(az;Q)), i=1,k,
JF
where 6y is the true value of the parameter § and y(z;0) =1 — (1 — K(z)) (1 — H(z;0)).
For v € R!, the following identity holds:

U
904—\/”—9”6@.

According to (6), we specify the LRS

dQSV(Z™)  py(2:6,) L @ (213 0 o 0916 (1 — H(z:0,) 1o
dQ(” (Zm) - inig(n);eoi - ng1 {Zl;[l [Z(i)izm;eoi]} {’Y( )}y {1 H( )}y

We take the logarithm of the LRS:

3() ( > (n) kT2 4
Ln(u)zlog{jggg)ig( —nz / log h( ;}dT(Z)(az)
oo oo
+_4 log [”Ex ZO;]dﬂ D(2) _4 logﬁiigigg]dTrgo)(x) (7)

For u € R!, we define a “close alternative” of 6y + \}Ln = 0, € O, where 0y is the true value of
the parameter . Now we formulate the regularity conditions under which the LAN of the family of
distributions {Qg"), 6 € ©} holds at the point 6§ = 6.
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Condition 1. The supports N = {z : f(i) (x;0) > 0}, i = 1,k, are independent of § and the set
k

N N is nonempty.

i=1

Condition 2. For any two points 61,02 € ©, 0; # 05, and z € N we the inequalities ) (z;01) #
f@(z;605) hold, i =1,... k.

Condition 3. For all z, there exist finite derivatives 0 f()(z;6)/06', 1 = 1,2, i = 1,..., k; moreover,

' fO)(;6)
a0

oo

/

—0o0

de <oo, 1=1,2, +1=1,... k.

0log f(i)(a:;Qo) 0log R0 (x;6p)
80 and 0

Condition 4. The derivatives ,© =1, k, are functions of bounded

variation.

Condition 5. The Fisher information functions are finite and positive at the point 6 = 6:

oo ) 2 00
70(6) = / <8log R0 (x;@)) 470 (2:0) + / <8log(1 — H(x;@))>2dT(_l)(x;0)

2 90
[e’e) . 2
+/<8log(1 af(mﬂ))) AT (2:0), i=1,k.

We introduce the notation J() = JW(4) + --- + J®¥)(#) and note that the Fisher information
function of the sample (3) is equal to nJ(#). The following theorem is valid.

Theorem 1 (see [3]). Let the conditions 1-5 be valid. Then for each u € R, the following represen-
tation of the LRS holds:

dN(”) 7(n) 2
aQy (Z0)
where
k o0 .
dlog B (z;600) . /o= (i
Wn:Z/ 89( Vin 1/2Wi<T()($);n>
i=1
7 dlog(1 — H(z;00)) , _1/975 ((m(=1)(..
N / dlog(1 —agf(x;eo))dn—mwi <T(0)(m);n>,

R,(u) — 0 as m — oo by @((,Z)—pmbability. Here Wz(ym) are two-parameter Wiener processes on

[0,1] x (0,00) and the components of the vector (Wl, R Wk) are independent.

Remark 1. Due to the properties of the processes VT/Z-, the random variable W, is the sum of indepen-
dent stochastic Ito integrals, each of which coincides by distribution with the corresponding normally
distributed random variable N (0, J®(6y)), i = 1, k. Therefore,

W, 2 N (0, J(6))). 8)
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Taking into account the relation (8), the statement of Theorem 1 can be written in the following

form:
2

Lo(u) = uJ2(60) =, J(60) + Ru(u) (9)

for each u € R!. Here  is the standard normal random variable and the equality is understood in the
sense of the distribution Q((,Z). The property (9) is called the LAN for the LRS.

3. Main result. Let {m(u),u € ©} be a nonnegative measurable function and I(d;6) = (d — 0)? be
the loss function on the set D x ©, where D is the set of possible estimates for 6.
We consider the estimates 6, € D defined by the following equation:

/ 1(d: 6)pn(Z; 0)(6)do
[C)

0,, = arg min (10)

aep / pa(Z™; 0)7(6)d6
©

Note that if 8 is a random quantity with a priori density 7, then 6,, is the Bayesian estimate for 6.

We prove the asymptotic normality of the estimates 6,, whose limit distributions are independent on

the functions .

Theorem 2. Assume that the regularity conditions 1-5 are fulfilled and the function 7(0) is contin-
uous in a neighborhood of a point 6y, w(0y) # 0. Then

V0, —00) = N(0,(J(6p))™") asn — co.

Proof. Under the conditions 1-5, the LAN of (9) follows from Theorem 1. According to (10), the
estimate 6,, has the following representation:

/ Opn(Z™); 0)7(0)do
(S

0, = . (11)
/ po(Z0). 0)r(6)d0
©

In the integrals (11), we replace the variable 6 by its close alternative 6y + \}Ln =0, € 0, u cR.
Then, using L, (u), we obtain

“+oo

/ wexp(Ly(u))m (90 + \;Ln)du

Vil —00) =" _ . (12
/ exp(Ly (u))m (90 + \;Ln)du

—0o0

Let
2

L(u) = uwJ'*(80)¢ = ' (o).

Then, according to (9), for every u € R! we conclude that exp(L,(u)) = exp(L(u)) as n — oo. This
implies that the finite-dimensional distributions of the process L, (u) converge to finite-dimensional
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distributions of the process L(u). In (12) we formally pass to the limit under the integral sign and
obtain
+o0o

/ wexp(L(u))du

CIV2(00) =7 : (13)

/ exp(L(u))du

—0o0

To justify the passage to the limit, we choose a fixed number C' > 0 and prove the continuity of the
process Ly (u) for u € [-C,C]. Let numbers u; and ug be such that 0y +u; € [-C,C], j =1,2. We
show that for sufficiently large n, the following inequality holds:

Mgo (Ln(ul) — Ln(UQ))2 < a(u1 — ’LL2)2, a > 0. (14)

Since
k .
AR +ALY +AD =1, m=1n,

i=1

the following calculations are valid:

) 035 {0 s e 1) s ()

m=1

k
+) A [log h) <Zm; fo + \/12> — log B <Zm; fo + jl)]

i=1

+AD [log (1 —H (Zm;eo + %)) “log <1 —H (Zm;eo + ﬁ))] }}2
<n { +/oo[log’y <m;90 + \%) “logy <m;90 + 32)]2&[’(—”(9;;90)

g too

2
@) [ o ury @) [ o u2 (0) (-
+ ;_ZO [logh <a:, B + \/n> log h <a:, O + \/nﬂ AT (x; 0p)

+ +/Oo[log (1 - H (az;éo + ;;)) —log (1 -H <$;9o + ;i))]QdT(O)(ﬂﬂ;@o)}

= J(bo)(u1 — u2)*, (15)

which proves (14). Thus, according to (15), the process {L,(u), u € [-C,C]} is an element of the
space C[-C; C].
On the other hand, for any ¢; and to, the following functional is continuous in :

C C
() = t / wib(u)du + t / i (u)du
~c ~c
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According to the Cramer—Wald theorem, due to the continuity of L, (u) and the condition (7), from [4]
we conclude that the distributions of the random vectors

o C
(/ ue}mn(u))”(%+ ¢Un>d” / eXp(L”(u))ﬂGﬁ Vu”>du>

O —C
converge to the distribution of the vector

C C
(77(90) / wexp(L(u))du, m(6p) / exp(L(u))du).
—_C -C
On the other hand, for any € > 0, there exists § > 0 such that the following relations are valid:

P<7r(90) / wexp(L(u))du > 5) < (16)
lu|>C

P(W(Go) / exp(L(u))du > 5) <e. (17)
|u|>C

For sufficiently large n, the inequalities of the type (16) and (17) are also valid for L, (u). Moreover,
for sufficiently large C' and n, the following inequality holds:

U U 1
P<t1 / uexp(Ln(u))w(Ho + \/n)du + o / exp(Ln(u))ﬂ<90 + \/n)du > CN>
|u|>C |u|>C
I+1 1
u
<
<y P(/ (lul + 1) exp(Ly (u)) (80 + \/n>du > v m))
|l|>C 1
l—(N+M+2) AN
< < .
<) P(uéﬂ%] {exp(Ln(u))} > (v ) ) < one (18)
[l|>C
From (17), for large n we have
C
/ wexp(Ly(u))du
\/n(én —bo) = _CC + ra(C),
[ exp(Eatwyin
-C
where P(|rn(C’)| > 5) < e. Thus, Eq. (13) is valid. The theorem is proved. O

Remark 2. Due to Theorem 2, according to Fisher’s definition (see [6]), the estimate 6, can be
considered asymptotically effective.
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