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MINIMAX NONPARAMETRIC ESTIMATION ON
MAXISETS

M. Ermakov* UDC 519.2

We study nonparametric estimation of a signal in Gaussian white noise on maxisets. We point
out minimazx estimators in the class of all linear estimators and strong asymptotically minimax
estimators in the class of all estimators. We show that balls in Sobolev spaces are mazisets for
the Pinsker estimators. Bibliography: 22 titles.

1. INTRODUCTION

One of the most popular models of nonparametric estimation is nonparametric estimation
of a signal in Gaussian white noise. This problem has been explored in numerous papers for
a wide range of functional spaces and for completely different setups (see [4, 16, 9, 21| and
references therein). Strong asymptotically minimax estimators are known for this setup only
if a priori information is provided that a signal belongs to an ellipsoid in L, [13, 18, 9, 21, 17],
balls in L, [1, 3, 12, 14], or to some bodies in Besov spaces defined in terms of wavelets [9]. The
goal of this paper is to pay attention to the fact that strong asymptotically minimax estimators
can also be obtained for other sets of functions. The definition of these sets coincides with the
definition of a ball in the Besov space B  in terms of a trigonometric system of functions
and some norm (see [19]). We denote these sets by B(«, Py) with o > 0 and Py > 0.

The balls BS._(Fp) have remarkable properties in nonparametric estimation. These sets
carry a rather reasonable information on the signal smoothness:

on these sets, the most known linear nonparametric estimators have given rates of conver-
gence [10, 11];

for linear statistical estimators, these sets are the largest sets with a given rate of convergence
[10, 11, 15, 19].

The appearing strong asymptotically minimax estimators are penalized maximum likelihood
estimators for some quadratic penalty function [5, 22]. Thus, we conclude that likelihood
estimation with a quadratic penalty function is optimal not only in the Bayes sense but in the
minimax sense as well. These asymptotically minimax estimators are also trigonometric spline
estimators [9, 21, 22]. Results of this paper can also be treated as a solution of the inverse
problem: For the Bayes estimators and maximum penalized likelihood estimators, one needs
to find the largest nonparametric sets such that these estimators are asymptotically minimax
on these sets.

The nonasymptotic setup is also explored. In this setup, we show that our estimator is
minimax on maxisets for the class of all linear estimators.

The results can easily be extended to the setup of minimax estimation of solutions of linear
inverse ill-posed problem. For this setup, a minimax estimator can be treated as some version
of the Tikhonov regularization algorithm [20].

We show that the order of rates of convergence of the Pinsker estimator on B(«, Py) is worse
than the order of rates of convergence of widespread linear estimators. We prove that balls in
Sobolev spaces are maxisets for the Pinsker estimators.
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The results are provided in terms of a sequence model. Let we observe a random sequence

Yy = {yj}]oib
yj=wzj+eo;§, >0, 1<j5<o0,

where 0; > 0 are known constants, ;,1 < j < oo, are independent Gaussian random variables,
E¢j =0, and EE = 1.

The problem is to estimate the parameter z = {x;}32;.

Denote o = {0;}32; and { = {§;}22,.

For estimation with a fixed ¢ > 0, minimax estimators in the class of all linear estimators
are obtained if a priori information is provided in the following form:

[e.e]
x € B(a, Py) = {m = {z;}32, : supay ' Z x? < PO}, (1.1)
k it
where a = {a;}32, and a > 0 is a decreasing sequence.

Asymptotically minimax estimators in the class of all estimators will be obtained if a priori
information is provided that the signal belongs to the sets B(«a, Py) = B(a, Py) with a =
{k=2%}, a > 0. The analysis of the proof shows that the results can be extended to other
sequences ap. However, this requires more accurate reasoning. For trigonometric orthogonal

o0
system of functions, s%p a,;l > x? can be considered as the square of some norm in the Besov
j=k
space BS . For Besov bodiesjin B5., generated by wavelets, asymptotically minimax estimators
has been obtained by Johnstone [9]. For this setup, the proof is reduced to another extremal
problem, and the solution of this problem is completely different.

There are numerous results on strong adaptive asymptotically minimax estimation [9, 21].
Note that the results on adaptive estimation in the Pinsker model [9, 21] are easily carried
over to the setup of this paper with the sets B(a, P).

Below we recall the definition of maxisets.

For an estimator 2, for the loss function ||Z. — x|, for rates of convergence 7, > 0, and
for a constant C > 0, the maxiset is

MS(2:,7)(C) = {z : supe™ " Eq|#. — 2> < O},
3

[ee]
Here [|z|| denotes the norm of a vector » = {z;}32; in a Hilbert space, lz|? = > x?
j=1

In what follows, we denote by ¢ and C positive constants and write a. < b; if ¢ < a./b. < C
for all € > 0.

2. MAIN RESULTS

We say that a linear estimator &. = {Z¢;}72, is minimax in the class of linear estimators
Tey = {igj)\j}]o-il, Zi'aj)\j = \jyj, \j € R, 1<j<o00, A= {)\j}?il if

R.= sup E,|i —z|>?=inf sup E,|i.\—z|> (2.1)
x€B(a,Py) A zeB(a,Po)
We say that an estimator 2. is asymptotically minimax if
R.= sup E,|i.—z|*>= inf sup E,|z. —z|*(1+o0(1)) (2.2)
z€B(a,Py) €V peB(a,Po)

as € — 0. Here W is the set of all estimators.

The minimax estimator in the class of linear estimators is obtained under the following
assumptions.
A1l. There is a ¢ > 0 such that ¢ < 0]2- < oo for all j.
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A2 Forall j > 1,
32 (aj—1 — a;)
32'—1 (a; — ajt1)

This implies that the sequence 0]2- (aj—1 — aj) is strictly increasing.

> 1. (2.3)

Theorem 2.1. Let assumptions Al and A2 be satisfied. Then the linear estimator T with

Py (aj —ajy1)

A= 2.4
7 Py(aj —ajp1) + €2 o3 (24)
is minimaz on the set of all linear estimators.
The minimaz risk equals
R. — 9 > PO 0']2- (aj - aj+1) 95
le =¢ ZP(a»—a» )+ e2o? (2.5)
j=1 0 \&j 7+1 j

Remark 2.1. The estimator &) is the maximum penalized likelihood estimator [5, 22] with
quadratic penalty function

o0
PO_1 Z(aj - aj+1)_1032»$?

and a Bayes estimator with a priori measure corresponding to independent Gaussian random
coordinates x; with Ex; = 0 and E:r? = Py(a; —ajq1), 1 < j < oo.
In Theorem 2.2, we replace A2 by a simpler assumption.

B1. For all j > jo,
0]2 jRo+1
72y (G = 1t

This implies that the sequence o2 320‘+1 is strictly increasing.

> 1. (2.6)

Theorem 2.2. Let assumptions Al and Bl be satisfied. Then the linear estimator &y with
2a P, j—2a—1

- 2.7
77 20y j20 422 g2 2.7)
is asymptotically minimax on the set of all estimators.
The asymptotically minimazx risk equals
< 2aPyj 21 o?
R. =¢&* 7 (1+o0(1 2.8
=Yy et 4 oagr (o) (23)

Remark 2.2. The estimator &, is the maximum penalized likelihood estimator [5, 22] with
quadratic penalty function

20[P0 Z]1+2a 2 2

and a Bayes estimator with a priori measure correspondlng to independent Gaussian random
coordinates x; with Ez; = 0 and Ex? =2aP)j717% 1< j < oo.

Theorems 2.1 and 2.2 are easily extended to the setup of estimation of a solution of a linear
ill-posed inverse problem with Gaussian random noise. Maxisets for this setup were studied
by Loubes and Rivoirard [15].

Assume that we observe a random vector

y=Rzx+e& (2.9)
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with a self-adjoint linear operator R : H — H in a separable Hilbert space H. The remaining
notation is the same as in the previous setup.

Assume that the linear operator R admits a singular value decomposition (see [21, 9, 8, 15])
with eigenvalues r;, 1 < j < co. Then we can consider this setup in the following form.

We observe a random vector

zj=rjzj+eo;§, 1<j<oo,

where §;, 1 < j < oo, are i.i.d. Gaussian r.v.’s with E§; = 0 and E§]2- = 1. The problems
of estimation of z = {:rj};?‘;l are the same. Dividing by r;, we obtain the setup of signal
estimation.

Below we provide two asymptotics of minimax risks for linear ill-posed inverse problems.

Example 2.1. Let o« > 0 and v > 0. Let |rj| = Cj (1 4+0(1)) and 0; = 1,1 < j < co. Then

4o T

e s () (2aPy) 7 € a1+ o(1)). (2.10)
Q S11

2«

Example 2.2. Let o > 0, v > 0, B > 0, and k € R'. Let |rj| = Cj "exp{—Bj’} and
o;=1,1<j <oo. Then

R. = Py B%*/7 |log e |72%/7 (1 4 o(1)). (2.11)

Note that these asymptotics coincide with the asymptotics of risks of the corresponding
Bayes estimators.

Johnstone ([9, Chap. 3, Theorem 3.10]) compared strong asymptotics of minimax risks for
trigonometric spline estimators and Pinsker estimators in the case where the unknown signal
belongs to a ball in a Sobolev space. Trigonometric spline estimators are strong asymptotically
minimax estimators on maxisets B(«, Py). Thus, we can consider this result as a comparison
of risk asymptotics on Sobolev balls for strong asymptotically minimax estimators on maxisets
B(«, Py) and for Pinsker estimators. Below we provide a similar comparison for strong asymp-
totically minimax estimators on maxisets and for Pinsker estimators in the case where the
unknown signal belongs to a maxiset.

A Pinsker estimator 0., = {0:;}32, is a linear estimator

Ocj = Acj Yj
with
Acj = (1 = pbj)y,
where b; = 4%, >0, and parameter y is defined by the equation

[ee]
3By 1)y =P
j=1
A Pinsker estimator is asymptotically minimax on ellipsoids
o
S(B, P) = {m : Zb?m? <P x= {m]}fo}

with P > 0.
Denote

R.(o,B) =inf sup Eg|lf., — 0|
K 9cB(a,Py)
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and
C= 207 .
1+ a)(1+2a)

Theorem 2.3. Let 0 < a < . Then

Re(a, B) = C1l8a 020 ((2a)—li‘5a + (2) +) £1i8a, (2.12)
where Cp = BEQPO‘
Let « > > 0. Then
R.(a, §) = C1iaa 0120 (28)7 125 + (2g) 020 ) envis, (2.13)
where
Zyzﬁ( (+1)72).
If a = j3, then

2a

1 « {07
R (o, ) = ((2@2) 1420 4 271150 g 1130 ) (14 2a)” 120 Pyt C'1%0 2115 |2log €] 120 (2.14)

It is of principal interest to compare risks of the Pinsker estimator and of asymptotically
minimax estimators on maxisets if &« = 3. For this setup, we compare the risks of estimators
on sets having almost the same smoothness. We show that in this case, risks of the Pinsker
estimators have an additional logarithmic term in the asymptotic. Thus, Pinsker estimators
do not belong to the class of linear estimators having maxisets B(«a, Pp). It turns out that
balls in the Sobolev space SP are maxisets for Pinsker estimators.

Theorem 2.4. There exists a C > 0 such that, for all e > 0,
4p
R.(B,7) = 28 inf B, |7, — z* < O < o0 (2.15)
N

if and only if x belongs to a ball in the Sobolev space
Sﬁz{x:Zzﬂ 22 P w={a}2 1} P>o0.

In the theory of linear ill-posed inverse problems, one of the most usual assumptions is that
the solution x satisfies a source condition [2, 15],

x€{x : x = Bu, |ul| <1, u e H},

where B is a self-adjoint compact linear operator. This implies that the solution z belongs
to an ellipsoid. Theorems 2.3 and 2.4 show that the optimal linear solution on such sets has
worse rates of convergence on wider sets B(a, Py) than a wide class of linear estimators.

3. PROOFS OF THEOREMS

Proof of Theorem 2.1. We begin with the proof of the lower bound. Denote 0]2- =Py (aj—ajs1)
and 6 = {0;}52,
Then

92 2
inf  sup B,y —z)* > 1nf Egl||lic\ — 0] = 2 , (3.1)
A z€B(a,Po) : Z 92 + 62 2
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and the infimum is attained for
2
05 Py(aj—aj)

A = — .
703+t Po(aj—ajp) +e20;

Our proof of the upper bound is based on the following reasoning. Let z = {x; };";1 € B(a, Ry).

For all k£ denote
o0
U = a,:l Z x?
j=k

Then :L‘z = Uk — Qft1 Ukt1-
For the sequence of \; defined in Theorem 2.1 we have the relations
o o o
E, Z(Ajyj — z;)? ZEQZ )\?%2 —i—Z(l —Aj)zx?
i= =1 i=1

=

oo 00
2 2 2 2 -2 -2 -2
=& Z)\j()'j +Z(9j0'j 9 +1) (ajuj—aj+1uj+1)
i=1 j=1
oo
= ¢? Z )\? 0]2- + (0302 e 24 1) 2y
j=1

o0
- Z Uj a; ((932»_1 Uj__zl e241)72 - (19]2 0]72 e2 4 1)_2).
j=2

By assumption A2, the last terms in the right hand-side of (3.2) are negative. Therefore, the
supremum of the right hand-side of (3.2) is attained for u; = Py, 1 < j < oco. This completes
the proof of Theorem 2.1. O

Proof of Theorem 2.2. The upper bound follows from Theorem 2.1. Below we prove the lower
bound. This proof has a lot of common features with the proof of lower bound in the Pinsker
theorem [9, 18, 21].

Fix values 61, 0 < 61 < 1, and 9, 0 < 6 < Fy. Define a family of natural numbers k.,e > 0,
such that 5_202527"P0k:5_2’"_1 =1+0(1) as € — 0. Define a sequence n = {n;}32; of Gaussian
iid.r.v.’s m; = njss, such that En;] =0, Var[n;] = (Py — §)(2r)~1j=2 1 if 6k, < j <0 'k,
and n; = 0 if either j < 1k, or j > 51_1165.

Denote by p the probability measure of the random vector 1. Denote by & the Bayes
estimator with a priory measure pu.

Define the conditional probability measure vs of the random vector 1 given that n € B(«, Fp).
Denote by Z the Bayes estimator of « with a priori measure vs. Denote by 6 the random variable
having probability measure vjs.

For any estimator z,

sup By || —z|* 2 Ey, Eg |2 —0]* 2 B, Ey |2 — nl* — E,E, (|7 — 1%,
z€B(a, Py) (33)
n ¢ Bla, R) P (n € Bla, Py)).

We have the relation
E,E, ||z —n|* = I(Py — 0)(1 +o(1)), (3.4)
where
o2

I )
I(Py—68)=¢e*)_ ’

i 1+ (20& (P() — 51))_162 0']2- j2a+1
=l
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and Iy = [01k.], lo = [67 ' k.]. Here [a] denotes the integral part of a number a € R.
Since

|1zl < sup |z|* < B,
z€B(a,Po)

we have the estimates

E, (|2 —nl*, n ¢ B(a, Po)) < 2E, By (2] + ]|, n ¢ B(a, Po))

2 (3.5)
<2P) P, (n ¢ B(a, o))+ Y (Bun))'? Pl (n ¢ Ba, By)).
Jj=h
Since E,[nj] < Cj—Aa=2,
l2
> (Bun)'? <ok (3.6)

Jj=h

It remains to estimate

l2
P, (n ¢ Bla, P)) = ( max 2" Z W2 — Py (1-6,/2) > Ry 51/2) <> 7 @Y

11<i<ly pr
where
( MZ W2 —Py(1-6/2) > P, 5/2)
To estimate J;, we apply the followmg proposition (see [6]). ]

Proposition 3.1. Let £ = {¢; é:l be a Gaussian random vector with i.i.d.r.v.’s & such that
E¢ =0 and E€2 = 1. Let A be an (I x 1)-matriz and let ¥ = AT A. Then

P(|AE|2 > tr(D) 4+ 2/tr(22) t + 2||2|| t) < exp{—t}. (3.8)
Here tr (X) denotes the trace of the matriz X.

Define a matrix ¥ = {alj}fj:i with entries 0j; = 2o (Py — ) 57271 and 0y; = 0if | # j.
Then
P

a(da + 1)
We put ¢t = k2%, Then Vi(t) < Ck:a_l/Q, 1 <i <y, and it follows from (3.8) that

2\/tr(S2)t + 2|t = Vit (1 + o(1)) + i1 = V(). (3.9)

J; < exp{—kZ/?}; (3.10)

therefore,

l2
> i <67 ke exp{—kL}. (3.11)
Jj=h

To complete the proof, it remains to estimate R, — I(FPy—0). By a straightforward estimation,
it is easy to verify that

1I(Py) — I(Py — 8)| < CSI(Py). (3.12)
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We have the relations

l1 l1

[N

2 g 2 2
€ = e -
; 1+ (2aPy)~1e? 032» j2otl — 7
! . L ) (3.13)
€ € O—
< C6 €2 2= 06 €2 J
1 Z 95 1 Z 14 (2aRy)~1e2 o2 j2a+l
Jj=b Jj=b J
and
2
2 Z g = 2 Z]—m 1
1+ (2aP)te? o2 j2otl —
j=l2 Jj=l2 (3 14)

[N

2

o

2 2a —2a—1 _ 22«

< €707 CZ] = €707 OZ 1+(2aP0)—152 2]2a+1
ke ke

Now (3.12)—(3.14) imply that R, — I[(Py — §) — 0 for some § = §(¢) — 0 and d; = d1(¢) — 0
as € — 0.
Proof of Theorem 2.3. The reasoning is based on the following lemma. O

Lemma 3.1. The following relation holds:

sup  E,||Z. — x| = Eq.||Z- — 0., (3.15)
z€B(a,Po)

where 0. = {01172 1, QSk = Py(ar — ags1)-

Proof of Lemma 3.1. Denote uy = a,;l > 9]2-. Then
j=k

2
O = apup — Qpq1 Upy1-

1
Denote | = [u #].
We represent

l
E, & —z? =12 Y b2a? + Z 3 +EQZ A=+ Jy + T (3.16)
j=1 j=l+1
Note that
l

2
Ji+J=u Z b agug — Q541 U;+1) + ap41 U1
J=1

l (3.17)

= ay b3 uf — p? apq b iy + p? Z aju; (b? — b?_l) + Q41 Upg-
j=2
The maximum of the right-hand side of (3.17) is attained for u; = Py, 1 < j < oo, with
x? = Polaj — aj1).
By straightforward calculations, we show that J3 = Ce?l.
If 8 > «a, then
p

= ~22(1 4 o(1)).
Nt l= g (1+0(1))

If @ > (3, then
J1+ Jo = Bl~2C1 (1 + 0(1)).
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If @ = S, then
Ji 4 Jo = aPyl " logl.
Minimizing Ji + Jo + J3 with respect to [, we prove Theorem 2.3. O

Proof of Theorem 2.4. 1t suffices to prove the necessary conditions.
We have the relations

E, ey — * =

l
Jj=

l o)
A=12)+17 > %22+ a?
1 j=1 3=l

l (3.18)
>Cel+ 17y 2Pl = J (1)
j=1
It is easy to see that if
l
Z 7%° 333 —o00 as [ — oo, (3.19)
j=1
then »
lim e~ 26 inf J (I, x) = oo. (3.20)
e—0 l
O
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