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ASYMPTOTIC BEHAVIOR OF A SOLUTION

TO THE RADIATIVE TRANSFER EQUATION

IN A MULTILAYERED MEDIUM WITH DIFFUSE
REFLECTION AND REFRACTION CONDITIONS
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We consider the radiative transfer problem in a multilayered semitransparent medium
composed of m plane vertical layers of optic thickness € = 1./m. It is assumed that the
interfaces separating the layers as well as the left and right boundaries of the multilay-
ered system are diffuse reflecting and diffuse refracting. We obtain asymptotics of the
radiation intensity I, and its density U. as € — 0. Bibliography: 2 titles.

1 Introduction

We consider the radiative transfer problem in a multilayered semitransparent medium composed
of m planar vertical layers of optic thickness ¢ = 7,./m, where 7, is the total optic thickness
of the layer system which is assumed to be fixed. The jth layer is associated with the interval
(1j-1,7j), 1 < j < m, where 7; = €j. We assume that the interface separating layers and the
left and right boundaries are diffuse reflecting and refracting. All layers possess the same optic
properties. The scattering inside the layers and the density of volume radiation sources are
isotropic.

The unknown is the radiation intensity I.(u,7) defined on the set

m
Ds = U Dj,z—:>
j=1
where D, j = D_; U D;fj, D;j = (0,1] x (1j-1,75), D, = [—1,0) x (7j-1,7j), 1 < j <m. The

variable p is interpreted as the cosine of the angle between the direction of radiation propagation
and the perpendicular to the system of layers. The value of the intensity of radiation propagating
inside the jth layer is denoted by I. j(u, 7). We denote by I;j(u,T) and Igj(u,T) the values
of the radiation intensity corresponding to p > 0 and p < 0, i.e., the values of the intensity of
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radiation propagating inside the jth layer “to the right” and “to the left.” The functions I, ;,

and I - are the restrictions of I. on D, ;, DT .. and D respectlvely We set

6]’ E]’

1%, (1) = I (1. 71 + 0), Iﬂfﬂ()—fi(u,fg 0).

The sought function I, is a solution to the problem

M%fw‘ tlj=wS ;) +(1-@)F, (7)€ Dy, 1<j<m, (1.1)
=210 )+ 2718, ne(01], 1<j<m, (1.2)

I, =% (I5,)+2 (I ;,,), nel-10), 1<j<m, (1.3)
Iy =% (1) + (=00, e (0,1], (1.4)
Loy =%y (L) + (1= 0:)J, p€[-1,0). (1.5)

The function F' € C?[0, 7] characterizing the density of isotropic volume radiation sources and
constants Jy, J, characterizing the radiation falling on the layer system at the left and at the
right are given.

Equation (1.1) describes radiative transfer inside the jth layer, where . is the scattering
operator

1
ALg)) = 5 [ Lt
21

w € [0,1) is the albedo coefficient of the medium, i.e., the quotient of dividing the scattering
coefficient by the sum of the absorption and scattering coefficients.

The conditions (1.2) and (1.3) describe diffuse reflection and diffuse refraction of radiation
on the interface separating the jth and (j + 1)th layers, where #* and 2% are the diffuse
reflection and diffuse refraction operators

0 1
B0 =20 [ Ly )i 245, =20-0) [ 12, G
-1 0
1 0
0 -1

Here, 0 < 6 < 1 is the coefficient characterizing the reflection properties of the interface sepa-
rating layers.

The conditions (1.4) and (1.5) describe diffuse reflection and diffuse refraction of radiation
on the left and right boundaries of the layer system, where

0 1
B0 =200 [ Iy s 8 () =26, [ L )
-1 0

0<6;,<1,0< 80, <1 are the coefficients characterizing reflection properties of the left and
right boundaries of the layer system.
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By (1.2)—(1.5), the values I:jg, I,
The existence and uniqueness of a solution to the problem (1.1)—(1.5) follow from [1]. The

corresponding result is contained in Section 2.

for all j are independent of p.

The goal of this paper is to study the asymptotic properties of the solution to the problem
(1.1)-(1.5) as ¢ — 0. We also indicate the important characteristic of radiation: the density

1
Ur) = 2 [ L) d = L7 (1)),
21

where c is the radiation propagation velocity. It is convenient to represent the solution I. as the
linear combination

I = JoI! + g1t 4 1t (1.6)

of solutions to the following three problems:
Problem P! with J, =1, J, =0, F =0,
Problem P! with J, =0, J, =1 and F =0,
Problem P! with J, = 0 and J, = 0.

Each of these problems is of an independent interest. Problems P! and P!l govern the
propagation of the radiative flux falling on the layer system at the left and at the right. Problem
PHT describes the radiation generated by isotropic volume sources.

The paper is organized as follows. The main results of the paper are formulated in Section
2 and are proved in the remaining sections 3-8.

2 The Main Results

2.1. The unique solvability of the problem (1.1)—(1.5). We formulate the result about
the solvability of the problem following from [1]. Let 1 < j < m. We set

- =+ = -t
Ds,j = [—1,0) X [Tj—th]; Da,j = (0, 1] X [Tj_l,’fj], D&j = De,j UDs,j'

We introduce the space # (D, ;) of functions f(u,7) in L%(D. ;) that can be extended to D. ;
in such a way that f(u,-) € WH(r;_1,7;) N Clrj_1,7;] for almost all u € [~1,0) U (0,1] and
u%f € L>*(D.,;).

For a function I. defined on D. we denote by I, ; its restriction on D, ;, 1 < j < m.
We introduce the space #°°(D.) of functions I. € L*(D.) such that I.; € #*°(D. ;) for all
1<j<m.

By a solution to the problem (1.1)-(1.5) we mean a function I, € #°°(D,) satisfying Equa-

tion (1.1) for almost all (u,7) € D.j, 1 < j < m, the conditions (1.2), (1.4) for almost all
u € (0,1], and the conditions (1.3), (1.5) for almost all u € [—1,0).

Theorem 2.1. Let F' € L*(0,7.). Then the problem (1.1)—(1.5) has a solution I. €
W (D.). The solution is unique and satisfies the estimates

el poe (D) < max{[|F [ oo (0,m5 [ el [ 2]} (2.1)
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d
[,

1<jsm

<2 ol P ANP ALY 2.2
ety < 2mslIF 0y, 11 1) (2.2

2.2. Notation. We use the exponential integral function
1
Ex(r) = /67/“;/“2 du, k=1,2,3.
0

We recall the formulas [2]

d d

EEQ(T) = —FE1(7), %Es(T) =—Ey(7), T>0, (2.3)

Eq (1) = —’y—lnT+T+O(7'2), T =0T, (2.4)

Ex(1) = 1—|—7'(ln7'+’y—1)-|—0(7’2), =0T, (2.5)
1 1

Es(r) = 5 T — 57'2(1117' +7v—-3/2)+ O(T?’), T =0T, (2.6)

where « is the Euler constant: v = 0,577215.... Formulas (2.3)—(2.6) will be often used below
with any special references.

Assume that ¢ = @(e, p, 7,@,6,0,,0,,7), ¢; = (e, pu, 7,@,0,04,0,,7.), and ¥ = 1(e). We
write ¢ = O(¥(€)), ¢;j = O(¢(e)) if for all sufficiently small € > 0

ol S Clp(e)ls sl < Cly(e)l,

where the constant C' > 0 can depend on w, 0, 0y, 0,., T4, but is independent of €, u, 7, j.

We also use the notation

1-6
tw=1—-w)e, €po= T(l—w)s,
€
Ao+ =
1-6 1 0 3
MN=———, Me&)=- )

1
1+ 5&;(1116—1—2)\0 +v+1/2)

2.3. Asymptotics of the solution to Problem P!. Let I. be a solution to Problem PI.

Theorem 2.2. Forall1 <j<m

+
€.J>

I r) =25 Ty o7, (1 — e T/ (14 O(eln®e)), (u,7) € D5, (2.7)

I;j(,uﬂ—) = [Z;je_(Tj_T)/M +wZ. (1 - e—(Tj—T)/Wl)](l +O0(ene)), (u,7)€ Ea_,ja (2.8)
47 9
Ue(r) = ?Zg,j(l +O(eln“¢)), 7€ (1j-1,75). (2.9)

where

Z:_j = aZ‘(g)eiijl/\/ 5)\(5)[1 _ b;ﬂi’(g)e*Q(f**Tj)/M]’
Z;j =a, (6)6—73'71/\/5)\(8)[1 — b, (8)6—2(7-*—7-]-)/,/5)\(5)]’
Zej= ag(g)e—Tj—l/\/é‘)\(&‘)[l _ b2(€)€_2(7'*—7']')/‘/a‘)\(g)]’
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1 1
CLZ@): 20, , bi(e) = 1 g )
1 (ov) w

14 1_06,/59@, + 1_97",/897 + (1_&)2897

_ 1 _ 1
ay (8) = ) 2 ) br (E) = 8(92 )
A e R e

1 1

0 0
= 5 b =

+ 7
1-6, + 1_9 Ve 0w+ ( )2 €0,

Remark 2.1. Important characteristic of optic systems are the reflection coefficient R and
the transmission coefficient T which are equal to the quotients of dividing the radiation fluxes
reflected or transmitted by the medium by the radiation flux falling on the body.

In the case under consideration, radiative flux falling on the multilayered medium at the left
is equal to 1, the reflected radiative flux is equal to

0
60+ 20100 [ 17, 0l d
-1

and the transmitted radiative flux is equal to
1
20-0,) [ L 0 dn
0
By Theorem 2.2, R =0y + (1 —6)a, (¢)(1+ O(eln’c)) =1 -2, /55 + O(eIn’e) » Lase — 0
and T'=2(1 — HT)O(efT*/\/m) — 0 as € — 0. Thus, the behavior of the multilayered medium

looks like an almost mat mirror.

Theorem 2.2 yields the asymptotics of the solution on [0, 7,] with the relative accuracy
O(e In? ). However, it is possible to specify the asymptotics if we ignore the behavior of the
solution in a neighborhood of the point 7., where the radiation intensity is negligibly small.

We set 0(e) = y/eA(e) In(1/e).

Theorem 2.3. If 7; < 7, — 0(¢), then

I¥ () = | 2ty ol
w —(r—7' > -+
+Z / e TG, () dr | (14 02 2 e)), (7)€ DL, (2.10)
I (p) = | Z e =)/l
i
+m e "I/MZ, () dr' | (1 + O(€%/2In¢)),  (u,7) € D, (2.11)
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U.(1) = %ZEJ(T)Q +0(E¥?m’e)), 7€ (11,7, (2.12)

where
28, =5 @ N, () = g ,
1+ 1_— 9[ (\/Eﬁ,w —&0,w + 5w)
~ . . 1
Z_; = ay (e)e - 1/Ve/NeE), a; (e) =

1+ 2 (et o) + e
— (. € — e
1_9( 0,0 0,0 1_96

Ze (1) = 2Z€+J [w + (1 — %)EQ(T - Tj—1) — %EQ(TJ‘ — T):|

w w
+ 2Z6][ (1—5>E2(Tj—7) — §E2(T—Tj_1)j|
2.4. Asymptotics of the solution to Problem P!, Let I. be a solution to Problem P!/,
Theorem 2.4. Forall1 <j<m
L5 m) = D Ge I L (1 - eI+ Ofe o)), (u7) € Dy,
I(n) = [Yoe M 4 v (1= e/ (14 Oene)),  (n,7) € D2
4 9
UE(T) = 7}/57]‘(14-0(5111 5))7 T E (Tj_l,Tj),
where
Y;‘—Z _ a;r(g)ef(r*fq)/\/s)\(s)[l . bz—(g)efQTj,l/w/s)\(s)L
Y = ay (@) TIVACL — (o) VN,
Ve = al(e)e” "I VRGO 1(e)e2ri-1/VAC),

_ 1 _ 1
ay (6) = 297” ’ b@ (5) = ] 4 8 )
1+1—9r i +1_9€\/%+(1_9£)260
1 1
a:_(e) = D) ) bzr(g) = 302 ,
1+ €0, 4
-6,V 1—9\/59 T g
1 1
0 0
p— b pu—
ar(é) n 1 +07‘ . ’ Z(E) , 2(1 + 9[) _ 2(1 +9?)6
1— 01” s 1 9( 0, (1 _ 9()2 0,

Theorem 2.5. If 7;_1 > 6(¢), then

I::] (/JH T)

e (T 1)/u+_/ (r=TV/RY, (") dr' | (1+O(e*? In2e)), (u,7) € D,

Tj—1
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Tj

I(n7)= Yo e (T’_T)/'“'+m e MDY (7 dr' | (14 0(e* In*e)), (u,7) € D,

471 ~
Ue(r) = ZTej(r) (1 + O 12e)), 7€ (1, m),

where

Vo=@ (e VARG, () = ,
1 _7”9 (\/ €0w — €0,m + 5w)

= 1
YV =af (e mmIIVRO,at(e) = o

3 3
T 1o, (Ve Tee) T g e

)757].(7-) — lf/+ [w + (1 _ E)EQ(T —Tj—1) — %EQ(TJ‘ — 7'):|

9 e 2
1~_ w w
+3¥a |+ (1= ) Bl = 1) = TBalr — o).

2.5. Asymptotics of the solution to Problem P!/, Let I, be a solution to Problem P!’

Theorem 2.6. If 7;_1 < 6(¢), then

T

Z\;je—(r—rj—l)/ﬂ 4 % / 6_(T_T/)/'u2€,j (') dT/]

—+
+ ||FHC’2[O,T*]O(€)7 (,LL,T) € Dg,ja (213)

I (u,m) = F(r) — F(0)

5= o) Inl |/ DG () dr ]

I E’j
+ ||FHC’2[O,T*]O(E)7 (:U’a T) € Es_,jv (214)
47 =
Ue(r) = —[F(1) = F(0)Ze§(7) + | Fllo20,7 O, 7 € (75-1,75), (2.15)
where
Z\;-j _ az—(e)effjfl/\/s)\(s), Z\e_,] _ ae—(g)eijfﬂx/s)\(s)’
Zoi(r) = 17+ [w + (1 - E)EQ(T —Tiy) = Z By (rs — T)]
&,J 9 £,7 9 J— 92 J

+ %Z;j {w + (1 - %)EQ(TJ‘ —7)— %EQ(T - Tj_l)].

f/;r —(7—7j- 1/u+_/ TT/uy]( Y dr ]
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+ | Fllezo,10(),  (w.7) € DL, (2.16)

I ) = F() = () Ve -0 1 / eI, (') i’

=+ ||FHC’2[O,T*]O(€)7 (,LL,T) € Dg_,ja (217)
47 ~
Ue(r) = —[F(7) = F(r)Yei(7) + [ Fllo20.7 0@ 7 € (75-1,75), (2.18)

where

Y = af (e)e= =)/ VEAE), f/a—j — a (e)e CIVAE)

)

N 1~
Y;;’J'(T) = EYVETJ [w+ <1 — %)EQ(T — 7'];1) — %EQ(T]' — 7’)}
1~
+ §Y;.’_ w + (1 — %)EQ(T]‘ — T) — %EQ(T — Tj_l)}.
If 6(e) < 1j—1 < 7 < T — 0(¢), then
L j(u,7) = F(7) + | Fllc2(0,m)O(€),  (11,7) € Do, (2.19)
4
Ue(r) = ?[F(T) + [ Flle210,,10)], 7 € (-1, T5)- (2.20)

2.6. Diffuse approximation. To find asymptotic approximations of the radiation den-
sity U. with accuracy of order O(g), one can use the singularly degenerated one-dimensional
stationary diffusion equation

2

d2

with special boundary conditions

—eMe)==sue +u.=F, 1€ (/2,1 —¢/2), (2.21)

2a2 ()

2a;)(e)
1_7% :] . (2.22)

Jy, Bar[us]( _8/2) 1——1)0(5) "

Be f[ua](5/2)

Here,

d L 1+0E) d  1+80)

B S — — B., = - T 10/
- oue] eA(e) dTuE T bg(e) < o [Ue] eA(e) dTue + 00 (e) Ug

More exactly, the following assertion holds.

Theorem 2.7. Let u. be a solution to the problem (2.21), (2.22). Then
47 .

Ue(j172) = — [e(e)ue(Tj1/0) + (1 = 52(€)) F(7j12) + MO(e)], 1<j<m, (2:23)
where Tj_12 = (Tj-1 + 75)/2, #(e) = w + (1 — w)Ea2(e), M = max{|[Fllc2(0,r), el ||}
Consequently,

4 )
Ue(Tj_1/2) = - —[ue(Tj—1/2) + MO(elne)], 1<j<m. (2.24)
Remark 2.2. A solution to the problem (2.21), (2.22) is defined on the segment [¢/2, 7. —¢/2]
but not on [0, 7].
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3 The Radiative Transfer Integral Equation

An important role in our further consideration is played by the radiative transfer integral
equations

U(r) = @A (¥)(7) + f(7), T€l0,¢], (3.1)
V() = whAej(V)(7) + f(7), 7€ m-1,7], (3.2)

where the operators A, : C[0,¢] — C[0,¢] and A, ; : C[rj_1,7;] = C|7j_1, 7;] are given by
€
AL(T)(7) = —/@(T')El(w —r)dr, relod,
0

7

A ;(W)(1) = = / U(rE\ (|7 = 7)) dr’, T €[rj_1.7)]

We note that
Ae(V)(r) = 1= S Bo(r) — 5 Bl — 7). (3.3)
Therefore,
[Ac(D)llcpo,e = 1 — Ea(e/2),
[A(W)[lcpo.e) < [[Ae(Dllcpell¥licpe = [1 = E2(e/2)]1¥lcpeg VP € CO,e].
Consequently,
[Acll = [[Acllcpo.c) oo = 1 — Ea(e/2). (3.4)

Thus, [[wA:|| < w < 1 and for every f € C[0,¢] Equation (3.1) has a unique solution
U/ € C[0,¢] represented as the Neumann series

W =3 k().

k=0

converging in C0,]. We note that (3.4) and (2.5) imply
|Ac]| = O(elne). (3.5)
Therefore,
V(1) = f(r) + @wA(f)(7) + O n*€) | fllop,e, 7 € [0,¢]. (3.6)
We consider the solutions W1(7), UE2(7), UF2(e — 1) of the equations
V(1) =wA(¥)(T)+1, 7T€]0,¢]
U(T) = wA(¥)(7) + Ea(1), T€]0,¢],
V(1) =wA(V)(1)+ Ea(e —7) 7 €0,¢]
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respectively. By (3.3), (3.5), (2.5),
Ac(B)(r) = Ac(1)(r) + Ae(By = 1) =1 = L By(r) — S Bale —7) + O( <),
Therefore, (3.3) and (3.6) imply
wlr) =1+w(1- %EQ(T) - %EQ(S 7))+ O(? ne),
U2 () = o + (1 - §>E2(7) . %Eﬂe )+ 02 n2e), (3.7)

VP (e = 1) = @+ (1= Z) Bale = 7) = 5 Ba(r) + O(? Ine). (3.8)
Roughening these formulas, we find
Ul(1) =1+ O(elne),
Ul2(7) =14+ O(elne), (3.9)
U2 (e —7) =14+ O(clne).

It is clear that
Acj(O)(1) = Ac(V(- = 75-0))(T = Tj-1), T € [Tj-1,75].

Consequently,

I Aoty sy 2] = @A < 1

and for every f € C[rj_1,7;] Equation (3.2) has a unique solution \Ilg ; € C[rj—1,7j]; moreover,
V() =02 (= 7). 7€ T,
where f;(-) = f(rj-1 + ).

4 Auxiliary Problem of Finding Igfj’g and I_; ,1<j<m
Let I.; be the restriction of the solution to the problem (1.1)—(1.5) onto D, j;, 1 < j < m.

We set

1

841 = U7 = 5 [ Lstuur)d 7€ [0 (1)
21

O, i(1) =wS. (1) + (1 —w)F(1), TE€]I[j_1,T]]. (4.2)

If the function @, ; and constants I;rj’e, I ;. are given, then I, ; can be regarded as a solution
to the problem

d
M%I&j + IEJ - (I)&j: (M,T) € DE,ja

+ _ - _ -
Ijlr=tiav0 =150 Igjlr=ry—0 =1,
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Solving this problem, we find

T

1 ' _
() =IF, e —(r=m-0)/m . / e TG (7Ydr, () € D;., (4.3)
Tj—1
I;j(/iﬁ) = [;jvre (15—7)/|1l + M / (r'=7)/Iul g (T )d (1, 7) € 5;],. (4.4)

Integrating (4.3) and (4.4) with respect to y, we have
1 r )

Se (1) = %/ [I;:j7€e_(7'—7'j—1)/u+% / e—(r—T')/uq)m(T,) dr' | dy

0 Tj—1 .

T S

0
1 !
+ 5/ [I;jr —(15—=7)/ |1l + — ’M’ /e—(‘r —T)/I/Ll@aj(,]_/) dT/ dﬂ
1

— T J

1 1 1 _
=5 / . i (TEL (|7 = 7)) dr’ + = 5 EMEQ( Tj—1)+§fs,j,rE2(Tj_T>-

Thus, the function S; ; satisfies the equation

1 1

Sej(T) = @whe,;(Se,5)(T) + QI”@EQ(T = Tj-1) + 5L Ba(7 = 1) + (1= @)Ae i (F)(7), (4.5)

and the function ®, ; satisfies the equation

w

Q. (1) = whe j(De ) (T) + 5 IEJ ot —T7j_1) + 5 I;] Ea(ry—7)+ (1 —w)F(7),
which implies
d. (1) = 5 I;j B (r— )+ 5 Igj P — 1)+ (1= =) UE (7). (4.6)
We note that (4.3) implies
1 1 1 7j
/I:j,r(u)ﬂ dp = /I;,zeg/“u dp + / / e (T (7)) dr’ | dp
0 0 0 Lry
7
— I, By(e) + / B, (r')Es(r; — ') dr'. (4.7)
1
Similarly, from (4.4) it follows that
0 Tj+1
/Is_,jﬂ )lpldp =125, Es(e) + / D i1 () Eo (' — 75) dr’. (4.8)
21 7
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IS

Substituting (4.6) into (4.7) and (4.8), we find

3

(5]r)_6(a5 gjé—’_/BE gjr+f8,j,T)) 1<]<m)

(I Jr) (1 9)(0‘5[ T Be g]r+f€:j7T)’ I<g<m,

SR

+(I€,j+1 e) 0(cx IE_]+1 r T B€Iz—:,j+1,£ + fa,j+1,€)> L<y<m,

e (I e,j+1, é) 1 - 9)(04615_,]'+177~ + 5512’}4_1’@ + fs,j+1,€)a 1< ] <m,
% (Iglé)—gé(aa 51T+B€ 514+fs,1,€)
'%7‘ (I ,mﬂ’) - 9 (a5 e,m,l + 65 e,m,r + f&mﬂ”)’

where

a. = 2FE3(e +w/ T)Es(e — 1) dT,

Be = w/\I/EE2 (e =T)Ey(e —T)dr = w/\IIEQ (1)Ex(7) dr,

T
fejir=2(1 —w) / \Ifgj(T)EQ(Tj —71)dr, 1<j<m,
1
Tit1
feirie=2(1—-w) / \Ifgj+1(T)E2(T —75)dT, 0<j<m.
i

It is clear that 0 < a., 0 < B.. We present another property of the coefficients.
Lemma 4.1. The following relations hold:

13

1—ae—B:=2(1—- W)/\I’}:(T)EQ(€ —7)dr,
0

13

l—ae—B:=2(1 —w) / \I/;(T)EQ(T) dr.
0

Proof. From (3.3) it follows that

1= wA(1)(r) + %EQ(T) + %Eg(s ) tl-w
Hence

L= 0B () + S0P (e — 1) + (1 - =) UL(n).

Multiplying (4.17) by 2E5(e — 7) and integrating with respect to 7, we get the identity

1—2F5(e w/\I'E2 E2(€T)dT+W/‘I/E2 VEo(T) dr
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(4.13)
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(4.15)
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/\I/ )Ea(e — 7)dT
0

which is equivalent to (4.15). Similarly, multiplying (4.17) by 2Es(7) and integrating with
respect to 7, we arrive at (4.16). O

Corollary 4.1. The following relation holds: 1 — ae — e > 0.
Substituting (4.9)-(4.14) into (1.2)—(1.5), we obtain the system

g =0l + Bl )+ (L= 0) (el + Bl )+ [, 1<j<m, (418)

I, =0(ael ﬂ+ﬂ5 I05)+ (A =0)(ael_ 4y, + Be €7j+1’g)+ o 1<j<m, (4.19)
I:u = Op(aI ;) , + ﬂgls’w) +(1—0p)J; + f;LO, (4.20)
I;mr_e (QE gm£+/6€ smr) (1_07’)JT+f;m7 (421)

where f:J = ( )fe,yr + 9fa,g+1 05 f&‘] efs,m‘ + ( - e)fa,j—i—l,ﬁa 1<y <m, f;,o = aﬁfa,l,ﬁa
Jem = Or femyr. We set

) ) o)+ ()

xrt
Wewritexz<> >0if xt > 0and = > 0.
x

I+
We set 1. j = (IJ e) 1 < j < m, and write the system (4.18)—(4.21) in the matrix form
€,4,7
Aels,j—l—l + BaI&j = fa,ja 1 <7 <m, (422)
Aoy = (1—00)J0+ f, (4.23)
B Ly =(1-0:)Jr + fems (4.24)

where
B 1—6p. —0Oa, B —(1—-0)ae —(1—0)p-
Ae= (—(1 —-0)B. —(1— 9)045) » Be= ( —for. 1—0p. ) ’
AE,Z = (1 - HEBE *95045) , Bam = (*97"045 1- erﬁs) s

+
faj—(;’j), 1<) <m.
7‘7

Let us verify that the system (4.22)—(4.24) is uniquely solvable. For this purpose we consider
the corresponding homogenous system

Axji1+Bx; =0, 1<j<m, (4.25)
Alyx; =0, (4.26)
Be,rxm =0 (4.27)
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for unknown x; = ;_F ) < m. The matrix A, is nonsingular since det A, = —(1—0)a. #
0. Therefore, the syst] (4.25) is equivalent to the system
xj+1 = Qexj, 1< j<m,
where Q. = —A_ IB.. The eigenvalue ¢ of the matrix Q. satisfies the equation
det (B: +¢A.) =0

ie., (1 —0)acq® —[(1—08.)%+ (1 —0)%2a? — (1 —0)28% — 6%a?]q + (1 — §)a. = 0 which can be
transformed to the form
¢* —2(1+p)g+1=0,

where
1

=—|6

p€ 2(1 _ 0)0&5[ (

Since ae > 0, B > 0 and 1 — a. — B > 0, we have p. > 0. Thus, the matrix Q. has two
eigenvalues q- = 1+ p. — \/2p: +p2 and ¢-' =1+ p. + /2p. + p2. Tt is clear that 0 < ¢. < 1.
1

L= B+ ae)+ (1 =0)(1—ac+B)[(1 —a: = B). (4.28)

It is easy to see that the eigenvector v, = ( ) corresponds to the eigenvalue g. and the

O¢
. O¢ . _1
eigenvector v, o = ) corresponds to the eigenvalue ¢ *, where

(1 — 0/68)(15 — (1 — 9)045 _ 90‘5 + (1 — 9)/85(:16
(1-0)B-+0a.q:  1-0B.— (1 —0)acq.’

and the general solution to the system (4.25) has the form

O¢c =

x; =01¢0 7 ve 1 + Cog™ vea, 1< j<m, (4.29)
where C7 and Cs are arbitrary constants.
Lemma 4.2. The following relation holds:
0<o. <1 (4.30)
Proof. From the inequalities 0 < o, 0 < B, 1 — e — B > 0, 0 < g. < 1 it follows that

1_9ﬁ5_(1_0)a5q5>1_/65_a5>07

Oae + (1 - 0)65(]5 Oae + (1 - 9)5& 1—oa:— B
0<o.= < =1- < 1.
T 1-08.—(1—-0aeqe  1—-0B.—(1—0)a. 1-0B.—(1—0)a.
The lemma is proved. O

We note that
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where p. = az0: + B, re = ae + Be0.. We note that 0 <p. < 1,0 <r. < 1.
It is clear that

Bz—:Vz-:,l = _q€A€V€,17 A€V€,2 = _qu€V€,27 (4'31)
ie.,
(1 - 9)7"5 = Q€(1 - epa)v oe — Ore = Ck(l - e)ps
We set
¢ o — Oprc ¢ 0 —Opre
ot 1- eﬁps ’ =T 1- 97«105
We note that (4.30) implies
O < C57€ < O’E‘? 0 < ngr < UE’ (4.32)

Substituting (4.29) with j = 1 into (4.26), we obtain the expression for the general solution to
the system (4.25), (4.26)

= 0" (Ve — Gud?U " Vven), (4.33)
where C'is an arbitrary constant. If (4.27) holds, we obtain the identity
C(1—0,pe) (1 — GeGerg?™ V) = 0

which implies C' = 0, Thus, the homogeneous system (4.25)—(4.27) has only trivial solution, and
the system (4.22)—(4.24) is uniquely solvable.

We also note that the solution to the system (4.25), (4.27) has the form

X = C’qgfl(vE 1—Ce, qu )vg 2), (4.34)

where C' is an arbitrary the constant.

For the further considerations, it is useful to represent the solution to the system (4.22)-
(4.24) as

1 1 ) .
»J |:J£+1—f60:| 7J+[ fam}yed—i_z ;Zgéj Zfszg;ﬁ L<y<sm,
+ +
. — ng Jp— zE:j y 3
wherey. ;= "2/ | and z.; = [ 7/ |, 1 <j < m, are solutions to the systems
. 2z .
£,] =)
As}’s,j-i—l + Be}’a,j =0, 1<j<m, (4'35)
A yye1 =0, (4.36)
B.,yem =1-10,. (4.37)
and
Aazs,j—H + Baze,j =0, 1<j5<m, (438)
Az =10 (4.39)
Bs,rzs,m =0 (4.40)
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Z’7]‘7+ i727+
. i 9e 5 i 9e 5 . .
respectively, whereas gzz = ( £ ) and gé? = ( b _>, 1 < j < m, are solutions to the

il,—
systems = =
Asgiﬁﬂ + Bagi’,; = d;je1, 1< j<m, (4.41)
Al =0, (4.42)
B., gl =0, (4.43)
and
Al +Bgll =des, 1<j<m, (4.44)
A glt =0, (4.45)
B.,g5, =0 (4.46)

respectively. Here, 1 <4 < m and ¢;; denotes the Kronecker symbol.

We obtain formulas for y. ;, z. j, gi’;, gi’j, 1 < j < m. Since y.; and z.; satisfy (4.35),
(4.36) and (4.38), (4.40) respectively, we have

Ye i = Cs,r qzn_j(vs,Q - Ca,ZQ§(j_1)V5,1)a 1<j<m, (4~47)
Zej = CE,Z qgil(ve,l - C&,qu(mij)va,ﬂ? 1<j<m. (4-48)

Substituting these formulas into (4.37) and (4.39), we find

1—-0,
Cer = 2(m—1),’
(1 - arpe)(l - ge,éga,r(k )
1—
C&,é = 95

(1 - nge)(l - CE,rCa,éqg(m_l)) ‘

We note that from (4.30), (4.31), 0 < g < 1 it follows that

Ve2 — Cs,fqz(jil)va,l >0, Vel — Ca,rqz(m J)VE,Q >0, 1<5<m. (4'49)

Since Ce >0, C. ¢ > 0, from (4.47)—(4.49) it follows that

Yej >0, 25>0, 1<j<m (4.50)
We fix 7, 1 <7 < m and set
1 i o(i1 o
il Cé,ﬂé j(Ve,2 - Ca,z%(] )Ve,1), 1< <,
e i1 j—i—1 2(m—j o
OOy (Ve — G Vi), i< <m.

We note that gi’
C’i’é such that

£

; satisfies (4.41) for j # ¢ and also (4.42), (4.43). We choose constants C’;]lL and

il il
Acgi 1+ Beg; =ei,
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ie.,
Coy(Acver — G2V AV ) + CLI(Baven — G p?VBLve ) = e1.
Taking into account the identities (4.31), we obtain the system
CE 3(Acver + G2 Bovi) + Czﬁ(BaVE,Q + g T AVo) = ey,
ie.,
—[(1 = 0)pe — Coq® (1 = 0po)]CLY + [1 = Ope — G ™ D711 = O)po)]CLY = 1,
(1= 0pe — Ceeg? 1 (1 = 0)p)]CE) = [(1 = 0)pe — Cep2™ 7071 (1 = Op:)]CL5 = 0.

Solving this system, we find

i 1 m—i
Caﬁ A_[(l - ) Ce 7“(1 - 0])8) A )= 1]
€
il 1 21
0572 A_[l - GPE C&‘,E(l - 9)p5q5 ]7
€
where
Ac = (1= CuCerg?™ V)1 = pe)(1 = Ope + (1 — O)pc) > 0. (4.51)
Thus,
(1 2m—i)—17 i—j 2(j—1)
A_[(l - 9)p€ - Ce,?“(l - Hpa)qa }QE (Vs,2 - CE,an Vs,l)a
€
i1 1<j<1<m,
gl=1{ | (4.52)
A_[l — Op: — Ca,f(l - H)peq?’ 1}‘]2 - l(Vs,l - CE,TQg(m_])Vs,Z),
€
Similarly, we have
1 m—1i
1= 0p: — G (1= O)peq2 ™ g (ven — Cpg?V Ve ),
A
€
io 1<j<i<m,
gg:j = 1 (453)
A_[(l - ) Ca Z(l - Hpa) 2= 1]Qg - l(Val Ca Tq5 )V 2)
1<i<ji<m

We note that
(1= 0)pe — Cer(1 = Op)g2™ ™71 > (1= 0)p — 0o(1 — Op.)ge
= (1=0)p. —0-(1—O)r. = (1 - 0)(1 — 02)B. >0,
1—0p. — Ceo(1 = 0)pq? ' > 1—0p. — (1 —0)p. =1 —p. > 0.

Similarly,

(1= 0)p. Cef(l o 9}95) 2> 0, 1-0p:—¢, (1 - )psqs(m_i)_l > 0.

Therefore, from (4.49), (4.51) it follows that gz; >0, gzj’j >0,1<j<m.
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5 Auxiliary Asymptotic Formulas

Lemma 5.1. The following relations hold:
2

a:=1-2-w)e—(1—w+ %)52(1115 4+ —3/2) + 0(e3In*¢), (5.1)

Be = we +w(l — %)62(110&—1—7—3/2)—1—0(63 In?¢), (5.2)

1—a.—fB: =20 +e2(lne+v—3/2) + O(3In?e). (5.3)
Proof. Using (2.3) and (2.5), we find

/E%(T) dr = /(2E2(7) —1)dr + /(EQ(T) —1)2dr =1—2F3(¢) — e+ O(e®In?¢), (5.4)

0 0 0

€
/E2 EQE—T dr= / +E2€—T—1)d
0 0

+ (EQ( ) = 1)(Es(e —7) —1)dr = 1 — 2E3(¢) —e + O(*In*¢). (5.5)

o,

Using (3.7), (5.4), (5.5), (2.6), we find

5

a. = 2F5(e) + w/\Ilf2 (1)Es(e — 7)dr

— 2Bs(c) + w/ [w v (1 _ E)EQ(T) - %EQ(S - T)}EQ(g —7)dr + O(*In®¢)

2
0
1 w
=2F3(e) +w w<§ — E3(5)> + (1 - 5) /EQ(T)EQ(€ —7)dr
—% EQZ(T) dr +O(53 In? £)
0
= 2B3(e) + @ w(% - E3(5)> +(1-w)(1—2B5(c) — )| + O(3n%e)

2
=1-2-w)e—(1—-—w+ %)52(ln5+’y— 3/2) + O(e3In%¢),

B = w/\p?(T)EQ(r) dr = w/ [w + (1 - %)EQ(T)
0 0
— %EQ(E - T)] Eo(1)dr + O(% In%¢)
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+ 0(e31In%¢)

— [w(§ - Eg(g)) n (1 - 5) /Egm dr — %/EQ(&— — 7)Ey(r)dr
0
)

_ w[w(% ~ B3(0)) + (1 - w)(1 - 2B5(e) — )] + O(¥ <)

= we + w(l - %)52(1115 4+~ —3/2) 4+ O(e3In%¢).
Formulas (5.1) and (5.2) are proved. From these formulas we obtain (5.3). O

We recall that

g

1-6 1 Mo+ 3
i—=) =1 '
1+§5w(ln5—|—2)\0+fy+1/2)

Ao =

Lemma 5.2. The following relation holds:

pe = 2;;5) (1 + ;To) (1+ O(2In%e)). (5.6)

Proof. From (4.28), (5.1)—(5.3) it follows that
1
2(1 - fae
201 —¢)+2(1—0)e
21 -0)(1— (2 —w)e)
20[1+ (1/60 — 2)¢]
1-0)(1-2-m)e)

= iefzz [1+(1/0 = 2)e][1 + (2 — w)e] [1 + %6w(lns +y— 3/2)] (1+0(2In2¢))

Pe = 01 — B +ac) + (1 = 0)(1 —ac + B:)|(1 — ac — Be)

(26 + €2 (Ine +v —3/2))(1 + O(%In’¢))

[1 n %5w(ln5 by 3/2)} (1+0(2In2¢))

= i_z :1 +(1/0 —2)e + (2 — w)e + %Ew(lne +v— 3/2)} (1+0(2In2¢))

2eT 1-— 1
S Ol “en(lne + v+ 1/2)] (1+0(2In%e))
Ao L 0 2

2. 1
- /\—5 1+§€w(ln£+2)\0+7+1/2)](1+O(521n25))
0_

= %(5) (1 + ;To) (14 0(e?1n?¢)).

The lemma, is proved. ]

Lemma 5.3. The following relations hold:

2
q€:1—21/)\£0+)\—i+0(53/21n5), (5.7)
€
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Proof. From (5.6) it follows that

2
pe = E(1+O(51]{15))
Ao
2e
Ge =14+ pe — /20 +pz = \/2p€+p€+0 3/2) -2 ; +)\_+O( B/QIDE),
0

1
Ing. = —In[1 + po +/2pe + p2] = —(pe + /2p + p2) + 5 (e + V20 + p2)?

1
7 (P + V2 + p2)t + O(p2?)

1
—\/2pg+pg+gpg\/2p5+pg+0(pg/2) (1——p5)\/2pg+pe+0 5/%)
1 9 € € € 9. 9
-= =1+ o (1- =) 1
2,05(1 12,05)(1-1-0(5 ) NG +3/\0( 6/\(])( + O(e”In“¢))

= — L 62 1’128 .
=[x 1+ o m*e)

1
— (0= + V20 + ) +

The lemma is proved. O

Corollary 5.1. The following relation holds:
¢ = e IIVAO (14 03 Im2e)), 1<j<m. (5.9)
Proof. From (5.8) it follows that
¢ = exp(jIng.) = exp [—7;/VEAE)(1 + O(e2In?€))] = e/ VA (1 4+ O(3/2 In%e)).
The lemma is proved. O

Lemma 5.4. The following relations hold:

0c =1—2/Epm + 2600 + O ne), (5.10)
=142 /Fm + 2600 + O Ine). (5.11)

Proof. From (5.7) it follows that
260
g = 91 /20 —|— 1457 + 0% ne). (5.12)

Using (5.1)-(5.3), (5.12), we find
Ooe + (1 _0)/86(]6 . (1_9)(@5"‘56)(1 —qa) +(1 _55 _045)

l—o.=1— -
o 108 — (1 - 0)acq: 105 — (1 - 0)acy:
20 = — o) + 260 + O(£3/21 2 260,
_ 20w —cw) ¥ 2 £ O Ine) _ 2E00 + 200 (1+O(elne))
0 +20,/c9-+ O(e) 14+2,/60=

= (2\/E0,0 +260,0)(1 —2,/E9=)(1 +O(elne)) = (2/6g= — 269,)(1 + O(elne)).
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Formula (5.10) is proved. As a consequence,

oot—1= ! ;;5 = 2@__22;%100(?;2 e 2@\;;;@(1 + O(elne))
= (20,0 — 260,w)(1 +2\/E9=)(1 + O(elne)) = (2\/€9,w + 2¢0,5)(1 + O(elne)).
The lemma is proved. O
Lemma 5.5. The following relations hold:
Pe=1—2/Fgm + 205 — 260 + 032 Ine), (5.13)
re =1 — 2, + O(%/?). (5.14)

Proof. From (5.1), (5.2), (5.10) it follows that
Pe = eoe + B = (1 — (2 — @)e)(1 — 2\/Epm + 260.00) + we + O(3? Ine)
=1-2,/Egm + 2600 — 265 + O(3? Ine),
Fe =0+ Be0e =1 — (2= w@)e + we + 0(E%?) =1 = 2e, + O(3/?).

The lemma, is proved. ]

6 Derivation of Asymptotics of Solution to Problem P’

We recall that Problem P! is the problem (1.1)-(1.5) with J; = 1, J. = 0, and F = 0. We
note (cf. Section 4) that for this problem

+
Z_ - .
I =2.;= <;’]> , 1<j<m,

is a solution to the system (4.38)—(4.40), i.e

2y = Copgl M (1= Gpoe?™ ), (6.1)

z;j = Ce qu 1( Oe — CE,T‘qgQ(m_j))y (6,2)
where L
Ca( = —

)

(1 - prs)(l - Ca,ZC&,rqg(m_l))
whereas the solution I, for all 1 < j < m is defined by

T

Jgj(M,T):Z;je*ﬁ*fﬂ)/u% / e (=gl (PYdr', (7)€ D, (6.3)
Tj—1
Iy = e g / TSI, () eDy. (64)
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where

is a solution to the equation

1 _
Ssl,j(T) = WAs,j(SgIJ)( ) + Z EQ(’T — ijl) + §ZE,]‘E2(7-]' - T), TE [ijlaTj]v
and has the form
1 1 _
SLi(r) = §Z§j‘I’EEQ (1 —7j-1) + §Za,j‘1’sEQ(Tj =7), TET-1,7] (6.5)

6.1. Proof of Theorem 2.2. By (5.9), (5.13), and (5.10),

o i : 2m-1), 1;9@0(8) =a/ (e)(1+ 0(e)),
[ 1-6, (1 )](1_<512C€rq (m— )) 1_|_ — \/_
Cep0e = 1 —229;/% (1+0(e)) = 7 O(e)
1+1_—9€\/% (1+1_9\/—>(1+2m)
- 1—}-20(5) =a, ()(1+ O(e)),
1+1_—0£ €0,w
Cs,g]' —;0'5 N 1-— 6567w (1 +O(€)) . E 1—|—O(E)
I+ T VEo= (+179Z\/*>(1+\/m)
N 111%(6) =ay()(1+ O(e))
L+ gV

From (5.10), (5.13), (5.14) it follows that

oc =0 1—0,+0.—1+0,(1—-rc) 1 1—6,
1_97"])5 B 1_9r+97“(1_p€) B

CE,T =

1= (Veow — €00 — bre)
= = (14 0(*?ne))

r

2
1+ ¢ (\Cow — €0 + €w)
— Ur

14 0(%?1ne)

[1—1— 207(5 —€0,w + € )Hl—i— 2 (\Eo.m—€ —96)4-#8
A R A e A (R

14+ O0(e%?1ne) B0 3/2
- =b,(e)(1 + O(e”*1ne)). (6.6)
- 2(1+6,) N 2(1+6,)?

1 _ 97- 60,’&7 (1 _ 07-)2 69,@
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From (6.6) and (5.10), (5.11) it follows that

Ce,r o 1 +O(€3/21n€)

T 201+, 2(1+6,)

_ S 1+ 0 o)), (67)

1—9V =t g

Cr 14 0@ Ine)

OcCer = 1 =
' 2(1+ 6, 140,
O¢ |:1 + (1 _H_T) /597w + 7((1 .y, ))2 ew] (14—2,/69 + 2¢e¢ w)

O¢

3/2
_ . 1+ O(&‘ ln€)8 _ b;}-(g)(l 4 0(63/2 11’15))‘ (68)
1+ q, /€0, + m@,w

Using (6.7), (6.8), (5.9), (5.13) and taking into account the relations

1406,
1—b;f(5)~1_46,/€9,w, 1_br_(€)N14_9r0 VEom, 1-0(e)~ (1j9) €0w» €—0,

we get,

L= 0(erg2™ P = 1= bl ()e M VRO (14 02 In? e))
= [1 - b (e)e 2™ =)/VAE|(1 + O(e In?e)),

| = e 2mi) Z 1 (e)e 2m—mVAE (1 4 032 In2 e))

O¢

= [1 — b;(€)€_2(7—*_7—j)/\/ 5>\(5)](1 + 0(8 1n2 5)),
L G2 = 1 e IVAP (L 1 O )

= [1 — B9(e)e 2T/ Ve (1 + O(eIn?e)).

Thus,
2 = Coug T (1= o2 ) = af (e)e T 1/VENE)
X (1= b} (e)e 2T~ IVAO) (1 4 O(elne)) = Z7,(1+ O In<)), (6.9)
2= Ceyoeql™ 1(1 - Cg—jqf(m‘j)> = a; (e)e -1/ VEAE)
x (1= b7 (£)e 2m—/VAE) (1 4 O(e In?e)) = Z_,(1+ O(eln*e)). (6.10)
By (3.9), from (6.5), (6.9), (6.10) it follows that
£i(T) = %(Z; +2.;)(1+0(ele)) = Cg,z%; Lot - Cr 2™ (1 4+ O(ene))

= a)(e)e -/VAEN (1 — b0 (e)e X )/VEAEN) (1 4 O(eIn?e)) = Z. (1 + O(eIn®¢)). (6.11)
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Now, (2.7), (2.8) follow from (6.3), (6.4) and (6.9), (6.10), whereas (2.9) is a consequence of
(6.11). Theorem 2.2 is proved.

Remark 6.1. Since

1 _ 140
5(2;;7 + Z&j) - Cg’g 9 2

@1~ g2 m))
= a(e)e VA1 - ¢, 2" D)1+ 0(e)) = af(e)e VRO 4 Oe),
from (6.5) and (3.7) it follows that
L (ri172) = 5 (e + 2 UE(E/2) = (E)af(e)e P VA 1 0e), (6.12)
where () = @ + (1 — @) Ea(c/2).
6.2. Proof of Theorem 2.3. IF 7, — 7; > §(¢) = 1/eA(e) In(1/¢), then
Coeq? )~ e AT IIIVENG) — (),

ﬂqz(m_j) -~ 6—2(”@—’@)/@ — 0(52).

O¢

Therefore, (5.9), (6.1), and (6.2) imply
2t = Coge VD1 1 02 In?e)),

;= Ceyoce T HIVAE (14 03 In’e)).

Taking into account (5.13) and (5.11), we have

Cop 1;0(52) _ 91 +O(32Ine) ()14 0 Ine)
’ L 20, )
1+1_9€(1—p5) 1+1_9€(w/59,w_59,w+5w)
Cey 14 0(e*?In¢)
Coste = b = —
: L+ = (VEom — o + sw)} [1+2,/E0m + 2600
— by

1 3/2]
= 5 +O(e" Ine) 2, =a, (6)(1 + O(3? Ine)).
I+ ——(/ @
+1_9£( 507w+59,w)+1_9£5

Thus, in view of (5.9), we have

2 =G (e)e VRO (1 4 02 Ine)) = Z1,(1 4+ O(c** In?e)), (6.13)
2, =y (e)e VA (14 02 Ine)) = ZZ,(1+ O(=%/* In?e)). (6.14)

Taking into account (3.7) and (3.8), from (6.13), (6.14), and (6.5) we find

1 1 ~
Sgl,j(T) = §z:"j\I/E2 (1 —T1j-1) + §Z;j\I/E2 (rj—71) = Z;(1)(1 + 0(321In?¢)). (6.15)
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Now, (2.10) and (2.11) follow from (6.3), (6.4) and (6.13), (6.14), whereas (2.12) is obtained
from (6.15). Theorem 2.3 is proved.

6.3. Justification of asymptotics of the solution to Problem P!!. We recall that
Problem P! is the problem (1.1)-(1.5) with J, =0, J, = 1, and F = 0. We note (cf. Section 4)

that for this problem
v
Ie,j:ye,j: E,’J , 1< j<m,

is a solution to the system (4.35)—(4.37)

y;:j = Ca,rqgn_j(ae - C&qu(j—l))’

y;j = Ca,rQ?l_j(l - CE,ZUEQEQ(j_l));
1-0,
Cer = 2(m—1)y’
(1 - 9Tp€)(1 - CE,ZCS,TQE )

whereas the solution I is defined for all 1 < j < m by

T

L5, 7) =yl e T % / e TSI dr', (7)€ Dy,

5
gnohT>:yﬂﬁ—miﬂ/u+W%T/e—“uﬂ”“&%@ﬂdH,o%T>elkw
T

where

1 1
11 E - 1 F
Sz—:,j(T) = §y;:j\1152<7— - Tj—l) + §y5,jqjs2(7—j —-7), TE [Tj—lﬂTj]'

Theorems 2.4 and 2.5 are analogues of Theorems 2.2 and 2.3 and are proved in a similar way.
Using the natural symmetry of Problems P! and P!, it is possible to obtain the asymptotics
for Problem P!! from the asymptotics of the solution to Problem P! by replacing 7, 6y, 0., I},
I- with 7. — 7, 0,, 0, IZ I respectively.

Remark 6.2. We write the following analogue of formula (6.12):

S (rj1p2) = (el TINVET £ 0(), 1< <m. (6.16)

7 Justification of Asymptotics of Solution to Problem P!/

We recall that Problem P!/ is the problem (1.1)—(1.5) with J, = 0 and J, = 0.

7.1. Asymptotics of the solution to Problem P We set Fi_1y9 = F(7j-1/2), 1 <

7 < m. By Problem P we understand the problem different from Problem P! only by

function F replaced with a piecewise constant function F taking the values F(7) = Fj_yp for
7 € (1j-1,75), 1 < j < m. Let I. be a solution to this problem.
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The following relations hold (cf. Section 4):

T

_ - 1 VI~ D
I:j(ﬂa )= I:jlef(ffqu)/u + = / e (7= )/WI)&J-(T/) ', (u,7) € D::j,

W

Is,j(ﬂa T) = IE_,] e~ (r=m)/lu + 1] / (r'=r /lul(baj( )dTlv (1, 7) € EE_J )

where

= —IIT
q)EJ(T) = ws{;‘] ( ) + (1 - w)F’j—l/%

1
/Ta,j(MaT) dp
—1

and the function

—IIT 1
Ss,j (T) = 5

is a solution to the equation

—IIT —IIT 1-4
S&.J (7') = WAE,j(SaJ )(T) + §Is,j,€E2(T — ijl)

Furthermore,

74—

_ 0 )

Ie,j = —677]7 ) 1< J<m,
Iejr

is a solution to the problem (4.22)—(4.24) with J, =0, J, =0, F = F

Aaie,j—f—l + Bsie,j = ?67j7 1 < J <m,
Aa,fia,l = GZTE,I,K)
Bz—:,rie,m = arfg,m,ra

where
F,] (( )f€_]7’+0f57]+1£>’ 1<j<m,
efajr ( )fa,g—f—l,é
7
Jejr =201 - =) / WL (1) By(rj — m)dr, 1< <
Tj—1
Tj+1

Jejire=2(1-w) / UE (T Ey(m — 1) dr, 0<

Tj
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Using (4.15) and (4.16), we find

£

Fejr =201~ W)Fj—1/2/‘1’§(T)E2(€ —7)dr=(1—ac = B)Fj_12, 1<j<m,
0

£

fejre=2(1- W)Fj+1/2/\1j;(7)E2(7') dr = (1 — o — B:)Fjy1p0, 0<j<m,

0
F (1=0)F;_1/2+0F; 12 .
f.,;, = , 1 <7< m.
2 = (1 m0e =) <9F —12+ (L=0)Fjia g

Lemma 7.1. Foralll1 <j<m
Lj=T;+|Flcio-0), (7.5)
where L,j =F;_ 191 — Fijo%c j — Fpy_12yej, 1L < j < m.
Proof. Taking into account that
Acz.ji1+Bez.; =0, Ay .j11+By.; =0, 1<j<m,
Acyz.1=1—-0,, Acpy.1=0, Bepzep, =0, Bo,yem =1-0,,
we have
AL +BL;= Fii10A:1+ Fj_15B:1
= (1= bac — 0B:)[Fjy1/2€1 + Fj12€2] — (1 — 0)(ce + Be)[Fjr1/2€2 + Fj1/2€1]
= (=0 = B)((L=0)Fj_1)2 + OF1/2)e1 + (0Fj_1/2 + (1 = 0)Fj112)e2]
+ (1= 0)(Fjp12 — Fio12)(er —e2), 1<j<m,
ALy = (1= 0ac — 0B) Fyjo — (1= 00) Fyjo = (1 — e — )0, o,
B., L= (1— 0. —0,6:)F,,_ 12— (1 =00)Fy 12 = (1 —a: = B:)0:Fyy_1)2.
Thus,
ATjin— L)+ BTy —Lj) = (1 0)(Fjp12— Fjo1pp)(er —e2), 1<j<m,
A (L1 —T.1) =0,

Bam(Ia,m - Ta,m) =0.

Consequently,

m—1

L;-I;= Z i+1/2 — Fio 1/2)(g€,j gi’i-)’ I<g<m. (7.6)
=1
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We set

1 1 .
Wej = Xeg — (Ae,fxa)ﬁzs,j - (BE,TXE)ﬁYE,ja 1<j<m, (77)
— U — Ur
where .
Xe = e —ey), 7.8
I Me— ) (7.9
Since
A€W5’j+1 + BEWSJ' =e —ey, 1<j<m,
AE,KWE,l = 07
B.,w:m =0,
we get,
m—1 )
weg =) (8l —gl) 1<j<m
=1
Thus, (7.6) implies
L;— T&j =(1- )(F +1/2 — 1/2)W5,]
m—
1 2 .
Z v — Ficvpg = Fijpp + Fiapl(el; —8ly), 1<ji<m
=1
Taking into account that
|F j+1/2 — 1/2\ HF/HC[O,T*157
|Fiv1/2 — Fici2 — Fipiy2 + Fj_12] < |’F/,||C[O,T*]|i_j|52a

we arrive at the inequality

m—1
~ - _
Ly = Lyl <l rjelwesl + 1 F lerie® Y li = dllgty — g2l 1<j<m.  (7.9)
=1
It is easy to see that (7.7) and (7.8) imply
=0(1). 1
max [we,| = O(1) (7.10)
From (4.52) and (4.53) it follows that
1—p. [ + Ca qu(m R 1}Q2_j(va,2 - Cs,@qs(j_l)va,l)a 1<j<i<m,
8 — 8, = »
T B e T (e — Ger 2 ), L<i<i<m
Taking into account (4.51), we have
1—p. 1 1

A (1= gl ™ V)1 = bp. + (1 - 0)p) T2(1-0)
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Taking also into account that 1 — ¢. ~ /e/\g, we have

m—1 -1 m—1
> li—gllel — el =0m)| Y li—gle T+ > fi—jlgt
i=1 i=1 i=j+1
- 1
1) ket = 0(1)m =0, (7.11)
k=1
Now, from (7.9)—(7.11) we obtain the estimate
max. Ly =Lyl = 1 lc10 10 (e)-
The lemma, is proved. U

Lemma 7.2. Forall1 <j<m

—III
S.; (1) =Fj_1/2 = Fi28L (1) = Frue1 o SIS (7) + |1 F |l 0110,7,10(E), 7 € (-1,75),  (7.12)

where
1 1 _
SI(r) = 50 (r = o) 4 G0 (- 7).
IT 1 o 1 o
Ss,j( ) 2?/5]\1] (T_T] 1)+ y&j\:[l (T] _T)'

Proof. From (7.4) and the relation
1 1
1= @A j(1)(7) + 5 Bo(T = 7j-1) + 5 Bo(7j = 7) + (1 = w)Ae,; (1)(7)
it follows that

Se (1) = Fjoajp = @A (S0 — Fiap2)(7)
14 1
+ §(Ia,j,€ = Fj_179) BT — 7j-1) + E(Is,j,r = Fj_1)9)Ea(rj — 7).
Therefore,
ggjl(T) —Fj_ 1= %(T;,e — Fi_1) U (1 —7520) + %(Ts_,j,r — Fj_1)9) U™ (1 — 7).
Using formula (7.5), we arrive at (7.12). O

Lemma 7.3. If 71 < d(¢), then

z;je_(T_ijl)/N_i_% / 6_(7_7/)/“S§7j(7’) d’i'/]

-
I (p,7) = Fj_172 — Fij3

-+
+ ||FHC2[O,T*]€7 (M?T) € -Dg,j) (713)

T;j(ﬂﬂ') = Fj—1/2 - F1/2

2rye T T/'“'+— / (r'=r /lﬂlsi,j(r’)df']

+ HFHCZ[O,T*]E» (,Ua T) € Egjj (714)

—IIT
Sa,j (1) = ijl/2 - F1/2SEI,]'(T) + HF/HCWO,T*}O@), TE (Tj—laTj)~ (7.15)
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If T; > 7. — 6(g), then

-+ —(r—Ti_ w (=
I j(1,7) = Fj_172 = Fin_1)2 [yzje (r=mi-)/e 4 m / e (gl (7) dT/]
Tj—1

J

—+
+I1Fllc20,m08:  (157) € Dy, (7.16)
75
=— . w —(r'—7
IE,]’(”’ ’7') = F]71/2 — mel/Q [ye’je ( J )/Ilul + m e ( )/Iung7§(T/) dTI]
+ 1Fllc20,m08,  (1,7) € D, (7.17)
—IIT
S.; (1) =Fj_12 = Fru12S5(0) + | F | 01j0..10(), 7 € (-1, 7)), (7.18)

If §(e) < 1j—1 < 175 < 7 — d(), then

Ie,j(:ua T) = Fj—1/2 + ||FHCQ[O,T*]O(€)7 (,LL,T) € EE,j- (719)
=IIT
Sei (1) =Fj_10+ |F'c1(0m)0(e), 7 € (Tj-1,75)- (7.20)
Proof. If 7,_1 < d(¢), then from (7.5), (7.12), (7.3) and the relations
y57j = 0(67(7—*77—])/V 5)\(5)> — 0(8),
we obtain (7.15) and

Lj = Fj_101 — F1 27 j + || Fl|c2(0,7,)O(€), (7.21)

il

ei(T) = Fj71/2 - F1/2W551,j(7) + HF”CQ[O,T*]O(E)7 T E [Tj—lﬂ'j]- (7.22)

Substituting (7.21), (7.22) into (7.1) and (7.2), we find

T

T —(7—7; 1 —(r—7'
I«:j(ﬂﬁ) = [Fj_12 — Fija2]jle el g w / e TTTRE; Ly = FyjpwSE (7)) dr
Tj—1
—(T—Tj= w —(r—7'
+|F | c2p0,5,O(€) = Fj_1y2 — Fuyp |22 e 700/ n / e TInsL () dT’]
Tj—1

=+
T Flc20,m10(),  (1,7) € Dej

Ty
- s 1
I j(1,7) = [Fj172 — Fip22_ jle =)/l 4 Tl /6 Iy jy — FyppwSE(7)] dr

75
- (r—Ti_ w (! —1
+ 1 Fllc2jo,r0(€) = Fj1j2 — Fij2| 2 € (r=mi-)/p ;/e ( )/“Séj(f’) dT’]

T

+ HFHCQ[O,T*]O(g)? (:u’v T) € Da,j'

570



Thus, we have proved (7.13)—(7.15). In the case 7; > 7,, —(¢), formulas (7.16)—(7.18) are proved
in a similar way.

If §(e) < 1j-1 < 15 < 7 — d(€), then (7.5), (7.12), and (7.3) imply (7.20) and
I.; = Fj—1/21 + |1 F |l c2(0,7,1O (),
De(1) = Fj_1o + | Fllezppr)O(e), 7 € [1j-1,75]-

Therefore,

T

T —(7—75 1 —(r—1'
1.5 (1,7) = Fj_y e rl>/ﬂ+; / e TTTVHE, |y dr! + || F )| g2p0.7O(€)

Tj—1

—+
= F’j—l/2 + ”FHCQ[O,T*}O(E)a (M77—) € Da,ja
7

Emw—ﬂuw“’m+m/<fWWmWWmemp@

= Fj_1)2 + | Fllc20,,10(), (n,7) € D ;.

The lemma, is proved. O

7.2. Proof of Theorem 2.6 (continued). Let I. be a solution to Problem P/, We note
that formulas (4.2), (4.3), (7.1), (7.2) imply I.; — I.; € C(D.;), 1 < j < m. Consequently,
formula (2.1) implies

max  sup |l j(u,7) = Lo (1, 7)| S |F = Fllreor) < I1Flcpne (7.23)
Isjsm (/"7)655,]'

I III
max 1527 = Sej et 1) < 1Flciomes (7.24)

where

1
1
S ) = 5 [ Lt du
-1

Let 7j_1 < 0(¢). Using the estimate (7.23) and relations

’ —1/2 — F(r)| < HF/HC[O,T*}Ev T E [Tj—lvTjL
|Fyjo — F(O)| < I1F|lco,m0€

from (7.13) and (7.14) we get

T

L(u,m) = F(7) = F(0) | 2d ;e 7m0/ % / eI () dr!

-+
+ [[Fllc20,m8: (1:7) € Doy, (7.25)
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j
- — (-7 w —(r'—7
I25(in.7) = PUr) = FO) |z Z [ omnilsl ) ar
+IFllczpome,  (u7) € Deyj. (7.26)
We note that a, (¢) = a; (¢)(1 + O(¢)) and ?ig_(s) =a, (¢)(14+ O(e)) and (6.13)—(6.15) imply

2= af (€)e™ T /VRE (1 4+ O(e )):2;(1+0(e)),

&,

2y = a; () VRO 4 0(e) = 22,1+ 0G)), (7:27)

SLi(7) = Zj(r)(1+ O(e)).

Substituting these expressions into (7.25) and (7.26), we find (2.13) and (2.14). Now, (2.15)
follows from (7.27).
Similarly, in the case 7; > 7. — d(¢), (7.16)—(7.18) imply (2.16)—(2.18) and, in the case
d(e) < 1jo1 <15 < T —0(e), (7.19) and (7.20) imply (2.19) and (2.20). Theorem 2.6 is proved.
Remark 7.1. From (7.12) it follows that

Sslfjl(Tj—l/Q) =Fj12— F1/2Sal,j(7'j—1/2) Frn 1/25 1G j—1/2)
+ |Fllc20,7,)0(), 1< j<m. (7.28)
8 Justification of Diffuse Approximation

We prove Theorem 2.7. Let u. be a solution to the problem

N )d22u5—|—u5—F, re(e)2, 7 —2/2) (8.1)
Bedluler2) = 2 Bt —ef2) = 25 82)
where
Bl =~ VA e + e
Berlu) = VA s + T

We set M = max{||Fllcre/2,m—c/2s el | Tr] }-
Lemma 8.1. The solution to the problem (8.1), (8.2) satisfies the estimate
HUEHC[a/Q,T*—a/Q] < M. (8.3)

Proof. Let 7.y be a positive maximum point of the function u.. If 7. € (¢/2,7 — €/2),
then

d2
Fue(ﬂnax) < O>
d2
Ua('rmax) < _Wus('rmax) + us('rmax) = F(Tmax) < HFHC[E/Q,T*—E/Q]-
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If Thax = £/2, then

%ug(a/Z) <0
1+ 69(e) 2a9(¢)
1_7[&(6)%(5/2) < Beyluel(e/2) = 1—6762(5)&

Taking into account that b%(¢) < 1 and 2a(¢) < 1 + b9(¢), we have u.(g/2) < |Jg|.

If Timax = T« — £/2, then

%us( —€/2) >

1 + bo(e)
=)

which implies u. (7. — £/2) < |J,|. Hence us(Tmax) < M.

el = /) < Bulud(r —e/2) = 2oL,

Arguing in a similar way, we see that the inequality u.(7Tmin) = —M holds at the negative

maximum point Tyip.
We represent the solution to the problem (8.1, (8.2) as
ue = Joye + Jrze + ve,

where z. is a solution to the problem

2
—eM(e )dd ——5Z+2.=0, TE (/2,7 —¢€/2),
CLO
Beclzdl(e/2) = TS, Bl —</2) =0,

ye is a solution to the problem
d2
- e)\(s)ﬁyg +y.=0, 7€ (/2,1 —¢/2),

2a;)(e)

Bedlyel(e/2) =0, Berlyel(m —¢/2) = 70 5

and v, is a solution to the problem

2
dr 2
BE,Z[U€](5/2) =0, Bs,r[vs]('r* - 6/2) =0.

—eMe)==ve +ve=F, T€ (/2,1 —¢/2),

It is easy to see that

a0 (e)e=(T==//V/AE)
1 — bg (E)bg (5)6—2(7'* —e)/\/eX(e)

_ ag(é_)e—(fr—eﬂ)/\/e)\(a) +O(€),

[1 o b8(8)672(7'*75/277)/\/EA(E)]

ze(T) =

(8.7)
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ag (8)6_(7—* —e/2—7)/y/eX(e)

— 1 -0 —2(1—¢/2)/\/eA(e)
TR TV R |

= al(e)e” (" 7E27M/IVENE) 1 O(e). (8.8)
Lemma 8.2. The solution to the problem (8.5), (8.6) admits the representation

ve(T) = F(T) = F122(7) = Finm1)20e(7) + (| Fllc2e 2,7 -/20(€), 7 € /2,7 — /2], (8.9)

Proof. We recall that Fy, = F(¢/2), Fy_1/2 = F(7« —¢/2) and set F{/Q = F'(g/2),
F' 12 = = F'(1. —¢/2). We note that the function . = ve — F'+ F} j92c + Fy;,_1 /2y is a solution

to the problem

d? d?
—e)(e )d 5V + . = eA(e )d SF, 7€ (e/2,m —€/2),
14+ b69(e) — 2al(e
Bey[ye)(e/2) = VeX(e) F jp — f(_)bo(g)e( )F1/27
i

14 8(e) —2a°
Bep[Ue](Te —/2) = —/eMe) Fy, 10 — ha {(f)bo(g;br(s)le/z

By Lemma 8.1 applied to . for u., we obtain the estimate

bo(e
[Vellclej2,m—e 2y < maxq eNE)F |2, —e/2)5 2a0(e)
ay

VEME)F]

1+ b)(e) — 2ad(e)
1—b)(e) 12

1 —b)(e)
" 2a)(e)

1+ 80(e) — 2a2(¢)
V& m—1/2 1 b9(€) Fm—1/2

}.

Since

- 1(e) = O(E), 1+bY(e) - 2a4(e) = O(e), al(e) ~ 1,
1= () = O(E), 1+b0(e) — 2a,(e) = O(e),  a(e) ~ 1,

we obtain the estimate
1]l cle/2,m—e/2) < 1 F lo2(e /2,7 —e 21 O(E)-

The lemma, is proved. O]
We recall that »(¢) = w + (1 — w)Fs(e) and set
Zf,j = af(e)e 1 /VENE), ya?j = a¥(e)e )/ VEAE),
Corollary 8.1. Foralll <j<m

ue(Tj1/2) = Fj_172 + (Jo — Fl/?)Zg,j + (Jr — Fm—1/2)Ye(,)j + MO(e). (8.10)
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Proof. From (8.7) and (8.8) it follows that
2 (Tjo1yn) = ad(e)e TV L O(e) = 20, 4 0(e),
e(7im1j2) = ad(e)e” " TIIVEE 1 0(e) =YD + O).
Therefore, from (8.4) and (8.9) we have
Ue(Tj_1/2) = Joze(Tj—1/2) + JrYe(Tj—1/2) + Ve(Tj—1/2)
=Fi_10+ (Je — F1/2)Zg,j + (Jr — Fm—l/?)y;‘(,]j + MO(e).
The corollary is proved. ]

Lemma 8.3. Let I. be a solution to the problem (1.1)~(1.5). Then for all1 < j < m

47
Ue(Tjo1/2) = - [Fj_1/2 + 2(e)(Je — F1/2)Zg,j + 3(e)(Jr — Fm—1/2)Ys(,)j +MO(e)].  (8.11)

Proof. From the representation of I, in the form (1.6) and formulas (7.28), (6.12), (6.16) it
follows that

47
Ue(Tj_1/2) = - [JeSE(Ti_1/2) + JpSH (7j_1/2) + ST (751 )9)]

47
= [Fj_1y2 4 (Jo = Fiy2)S"(1j_1/2) + (Jr — Frn12)S™ (7521/2) + MO(e)]

a7
= [Fjo1ja + () (Je = Fiya) 22 j + () (Jr = Frp_1/2) Y2 + MO(e)].

The lemma is proved. O

To complete the proof of Theorem 2.7, it remains to note that (2.23) is obtained from
(8.10) and (8.11), whereas (2.24) is obtained by roughening (2.23) and taking into account that
#(e) =14 O(elne). Theorem 2.7 is proved.
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