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ASYMPTOTIC BEHAVIOR OF A SOLUTION
TO THE RADIATIVE TRANSFER EQUATION
IN A MULTILAYERED MEDIUM WITH DIFFUSE
REFLECTION AND REFRACTION CONDITIONS
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We consider the radiative transfer problem in a multilayered semitransparent medium

composed of m plane vertical layers of optic thickness ε = τ∗/m. It is assumed that the

interfaces separating the layers as well as the left and right boundaries of the multilay-

ered system are diffuse reflecting and diffuse refracting. We obtain asymptotics of the

radiation intensity Iε and its density Uε as ε → 0. Bibliography: 2 titles.

1 Introduction

We consider the radiative transfer problem in a multilayered semitransparent medium composed

of m planar vertical layers of optic thickness ε = τ∗/m, where τ∗ is the total optic thickness

of the layer system which is assumed to be fixed. The jth layer is associated with the interval

(τj−1, τj), 1 � j � m, where τj = εj. We assume that the interface separating layers and the

left and right boundaries are diffuse reflecting and refracting. All layers possess the same optic

properties. The scattering inside the layers and the density of volume radiation sources are

isotropic.

The unknown is the radiation intensity Iε(μ, τ) defined on the set

Dε =
m⋃

j=1

Dj,ε,

where Dε,j = D−
ε,j ∪D+

ε,j , D
+
ε,j = (0, 1] × (τj−1, τj), D

−
ε,j = [−1, 0) × (τj−1, τj), 1 � j � m. The

variable μ is interpreted as the cosine of the angle between the direction of radiation propagation

and the perpendicular to the system of layers. The value of the intensity of radiation propagating

inside the jth layer is denoted by Iε,j(μ, τ). We denote by I+ε,j(μ, τ) and I−ε,j(μ, τ) the values

of the radiation intensity corresponding to μ > 0 and μ < 0, i.e., the values of the intensity of
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radiation propagating inside the jth layer “to the right” and “to the left.” The functions Iε,j ,

I+ε,j , and I−ε,j are the restrictions of Iε on Dε,j , D
+
ε,j , and D−

ε,j respectively. We set

I±ε,j,�(μ) = I±ε,j(μ, τj−1 + 0), I±ε,j,r(μ) = I±ε,j(μ, τj − 0).

The sought function Iε is a solution to the problem

μ
d

dτ
Iε,j + Iε,j = �S (Iε,j) + (1−�)F, (μ, τ) ∈ Dε,j , 1 � j � m, (1.1)

I+ε,j+1,� = R+(I−ε,j+1,�) +P+(I+ε,j,r), μ ∈ (0, 1], 1 � j < m, (1.2)

I−ε,j,r = R−(I+ε,j,r) +P−(I−ε,j+1,�), μ ∈ [−1, 0), 1 � j < m, (1.3)

I+ε,1,� = R+
� (I

−
ε,1,�) + (1− θ�)J�, μ ∈ (0, 1], (1.4)

I−ε,m,r = R−
r (I

+
ε,m,r) + (1− θr)Jr, μ ∈ [−1, 0). (1.5)

The function F ∈ C2[0, τ∗] characterizing the density of isotropic volume radiation sources and

constants J�, Jr characterizing the radiation falling on the layer system at the left and at the

right are given.

Equation (1.1) describes radiative transfer inside the jth layer, where S is the scattering

operator

S (Iε,j)(τ) =
1

2

1∫

−1

Iε,j(μ, τ) dμ,

� ∈ [0, 1) is the albedo coefficient of the medium, i.e., the quotient of dividing the scattering

coefficient by the sum of the absorption and scattering coefficients.

The conditions (1.2) and (1.3) describe diffuse reflection and diffuse refraction of radiation

on the interface separating the jth and (j + 1)th layers, where R± and P± are the diffuse

reflection and diffuse refraction operators

R+(I−ε,j+1,�) = 2θ

0∫

−1

I−ε,j+1,�(μ) |μ| dμ, P+(I+ε,j,r) = 2(1− θ)

1∫

0

I+ε,j,r(μ)μdμ,

R−(I+ε,j,r) = 2θ

1∫

0

I+ε,j,r(μ)μdμ, P−(I−ε,j+1,�) = 2(1− θ)

0∫

−1

I−ε,j+1,�(μ) |μ| dμ.

Here, 0 < θ < 1 is the coefficient characterizing the reflection properties of the interface sepa-

rating layers.

The conditions (1.4) and (1.5) describe diffuse reflection and diffuse refraction of radiation

on the left and right boundaries of the layer system, where

R+
� (I

−
ε,1,�) = 2θ�

0∫

−1

I−ε,1,�(μ) |μ| dμ, R−
r (I

+
ε,m,r) = 2θr

1∫

0

I+ε,m,r(μ)μdμ,

0 < θ� < 1, 0 < θr < 1 are the coefficients characterizing reflection properties of the left and

right boundaries of the layer system.
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By (1.2)–(1.5), the values I+ε,j,�, I
−
ε,j,r for all j are independent of μ.

The existence and uniqueness of a solution to the problem (1.1)–(1.5) follow from [1]. The

corresponding result is contained in Section 2.

The goal of this paper is to study the asymptotic properties of the solution to the problem

(1.1)–(1.5) as ε → 0. We also indicate the important characteristic of radiation: the density

Uε(τ) =
2π

c

1∫

−1

Iε(μ, τ) dμ =
4π

c
S (Iε)(τ),

where c is the radiation propagation velocity. It is convenient to represent the solution Iε as the

linear combination

Iε = J�I
I
ε + JrI

II
ε + IIIIε (1.6)

of solutions to the following three problems:

Problem P I with J� = 1, Jr = 0, F = 0,

Problem P II with J� = 0, Jr = 1 and F = 0,

Problem P III with J� = 0 and Jr = 0.

Each of these problems is of an independent interest. Problems P I and P II govern the

propagation of the radiative flux falling on the layer system at the left and at the right. Problem

P III describes the radiation generated by isotropic volume sources.

The paper is organized as follows. The main results of the paper are formulated in Section

2 and are proved in the remaining sections 3–8.

2 The Main Results

2.1. The unique solvability of the problem (1.1)–(1.5). We formulate the result about

the solvability of the problem following from [1]. Let 1 � j � m. We set

D
−
ε,j = [−1, 0)× [τj−1, τj ], D

+
ε,j = (0, 1]× [τj−1, τj ], Dε,j = D

−
ε,j ∪D

+
ε,j .

We introduce the space W ∞(Dε,j) of functions f(μ, τ) in L∞(Dε,j) that can be extended to Dε,j

in such a way that f(μ, ·) ∈ W 1,∞(τj−1, τj) ∩ C[τj−1, τj ] for almost all μ ∈ [−1, 0) ∪ (0, 1] and

μ
d

dτ
f ∈ L∞(Dε,j).

For a function Iε defined on Dε we denote by Iε,j its restriction on Dε,j , 1 � j � m.

We introduce the space W ∞(Dε) of functions Iε ∈ L∞(Dε) such that Iε,j ∈ W ∞(Dε,j) for all

1 � j � m.

By a solution to the problem (1.1)–(1.5) we mean a function Iε ∈ W ∞(Dε) satisfying Equa-

tion (1.1) for almost all (μ, τ) ∈ Dε,j , 1 � j � m, the conditions (1.2), (1.4) for almost all

μ ∈ (0, 1], and the conditions (1.3), (1.5) for almost all μ ∈ [−1, 0).

Theorem 2.1. Let F ∈ L∞(0, τ∗). Then the problem (1.1)–(1.5) has a solution Iε ∈
W ∞(Dε). The solution is unique and satisfies the estimates

‖Iε‖L∞(Dε) � max{‖F‖L∞(0,τ∗), |J�|, |Jr|}, (2.1)
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max
1�j�m

∥∥∥μ
d

dτ
Iε,j

∥∥∥
L∞(Dε,j)

� 2max{‖F‖L∞(0,τ∗), |J�|, |Jr|}. (2.2)

2.2. Notation. We use the exponential integral function

Ek(τ) =

1∫

0

e−τ/μμk−2 dμ, k = 1, 2, 3.

We recall the formulas [2]

d

dτ
E2(τ) = −E1(τ),

d

dτ
E3(τ) = −E2(τ), τ > 0, (2.3)

E1(τ) = −γ − ln τ + τ +O(τ2), τ → 0+, (2.4)

E2(τ) = 1 + τ(ln τ + γ − 1) +O(τ2), τ → 0+, (2.5)

E3(τ) =
1

2
− τ − 1

2
τ2(ln τ + γ − 3/2) +O(τ3), τ → 0+, (2.6)

where γ is the Euler constant: γ = 0, 577215 . . .. Formulas (2.3)–(2.6) will be often used below

with any special references.

Assume that ϕ = ϕ(ε, μ, τ,�, θ, θ�, θr, τ∗), ϕj = ϕj(ε, μ, τ,�, θ, θ�, θr, τ∗), and ψ = ψ(ε). We

write ϕ = O(ψ(ε)), ϕj = O(ψ(ε)) if for all sufficiently small ε > 0

|ϕ| � C|ψ(ε)|, |ϕj | � C|ψ(ε)|,
where the constant C > 0 can depend on �, θ, θ�, θr, τ∗, but is independent of ε, μ, τ , j.

We also use the notation

ε� = (1−�)ε, εθ,� =
1− θ

θ
(1−�)ε,

λ0 =
1− θ

θ(1−�)
, λ(ε) =

1

4

λ0 +
ε

3

1 +
1

2
ε�(ln ε+ 2λ0 + γ + 1/2)

.

2.3. Asymptotics of the solution to Problem P I . Let Iε be a solution to Problem P I .

Theorem 2.2. For all 1 � j � m

I+ε,j(μ, τ) = [Z+
ε,je

−(τ−τj−1)/μ +�Zε,j(1− e−(τ−τj−1)/μ)](1 +O(ε ln2 ε)), (μ, τ) ∈ D
+
ε,j , (2.7)

I−ε,j(μ, τ) = [Z−
ε,je

−(τj−τ)/|μ| +�Zε,j(1− e−(τj−τ)/|μ|)](1 +O(ε ln2 ε)), (μ, τ) ∈ D
−
ε,j , (2.8)

Uε(τ) =
4π

c
Zε,j(1 +O(ε ln2 ε)), τ ∈ (τj−1, τj). (2.9)

where

Z+
ε,j = a+� (ε)e

−τj−1/
√

ελ(ε)[1− b+r (ε)e
−2(τ∗−τj)/

√
ελ(ε)],

Z−
ε,j = a−� (ε)e

−τj−1/
√

ελ(ε)[1− b−r (ε)e
−2(τ∗−τj)/

√
ελ(ε)],

Zε,j = a0� (ε)e
−τj−1/

√
ελ(ε)[1− b0r(ε)e

−2(τ∗−τj)/
√

ελ(ε)],
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a+� (ε) =
1

1 +
2θ�

1− θ�

√
εθ,�

, b+r (ε) =
1

1 +
4

1− θr

√
εθ,� +

8

(1− θr)2
εθ,�

,

a−� (ε) =
1

1 +
2

1− θ�

√
εθ,�

, b−r (ε) =
1

1 +
4θr

1− θr

√
εθ,� +

8θ2r
(1− θr)2

εθ,�

,

a0� (ε) =
1

1 +
1 + θ�
1− θ�

√
εθ,�

, b0r(ε) =
1

1 +
2(1 + θr)

1− θr

√
εθ,� +

2(1 + θr)
2

(1− θr)2
εθ,�

.

Remark 2.1. Important characteristic of optic systems are the reflection coefficient R and

the transmission coefficient T which are equal to the quotients of dividing the radiation fluxes

reflected or transmitted by the medium by the radiation flux falling on the body.

In the case under consideration, radiative flux falling on the multilayered medium at the left

is equal to 1, the reflected radiative flux is equal to

θ� + 2(1− θ�)

0∫

−1

I−ε,1,�(μ)|μ| dμ,

and the transmitted radiative flux is equal to

2(1− θr)

1∫

0

I+ε,m,r(μ)μdμ.

By Theorem 2.2, R = θ� + (1− θ�)a
−
� (ε)(1 +O(ε ln2 ε)) = 1− 2

√
εθ,� +O(ε ln2 ε) → 1 as ε → 0

and T = 2(1− θr)O(e−τ∗/
√

ελ(ε)) → 0 as ε → 0. Thus, the behavior of the multilayered medium

looks like an almost mat mirror.

Theorem 2.2 yields the asymptotics of the solution on [0, τ∗] with the relative accuracy

O(ε ln2 ε). However, it is possible to specify the asymptotics if we ignore the behavior of the

solution in a neighborhood of the point τ∗, where the radiation intensity is negligibly small.

We set δ(ε) =
√

ελ(ε) ln(1/ε).

Theorem 2.3. If τj � τ∗ − δ(ε), then

I+ε,j(μ, τ) =

[
Z̃+
ε,je

−(τ−τj−1)/μ

+
�

μ

τ∫

τj−1

e−(τ−τ ′)/μZ̃ε,j(τ
′) dτ ′

]
(1 +O(ε3/2 ln2 ε)), (μ, τ) ∈ D

+
ε,j , (2.10)

I−ε,j(μ, τ) =

[
Z̃−
ε,je

−(τj−τ)/|μ|

+
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Z̃ε,j(τ
′) dτ ′

]
(1 +O(ε3/2 ln2 ε)), (μ, τ) ∈ D

−
ε,j , (2.11)
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Uε(τ) =
4π

c
Z̃ε,j(τ)(1 +O(ε3/2 ln2 ε)), τ ∈ (τj−1, τj), (2.12)

where

Z̃+
ε,j = ã+� (ε)e

−τj−1/
√

ε/λ(ε), ã+� (ε) =
1

1 +
2θ�

1− θ�
(
√
εθ,� − εθ,� + ε�)

,

Z̃−
ε,j = ã−� (ε)e

−τj−1/
√

ε/λ(ε), ã−� (ε) =
1

1 +
2

1− θ�
(
√
εθ,� + εθ,�) +

2θ�
1− θ�

ε�

,

Z̃ε,j(τ) =
1

2
Z̃+
ε,j

[
� +

(
1− �

2

)
E2(τ − τj−1)− �

2
E2(τj − τ)

]

+
1

2
Z̃−
ε,j

[
� +

(
1− �

2

)
E2(τj − τ)− �

2
E2(τ − τj−1)

]

2.4. Asymptotics of the solution to Problem P II . Let Iε be a solution to Problem P II .

Theorem 2.4. For all 1 � j � m

I+ε,j(μ, τ) = [Y +
ε,je

−(τ−τj−1)/μ +�Yε,j(1− e−(τ−τj−1)/μ)](1 +O(ε ln2 ε)), (μ, τ) ∈ D
+
ε,j ,

I−ε,j(μ, τ) = [Y −
ε,je

−(τj−τ)/|μ| +�Yε,j(1− e−(τj−τ)/|μ|)](1 +O(ε ln2 ε)), (μ, τ) ∈ D
−
ε,j ,

Uε(τ) =
4π

c
Yε,j(1 +O(ε ln2 ε)), τ ∈ (τj−1, τj),

where

Y +
ε,j = a+r (ε)e

−(τ∗−τj)/
√

ελ(ε)[1− b+� (ε)e
−2τj−1/

√
ελ(ε)],

Y −
ε,j = a−r (ε)e

−(τ∗−τj)/
√

ελ(ε)[1− b−� (ε)e
−2τj−1/

√
ελ(ε)],

Yε,j = a0r(ε)e
−(τ∗−τj)/

√
ελ(ε)[1− b0�(ε)e

−2τj−1/
√

ελ(ε)],

a−r (ε) =
1

1 +
2θr

1− θr

√
εθ,�

, b−� (ε) =
1

1 +
4

1− θ�

√
εθ,� +

8

(1− θ�)2
εθ,�

,

a+r (ε) =
1

1 +
2

1− θr

√
εθ,�

, b+� (ε) =
1

1 +
4θ�

1− θ�

√
εθ,� +

8θ2�
(1− θ�)2

εθ,�

,

a0r(ε) =
1

1 +
1 + θr
1− θr

√
εθ,�

, b0�(ε) =
1

1 +
2(1 + θ�)

1− θ�

√
εθ,� +

2(1 + θ2� )

(1− θ�)2
εθ,�

.

Theorem 2.5. If τj−1 � δ(ε), then

I+ε,j(μ, τ)=

[
Ỹ +
ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μỸε,j(τ
′) dτ ′

]
(1+O(ε3/2 ln2 ε)), (μ, τ) ∈ D

+
ε,j ,
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I−ε,j(μ, τ)=

[
Ỹ −
ε,je

−(τj−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Ỹε,j(τ ′) dτ ′
]
(1+O(ε3/2 ln2 ε)), (μ, τ) ∈ D

−
ε,j ,

Uε(τ) =
4π

c
Ỹε,j(τ)(1 +O(ε3/2 ln2 ε)), τ ∈ (τj−1, τj),

where

Ỹ −
ε,j = ã−r (ε)e

−(τ∗−τj)/
√

ελ(ε), ã−r (ε) =
1

1 +
2θr

1− θr
(
√
εθ,� − εθ,� + ε�)

,

Ỹ +
ε,j = ã+r (ε)e

−(τ∗−τj)/
√

ελ(ε), ã+r (ε) =
1

1 +
2

1− θr
(
√
εθ,� + εθ,�) +

2θr
1− θr

ε�

,

Ỹε,j(τ) =
1

2
Ỹ +
ε,j

[
� +

(
1− �

2

)
E2(τ − τj−1)− �

2
E2(τj − τ)

]

+
1

2
Ỹ −
ε,j

[
� +

(
1− �

2

)
E2(τj − τ)− �

2
E2(τ − τj−1)

]
.

2.5. Asymptotics of the solution to Problem P III . Let Iε be a solution to Problem P III .

Theorem 2.6. If τj−1 < δ(ε), then

I+ε,j(μ, τ) = F (τ)− F (0)

[
Ẑ+
ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μẐε,j(τ
′) dτ ′

]

+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
+
ε,j , (2.13)

I−ε,j(μ, τ) = F (τ)− F (0)

[
Ẑ−
ε,je

−(τj−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Ẑε,j(τ
′) dτ ′

]

+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
−
ε,j , (2.14)

Uε(τ) =
4π

c
[F (τ)− F (0)Ẑε,j(τ) + ‖F‖C2[0,τ∗]O(ε)], τ ∈ (τj−1, τj), (2.15)

where

Ẑ+
ε,j = a+� (ε)e

−τj−1/
√

ελ(ε), Ẑ−
ε,j = a−� (ε)e

−τj−1/
√

ελ(ε),

Ẑε,j(τ) =
1

2
Ẑ+
ε,j

[
� +

(
1− �

2

)
E2(τ − τj−1)− �

2
E2(τj − τ)

]

+
1

2
Ẑ−
ε,j

[
� +

(
1− �

2

)
E2(τj − τ)− �

2
E2(τ − τj−1)

]
.

If τj > τ∗ − δ(ε), then

I+ε,j(μ, τ) = F (τ)− F (τ∗)

[
Ŷ +
ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μŶε,j(τ
′) dτ ′

]
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+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
+
ε,j , (2.16)

I−ε,j(μ, τ) = F (τ)− F (τ∗)

[
Ŷ −
ε,je

−(τ−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Ŷε,j(τ ′) dτ ′
]

+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
−
ε,j , (2.17)

Uε(τ) =
4π

c
[F (τ)− F (τ∗)Ŷε,j(τ) + ‖F‖C2[0,τ∗]O(ε)], τ ∈ (τj−1, τj), (2.18)

where

Ŷ +
ε,j = a+r (ε)e

−(τ∗−τj)/
√

ελ(ε), Ŷ −
ε,j = a−r (ε)e

−(τ∗−τj)/
√

ελ(ε),

Ŷε,j(τ) =
1

2
Ŷ +
ε,j

[
� +

(
1− �

2

)
E2(τ − τj−1)− �

2
E2(τj − τ)

]

+
1

2
Ŷ −
ε,j

[
� +

(
1− �

2

)
E2(τj − τ)− �

2
E2(τ − τj−1)

]
.

If δ(ε) � τj−1 < τj � τ∗ − δ(ε), then

Iε,j(μ, τ) = F (τ) + ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ Dε,j , (2.19)

Uε(τ) =
4π

c
[F (τ) + ‖F‖C2[0,τ∗]O(ε)], τ ∈ (τj−1, τj). (2.20)

2.6. Diffuse approximation. To find asymptotic approximations of the radiation den-

sity Uε with accuracy of order O(ε), one can use the singularly degenerated one-dimensional

stationary diffusion equation

− ελ(ε)
d2

dτ2
uε + uε = F, τ ∈ (ε/2, τ∗ − ε/2), (2.21)

with special boundary conditions

Bε,�[uε](ε/2) =
2a0� (ε)

1− b0�(ε)
J�, Bε,r[uε](τ∗ − ε/2) =

2a0r(ε)

1− b0r(ε)
Jr. (2.22)

Here,

Bε,�[uε] = −
√
ελ(ε)

d

dτ
uε +

1 + b0�(ε)

1− b0�(ε)
uε, Bε,r[uε] =

√
ελ(ε)

d

dτ
uε +

1 + b0r(ε)

1− b0r(ε)
uε.

More exactly, the following assertion holds.

Theorem 2.7. Let uε be a solution to the problem (2.21), (2.22). Then

Uε(τj−1/2) =
4π

c
[κ(ε)uε(τj−1/2) + (1− κ(ε))F (τj−1/2) +MO(ε)], 1 � j � m, (2.23)

where τj−1.2 = (τj−1 + τj)/2, κ(ε) = � + (1 − �)E2(ε), M = max{‖F‖C2[0,τ∗], |J�|, |Jr|}.
Consequently,

Uε(τj−1/2) =
4π

c
[uε(τj−1/2) +MO(ε ln ε)], 1 � j � m. (2.24)

Remark 2.2. A solution to the problem (2.21), (2.22) is defined on the segment [ε/2, τ∗−ε/2]

but not on [0, τ∗].
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3 The Radiative Transfer Integral Equation

An important role in our further consideration is played by the radiative transfer integral

equations

Ψ(τ) = �Λε(Ψ)(τ) + f(τ), τ ∈ [0, ε], (3.1)

Ψ(τ) = �Λε,j(Ψ)(τ) + f(τ), τ ∈ [τj−1, τj ], (3.2)

where the operators Λε : C[0, ε] → C[0, ε] and Λε,j : C[τj−1, τj ] → C[τj−1, τj ] are given by

Λε(Ψ)(τ) =
1

2

ε∫

0

Ψ(τ ′)E1(|τ ′ − τ |) dτ ′, τ ∈ [0, ε],

Λε,j(Ψ)(τ) =
1

2

τj∫

τj−1

Ψ(τ ′)E1(|τ ′ − τ |) dτ ′, τ ∈ [τj−1, τj ].

We note that

Λε(1)(τ) = 1− 1

2
E2(τ)− 1

2
E2(ε− τ). (3.3)

Therefore,

‖Λε(1)‖C[0,ε] = 1− E2(ε/2),

‖Λε(Ψ)‖C[0,ε] � ‖Λε(1)‖C[0,ε]‖Ψ‖C[0,ε] = [1− E2(ε/2)]‖Ψ‖C[0,ε] ∀Ψ ∈ C[0, ε].

Consequently,

‖Λε‖ = ‖Λε‖C[0,ε]→C[0,ε] = 1− E2(ε/2). (3.4)

Thus, ‖�Λε‖ < � < 1 and for every f ∈ C[0, ε] Equation (3.1) has a unique solution

Ψf ∈ C[0, ε] represented as the Neumann series

Ψf =
∞∑

k=0

�kΛk
ε(f).

converging in C[0, ε]. We note that (3.4) and (2.5) imply

‖Λε‖ = O(ε ln ε). (3.5)

Therefore,

Ψf (τ) = f(τ) +�Λε(f)(τ) +O(ε2 ln2 ε)‖f‖C[0,ε], τ ∈ [0, ε]. (3.6)

We consider the solutions Ψ1
ε(τ), Ψ

E2
ε (τ), ΨE2

ε (ε− τ) of the equations

Ψ(τ) = �Λε(Ψ)(τ) + 1, τ ∈ [0, ε],

Ψ(τ) = �Λε(Ψ)(τ) +E2(τ), τ ∈ [0, ε],

Ψ(τ) = �Λε(Ψ)(τ) +E2(ε− τ) τ ∈ [0, ε]
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respectively. By (3.3), (3.5), (2.5),

Λε(E2)(τ) = Λε(1)(τ) + Λε(E2 − 1) = 1− 1

2
E2(τ)− 1

2
E2(ε− τ) +O(ε2 ln2 ε).

Therefore, (3.3) and (3.6) imply

Ψ1
ε(τ) = 1 +�

(
1− 1

2
E2(τ)− 1

2
E2(ε− τ)

)
+O(ε2 ln2 ε),

ΨE2
ε (τ) = � +

(
1− �

2

)
E2(τ)− �

2
E2(ε− τ) +O(ε2 ln2 ε), (3.7)

ΨE2
ε (ε− τ) = � +

(
1− �

2

)
E2(ε− τ)− �

2
E2(τ) +O(ε2 ln2 ε). (3.8)

Roughening these formulas, we find

Ψ1
ε(τ) = 1 +O(ε ln ε),

ΨE2
ε (τ) = 1 +O(ε ln ε), (3.9)

ΨE2
ε (ε− τ) = 1 +O(ε ln ε).

It is clear that

Λε,j(Ψ)(τ) = Λε(Ψ(· − τj−1))(τ − τj−1), τ ∈ [τj−1, τj ].

Consequently,

‖�Λε,j‖C[τj−1,τj ]→C[τj−1,τj ] = �‖Λε‖ < 1

and for every f ∈ C[τj−1, τj ] Equation (3.2) has a unique solution Ψf
ε,j ∈ C[τj−1, τj ]; moreover,

Ψf
ε,j(τ) = Ψ

fj
ε (τ − τj−1), τ ∈ [τj−1, τj ],

where fj(·) = f(τj−1 + ·).

4 Auxiliary Problem of Finding I+ε,j,� and I−ε,j,r, 1 � j � m

Let Iε,j be the restriction of the solution to the problem (1.1)–(1.5) onto Dε,j , 1 � j � m.

We set

Sε,j(τ) = S (Iε,j)(τ) =
1

2

1∫

−1

Iε,j(μ, τ) dμ, τ ∈ [τj−1, τj ], (4.1)

Φε,j(τ) = �Sε,j(τ) + (1−�)F (τ), τ ∈ [τj−1, τj ]. (4.2)

If the function Φε,j and constants I+ε,j,�, I
−
ε,j,r are given, then Iε,j can be regarded as a solution

to the problem

μ
d

dτ
Iε,j + Iε,j = Φε,j , (μ, τ) ∈ Dε,j ,

I+ε,j |τ=τj−1+0 = I+ε,j,�, I−ε,j |τ=τj−0 = I−ε,j,r.
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Solving this problem, we find

I+ε,j(μ, τ) = I+ε,j,�e
−(τ−τj−1)/μ +

1

μ

τ∫

τj−1

e−(τ−τ ′)/μΦε,j(τ
′) dτ ′, (μ, τ) ∈ D

+
ε,j , (4.3)

I−ε,j(μ, τ) = I−ε,j,re
−(τj−τ)/|μ| +

1

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Φε,j(τ
′) dτ ′, (μ, τ) ∈ D

−
ε,j . (4.4)

Integrating (4.3) and (4.4) with respect to μ, we have

Sε,j(τ) =
1

2

1∫

0

[
I+ε,j,�e

−(τ−τj−1)/μ +
1

μ

τ∫

τj−1

e−(τ−τ ′)/μΦε,j(τ
′) dτ ′

]
dμ

+
1

2

0∫

−1

[
I−ε,j,re

−(τj−τ)/|μ| +
1

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Φε,j(τ
′) dτ ′

]
dμ

=
1

2

τj∫

τj−1

Φε,j(τ
′)E1(|τ ′ − τ |) dτ ′ + 1

2
I+ε,j,�E2(τ − τj−1) +

1

2
I−ε,j,rE2(τj − τ).

Thus, the function Sε,j satisfies the equation

Sε,j(τ) = �Λε,j(Sε,j)(τ) +
1

2
I+ε,j,�E2(τ − τj−1) +

1

2
I−ε,j,rE2(τj − τ) + (1−�)Λε,j(F )(τ), (4.5)

and the function Φε,j satisfies the equation

Φε,j(τ) = �Λε,j(Φε,j)(τ) +
�

2
I+ε,j,�E2(τ − τj−1) +

�

2
I−ε,j,rE2(τj − τ) + (1−�)F (τ),

which implies

Φε,j(τ) =
�

2
I+ε,j,�Ψ

E2
ε (τ − τj−1) +

�

2
I−ε,j,rΨ

E2
ε (τj − τ) + (1−�)ΨF

ε,j(τ). (4.6)

We note that (4.3) implies

1∫

0

I+ε,j,r(μ)μdμ =

1∫

0

I+ε,j,�e
−ε/μμdμ+

1∫

0

[ τj∫

τj−1

e−(τj−τ ′)/μΦε,j(τ
′) dτ ′

]
dμ

= I+ε,j,�E3(ε) +

τj∫

τj−1

Φε,j(τ
′)E2(τj − τ ′) dτ ′. (4.7)

Similarly, from (4.4) it follows that

0∫

−1

I−ε,j+1,�(μ)|μ| dμ = I−ε,j+1,rE3(ε) +

τj+1∫

τj

Φε,j+1(τ
′)E2(τ

′ − τj) dτ
′. (4.8)
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Substituting (4.6) into (4.7) and (4.8), we find

R−(I+ε,j,r) = θ(αεI
+
ε,j,� + βεI

−
ε,j,r + fε,j,r), 1 � j < m, (4.9)

P+(I+ε,j,r) = (1− θ)(αεI
+
ε,j,� + βεI

−
ε,j,r + fε,j,r), 1 � j < m, (4.10)

R+(I−ε,j+1,�) = θ(αεI
−
ε,j+1,r + βεI

+
ε,j+1,� + fε,j+1,�), 1 � j < m, (4.11)

P−(I−ε,j+1,�) = (1− θ)(αεI
−
ε,j+1,r + βεI

+
ε,j+1,� + fε,j+1,�), 1 � j < m, (4.12)

R+
� (I

−
ε,1,�) = θ�(αεI

−
ε,1,r + βεI

+
ε,1,� + fε,1,�), (4.13)

R−
r (I

+
ε,m,r) = θr(αεI

+
ε,m,� + βεI

−
ε,m,r + fε,m,r), (4.14)

where

αε = 2E3(ε) +�

ε∫

0

ΨE2
ε (τ)E2(ε− τ) dτ,

βε = �

ε∫

0

ΨE2
ε (ε− τ)E2(ε− τ) dτ = �

ε∫

0

ΨE2
ε (τ)E2(τ) dτ,

fε,j,r = 2(1−�)

τj∫

τj−1

ΨF
ε,j(τ)E2(τj − τ) dτ, 1 � j � m,

fε,j+1,� = 2(1−�)

τj+1∫

τj

ΨF
ε,j+1(τ)E2(τ − τj) dτ, 0 � j < m.

It is clear that 0 < αε, 0 < βε. We present another property of the coefficients.

Lemma 4.1. The following relations hold:

1− αε − βε = 2(1−�)

ε∫

0

Ψ1
ε(τ)E2(ε− τ) dτ, (4.15)

1− αε − βε = 2(1−�)

ε∫

0

Ψ1
ε(τ)E2(τ) dτ. (4.16)

Proof. From (3.3) it follows that

1 = �Λε(1)(τ) +
�

2
E2(τ) +

�

2
E2(ε− τ) + 1−�.

Hence

1 =
�

2
ΨE2

ε (τ) +
�

2
ΨE2

ε (ε− τ) + (1−�)Ψ1
ε(τ). (4.17)

Multiplying (4.17) by 2E2(ε− τ) and integrating with respect to τ , we get the identity

1− 2E3(ε) = �

ε∫

0

ΨE2
ε (τ)E2(ε− τ) dτ +�

ε∫

0

ΨE2
ε (τ)E2(τ) dτ

552



+ 2(1−�)

ε∫

0

Ψ1
ε(τ)E2(ε− τ) dτ

which is equivalent to (4.15). Similarly, multiplying (4.17) by 2E2(τ) and integrating with

respect to τ , we arrive at (4.16).

Corollary 4.1. The following relation holds: 1− αε − βε > 0.

Substituting (4.9)–(4.14) into (1.2)–(1.5), we obtain the system

I+ε,j+1,� = θ(αεI
−
ε,j+1,r + βεI

+
ε,j+1,�) + (1− θ)(αεI

+
ε,j,� + βεI

−
ε,j,r) + f+

ε,j , 1 � j < m, (4.18)

I−ε,j,r = θ(αεI
+
ε,j,� + βεI

−
ε,j,r) + (1− θ)(αεI

−
ε,j+1,r + βεI

+
ε,j+1,�) + f−

ε,j , 1 � j < m, (4.19)

I+ε,1,� = θ�(αεI
−
ε,1,r + βεI

+
ε,1,�) + (1− θ�)J� + f+

ε,0, (4.20)

I−ε,m,r = θr(αεI
+
ε,m,� + βεI

−
ε,m,r) + (1− θr)Jr + f−

ε,m, (4.21)

where f+
ε,j = (1 − θ)fε,j,r + θfε,j+1,�, f

−
ε,j = θfε,j,r + (1 − θ)fε,j+1,�, 1 � j < m, f+

ε,0 = θ�fε,1,�,

f−
ε,m = θrfε,m,r. We set

0 =

(
0

0

)
, 1 =

(
1

1

)
, e1 =

(
1

0

)
, e2 =

(
0

1

)
.

we write x =

(
x+

x−

)
> 0 if x+ > 0 and x− > 0.

We set Iε,j =

(
I+ε,j,�
I−ε,j,r

)
, 1 � j � m, and write the system (4.18)–(4.21) in the matrix form

AεIε,j+1 +BεIε,j = fε,j , 1 � j < m, (4.22)

Aε,�Iε,1 = (1− θ�)J� + f+
ε,0, (4.23)

Bε,rIε,m = (1− θr)Jr + f−
ε,m, (4.24)

where

Aε =

(
1− θβε −θαε

−(1− θ)βε −(1− θ)αε

)
, Bε =

(
−(1− θ)αε −(1− θ)βε

−θαε 1− θβε

)
,

Aε,� =
(
1− θ�βε −θ�αε

)
, Bε,r =

(−θrαε 1− θrβε
)
,

fε,j =

(
f+
ε,j

f−
ε,j

)
, 1 � j < m.

Let us verify that the system (4.22)–(4.24) is uniquely solvable. For this purpose we consider

the corresponding homogenous system

Aεxj+1 +Bεxj = 0, 1 � j < m, (4.25)

Aε,�x1 = 0, (4.26)

Bε,rxm = 0 (4.27)
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for unknown xj =

(
x+j
x−j

)
, 1 � j � m. The matrixAε is nonsingular since det Aε = −(1−θ)αε 	=

0. Therefore, the system (4.25) is equivalent to the system

xj+1 = Qεxj , 1 � j < m,

where Qε = −A−1
ε Bε. The eigenvalue q of the matrix Qε satisfies the equation

det (Bε + qAε) = 0,

i.e., (1− θ)αεq
2 − [(1− θβε)

2 + (1− θ)2α2
ε − (1− θ)2β2

ε − θ2α2
ε]q + (1− θ)αε = 0 which can be

transformed to the form

q2 − 2(1 + ρε)q + 1 = 0,

where

ρε =
1

2(1− θ)αε
[θ(1− βε + αε) + (1− θ)(1− αε + βε)](1− αε − βε). (4.28)

Since αε > 0, βε > 0 and 1 − αε − βε > 0, we have ρε > 0. Thus, the matrix Qε has two

eigenvalues qε = 1 + ρε −
√
2ρε + ρ2ε and q−1

ε = 1 + ρε +
√
2ρε + ρ2ε. It is clear that 0 < qε < 1.

It is easy to see that the eigenvector vε,1 =

(
1

σε

)
corresponds to the eigenvalue qε and the

eigenvector vε,2 =

(
σε

1

)
corresponds to the eigenvalue q−1

ε , where

σε =
(1− θβε)qε − (1− θ)αε

(1− θ)βε + θαεqε
=

θαε + (1− θ)βεqε
1− θβε − (1− θ)αεqε

,

and the general solution to the system (4.25) has the form

xj = C1q
j−1
ε vε,1 + C2q

m−j
ε vε,2, 1 � j � m, (4.29)

where C1 and C2 are arbitrary constants.

Lemma 4.2. The following relation holds:

0 < σε < 1. (4.30)

Proof. From the inequalities 0 < αε, 0 < βε, 1− αε − βε > 0, 0 < qε < 1 it follows that

1− θβε − (1− θ)αεqε > 1− βε − αε > 0,

0 < σε =
θαε + (1− θ)βεqε

1− θβε − (1− θ)αεqε
<

θαε + (1− θ)βε
1− θβε − (1− θ)αε

= 1− 1− αε − βε
1− θβε − (1− θ)αε

< 1.

The lemma is proved.

We note that

Aεvε,1 =

(
1− θpε

−(1− θ)pε

)
, Aεvε,2 =

(
σε − θrε

−(1− θ)rε

)
,

Bεvε,1 =

(
−(1− θ)rε

σε − θrε

)
, Bεvε,2 =

(
−(1− θ)pε

1− θpε

)
,
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where pε = αεσε + βε, rε = αε + βεσε. We note that 0 < pε < 1, 0 < rε < 1.

It is clear that

Bεvε,1 = −qεAεvε,1, Aεvε,2 = −qεBεvε,2, (4.31)

i.e.,

(1− θ)rε = qε(1− θpε), σε − θrε = qε(1− θ)pε.

We set

ζε,� =
σε − θ�rε
1− θ�pε

, ζε,r =
σε − θrrε
1− θrpε

We note that (4.30) implies

0 < ζε,� < σε, 0 < ζε,r < σε. (4.32)

Substituting (4.29) with j = 1 into (4.26), we obtain the expression for the general solution to

the system (4.25), (4.26)

xj = Cqm−j
ε (vε,2 − ζε,�q

2(j−1)
ε vε,1), (4.33)

where C is an arbitrary constant. If (4.27) holds, we obtain the identity

C(1− θrpε)(1− ζε,�ζε,rq
2(m−1)
ε ) = 0

which implies C = 0, Thus, the homogeneous system (4.25)–(4.27) has only trivial solution, and

the system (4.22)–(4.24) is uniquely solvable.

We also note that the solution to the system (4.25), (4.27) has the form

xj = Cqj−1
ε (vε,1 − ζε,rq

2(m−j)
ε vε,2), (4.34)

where C is an arbitrary the constant.

For the further considerations, it is useful to represent the solution to the system (4.22)–

(4.24) as

Iε,j =
[
J� +

1

1− θ�
f+
ε,0

]
zε,j +

[
Jr +

1

1− θr
f−
ε,m

]
yε,j +

m−1∑

i=1

f+
ε,ig

i,1
ε,j +

m−1∑

i=1

f−
ε,ig

i,2
ε,j , 1 � j � m,

where yε,j =

(
y+ε,j
y−ε,j

)
and zε,j =

(
z+ε,j
z−ε,j

)
, 1 � j � m, are solutions to the systems

Aεyε,j+1 +Bεyε,j = 0, 1 � j < m, (4.35)

Aε,�yε,1 = 0, (4.36)

Bε,ryε,m = 1− θr. (4.37)

and

Aεzε,j+1 +Bεzε,j = 0, 1 � j < m, (4.38)

Aε,�zε,1 = 1− θ�, (4.39)

Bε,rzε,m = 0 (4.40)
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respectively, whereas gi,1
ε,j =

(
gi,1,+ε,j

gi,1,−ε,j

)
and gi,2

ε,j =

(
gi,2,+ε,j

gi,2,−ε,j

)
, 1 � j � m, are solutions to the

systems

Aεg
i,1
ε,j+1 +Bεg

i,1
ε,j = δije1, 1 � j < m, (4.41)

Aε,�g
i,1
ε,1 = 0, (4.42)

Bε,rg
i,1
ε,m = 0, (4.43)

and

Aεg
i,2
ε,j+1 +Bεg

i,2
ε,j = δije2, 1 � j < m, (4.44)

Aε,�g
i,2
ε,1 = 0, (4.45)

Bε,rg
i,2
ε,m = 0 (4.46)

respectively. Here, 1 � i < m and δij denotes the Kronecker symbol.

We obtain formulas for yε,j , zε,j , g
i,1
ε,j , g

i,2
ε,j , 1 � j � m. Since yε,j and zε,j satisfy (4.35),

(4.36) and (4.38), (4.40) respectively, we have

yε,j = Cε,r q
m−j
ε (vε,2 − ζε,�q

2(j−1)
ε vε,1), 1 � j � m, (4.47)

zε,j = Cε,� q
j−1
ε (vε,1 − ζε,rq

2(m−j)
ε vε,2), 1 � j � m. (4.48)

Substituting these formulas into (4.37) and (4.39), we find

Cε,r =
1− θr

(1− θrpε)(1− ζε,�ζε,rq
2(m−1)
ε )

,

Cε,� =
1− θ�

(1− θ�pε)(1− ζε,rζε,�q
2(m−1)
ε )

.

We note that from (4.30), (4.31), 0 < qε < 1 it follows that

vε,2 − ζε,�q
2(j−1)
ε vε,1 > 0, vε,1 − ζε,rq

2(m−j)
ε vε,2 > 0, 1 � j � m. (4.49)

Since Cε,r > 0, Cε,� > 0, from (4.47)–(4.49) it follows that

yε,j > 0, zε,j > 0, 1 � j � m. (4.50)

We fix i, 1 � i < m and set

gi,1
ε,j =

⎧
⎨

⎩
Ci,1
ε,1q

i−j
ε (vε,2 − ζε,�q

2(j−1)
ε vε,1), 1 � j � i,

Ci,1
ε,2q

j−i−1
ε (vε,1 − ζε,rq

2(m−j)
ε vε,2), i < j � m.

We note that gi,1
ε,j satisfies (4.41) for j 	= i and also (4.42), (4.43). We choose constants Ci,1

ε,1 and

Ci,1
ε,2 such that

Aεg
i,1
ε,i+1 +Bεg

i,1
ε,i = e1,
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i.e.,

Ci,1
ε,2(Aεvε,1 − ζε,rq

2(m−i−1)
ε Aεvε,2) + Ci,1

ε,1(Bεvε,2 − ζε,�q
2(i−1)
ε Bεvε,1) = e1.

Taking into account the identities (4.31), we obtain the system

Ci,1
ε,2(Aεvε,1 + ζε,rq

2(m−i)−1
ε Bεvε,2) + Ci,1

ε,1(Bεvε,2 + ζε,�q
2i−1
ε Aεvε,1) = e1,

i.e.,

−[(1− θ)pε − ζε,�q
2i−1
ε (1− θpε)]C

i,1
ε,1 + [1− θpε − ζε,rq

2(m−i)−1
ε (1− θ)pε)]C

i,1
ε,2 = 1,

[1− θpε − ζε,�q
2i−1
ε (1− θ)pε)]C

i,1
ε,1 − [(1− θ)pε − ζε,rq

2(m−i)−1
ε (1− θpε)]C

i,1
ε,2 = 0.

Solving this system, we find

Ci,1
ε,1 =

1

Δε
[(1− θ)pε − ζε,r(1− θpε)q

2(m−i)−1
ε ],

Ci,1
ε,2 =

1

Δε
[1− θpε − ζε,�(1− θ)pεq

2i−1
ε ],

where

Δε = (1− ζε,�ζε,rq
2(m−1)
ε )(1− pε)(1− θpε + (1− θ)pε) > 0. (4.51)

Thus,

gi,1
ε,j =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1

Δε
[(1− θ)pε − ζε,r(1− θpε)q

2(m−i)−1
ε ]qi−j

ε (vε,2 − ζε,�q
2(j−1)
ε vε,1),

1 � j � i < m,

1

Δε
[1− θpε − ζε,�(1− θ)pεq

2i−1
ε ]qj−i−1

ε (vε,1 − ζε,rq
2(m−j)
ε vε,2),

1 � i < j � m.

(4.52)

Similarly, we have

gi,2
ε,j =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1

Δε
[1− θpε − ζε,r(1− θ)pεq

2(m−i)−1
ε ]qi−j

ε (vε,2 − ζε,�q
2(j−1)
ε vε,1),

1 � j � i < m,

1

Δε
[(1− θ)pε − ζε,�(1− θpε)q

2i−1
ε ]qj−i−1

ε (vε,1 − ζε,rq
2(m−j)
ε vε,2)

1 � i < j � m.

(4.53)

We note that

(1− θ)pε − ζε,r(1− θpε)q
2(m−i)−1
ε � (1− θ)pε − σε(1− θpε)qε

= (1− θ)pε − σε(1− θ)rε = (1− θ)(1− σ2
ε)βε > 0,

1− θpε − ζε,�(1− θ)pεq
2i−1
ε � 1− θpε − (1− θ)pε = 1− pε > 0.

Similarly,

(1− θ)pε − ζε,�(1− θpε)q
2i−1
ε > 0, 1− θpε − ζε,r(1− θ)pεq

2(m−i)−1
ε > 0.

Therefore, from (4.49), (4.51) it follows that gi,1
ε,j > 0, gi,2

ε,j > 0, 1 � j � m.
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5 Auxiliary Asymptotic Formulas

Lemma 5.1. The following relations hold:

αε = 1− (2−�)ε− (1−� +
�2

2
)ε2(ln ε+ γ − 3/2) +O(ε3 ln2 ε), (5.1)

βε = �ε+�(1− �

2
)ε2(ln ε+ γ − 3/2) +O(ε3 ln2 ε), (5.2)

1− αε − βε = 2ε� + ε2�(ln ε+ γ − 3/2) +O(ε3 ln2 ε). (5.3)

Proof. Using (2.3) and (2.5), we find

ε∫

0

E2
2(τ) dτ =

ε∫

0

(2E2(τ)− 1) dτ +

ε∫

0

(E2(τ)− 1)2 dτ = 1− 2E3(ε)− ε+O(ε3 ln2 ε), (5.4)

ε∫

0

E2(τ)E2(ε− τ) dτ=

ε∫

0

(E2(τ) + E2(ε− τ)− 1) dτ

+

ε∫

0

(E2(τ)− 1)(E2(ε− τ)− 1) dτ = 1− 2E3(ε)− ε+O
(
ε3 ln2 ε

)
. (5.5)

Using (3.7), (5.4), (5.5), (2.6), we find

αε = 2E3(ε) +�

ε∫

0

ΨE2
ε (τ)E2(ε− τ) dτ

= 2E3(ε) +�

ε∫

0

[
� +

(
1− �

2

)
E2(τ)− �

2
E2(ε− τ)

]
E2(ε− τ) dτ +O(ε3 ln2 ε)

= 2E3(ε) +�

[
�
(1
2
− E3(ε)

)
+
(
1− �

2

) ε∫

0

E2(τ)E2(ε− τ) dτ

− �

2

ε∫

0

E2
2(τ) dτ

]
+O(ε3 ln2 ε)

= 2E3(ε) +�

[
�
(1
2
− E3(ε)

)
+ (1−�)(1− 2E3(ε)− ε)

]
+O(ε3 ln2 ε)

= 1− (2−�)ε− (1−� +
�2

2
)ε2(ln ε+ γ − 3/2) +O(ε3 ln2 ε),

βε = �

ε∫

0

ΨE2
ε (τ)E2(τ) dτ = �

ε∫

0

[
� +

(
1− �

2

)
E2(τ)

− �

2
E2(ε− τ)

]
E2(τ) dτ +O(ε3 ln2 ε)
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= �

[
�
(1
2
− E3(ε)

)
+
(
1− �

2

) ε∫

0

E2
2(τ) dτ − �

2

ε∫

0

E2(ε− τ)E2(τ) dτ

]
+O(ε3 ln2 ε)

= �
[
�
(1
2
− E3(ε)

)
+ (1−�)(1− 2E3(ε)− ε)

]
+O(ε3 ln2 ε)

= �ε+�
(
1− �

2

)
ε2(ln ε+ γ − 3/2) +O(ε3 ln2 ε).

Formulas (5.1) and (5.2) are proved. From these formulas we obtain (5.3).

We recall that

λ0 =
1− θ

θ(1−�)
, λ(ε) =

1

4

λ0 +
ε

3

1 +
1

2
ε�(ln ε+ 2λ0 + γ + 1/2)

.

Lemma 5.2. The following relation holds:

ρε =
ε

2λ(ε)

(
1 +

ε

3λ0

)
(1 +O(ε2 ln2 ε)). (5.6)

Proof. From (4.28), (5.1)–(5.3) it follows that

ρε =
1

2(1− θ)αε
[θ(1− βε + αε) + (1− θ)(1− αε + βε)](1− αε − βε)

=
2θ(1− ε) + 2(1− θ)ε

2(1− θ)(1− (2−�)ε)
(2ε� + ε2�(ln ε+ γ − 3/2))(1 +O(ε2 ln2 ε))

=
2θ[1 + (1/θ − 2)ε]

(1− θ)(1− (2−�)ε)
ε�

[
1 +

1

2
ε�(ln ε+ γ − 3/2)

]
(1 +O(ε2 ln2 ε))

=
2θε�
1− θ

[1 + (1/θ − 2)ε][1 + (2−�)ε]
[
1 +

1

2
ε�(ln ε+ γ − 3/2)

]
(1 +O(ε2 ln2 ε))

=
2ε

λ0

[
1 + (1/θ − 2)ε+ (2−�)ε+

1

2
ε�(ln ε+ γ − 3/2)

]
(1 +O(ε2 ln2 ε))

=
2ε

λ0

[
1 +

1− θ

θ
ε+

1

2
ε�(ln ε+ γ + 1/2)

]
(1 +O(ε2 ln2 ε))

=
2ε

λ0

[
1 +

1

2
ε�(ln ε+ 2λ0 + γ + 1/2)

]
(1 +O(ε2 ln2 ε))

=
ε

2λ(ε)

(
1 +

ε

3λ0

)
(1 +O(ε2 ln2 ε)).

The lemma is proved.

Lemma 5.3. The following relations hold:

qε = 1− 2

√
ε

λ0
+

2ε

λ0
+O(ε3/2 ln ε), (5.7)

ln qε = −
√

ε

λ(ε)
(1 +O(ε2 ln2 ε)). (5.8)
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Proof. From (5.6) it follows that

ρε =
2ε

λ0
(1 +O(ε ln ε)),

qε = 1 + ρε −
√

2ρε + ρ2ε = 1−
√

2ρε + ρε +O(ρ3/2ε ) = 1− 2

√
ε

λ0
+

2ε

λ0
+O(ε3/2 ln ε),

ln qε = − ln[1 + ρε +
√

2ρε + ρ2ε] = −(ρε +
√

2ρε + ρ2ε) +
1

2
(ρε +

√
2ρε + ρ2ε)

2

− 1

3
(ρε +

√
2ρε + ρ2ε)

3 +
1

4
(ρε +

√
2ρε + ρ2ε)

4 +O(ρ5/2ε )

= −
√
2ρε + ρ2ε +

1

3
ρε
√

2ρε + ρ2ε +O(ρ5/2ε ) = −
(
1− 1

3
ρε

)√
2ρε + ρ2ε +O(ρ5/2ε )

= −
√
2ρε

(
1− 1

12
ρε

)
(1 +O(ε2)) = −

√
ε

λ(ε)

√
1 +

ε

3λ0

(
1− ε

6λ0

)
(1 +O(ε2 ln2 ε))

= −
√

ε

λ(ε)
(1 +O(ε2 ln2 ε)).

The lemma is proved.

Corollary 5.1. The following relation holds:

qjε = e−τj/
√

ελ(ε)(1 +O(ε3/2 ln2 ε)), 1 � j � m. (5.9)

Proof. From (5.8) it follows that

qjε = exp(j ln qε) = exp [−τj/
√

ελ(ε)(1 +O(ε2 ln2 ε))] = e−τj/
√

ελ(ε)(1 +O(ε3/2 ln2 ε)).

The lemma is proved.

Lemma 5.4. The following relations hold:

σε = 1− 2
√
εθ,� + 2εθ,� +O(ε3/2 ln ε), (5.10)

σ−1
ε = 1 + 2

√
εθ,� + 2εθ,� +O(ε3/2 ln ε). (5.11)

Proof. From (5.7) it follows that

qε = 1− 2θ

1− θ

√
εθ,� +

2θ

1− θ
ε� +O(ε3/2 ln ε). (5.12)

Using (5.1)–(5.3), (5.12), we find

1− σε = 1− θαε + (1− θ)βεqε
1− θβε − (1− θ)αεqε

=
(1− θ)(αε + βε)(1− qε) + (1− βε − αε)

1− θβε − (1− θ)αεqε

=
2θ(

√
εθ,� − ε�) + 2ε� +O(ε3/2 ln ε)

θ + 2θ
√
εθ,� +O(ε)

=
2
√
εθ,� + 2εθ,�

1 + 2
√
εθ,�

(1 +O(ε ln ε))

= (2
√
εθ,� + 2εθ,�)(1− 2

√
εθ,�)(1 +O(ε ln ε)) = (2

√
εθ,� − 2εθ,�)(1 +O(ε ln ε)).
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Formula (5.10) is proved. As a consequence,

σ−1
ε − 1 =

1− σε
σε

=
2
√
εθ,� − 2εθ,� +O(ε3/2 ln ε)

1− 2
√
εθ,� +O(ε)

=
2
√
εθ,� − 2εθ,�

1− 2
√
εθ,�

(1 +O(ε ln ε))

= (2
√
εθ,� − 2εθ,�)(1 + 2

√
εθ,�)(1 +O(ε ln ε)) = (2

√
εθ,� + 2εθ,�)(1 +O(ε ln ε)).

The lemma is proved.

Lemma 5.5. The following relations hold:

pε = 1− 2
√
εθ,� + 2εθ,� − 2ε� +O(ε3/2 ln ε), (5.13)

rε = 1− 2ε� +O(ε3/2). (5.14)

Proof. From (5.1), (5.2), (5.10) it follows that

pε = αεσε + βε = (1− (2−�)ε)(1− 2
√
εθ,� + 2εθ,�) +�ε+O(ε3/2 ln ε)

= 1− 2
√
εθ,� + 2εθ,� − 2ε� +O(ε3/2 ln ε),

rε = αε + βεσε = 1− (2−�)ε+�ε+O(ε3/2) = 1− 2ε� +O(ε3/2).

The lemma is proved.

6 Derivation of Asymptotics of Solution to Problem P I

We recall that Problem P I is the problem (1.1)–(1.5) with J� = 1, Jr = 0, and F = 0. We

note (cf. Section 4) that for this problem

Iε,j = zε,j =

(
z+ε,j
z−ε,j

)
, 1 � j � m,

is a solution to the system (4.38)–(4.40), i.e.,

z+ε,j = Cε,�q
j−1
ε (1− ζε,rσεq

2(m−j)
ε ), (6.1)

z−ε,j = Cε,�q
j−1
ε (σε − ζε,rq

2(m−j)
ε ), (6.2)

where

Cε,� =
1− θ�

(1− θ�pε)(1− ζε,�ζε,rq
2(m−1)
ε )

,

whereas the solution Iε for all 1 � j � m is defined by

I+ε,j(μ, τ) = z+ε,je
−(τ−τj−1)/μ +

�

μ

τ∫

τj−1

e−(τ−τ ′)/μSI
ε,j(τ

′) dτ ′, (μ, τ) ∈ D
+
j , (6.3)

I−ε,j(μ, τ) = z−ε,je
−(τj−τ)/|μ| +

�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|SI
ε,j(τ

′) dτ ′, (μ, τ) ∈ D
−
j . (6.4)
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where

SI
ε,j(τ) =

1

2

1∫

−1

Iε,j(μ, τ) dμ

is a solution to the equation

SI
ε,j(τ) = �Λε,j(S

I
ε,j)(τ) +

1

2
z+ε,jE2(τ − τj−1) +

1

2
z−ε,jE2(τj − τ), τ ∈ [τj−1, τj ],

and has the form

SI
ε,j(τ) =

1

2
z+ε,jΨ

E2
ε (τ − τj−1) +

1

2
z−ε,jΨ

E2
ε (τj − τ), τ ∈ [τj−1, τj ]. (6.5)

6.1. Proof of Theorem 2.2. By (5.9), (5.13), and (5.10),

Cε,� =
1

[
1 +

θ�
1− θ�

(1− pε)
]
(1− ζε,�ζε,rq

2(m−1)
ε )

=
1 +O(ε)

1 +
2θ�

1− θ�

√
εθ,�

= a+� (ε)(1 +O(ε)),

Cε,�σε =
1− 2

√
εθ,�

1 +
2θ�

1− θ�

√
εθ,�

(1 +O(ε)) =
1 +O(ε)

(
1 +

2θ�
1− θ�

√
εθ,�

)
(1 + 2

√
εθ,�)

=
1 +O(ε)

1 +
2

1− θ�

√
εθ,�

= a−� (ε)(1 +O(ε)),

Cε,�
1 + σε

2
=

1−√
εθ,�

1 +
2θ�

1− θ�

√
εθ,�

(1 +O(ε)) =
1 +O(ε)

(
1 +

2θ�
1− θ�

√
εθ,�

)
(1 +

√
εθ,�)

=
1 +O(ε)

1 +
1 + θ�
1− θ�

√
εθ,�

= a0�(ε)(1 +O(ε)).

From (5.10), (5.13), (5.14) it follows that

ζε,r =
σε − θrrε
1− θrpε

=
1− θr + σε − 1 + θr(1− rε)

1− θr + θr(1− pε)
=

1− 1

1− θr
(1− σε) +

θr
1− θr

(1− rε)

1 +
θr

1− θr
(1− pε)

=
1− 2

1− θr
(
√
εθ,� − εθ,� − θrε�)

1 +
2θr

1− θr
(
√
εθ,� − εθ,� + ε�)

(1 +O(ε3/2 ln ε))

=
1 +O(ε3/2 ln ε)

[
1 +

2θr
1− θr

(
√
εθ,� − εθ,� + ε�)

][
1 +

2

1− θr
(
√
εθ,�−εθ,�−θrε�) +

4

(1−θr)2
εθ,�

]

=
1 +O(ε3/2 ln ε)

1 +
2(1 + θr)

1− θr

√
εθ,� +

2(1 + θr)
2

(1− θr)2
εθ,�

= b0r(ε)(1 +O(ε3/2 ln ε)). (6.6)
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From (6.6) and (5.10), (5.11) it follows that

ζε,r
σε

=
1 +O(ε3/2 ln ε)

[
1 +

2(1 + θr)

1− θr

√
εθ,� +

2(1 + θr)
2

(1− θr)2
εθ,�

]
(1− 2

√
εθ,� + 2εθ,�)

=
1 +O(ε3/2 ln ε)

1 +
4θr

1− θr

√
εθ,� +

8θ2r
(1− θr)2

εθ,�

= b−r (ε)(1 +O(ε3/2 ln ε)), (6.7)

σεζε,r =
ζε,r

σ−1
ε

=
1 +O(ε3/2 ln ε)

[
1 +

2(1 + θr)

1− θr

√
εθ,� +

2(1 + θr)
2

(1− θr)2
εθ,�

]
(1 + 2

√
εθ,� + 2εθ,�)

=
1 +O(ε3/2 ln ε)

1 +
4

1− θr

√
εθ,� +

8

(1− θr)2
εθ,�

= b+r (ε)(1 +O(ε3/2 ln ε)). (6.8)

Using (6.7), (6.8), (5.9), (5.13) and taking into account the relations

1− b+r (ε) ∼
4

1− θr

√
εθ,�, 1− b−r (ε) ∼

4θr
1− θr

√
εθ,�, 1− b0r(ε) ∼

2(1 + θr)

1− θr

√
εθ,�, ε → 0,

we get

1− σεζε,rq
2(m−j)
ε = 1− b+r (ε)e

−2(τ∗−τj)/
√

ελ(ε)(1 +O(ε3/2 ln2 ε))

= [1− b+r (ε)e
−2(τ∗−τj)/

√
ελ(ε)](1 +O(ε ln2 ε)),

1− ζε,r
σε

q2(m−j)
ε = 1− b−r (ε)e

−2(τ∗−τj)/
√

ελ(ε)(1 +O(ε3/2 ln2 ε))

= [1− b−r (ε)e
−2(τ∗−τj)/

√
ελ(ε)](1 +O(ε ln2 ε)),

1− ζε,rq
2(m−j)
ε = 1− b0r(ε)e

−2(τ∗−τj)/
√

ελ(ε)(1 +O(ε3/2 ln2 ε))

= [1− b0r(ε)e
−2(τ∗−τj)/

√
ελ(ε)](1 +O(ε ln2 ε)).

Thus,

z+ε,j = Cε,�q
j−1
ε (1− ζε,rσεq

2(m−j)
ε ) = a+� (ε)e

−τj−1/
√

ελ(ε)

× (1− b+r (ε)e
−2(τ∗−τj)/

√
ελ(ε))(1 +O(ε ln2 ε)) = Z+

ε,j(1 +O(ε ln2 ε)), (6.9)

z−ε,j = Cε,�σεq
j−1
ε

(
1− ζε,r

σε
q2(m−j)
ε

)
= a−� (ε)e

−τj−1/
√

ελ(ε)

× (1− b−r (ε)e
−2(τ∗−τj)/

√
ελ(ε))(1 +O(ε ln2 ε)) = Z−

ε,j(1 +O(ε ln2 ε)). (6.10)

By (3.9), from (6.5), (6.9), (6.10) it follows that

SI
ε,j(τ) =

1

2
(z+ε,j + z−ε,j)(1 +O(ε ln ε)) = Cε,�

σε + 1

2
qj−1
ε (1− ζε,rq

2(m−j)
ε )(1 +O(ε ln ε))

= a0�(ε)e
−τj−1/

√
ελ(ε)(1− b0r(ε)e

−2(τ∗−τj)/
√

ελ(ε))(1 +O(ε ln2 ε)) = Zε,j(1 +O(ε ln2 ε)). (6.11)
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Now, (2.7), (2.8) follow from (6.3), (6.4) and (6.9), (6.10), whereas (2.9) is a consequence of

(6.11). Theorem 2.2 is proved.

Remark 6.1. Since

1

2
(z+ε,j + z−ε,j) = Cε,�

1 + σε
2

qj−1
ε (1− ζε,rq

2(m−j)
ε )

= a0� (ε)e
−τj−1/

√
ελ(ε)(1− ζε,rq

2(m−j)
ε )(1 +O(ε)) = a0� (ε)e

−τj−1/
√

ελ(ε) +O(ε),

from (6.5) and (3.7) it follows that

SI
ε,j(τj−1/2) =

1

2
(z+ε,j + z−ε,j)Ψ

E2
ε (ε/2) = κ(ε)a0� (ε)e

−τj−1/
√

ελ(ε) +O(ε), (6.12)

where κ(ε) = � + (1−�)E2(ε/2).

6.2. Proof of Theorem 2.3. IF τ∗ − τj � δ(ε) =
√

ελ(ε) ln(1/ε), then

ζε,�q
2(m−j)
ε ∼ e−2(τ∗−τj)/

√
ελ(ε) = O(ε2),

ζε,�
σε

q2(m−j)
ε ∼ e−2(τ∗−τj)/

√
ελ(ε) = O(ε2).

Therefore, (5.9), (6.1), and (6.2) imply

z+ε,j = Cε,�e
−τj−1/

√
ελ(ε)(1 +O(ε3/2 ln2 ε)),

z−ε,j = Cε,�σεe
−τj−1/

√
ελ(ε)(1 +O(ε3/2 ln2 ε)).

Taking into account (5.13) and (5.11), we have

Cε,� =
1 +O(ε2)

1 +
θ�

1− θ�
(1− pε)

=
1 +O(ε3/2 ln ε)

1 +
2θ�

1− θ�
(
√
εθ,� − εθ,� + ε�)

= ã+� (ε)
(
1 +O(ε3/2 ln ε)

)
,

Cε,�σε =
Cε,�

σ−1
ε

=
1 +O(ε3/2 ln ε)

[
1 +

2θ�
1− θ�

(
√
εθ,� − εθ,� + ε�)

]
[1 + 2

√
εθ,� + 2εθ,�]

=
1 +O(ε3/2 ln ε)

1 +
2

1− θ�
(
√
εθ,� + εθ,�) +

2θ�
1− θ�

ε�

= ã−� (ε)(1 +O(ε3/2 ln ε)).

Thus, in view of (5.9), we have

z+ε,j = ã+� (ε)e
−τj−1/

√
ελ(ε)(1 +O(ε3/2 ln2 ε)) = Z̃+

ε,j(1 +O(ε3/2 ln2 ε)), (6.13)

z−ε,j = ã−� (ε)e
−τj−1/

√
ελ(ε)(1 +O(ε3/2 ln2 ε)) = Z̃−

ε,j(1 +O(ε3/2 ln2 ε)). (6.14)

Taking into account (3.7) and (3.8), from (6.13), (6.14), and (6.5) we find

SI
ε,j(τ) =

1

2
z+ε,jΨ

E2(τ − τj−1) +
1

2
z−ε,jΨ

E2(τj − τ) = Z̃ε,j(τ)(1 +O(ε3/2 ln2 ε)). (6.15)
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Now, (2.10) and (2.11) follow from (6.3), (6.4) and (6.13), (6.14), whereas (2.12) is obtained

from (6.15). Theorem 2.3 is proved.

6.3. Justification of asymptotics of the solution to Problem P II . We recall that

Problem P II is the problem (1.1)–(1.5) with J� = 0, Jr = 1, and F = 0. We note (cf. Section 4)

that for this problem

Iε,j = yε,j =

(
y+ε,j
y−ε,j

)
, 1 � j � m,

is a solution to the system (4.35)–(4.37)

y+ε,j = Cε,rq
m−j
ε (σε − ζε,�q

2(j−1)
ε ),

y−ε,j = Cε,rq
m−j
ε (1− ζε,�σεq

2(j−1)
ε ),

Cε,r =
1− θr

(1− θrpε)(1− ζε,�ζε,rq
2(m−1)
ε )

,

whereas the solution Iε is defined for all 1 � j � m by

I+ε,j(μ, τ) = y+ε,je
−(τ−τj−1)/μ +

�

μ

τ∫

τj−1

e−(τ−τ ′)/μSII
ε,j(τ

′) dτ ′, (μ, τ) ∈ D
+
ε,j ,

I−ε,j(μ, τ) = y−ε,je
−(τj−τ)/|μ| +

�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|SII
ε,j(τ

′) dτ ′, (μ, τ) ∈ D
−
ε,j ,

where

SII
ε,j(τ) =

1

2
y+ε,jΨ

E2
ε (τ − τj−1) +

1

2
y−ε,jΨ

E2
ε (τj − τ), τ ∈ [τj−1, τj ].

Theorems 2.4 and 2.5 are analogues of Theorems 2.2 and 2.3 and are proved in a similar way.

Using the natural symmetry of Problems P I and P II , it is possible to obtain the asymptotics

for Problem P II from the asymptotics of the solution to Problem P I by replacing τ , θ�, θr, I
+
ε ,

I−ε with τ∗ − τ , θr, θ�, I
−
ε I+ε respectively.

Remark 6.2. We write the following analogue of formula (6.12):

SII
ε,j(τj−1/2) = κ(ε)a0r(ε)e

−(τ∗−τj)/
√

ελ(ε) +O(ε), 1 � j � m. (6.16)

7 Justification of Asymptotics of Solution to Problem P III

We recall that Problem P III is the problem (1.1)–(1.5) with J� = 0 and Jr = 0.

7.1. Asymptotics of the solution to Problem P
III

. We set Fj−1/2 = F (τj−1/2), 1 �
j � m. By Problem P

III
we understand the problem different from Problem P III only by

function F replaced with a piecewise constant function F taking the values F (τ) = Fj−1/2 for

τ ∈ (τj−1, τj), 1 � j � m. Let Iε be a solution to this problem.
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The following relations hold (cf. Section 4):

I
+
ε,j(μ, τ) = I

+
ε,j,�e

−(τ−τj−1)/μ +
1

μ

τ∫

τj−1

e−(τ−τ ′)/μΦε,j(τ
′) dτ ′, (μ, τ) ∈ D

+
ε,j , (7.1)

I
−
ε,j(μ, τ) = I

−
ε,j,re

−(τj−τ)/|μ| +
1

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Φε,j(τ
′) dτ ′, (μ, τ) ∈ D

−
ε,j , (7.2)

where

Φε,j(τ) = �S
III
ε,j (τ) + (1−�)Fj−1/2, (7.3)

and the function

S
III
ε,j (τ) =

1

2

1∫

−1

Iε,j(μ, τ) dμ

is a solution to the equation

S
III
ε,j (τ) = �Λε,j(S

III
ε,j )(τ) +

1

2
I
+
ε,j,�E2(τ − τj−1)

+
1

2
I
−
ε,j,rE2(τj − τ) + (1−�)Λε,j(Fj−1/2)(τ). (7.4)

Furthermore,

Iε,j =

(
I
+
ε,j,�

I
−
ε,j,r

)
, 1 � j � m,

is a solution to the problem (4.22)–(4.24) with J� = 0, Jr = 0, F = F

AεIε,j+1 +BεIε,j = f ε,j , 1 � j < m,

Aε,�Iε,1 = θ�f ε,1,�,

Bε,rIε,m = θrf ε,m,r,

where

f ε,j =

(
(1− θ)f ε,j,r + θf ε,j+1,�

θf ε,j,r + (1− θ)f ε,j+1,�

)
, 1 � j < m,

f ε,j,r = 2(1−�)

τj∫

τj−1

ΨF
ε,j(τ)E2(τj − τ) dτ, 1 � j � m,

f ε,j+1,� = 2(1−�)

τj+1∫

τj

ΨF
ε,j+1(τ

′)E2(τ − τj) dτ, 0 � j < m.

566



Using (4.15) and (4.16), we find

f ε,j,r = 2(1−�)Fj−1/2

ε∫

0

Ψ1
ε(τ)E2(ε− τ) dτ = (1− αε − βε)Fj−1/2, 1 � j � m,

f ε,j+1,� = 2(1−�)Fj+1/2

ε∫

0

Ψ1
ε(τ)E2(τ) dτ = (1− αε − βε)Fj+1/2, 0 � j < m,

f ε,j = (1− αε − βε)

(
(1− θ)Fj−1/2 + θFj+1/2

θFj−1/2 + (1− θ)Fj+1/2

)
, 1 � j < m.

Lemma 7.1. For all 1 � j � m

Iε,j = Ĩε,j + ‖F ′‖C1[0,τ∗]O(ε), (7.5)

where Ĩε,j = Fj−1/21− F1/2zε,j − Fm−1/2yε,j, 1 � j � m.

Proof. Taking into account that

Aεzε,j+1 +Bεzε,j = 0, Aεyε,j+1 +Bεyε,j = 0, 1 � j < m,

Aε,�zε,1 = 1− θ�, Aε,�yε,1 = 0, Bε,rzε,m = 0, Bε,ryε,m = 1− θr,

we have

AεĨε,j+1 +BεĨε,j = Fj+1/2Aε1+ Fj−1/2Bε1

= (1− θαε − θβε)[Fj+1/2e1 + Fj−1/2e2]− (1− θ)(αε + βε)[Fj+1/2e2 + Fj−1/2e1]

= (1− αε − βε)[((1− θ)Fj−1/2 + θFj+1/2)e1 + (θFj−1/2 + (1− θ)Fj+1/2)e2]

+ (1− θ)(Fj+1/2 − Fj−1/2)(e1 − e2), 1 � j < m,

Aε,�Ĩε,1 = (1− θ�αε − θ�βε)F1/2 − (1− θ�)F1/2 = (1− αε − βε)θ�F1/2,

Bε,rĨε,m = (1− θrαε − θrβε)Fm−1/2 − (1− θr)Fm−1/2 = (1− αε − βε)θrFm−1/2.

Thus,

Aε(̃Iε,j+1 − Iε,j+1) +Bε(̃Iε,j − Iε,j) = (1− θ)(Fj+1/2 − Fj−1/2)(e1 − e2), 1 � j < m,

Aε,�(̃Iε,1 − Iε,1) = 0,

Bε,r (̃Iε,m − Iε,m) = 0.

Consequently,

Ĩε,j − Iε,j = (1− θ)

m−1∑

i=1

(Fi+1/2 − Fi−1/2)(g
i,1
ε,j − gi,2

ε,j), 1 � j � m. (7.6)
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We set

wε,j = xε − (Aε,�xε)
1

1− θ�
zε,j − (Bε,rxε)

1

1− θr
yε,j , 1 � j � m, (7.7)

where

xε =
1

1− (1− 2θ)(αε − βε)
(e1 − e2), (7.8)

Since

Aεwε,j+1 +Bεwε,j = e1 − e2, 1 � j < m,

Aε,�wε,1 = 0,

Bε,rwε,m = 0,

we get

wε,j =
m−1∑

i=1

(gi,1
ε,j − gi,2

ε,j), 1 � j � m.

Thus, (7.6) implies

Ĩε,j − Iε,j = (1− θ)(Fj+1/2 − Fj−1/2)wε,j

+ (1− θ)
m−1∑

i=1

[Fi+1/2 − Fi−1/2 − Fj+1/2 + Fj−1/2](g
i,1
ε,j − gi,2

ε,j), 1 � j � m.

Taking into account that

|Fj+1/2 − Fj−1/2| � ‖F ′‖C[0,τ∗]ε,

|Fi+1/2 − Fi−1/2 − Fj+1/2 + Fj−1/2| � ‖F ′′‖C[0,τ∗]|i− j|ε2,

we arrive at the inequality

|̃Iε,j − Iε,j | � ‖F ′‖C[0,τ∗]ε|wε,j |+ ‖F ′′‖C[0,τ∗]ε
2
m−1∑

i=1

|i− j||gi,1
ε,j − gi,2

ε,j |, 1 � j � m. (7.9)

It is easy to see that (7.7) and (7.8) imply

max
1�j�m

|wε,j | = O(1). (7.10)

From (4.52) and (4.53) it follows that

gi,1
ε,j − gi,2

ε,j =
1− pε
Δε

⎧
⎨

⎩
−[1 + ζε,rq

2(m−i)−1
ε ]qi−j

ε (vε,2 − ζε,�q
2(j−1)
ε vε,1), 1 � j � i < m,

[1 + ζε,�q
2i−1
ε ]qj−i−1

ε (vε,1 − ζε,rq
2(m−j)
ε vε,2), 1 � i < j � m.

Taking into account (4.51), we have

1− pε
Δε

=
1

(1− ζε,�ζε,rq
2(m−1)
ε )(1− θpε + (1− θ)pε)

∼ 1

2(1− θ)
.
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Taking also into account that 1− qε ∼
√

ε/λ0, we have

m−1∑

i=1

|i− j||gi,1
ε,j − gi,2

ε,j | = O(1)

[
j−1∑

i=1

|i− j|qj−i−1
ε +

m−1∑

i=j+1

|i− j|qi−j
ε

]

= O(1)
∞∑

k=1

kqkε = O(1)
1

(1− qε)2
= O(ε−1). (7.11)

Now, from (7.9)–(7.11) we obtain the estimate

max
1�j�m

|̃Iε,j − Iε,j | = ‖F ′‖C1[0,τ∗]O(ε).

The lemma is proved.

Lemma 7.2. For all 1 � j � m

S
III
ε,j (τ) = Fj−1/2 − F1/2S

I
ε,j(τ)− Fm−1/2S

II
ε,j(τ) + ‖F ′‖C1[0,τ∗]O(ε), τ ∈ (τj−1, τj), (7.12)

where

SI
ε,j(τ) =

1

2
z+ε,jΨ

E2(τ − τj−1) +
1

2
z−ε,jΨ

E2(τj − τ),

SII
ε,j(τ) =

1

2
y+ε,jΨ

E2(τ − τj−1) +
1

2
y−ε,jΨ

E2(τj − τ).

Proof. From (7.4) and the relation

1 = �Λε,j(1)(τ) +
1

2
E2(τ − τj−1) +

1

2
E2(τj − τ) + (1−�)Λε,j(1)(τ)

it follows that

S
III
ε,j (τ)− Fj−1/2 = �Λε,j(S

III
ε,j − Fj−1/2)(τ)

+
1

2
(I

+
ε,j,� − Fj−1/2)E2(τ − τj−1) +

1

2
(I

−
ε,j,r − Fj−1/2)E2(τj − τ).

Therefore,

S
III
ε,j (τ)− Fj−1/2 =

1

2
(I

+
ε,j,� − Fj−1/2)Ψ

E2(τ − τj−1) +
1

2
(I

−
ε,j,r − Fj−1/2)Ψ

E2(τj − τ).

Using formula (7.5), we arrive at (7.12).

Lemma 7.3. If τj−1 < δ(ε), then

I
+
ε,j(μ, τ) = Fj−1/2 − F1/2

[
z+ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μSI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
+
ε,j , (7.13)

I
−
ε,j(μ, τ) = Fj−1/2 − F1/2

[
z−ε,je

−(τj−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|SI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
−
ε,j (7.14)

S
III
ε,j (τ) = Fj−1/2 − F1/2S

I
ε,j(τ) + ‖F ′‖C1[0,τ∗]O(ε), τ ∈ (τj−1, τj). (7.15)
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If τj > τ∗ − δ(ε), then

I
+
ε,j(μ, τ) = Fj−1/2 − Fm−1/2

[
y+ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μSII
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
+
ε,j , (7.16)

I
−
ε,j(μ, τ) = Fj−1/2 − Fm−1/2

[
y−ε,je

−(τj−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|SII
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
−
ε,j , (7.17)

S
III
ε,j (τ) = Fj−1/2 − Fm−1/2S

II
ε,j(τ) + ‖F ′‖C1[0,τ∗]O(ε), τ ∈ (τj−1, τj), (7.18)

If δ(ε) � τj−1 < τj � τ∗ − δ(ε), then

Iε,j(μ, τ) = Fj−1/2 + ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ Dε,j . (7.19)

S
III
ε,j (τ) = Fj−1/2 + ‖F ′‖C1[0,τ∗]O(ε), τ ∈ (τj−1, τj). (7.20)

Proof. If τj−1 < δ(ε), then from (7.5), (7.12), (7.3) and the relations

yε,j = O
(
e−(τ∗−τj)/

√
ελ(ε)

)
= O(ε),

we obtain (7.15) and

Iε,j = Fj−1/21− F1/2zε,j + ‖F‖C2[0,τ∗]O(ε), (7.21)

Φε,j(τ) = Fj−1/2 − F1/2�SI
ε,j(τ) + ‖F‖C2[0,τ∗]O(ε), τ ∈ [τj−1, τj ]. (7.22)

Substituting (7.21), (7.22) into (7.1) and (7.2), we find

I
+
ε,j(μ, τ) = [Fj−1/2 − F1/2z

+
ε,j ]e

−(τ−τj−1)/μ +
1

μ

τ∫

τj−1

e−(τ−τ ′)/μ[Fj−1/2 − F1/2�SI
ε,j(τ

′)] dτ ′

+ ‖F‖C2[0,τ∗]O(ε) = Fj−1/2 − F1/2

[
z+ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μSI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
+
ε,j ,

I
−
ε,j(μ, τ) = [Fj−1/2 − F1/2z

−
ε,j ]e

−(τj−τ)/|μ| +
1

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|[Fj−1/2 − F1/2�SI
ε,j(τ

′)
]
dτ

+ ‖F‖C2[0,τ∗]O(ε) = Fj−1/2 − F1/2

[
z−ε,je

−(τ−τj−1)/μ +
�

μ

τj∫

τ

e−(τ ′−τ)/μSI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
−
ε,j .
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Thus, we have proved (7.13)–(7.15). In the case τj > τ∗−δ(ε), formulas (7.16)–(7.18) are proved

in a similar way.

If δ(ε) � τj−1 < τj � τ∗ − δ(ε), then (7.5), (7.12), and (7.3) imply (7.20) and

Iε,j = Fj−1/21+ ‖F‖C2[0,τ∗]O(ε),

Φε,j(τ) = Fj−1/2 + ‖F‖C2[0,τ∗]O(ε), τ ∈ [τj−1, τj ].

Therefore,

I
+
ε,j(μ, τ) = Fj−1/2e

−(τ−τj−1)/μ +
1

μ

τ∫

τj−1

e−(τ−τ ′)/μFj−1/2 dτ
′ + ‖F‖C2[0,τ∗]O(ε)

= Fj−1/2 + ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
+
ε,j ,

I
−
ε,j(μ, τ) = Fj−1/2e

−(τj−τ)/|μ| +
1

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|Fj−1/2 dτ
′ + ‖F‖C2[0,τ∗]O(ε)

= Fj−1/2 + ‖F‖C2[0,τ∗]O(ε), (μ, τ) ∈ D
−
ε,j .

The lemma is proved.

7.2. Proof of Theorem 2.6 (continued). Let Iε be a solution to Problem P III . We note

that formulas (4.2), (4.3), (7.1), (7.2) imply Iε,j − Iε,j ∈ C(Dε,j), 1 � j � m. Consequently,

formula (2.1) implies

max
1�j�m

sup
(μ,τ)∈Dε,j

|Iε,j(μ, τ)− Iε,j(μ, τ)| � ‖F − F‖L∞(0,τ∗) � ‖F ′‖C[0,τ∗]ε, (7.23)

max
1�j�m

‖SIII
ε,j − S

III
ε,j ‖C[τj−1,τj ] � ‖F ′‖C[0,τ∗]ε, (7.24)

where

SIII
ε,j (τ) =

1

2

1∫

−1

Iε,j(μ, τ) dμ.

Let τj−1 < δ(ε). Using the estimate (7.23) and relations

|Fj−1/2 − F (τ)| � ‖F ′‖C[0,τ∗]ε, τ ∈ [τj−1, τj ],

|F1/2 − F (0)| � ‖F ′‖C[0,τ∗]ε,

from (7.13) and (7.14) we get

I +
ε,j(μ, τ) = F (τ)− F (0)

[
z+ε,je

−(τ−τj−1)/μ +
�

μ

τ∫

τj−1

e−(τ−τ ′)/μSI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
+
ε,j , (7.25)
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I −
ε,j(μ, τ) = F (τ)− F (0)

[
z−ε,je

−(τj−τ)/|μ| +
�

|μ|

τj∫

τ

e−(τ ′−τ)/|μ|SI
ε,j(τ

′) dτ ′
]

+ ‖F‖C2[0,τ∗]ε, (μ, τ) ∈ D
−
ε,j . (7.26)

We note that ã+� (ε) = a+� (ε)(1 +O(ε)) and ã−� (ε) = a−� (ε)(1 +O(ε)) and (6.13)–(6.15) imply

z+ε,j = a+� (ε)e
−τj−1/

√
ελ(ε)(1 +O(ε)) = Ẑ+

ε,j(1 +O(ε)),

z−ε,j = a−� (ε)e
−τj−1/

√
ελ(ε)(1 +O(ε)) = Ẑ−

ε,j(1 +O(ε)),

SI
ε,j(τ) = Ẑε,j(τ)(1 +O(ε)).

(7.27)

Substituting these expressions into (7.25) and (7.26), we find (2.13) and (2.14). Now, (2.15)

follows from (7.27).

Similarly, in the case τj > τ∗ − δ(ε), (7.16)–(7.18) imply (2.16)–(2.18) and, in the case

δ(ε) � τj−1 < τj � τ∗ − δ(ε), (7.19) and (7.20) imply (2.19) and (2.20). Theorem 2.6 is proved.

Remark 7.1. From (7.12) it follows that

SIII
ε,j (τj−1/2) = Fj−1/2 − F1/2S

I
ε,j(τj−1/2)− Fm−1/2S

II
ε,j(τj−1/2)

+ ‖F‖C2[0,τ∗]O(ε), 1 � j � m. (7.28)

8 Justification of Diffuse Approximation

We prove Theorem 2.7. Let uε be a solution to the problem

− ελ(ε)
d2

dτ2
uε + uε = F, τ ∈ (ε/2, τ∗ − ε/2) (8.1)

Bε,�[uε](ε/2) =
2a0� (ε)

1− b0�(ε)
J�, Bε,r[uε](τ∗ − ε/2) =

2a0r(ε)

1− b0r(ε)
Jr, (8.2)

where

Bε,�[uε] = −
√
ελ(ε)

d

dτ
uε +

1 + b0�(ε)

1− b0�(ε)
uε,

Bε,r[uε] =
√

ελ(ε)
d

dτ
uε +

1 + b0r(ε)

1− b0r(ε)
uε.

We set M = max
{‖F‖C[ε/2,τ∗−ε/2], |J�|, |Jr|

}
.

Lemma 8.1. The solution to the problem (8.1), (8.2) satisfies the estimate

‖uε‖C[ε/2,τ∗−ε/2] � M. (8.3)

Proof. Let τmax be a positive maximum point of the function uε. If τ∗ ∈ (ε/2, τ∗ − ε/2),

then

d2

dτ2
uε(τmax) � 0,

uε(τmax) � − d2

dτ2
uε(τmax) + uε(τmax) = F (τmax) � ‖F‖C[ε/2,τ∗−ε/2].
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If τmax = ε/2, then

d

dτ
uε(ε/2) � 0,

1 + b0�(ε)

1− b0�(ε)
uε(ε/2) � Bε,�[uε](ε/2) =

2a0� (ε)

1− b0�(ε)
J�.

Taking into account that b0�(ε) < 1 and 2a0� (ε) < 1 + b0�(ε), we have uε(ε/2) � |J�|.
If τmax = τ∗ − ε/2, then

d

dτ
uε(τ∗ − ε/2) � 0,

1 + b0r(ε)

1− b0r(ε)
uε(τ∗ − ε/2) � Bε,r[uε](τ∗ − ε/2) =

2a0r(ε)

1− b0r(ε)
Jr,

which implies uε(τ∗ − ε/2) � |Jr|. Hence uε(τmax) � M .

Arguing in a similar way, we see that the inequality uε(τmin) � −M holds at the negative

maximum point τmin.

We represent the solution to the problem (8.1, (8.2) as

uε = J�yε + Jrzε + vε, (8.4)

where zε is a solution to the problem

− ελ(ε)
d2

dτ2
zε + zε = 0, τ ∈ (ε/2, τ∗ − ε/2),

Bε,�[zε](ε/2) =
2a0� (ε)

1− b0�(ε)
, Bε,r[zε](τ∗ − ε/2) = 0,

yε is a solution to the problem

− ελ(ε)
d2

dτ2
yε + yε = 0, τ ∈ (ε/2, τ∗ − ε/2),

Bε,�[yε](ε/2) = 0, Bε,r[yε](τ∗ − ε/2) =
2a0r(ε)

1− b0r(ε)
,

and vε is a solution to the problem

− ελ(ε)
d2

dτ2
vε + vε = F, τ ∈ (ε/2, τ∗ − ε/2), (8.5)

Bε,�[vε](ε/2) = 0, Bε,r[vε](τ∗ − ε/2) = 0. (8.6)

It is easy to see that

zε(τ) =
a0�(ε)e

−(τ−ε/2)/
√

ελ(ε)

1− b0�(ε)b
0
r(ε)e

−2(τ∗−ε)/
√

ελ(ε)
[1− b0r(ε)e

−2(τ∗−ε/2−τ)/
√

ελ(ε)]

= a0� (ε)e
−(τ−ε/2)/

√
ελ(ε) +O(ε), (8.7)
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yε(τ) =
a0r(ε)e

−(τ∗−ε/2−τ)/
√

ελ(ε)

1− b0�(ε)b
0
r(ε)e

−2(τ∗−ε)/
√

ελ(ε)
[1− b0�(ε)e

−2(τ−ε/2)/
√

ελ(ε)]

= a0r(ε)e
−(τ∗−ε/2−τ)/

√
ελ(ε) +O(ε). (8.8)

Lemma 8.2. The solution to the problem (8.5), (8.6) admits the representation

vε(τ) = F (τ)− F1/2zε(τ)− Fm−1/2yε(τ) + ‖F‖C2[ε/2,τ∗−ε/2]O(ε), τ ∈ [ε/2, τ∗ − ε/2]. (8.9)

Proof. We recall that F1/2 = F (ε/2), Fm−1/2 = F (τ∗ − ε/2) and set F ′
1/2 = F ′(ε/2),

F ′
m−1/2 = F ′(τ∗− ε/2). We note that the function ψε = vε−F +F1/2zε+Fm−1/2yε is a solution

to the problem

− ελ(ε)
d2

dτ2
ψε + ψε = ελ(ε)

d2

dτ2
F, τ ∈ (ε/2, τ∗ − ε/2),

Bε,�[ψε](ε/2) =
√

ελ(ε)F ′
1/2 −

1 + b0�(ε)− 2a0� (ε)

1− b0�(ε)
F1/2,

Bε,r[ψε](τ∗ − ε/2) = −
√
ελ(ε)F ′

m−1/2 −
1 + b0r(ε)− 2a0r(ε)

1− b0r(ε)
Fm−1/2.

By Lemma 8.1 applied to ψε for uε, we obtain the estimate

‖ψε‖C[ε/2,τ∗−ε/2] � max

{
ελ(ε)‖F ′′‖C[ε/2,τ∗−ε/2],

1− b0�(ε)

2a0�(ε)

∣∣∣∣∣
√

ελ(ε)F ′
1/2

− 1 + b0�(ε)− 2a0� (ε)

1− b0�(ε)
F1/2

∣∣∣∣∣,
1− b0�(ε)

2a0� (ε)

∣∣∣∣∣−
√

ελ(ε)F ′
m−1/2 −

1 + b0r(ε)− 2a0r(ε)

1− b0r(ε)
Fm−1/2

∣∣∣∣∣

}
.

Since

1− b0�(ε) = O(
√
ε), 1 + b0�(ε)− 2a�(ε) = O(ε), a0�(ε) ∼ 1,

1− b0r(ε) = O(
√
ε), 1 + b0r(ε)− 2ar(ε) = O(ε), a0r(ε) ∼ 1,

we obtain the estimate

‖ψ‖C[ε/2,τ∗−ε/2] � ‖F‖C2[ε/2,τ∗−ε/2]O(ε).

The lemma is proved.

We recall that κ(ε) = � + (1−�)E2(ε) and set

Z0
ε,j = a0� (ε)e

−τj−1/
√

ελ(ε), Y 0
ε,j = a0r(ε)e

−(τ∗−τj)/
√

ελ(ε).

Corollary 8.1. For all 1 � j � m

uε(τj−1/2) = Fj−1/2 + (J� − F1/2)Z
0
ε,j + (Jr − Fm−1/2)Y

0
ε,j +MO(ε). (8.10)
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Proof. From (8.7) and (8.8) it follows that

zε(τj−1/2) = a0�(ε)e
−τj−1/

√
ελ(ε) +O(ε) = Z0

ε,j +O(ε),

yε(τj−1/2) = a0r(ε)e
−(τ∗−τj)/

√
ελ(ε) +O(ε) = Y 0

ε,j +O(ε).

Therefore, from (8.4) and (8.9) we have

uε(τj−1/2) = J�zε(τj−1/2) + Jryε(τj−1/2) + vε(τj−1/2)

= Fj−1/2 + (J� − F1/2)Z
0
ε,j + (Jr − Fm−1/2)Y

0
ε,j +MO(ε).

The corollary is proved.

Lemma 8.3. Let Iε be a solution to the problem (1.1)–(1.5). Then for all 1 � j � m

Uε(τj−1/2) =
4π

c

[
Fj−1/2 + κ(ε)(J� − F1/2)Z

0
ε,j + κ(ε)(Jr − Fm−1/2)Y

0
ε,j +MO(ε)

]
. (8.11)

Proof. From the representation of Iε in the form (1.6) and formulas (7.28), (6.12), (6.16) it

follows that

Uε(τj−1/2) =
4π

c

[
J�S

I
ε (τj−1/2) + JrS

II
ε (τj−1/2) + SIII

ε (τj−1/2)
]

=
4π

c

[
Fj−1/2 + (J� − F1/2)S

I(τj−1/2) + (Jr − Fm−1/2)S
II(τj−1/2) +MO(ε)

]

=
4π

c

[
Fj−1/2 + κ(ε)(J� − F1/2)Z

0
ε,j + κ(ε)(Jr − Fm−1/2)Y

0
ε,j +MO(ε)

]
.

The lemma is proved.

To complete the proof of Theorem 2.7, it remains to note that (2.23) is obtained from

(8.10) and (8.11), whereas (2.24) is obtained by roughening (2.23) and taking into account that

κ(ε) = 1 +O(ε ln ε). Theorem 2.7 is proved.
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