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WEAKLY NONLINEAR BOUNDARY-VALUE PROBLEMS FOR THE FREDHOLM
INTEGRAL EQUATIONS WITH DEGENERATE KERNELS IN BANACH SPACES

V. F. Zhuravlev UDC 517.983

We consider weakly nonlinear boundary-value problems for the Fredholm integral equations with degen-
erate kernel in Banach spaces, establish necessary and sufficient conditions for the existence of solutions
of these problems, and construct convergent iterative procedures for the determination of solutions of
these boundary-value problems.

The present paper is a continuation of our investigations of the conditions of solvability and construction of
the solutions of weakly nonlinear integral Fredholm equations with degenerate kernels in Banach spaces originated
in [1].

Constructive methods for the analysis of weakly nonlinear boundary-value problems for systems of functional-
differential and other equations traditionally occupy one of important places in the qualitative theory of differential
equations and continue the development of the methods of perturbation theory and, in particular, of the methods of
Lyapunov—Poincaré small parameter [2, 3].

These methods were successfully developed in [4, 5] and applied to the study of weakly nonlinear boundary-
value problems for systems of ordinary differential equations [6] and to the construction of bounded solutions of
weakly nonlinear differential equations in Banach spaces [7].

In finite-dimensional Euclidean spaces, weakly nonlinear integrodifferential equations and Fredholm integral
equations with nondegenerate kernels, which are not always solvable, were studied in [8, 9].

A specific feature of the investigation of boundary-value problems for systems of integral equations in Banach
spaces is connected with the fact that their linear part is an operator that does not have the inverse operator [10],
which significantly complicates the study of boundary-value problems for equations of this kind. Therefore, the
problem of investigation of the conditions of existence and construction of the general solutions of weakly nonlinear
boundary-value problems for Fredholm integral equations with degenerate kernel that are not always solvable in
Banach spaces is topical.

Statement of the Problem

We consider a weakly nonlinear boundary-value problem

b b
(L2)(@) :==z(t) — M(1) / N(s)z(s)ds = f(t) + 8/ K(t,8)Z(z(s,¢),s,¢8)ds, (D

Lz() =a+eJ(z(-¢),8). (2)

Here, the operator-valued functions M (¢) and N(¢) are defined on a finite interval Z = [a, b], act from the
Banach space B into the same space, and are strongly continuous with the norms
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[|M]|| = sup|M(t)||B = Mo <oo  and  [|[N][| = sup[|[N(t)|s = No < oc.
tel tel

The operator-valued function K(¢,s) is defined in the square Z x Z, acts from the Banach space B into the same
space with respect to each variable, and is strongly continuous with respect to each variable with the norm

K| = sup| K(z,5)[l8 = Ko < oc.
teT

Moreover, Z(z(t,¢),t,€) is a nonlinear z bounded operator function, J(z(-, &), &) is a nonlinear z vector func-
tional, which has a strongly continuous Fréchet derivative with respect to z in a neighborhood of the generating
solution ||z — zg|| < ¢ and is continuous in the set of variables z, ¢, &, ¢ and &g (these are sufficiently small
constants); Z(0,¢,0) = 0, Z,(0,¢,0) = 0, J(0,0) = 0, J/(0,0) = 0; f(r) is a vector-valued function in the
Banach space C(Z, B) of continuous vector functions on the interval Z, and « is an element of the Banach space
Bi:a € B;.

Parallel with the problem (1), (2) we consider a linear generating boundary-value problem

b
20(t) — M(0) / N(s)z0(s)ds = £(0). 3)

lzo() = a, 4)

which is obtained from (1), (2) for ¢ = 0.

The problem is to establish necessary and sufficient conditions for the existence of solutions of the weakly non-
linear boundary-value problem (1), (2). We seek solutions in the class of vector-valued functions z (¢, €) continuous
both in the variable 7 and in the parameter ¢ and turning into the generating solution of the linear boundary-value
problem (3), (4) for ¢ = 0.

Auxiliary Information

Suppose that a bounded linear operator
b
D=IB—/ N(s)M(s) ds, D:B—B
a

is generalized invertible. Then there exist (see [11, 12]) a bounded projector Py(py:B — N(D) that projects a
Banach space B onto the null space N(D) of the operator D, a bounded projector Py,,:B — Yp that projects
a Banach space B onto the subspace Yp = B © R(D), and a bounded generalized inverse operator D~ for the
operator D [5, 4, 13].
The class of bounded linear generalized invertible operators acting from the Banach space B into the Banach
space B is denoted by GI(B, B). It is obvious that the operator belonging to GI(B, B) is normally solvable [14].
It is shown in [15] that if the operator D € GI(B, B), then, under the condition

b
M(t) Py, / N(@s) f(s)ds =0
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and only under this condition, the operator gather (3) is solvable and has a family of solutions

zo(t) = M(1)Pn(pyc + (L™ /) (), (&)

where c is an arbitrary element of the Banach space B and

b
(L)) = f(1) + M(t)D_/N(S)f(S)dS

is a bounded generalized operator inverse to the integral operator L [10].
Substituting the solution (5) of the inhomogeneous operator gather (3) in the boundary condition (4), we arrive
at the operator gather

b
Qc+Lf()+LM()D™ / N(s) f(s)ds = a,

where O = {M(-)Py(p): B — Bj is a bounded linear operator.

Let the operator Q € GI(B,B1). Also let Py(g): B — N(Q) be a bounded projector of the Banach space B
onto the null space N(Q) of the operator Q, let Py,:B1 — Yo be a bounded projector of the Banach space B
onto the subspace Yo = B1 © R(Q), and let 0~ be a bounded generalized operator inverse to the operator Q.

Theorem 1[15]. Let D € GI(B,B) and Q € GI(B,B).
Then the homogeneous (f(t) = 0, o = 0) boundary-value problem corresponding to (3), (4) has a family of
solutions

z(t) = M (1),

where M (t) = M(@)Pnp)Pn(o) and c is an arbitrary element of the Banach space B.
The inhomogeneous boundary-value problem (3), (4) is solvable for those and only those f(t) € C(Z,B) and
o € By that satisfy the system of conditions

b
MOPy, [ N6 f6)ds =0,

(6)
b
Py, |:oz —Lf()—LM()D™ / N(s)f(s)dsi| = 0.
Moreover, this boundary-value problem has a family of solutions
20(t) = M(0)e + (GF)(1) + M()Pnp) Qe (M

where

(G)(0) = [f(1) = M(O)PnD) QL ()]
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b
+ M) [Is — Pripy 0~ EM()] D / N(s) f(s)ds ®)

is a generalized Green operator of the semihomogeneous (o = 0) boundary-value problem corresponding to (3),

(4).

It is worth noting that the first condition in (6) is always satisfied if the condition

b
Prp / N(s)f(s)ds =0

is satisfied.
To solve the problem, we need information about the conditions of solvability and about the representation of
solutions of the operator gathers with a linear operator By, i.e., with an operator matrix

where B1:B — B and B>:B — B; are linear bounded generalized invertible operators [11].

In this case [11, 12], there are bounded projectors Py (p,):B — N(B1) and Py(p,):B — N(B2) onto the
null spaces of the operators By and B3, the bounded projectors Py, :B — Yp, and Py, :By — Yp, onto the
subspaces Yg, = B © R(B;) and Yp, = By © R(B3), respectively, and also the bounded generalized inverse
operators B, and B, .

Thus, by using [16] for the system of operator equations

_|B1| . _|b1
BOC—[Bz]C—[bZ], by € B, by €By, 9

we conclude that the following theorem is true:

Theorem 2 [17]. Let By € GI(B,B) and By € GI(B,B1). Then the system of operator gathers (9) is
solvable if and only if col [by, by] satisfies the condition

b
PYBO [b;] = O’

under which this system has a family of solutions
R _|b
¢ = PNy + By [b;i| ,
where

_ IB_BIPN(Bz)Bl_ —Ble_
PYBO - |: 0 PYBZ
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is a bounded projector onto the subspace Yp, = Igxp, © R(Bo), Pn(B,) = Pn(B,)Pn(B,) is a bounded projector
onto the null space N(By) of the operator By, ¢ is an arbitrary element of the Banach space B, and

By = [PnsyBr B3]
is a bounded generalized operator inverse to the operator By.

Main Result

Using the generalized Green operator (8) of a linear semihomogeneous boundary-value problem, we seek the
existence conditions for the solutions z = z(¢, &) of the boundary-value problem (1), (2) defined in the class of
vector functions z(-, &) € C(Z,B), z(¢,-) € C(0, &¢], which turn into one of the generating solutions z¢(z, ¢) for
e=0.

In (1), (2), we perform the change of variables

z(t,e) = zo(t,c) + x(z,¢).

As aresult, for the deviation x (¢, €) from the generating solution, we obtain the following boundary-value problem:
b b
x(t) — M(t) / N(s)x(s)ds = 8/ K(t,5)Z(zo(s,c) + x(s,¢€),5,8)ds, (10)
a a

€x(:) = eJ (zo(.c) + x(-,8),€). (11)

We now establish a necessary condition for the existence of solutions z(z, €) of the boundary-value problem
(1), (2), which turns, for ¢ = 0, into one of the generating solutions zo(¢, ¢) € C(Z, B) of the generating boundary-
value problem (3), (4).

Suppose that the boundary-value problem (1), (2) has a solution z (¢, ). Then, by Theorem 1, the following
system of solvability conditions must be valid:

b b
Py, / N(s) |:f(t) + 8/ K(s,7)Z(z(z,¢), 1, s)dri| ds =0,

Pro [04 +eJ(z(.8).8) —Lf()

b

—ZM(-)D‘/

a

b
N(s) |:f(s) + 8/ K(s,1)Z(z(z,¢), 1, S)d{| dsi| = 0.

In view of (6) and the fact that & £ 0, this system takes the form

b b
Pryp [/ N(s)/ K(s,1)Z(z(z,¢), T, e)dr:| ds =0,
(12)

b b
Py, |:J(Z(-,£),s)—€M(-)D_/ N(s)f K(s,t)Z(z(7,¢),1,8)dt dsi| = 0.



414 V. F. ZHURAVLEV

Taking into account the continuity of the operator-valued functions Z(z,t,¢) and J(z (-, ¢), &) with respect
to the totality of variables z, ¢, and ¢ and passing to the limit at ¢ — 0 in system (12), we obtain the following
necessary condition for the existence of solutions of the boundary-value problem (1), (2):

b b
Py, |:/ N(s)/ K(s,1)Z(z0(z, ), 7, O)d{| ds =0,
Fle)= " " b b
Py, |:J(Z()(-,C),0) —KM(~)D_/ N(s)/ K(s,1)Z(zo(z,¢),7,0)dt ds:| = 0.

Thus, the following theorem is valid for the boundary-value problem (1), (2):

Theorem 3. Suppose that, under the conditions imposed above, the boundary-value problem (1), (2) has a
solution z(t, &) continuous on ¢ € [0, &9|, which turns, for ¢ = 0, into a generating solution zo(t, c¢) of the form
(7) obtained for ¢ = cg. Then the element co € By satisfies the system of gathers

b b
PYD/ N(s)/ K(s,71)Z((z9(t,cp)), T, €8)dtds = 0,
Fleo) = o o (13)
Pro |:J(zo(-,co))—£M(')D_/ N(s)[ K(s,1)Z(z0(s,c0)), T, 8)dt ds:| = 0.

By analogy with weakly nonlinear problems for ordinary differential gathers [2, 4, 5], the system of gathers
(13) is called a system of equations for generating constants.

Therefore, if the system of equations (13) has a solution ¢ = cop € B, then the element co determines the
generating solution zg(, ¢g) that can be associated with the solution z(z, €) of the original nonlinear boundary-
value problem (1), (2). If the system of equations (13) does not have solutions, then the boundary-value problem
(1), (2) does not have the desired solution. Thus, the necessary condition for the existence of a solution of the
boundary-value problem (1), (2) is satisfied by choosing the constant ¢ in the generating solution (7) as the real
root of the system of equations (13).

To prove sufficiency, by using the conditions imposed on the nonlinear operator-valued functions Z(z,¢, ¢)
and J(z, ), we separate the linear parts with respect to x and the terms of order zero with respect to &. As a result,
we get the expansions

Z(zo(t,co) + x(t,8),t,e) = Zo(t,co) + T(t)x(t,e) + R(x(¢,¢),t,¢),
J(zo(-,co) + x(-,8),8) = Jo(-,co) + L1x (-, ) + Ri(x(-, €),8),
where
Zo(t,co) = Z(zo(t,co),t,0) € C(Z,B),

Jo(-,co) = Jo(z0(-, c0),0) € By;

30Z(z,t,0)

T@)=T(t.coo= —4

e C(Z,B),

z=z(t,co)
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dJ(z,0
= (.9 , £1:C(Z,B) — By;

9z |2=2(.co)

R(x(t,¢),t,¢) is a nonlinear vector-valued function, and Ry (x (-, €), €) is a nonlinear vector-valued functional.

We now consider the nonlinearities in the boundary-value problem (10), (11) as inhomogeneities and apply
Theorem 1 to this problem. This yields the following expression for the representation of its solution x (¢, ¢):

x(t,&) = M (t)c + x(t, e).

In this case, the unknown vector ¢ = c(g) € B is determined from the solvability conditions of the form (12),
namely,

b b
PYDf N(s)/ K(s,r){Zo(r,co) + T(t)x(t,¢8)

+R(x(t,¢8), 1, 8)}d‘L’ ds =0,

Pro |:Jo(~, co) + L1x (- €) + Ri(x(-. ), €) (14)

b b
—KM(~)D_/ N(s)/ K(s,r){Zo(t,co)

+ T(v)x(r,e) + R(x(z,¢), 7, 8)}drds:| =0.

The unknown vector function X (z, ¢) is defined by the formula
b

X(t,e)=¢|G / K@, 8){Zo(s,co) + T(s)x(s,e) + R(x(s,¢e),s,8)}ds |(t)

+ M) Q™ [Jo(- co) + Lr1x (- 8) + Ri(x( ), )],

where the operator G acts upon the vector function

b
o(t,e) = /K(t,s){Zo(s,Co) + T(s)x(s, &) + R(x(s, 8),S,8)}ds

by the rule (8).
Substituting the expression x (¢, ) for M (t)c + x(z,¢) in (14), isolating the terms containing the constant c,
and taking into account (13), we obtain the operator equation



416

B()C=—

where

b b
PYD[ N(s)/ K(s,7)R(x(t,¢),X(1,¢),1,8)d T ds,

PYQ |:ﬁl (.X(', 8)’ i(’ 8)’ 8)

b b
—EM(-)D_/ N(s)/ K(s,r)ﬁ(x(r,e),i(r,s),t,s)dtdsi|

b b
B) = Py, / N(s) / K(s,7)T(7)M (v)dtds,

b b
By =Py, | LiM() —{M()D~ / N(s) / K(s, )T (x)M (v)dtds |,

R(x(s,€),%(s,€),5,6) 1= T(s)x(s,e) + R(x(s,¢€),5,€),

Ri(x(-,€),%(, ), €) :=L1x(-, &) + Ri(x(-, 8), ).

V. F. ZHURAVLEV

The operator Bg acts from the Banach space B into the direct product of the Banach spaces B and By, i.e.,
B()Z B — B x B;.

In view of the fact that the vector constant c9 € Bj satisfies the system of equations for the generating
constants (13), in order to find a continuous (in ¢) solution x (-, &) € C(Z,B), x(¢,0) = 0, of the weakly nonlinear
boundary-value problem (1), (2), we consider the equivalent operator system

x(t,8) = M(1)c(e) + %(1, 8),

r b b
PYD[ N(s)/ K(s,T)R(x(t,¢), X(1,¢),1,e)d tds,

7)YQ |:E1 (X(', 8)’ )_C(’ 8)’ 8)

—{M()D~ /a

b

b
N(s) / K(s,T)R(x(t,¢),X(1,€),1,8)dT ds:|

. 15)
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b
sty =G / KC.5) [Zo(s. co) + T(5)x(s.€) + R(x(s. &), s, e)] ds | ()
a

+ M) Q7 [Jo( o) + L1x( &) + Ri(x( ), 8)],

Let B; € GI(B,B) and B, € GI(B,B;). Then, by Theorem 2, in view of the normal solvability, the second
equation of the operator system (15) is solvable if and only if its right-hand side satisfies the condition

b b
PYD/ N(s)/ K(s,t)R(x(t,¢),X(t,¢), 1, e)d 1 ds,

Py, B . .
|: l(/)‘ p;:j| PYQ|:E1(X(-,8),)_C(-’8),8)—ZM(.)D_/ N(s)/ K(s,7) = 02x1, (16)

x R(x(t,€), x(z,¢€), 1, €)dt dsi|

where 05x1 18 a dimensional zero matrix, 51/31 = Ig — B1Pn(B,)B; ., and B12 = —B1B;.

For
5)’31 BIZ 7DYD
= 02x1, (17)
0 PYBz Py,

condition (16) is always satisfied and, by Theorem 2, the second equation of the operator system (15) possesses a
family of solutions

(&) = PnBo)¢ — [Pney) BT B3 |

b b
PYD[ N(s)/ K(s,7)R(x(t,¢),X(t,¢),1,8)d T ds,

x 7DYQ |:§1(x(',8),.%(',8),8) ’

b b
—KM(-)D_/ N(s)/ K(s,r)ﬁ(x(f,e),i(r,s),r,e)drdsi|

where Py (B,) = Pn(B,)PnN(B,) is the projector onto the null space N(By) of the operator By, ¢ is an arbitrary
element of the Banach space B, and [PN( B)B] By ] is a generalized operator inverse to the operator

_ | B
By = [Bz]
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We set ¢ = 0. If conditions (17) are satisfied, then one solution of the second equation in the operator system
(15) takes the form

b b
c(e) = Ef/N(s)/K(s,r)i(x(f, g),x(t,¢e),1,6)dt ds
+E;[E1(x(-,g),xc,a),s)

b b
—EM(~)D_/N(s)/K(s,r)ﬁ(x(r,s),)?(r,s),r,e)drds:|,

where §T = —Pn(B,)B; Py, and Ez_ = —B, Py,
Thus, if conditions (17) are satisfied, then the operator system (15) takes the form

x(t,&) = M(t)c(e) + x(t, ¢),

b b
c(e) = Ef/N(s)/K(s,r)ﬁ(x(r, ), x(t,¢e),t,e)dr ds
+ fl}l; |:F1(X(',8),)_C(',8),8) - (18)

b b
—ZM(-)D_/N(S)/K(s,r)ﬁ(x(r,s),i(r,s),t,s)drdsi|,

b
x(t,e)=¢|G / K(,5){Zo(s,co) + T(s)x(s,&) + R(x(s,¢),s,&)}ds |(t)

+ M(1)Q 7 [Jo(-.co) + £1x(- &) + Ri(x(-. ). 8)].

By analogy with [1, 4, 5, 9], it can be shown that the operator system (18) belongs to the class of systems for
which it is possible to apply the convergent method of simple iterations.

Theorem 4. Suppose that the generating boundary-value problem (3), (4) with conditions (6) has a family
of generating solutions (7). Then, for each element coy € By satisfying the system of equations for the generating
constants (13) with the following conditions:

Py Biz ([ Py :|
P 0, 1 bl=0
N(Bo) 7 |: 0 PY32:||:PYQ 2x1
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the boundary-value problem (1), (2) has at least one solution z(t, &) = zo(t, co) + x(t, €) continuous in &, which
turns into a generating solution zy(t,co) for ¢ = 0. This solution can be found as a result of convergence to
[0, ex] C [0, &o] of the iterative process

Zk+1(t,8) = zo(, co) + Xk 41(2, ),

Xk41(t,8) = M(t)cp(e) + Xppq1(t.6), k=0,1,2,...,

b b
cr(e) = §f/N(s)/K(s,r)F(xk(t, ), Xx(t,e), t,e)dt ds
+B; |:§1(xk(w €), X (-, €), €) (19)
b b
—EM(-)D_/N(s)/K(S,I)F(xk(r,s),)'ck(r,s),r,e)drds:|,
b

ik-ﬁ-l(tvg) =¢|G /K("S){ZO(S’CO)

+T(5) [M($)ex(e) + e (s.0)] + ROx(s. ). 5.6)ds) ¢ | (1)

+ M(6)0™ {Jo(-.co) + £1[M()ex(e) + X (. &)] + Ri(xk (- 2). 2)} |
Remark 1. 1f Py(p,) # 0 and

Pyg, Bz | _ 0
0 PYBZ — Y2x1,
then the operator By is d-normal. In this case, condition (17) is always satisfied, the second equation of the
operator system (15) is always solvable, and the generalized inverse operator B, is aright inverse operator (Bo); !
[13]. Then the boundary-value problem (1), (2) has at least one solution determined by the convergent iterative
process (19) in which By = (Bo); L.

Remark 2. 1f Py(p,) = 0 and
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then the operator By is n-normal. In this case, the generalized inverse operator B is the left inverse operator
(Bo)l_1 and, under condition (17), the second equation in the operator system (15) is definitely solvable [13]. Then,
for each cq in the system for generating constants (13), the boundary-value problem (1), (2) has a single solution
determined by the convergent iterative process (19) in which B, = (Bo)l_l.

REFERENCES

1. V.P. Zhuravl’ov, “Weakly nonlinear Fredholm integral equations with degenerate kernel in Banach spaces,” Ukr. Math. Zh., 67, No. 11,
1477-1490 (2015); English translation: Ukr. Math. J., 67, No. 11, 1662-1677 (2016).
2. I H. Malkin, Some Problems of the Theory of Nonlinear Oscillations [in Russian], Gostekhizdat, Moscow (1956).
3. E. A. Grebenikov and Yu. A. Ryabov, Constructive Methods for the Analysis of Nonlinear Systems [in Russian], Nauka, Moscow
(1979).
4. A. A. Boichuk, V. F. Zhuravlev, and A. M. Samoilenko, Generalized Inverse Operators and Fredholm Boundary-Value Problems [in
Ukrainian], Institute of Mathematics, Ukrainian National Academy of Sciences, Kiev (1995).
5. A. A. Boichuk and A. M. Samoilenko, Generalized Inverse Operators and Fredholm Boundary-Value Problems, Series: Inverse and
11l-Posed Problems, 59, De Gruyter, Berlin (2016).
6. O. A. Boichuk and E. V. Panasenko, “Weakly nonlinear boundary-value problems for differential equations in a Banach space in the
critical case,” Nelin. Kolyv., 13, No. 4, 483-496 (2010); English translation: Nonlin. Oscillat., 13, No. 4, 515-529 (2010).
7. 0. A. Boichuk and O. O. Pokutny, “Bounded solutions of weakly nonlinear differential equations in a Banach space,” Nelin. Kolyv.,
11, No. 2, 151-159 (2008); English translation: Nonlin. Oscillat., 11, No. 2, 158-167 (2008).
8. 0. A. Boichuk and I. A. Golovats’ka, “Weakly nonlinear systems of integrodifferential equations,” Nelin. Kolyv., 16, No. 3, 314-321
(2013); English translation: J. Math. Sci., 201, No. 3, 288-295 (2014).
9. 0. A. Boichuk, N. O. Kozlova, and V. A. Feruk, “Weakly perturbed integral equations,” Nelin. Kolyv., 19, No. 2, 151-160 (2016);
English translation: J. Math. Sci., 223, No. 3, 199-209 (2017).
10. V. P. Zhuravl’ov, “Generalized inversion of Fredholm integral operators with degenerate kernels in Banach spaces,” Nelin. Kolyv., 17,
No. 3, 351-364 (2014); English translation: J. Math. Sci., 212, No. 3, 275-289 (2016).
11. L Ts. Gohberg and N. Ya. Krupnik, Introduction to the Theory of One-Dimensional Singular Integral Operators, Shtiintsa, Kishinev
(1973).
12. M. M. Popov, Supplementary Spaces and Some Problems of the Modern Geometry of Banach Spaces, in: Mathematics today’07,
Ed. 13 (2007), pp. 78-116.
13. V. F. Zhuravlev, “Solvability criterion and representation of solutions of n-normal and d-normal linear operator equations in a Banach
space,” Ukr. Math. Zh., 62, No. 2, 167-182 (2010); English translation: Ukr. Math. J., 62, No. 2, 186-202 (2010).
14. S. H. Kerin, Linear Equations in Banach Spaces [in Russian], Nauka, Moscow (1971).
15.  V.P.Zhuravl’ov, “Linear boundary-value problems for integral Fredholm equations with degenerate kernel in Banach spaces,” Bukovin.
Math. Zh., 2, No. 4, 57-66 (2014).
16. A. A. Boichuk, V. E. Zhuravlev, and A. A. Pokutnyi, “Normally solvable operator equations in a Banach space,” Ukr. Math. Zh., 65,
No. 2, 163-174 (2013); English translation: Ukr. Math. J., 65, No. 2, 179-192 (2013).
17. V. E. Zhuravlev, “Bifurcation conditions for the solutions of weakly perturbed boundary-value problems for operator equations in
Banach spaces,” Ukr. Math. Zh., 70, No. 3, 366378 (2018); English translation: Ukr. Math. J., 70, No. 3, 422-436 (2018).



	Abstract
	Statement of the Problem
	Auxiliary Information
	Main Result
	REFERENCES

