DOI 10.1007/s10958-019-04521-5

Journal of Mathematical Sciences, Vol. 243, No. 1, November, 2019

CONVERGENCE OF THE NEWTON-KURCHATOV METHOD
UNDER WEAK CONDITIONS

S. M. Shakhno and H.P. Yarmola UDC 519.6

We study the semilocal convergence of the combined Newton—Kurchatov method to a locally unique
solution of the nonlinear equation under weak conditions imposed on the derivatives and first-order di-
vided differences. The radius of the ball of convergence is established and the rate of convergence of
the method is estimated. As a special case of these conditions, we consider the classical Lipschitz con-
ditions.

Introduction

Consider an equation

H(x)= F(x)+G(x) =0, (D

where F' and G are nonlinear operators defined on an open convex set D of the Banach space X with values
in the Banach space Y. Let F be a Frechet differentiable operator and let G be a continuous operator whose
differentiability is, generally speaking, not required.

In view of the properties of the operator H , Eq. (1) cannot be solved by using the classical Newton meth-
od. As arule, for this purpose, the researchers use either a Newton-type method [8, 14]

X, = xn—[F'(xn)]_lH(xn), n=0,
or difference methods, e.g., the method of chords (secants) [6, 9]
X, = x”—[H(xn;xn_l)]_lH(xn), n=0,
or the Kurchatov method of linear interpolation [1, 5, 12]
X, = x,—[HQ2x, —xn_l;xn_l)]_lH(xn), n=0,
or the method developed in [11]

X, =X, —[FQx,—x,_;;x, | )+G(x,;x,_; )]_1H(xn), n=0,
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or the combined method [7, 10]
X, =%, —[F'(x,)+G(x,;x, )] 'H(x,), n>0.

Here, G(x;y) is the divided difference of the first order for the operator G at the points x and y.
In [3, 4, 13], the authors proposed a one-step iterative process

X, = X, —[F'(xn)+G(2xn —X,_13X,_; )]_1H(xn), n=0, 2)
and studied the properties of local and semilocal convergence of this method for the classical and generalized
Lipschitz conditions. Method (2) is, in fact, a combination of the Newton method [2] and the difference method
of linear interpolation [1, 5, 12].

In the present work, we study the convergence of method (2) under weak conditions [8, 9, 11]. In the case
of conditions of type ®, we assume that the derivatives of the operator F and the first-order divided differ-
ences of the operator G satisfy the conditions

45" (F' () F ()| € @, (]x -y

), x.yeD, 3)

Jy-v|), xyu,veD. 4)

HAgl (G(x:y) - G(u;v))H < 0, (lx—u

Here, m; is a nondecreasing positive function on the segment [0,R] and ®,:R, xR, — R isa continuous
nondecreasing function of two arguments. In addition, the function ®; satisfies the condition

o, (tr)< h(t)w,(r), t€[0,1], r<[0,R],

where h:[0,1]— R. The properties of the function 4 were described in [8].

Note that conditions (3) and (4) generalize the classical Lipschitz and Holder conditions and, generally
speaking, do not require the differentiability of the operator G.

Another option is given by conditions of type €. For the Fréchet derivative and divided differences of the
first order, they take the form

HAal(F'(x)—F'(y))HSSI, x,yeD, (5)

145" (Gx:y) - Guv))||<e,,  xyuveD. (6)

1. Semilocal Convergence of the Combined Method (2)

Let x € D. We denote

B(x,R) = {xe X:|[x—X||[<R}, B(X.R) = {xe X:||x-X||< R},

1
@ = jh(z)dt.
0
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Theorem 1. Assume that F and G are nonlinear operators defined on an open convex set D of the Ba-
nach space X with values in the Banach space Y , F’ is the Fréchet derivative of the operator F, and G(-;)

is the first-order divided difference of the operator G on the set D. Suppose that

— the linear operator Ay =F '(x0)+ G(2xy—x_;5x_;), where x_; and x, are points from D, is in-

vertible;

— the numbers N>0 and o.>0 are such that
45" (FGrg)+ G| [ <. [lwg =y || < s o

— conditions (3) and (4) are satisfied on D;

— the equation

— m — —
”(1 l—wl(u)—u)z(3u+a,u+oc)j n=0.

where m=®®,;(N)+max{m,(MN+0,0),0,(2N,N)}, has at least one positive root and R is its

least positive root.

If

_ m
o (R)+w,3R+o,R+ta) <1, M = -0, (R)-o0,(3R+0,R+ ) <b

B(xy,3R)C D, <R,

then the sequence {x,},, generated by the iteration process (2) is well defined. Moreover, it is contained

in B(x,,R) and converges to the unique solution x'e m of Eq.(1).
The theorem is proved by induction. Thus, we denote
A, =F'(x,)+ GQ2x,—x,_3x,_1).
Note that if x,,x, | € B(x,,R), n=0, then the inequality
122, = x,) = xo || < |2, =20 [|+|x,- = xo[| < 3R

implies that 2x, —x,_; € B(xy,3R) c D . Thus, we can show thatall A , n2>1, are invertible operators.
In view of (2) and (7),for n=0, we get

13, = x| <45 (F(xg) + G(x))|| < m < R.

Hence, x; € B(x,,R).
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By using conditions (3) and (4), we obtain

745" 4]1 = [l45" A - 4]

)

< o (|| = xo[)+ 00 (|29 = 2y =20y + x5 ||y = x5, [
So(M+o,2n+ao,0) <0;(R)+0,(2R+o,0)
<0 (R)+®, 3BR+0o,R+a)<1.

By the Banach inverse theorem, we conclude that A} le exists and

1
<
OH T 1-0,(R)-w, BR+0,R+0)’

HAI_IA
Thus, we can write
AN (F(x)+G(x)) = Ay (F(x)) = F(xg)— F'(x0)(x, — X))

+ Ay (G(x)) = G(xy)— G(2xg — x_13x_ (%X, = X,))
1
= [ 45" (F(xg +1(x) = x0)) = F'(xg))dt(x, — x, )
0
+ Aal (G(x;3x)—G2xy—x_3x_))(x; — X)),

whence, in view of conditions (3) and (4), we find

ey =x, | = |47 (F o)+ G x|

< | A lag" e+ G|

< Do, ([, = xo[)+ 00 (|20 —x_y = xy[[{[x_y = x0[)
- -0, (R)—w,(3R+ 0, R+ )

9

||x1—x0||

Po,(M+w,M+o,0)
T 1-0(R)-w, 3R+, R+ )

[l = x0 | < M||x; = x, ]| < .

On the other hand,

|12 = o < [}y = i [[+lx1 = %o |
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2
<M+, x| < M +1m = L=Mon < on = k.

Hence, x, € B(x,R).

Assume that, for k=1,...,n—1, the following assertions are true:

— AIZIAO exists and

1
< .
OH— -0, (R)-®o, 3R+ 0a,R+a)’

HA,;IA

- ||xk+1_xk||SM||xk_xk—1||SMk||xl_x0||<n;
—  Xp4 € B(xy,R).
Thus, by virtue of conditions (3) and (4), for k=n, we obtain

[1-45'4,

=|45" A4y - 4,)

<o, (||xo = x, )+ o, (|22 =2, =2, +x, 4 ||][x_; = x,.4])

9

S0 (R)+w, BR+0o,R+a) < 1.

By the Banach theorem, A;IAO exists and, in addition,

-1 < 1
AL < =0, (R)—0, BR+a.R+0)’

In view of the equality
AN (F(x,)+G(x,)) = Ay  (F(x,)— F(x, )= F'(x,_)(x, —x, )

+ A(;l (G(xn )= G(xn—l )= G(an—l ~Xp25Xp-2 )(xn | ))
1
= [ 4" (F'(x,y +1(x, = x, )= F'(x,_))dt(x, - x,,_,)
0

+ A(;l (G(xn | )= G(2xn—1 T Xp—23Xp—2 ))(xn R )

and conditions (3) and (4), we find

A (F(x,)+G(x,)|

||xn+l ~Xn ” = ‘
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<

Al A |40t (Fx)+Gex,)|

1
= 1—wl(R)—co2(3R+0c,R+0c)((Dw1(||x” ~ %l

+0)2(||2xn—1 Xy X X1 _xn—2||))||xn _xn—1||

nill°

P, (N) + 0, (2n,M) Il —x |
" 1-0,(R) -0, 3R+0,R+o)'" "l

< M|jx, = x|l < M7l = x| < .
We now show that x,,, € B(x,,R). Indeed,

[ = ol < [ler = [+l = [l -+l = o

_ 1-m" 1
SM"+M" " +. 4 M +1)||x, - x| < o N<1on =R

and x,., € B(x,,R).
Let us show that {x,}, 5, is the Cauchy sequence. Indeed, for p =1, we get

Hxn+p _an < ||xn+p _xn+p—1H+Hxn+p—1 _xn+p—2H+"'+||xn+1 _xn”
<(MP' 4 mP? +o+D||x g —x, ||

Ml’l

1-M"
= I -m"

_MP
— 1-M M™ <

1-M

_xn”S

n+1

Hence, {x,},s is a fundamental sequence that converges to x'e B(xy,R).

We now show that x* isa unique solution of Eq. (1). Since

45" H (x,)

< (Do, (M) + o, 2n,m)||x, —x, ||

and ||xn —xn_1||—> 0 as n— o, we conclude that H(x")=0.
The uniqueness of solution is proved by contradiction. Assume that there exists y* € m, y* X,
and H(y")=0. We denote

1
A= [F/(x"+1(y" = x"))dt + G(y'1x).
0
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In view of conditions (3) and (4), we get

1
145" (49 = A)|| < o, (Jxg = x* =21y = x") ) at
0

x=x)

B

+ 0)2(H2x0 —-X_; - y*

1
< '[wl((l—t)“xo —x*H+tHx0 —y*H)dt
0

x_) —x0||+Hx0 _X*H)

+0,(||x —x_1||+Hx0 -y

S0 (R)+w,(R+a,R+a) <1.

By the Banach theorem, the operator A" exists. Since A is invertible, the identity
A =x") = H(y)-H(x")

implies that y* = x".

The theorem is proved.

Theorem 2. Let F and G be nonlinear operators defined on an open convex set D of the Banach
space X with values in the Banach space Y, let F' be the Fréchet derivative of the operator F, and let
G(-;-) be the first-order divided difference of the operator G on D. Assume that

— the linear operator A, = F'(x0)+ G(2xy—x_;3x_;), where x_; and x, are points from D, is in-

vertible;
— conditions (5) and (6) are satisfied on D;

— the numbers >0, y>0, and R>0 are such that
HAgl(F(xO)+G(xO))H < |lx—x || < R,

€ +§g,

_ n
_71_(81+82)<1, —— < R, B(xy,3R)c D.

v
Then the iterative process (2) is well defined and the sequence {x,},-, generated by this process is con-

tained in B(x,,R) and converges to the unique solution x'e B(xy,R) of Eq.(1). Furthermore, the following

estimate is true:
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v, x| < T ®)

The proof of convergence of method (2) to the unique solution x" of Eq. (1) is carried out by induction as
in Theorem 1.
We now show that estimate (8) is true. For n,p € N, we obtain

Hxn+p _an < ||xn+p _xn+p—1H+Hxn+p—1 _xn+p—2H+"'+||xn+1 _xn”

S(yp_l+'yp_2+...+1)||xn+1—xn||

l_yp n
< 1—’Y Yyn.

Thus, passing to the limit as p — co, we arrive at (8).
The theorem is proved.

Let

o ([x=yl) = 2d[x=»  and oy (lx—ulllly=vI) = p(bx—ull+[ly-vi)-

9

Hence, Theorem 1 implies the convergence of the method under the Lipschitz conditions.

Corollary 1. Let F and G be nonlinear operators defined on an open convex set D of the Banach
space X with values in the Banach space Y ; let F’ be the Fréchet derivative of the operator F, and let
G(-;-) be the first-order divided difference of the operator G on D. Assume that

— the linear operator A =F'(x0)+ G(2xy—x_y3x_y), where x_; and x, are points from D, is in-

vertible;

— the numbers >0 and o.>0 are such that

145" (Fx)+ G| < m. g — x| <

— the Lipschitz conditions

45" (F' (o) F'(»)|| < 24l|x -y

)

HAal(G(x;y)—G(WV))H < pllpx=ull+lly=l)
hold on the set D;

— the equation
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m —
”(1 1—2€u—p(4u+206)) n=0,
where
m=/(m+max{p(n+2a),3pn},
has at least one positive root, and R is its least positive root.

If

— m
1-2(R— p(4R+20)

2R+ p(4AR+20) <1, M <1,

B(xy,3R)c D, and Oo<R,

then the sequence {x,},-, generated by the iterative process (2) is well defined. Moreover, it is contained

in B(x,,R) and converges to the unique solution x'e B(xy,R) of Eq.(1).

Note that, for F(x)=0, method (2) turns into the Kurchatov method. At the same time, if G(x)=0, then
we get the Newton method. Hence, by virtue of Theorems 1 and 2 and Corollary 1, we get the semilocal con-
vergence theorems for the base methods. These results do not contradict the results obtained earlier.

The results of numerical investigations of method (2) can be found in [3].

CONCLUSIONS

We apply the combined Newton—Kurchatov method to the solution of nonlinear equations with nondifferen-
tiable operator. The semilocal convergence of the method under weak conditions that do not require the differ-
entiability of the nonlinear operator is analyzed and the rate of convergence of this method is estimated.
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