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For the space of (not necessarily polynomial) Hermite type splines we develop algorithms
for constructing the spline-wavelet decomposition provided that an arbitrary coarsening
of a nonuniform spline-grid is a priori given. The construction is based on approxi-
mate relations guaranteeing the asymptotically optimal (with respect to the N-diameter
of standard compact sets) approximate properties of this decomposition. We study the
structure of restriction and extension matrices and prove that each of these matrices is
the one-sided inverse of the transposed other. We propose the decomposition and recon-
struction algorithms consisting of a small number of arithmetical actions. Bibliography:
5 titles.
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1 Introduction

As is known, wavelet decompositions are widely used since the end of the last century. The
theory of classical wavelets is described in many monographs (cf., for example, [1, 2]). However,
multiflow wavelet decompositions are considered relatively recently (cf. [3]-[5]). This paper
is devoted to the wavelet decomposition of the space of (not necessarily polynomial) Hermite
type splines of the first height. These splines can be used for solving the Hermite interpolation
problem (with first order derivatives). In this case, the original flow is combined from the flows
of the values of functions and their derivatives.

For a spline-wavelet decomposition one need a pair of spline spaces embedded in each other.
The situation becomes much more simpler if we can establish that the embedded spline spaces are
obtained on embedded grids. As is known, the use of approximate relations does not guarantee
this property (there are simple examples of embedded grids without the expected embedding of
spaces). In the case under consideration, such embeddings take place.

Regarding wavelet decompositions of Hermite type splines, the first work in this direction
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was the paper [3], where the elementary case of embedded grids obtaining by eliminating one
node was considered. It became clear that, successively removing nodes, one can obtain an
embedded Hermite type spline space constructed on an arbitrarily thinned grid. However, the
computer implementation of the process of successive removal of nodes is not very effective since
it takes a lot of time, leads to significant rounding errors and, eventually, loss of stability of the
process.

The goal of this paper is to develop spline-wavelet algorithms for constructing decomposition
and reconstruction formulas under the condition that a spline grid coarsening is a priori given (for
more details about adapting grid coarsenings we refer, for example, to [5]). Moreover, iteration
processes are not used. The proposed algorithms are of explicit character: decomposition and
reconstruction consist in computing sums of at most four terms. In the case under consideration,
all features of spline-wavelet decompositions (in particular, the asymptotically limit quality of
approximations with respect to N-diameter, simplicity of algorithms, the locality property; cf.
[4]) are preserved. We consider an open interval («, ) and an infinite grid on this interval. To
pass to a finite grid, it suffices to take restrictions of all functions under consideration on the
segment [a, b] contained in the interval (o, 3). Moreover, the obtained formulas can be used, as
in the previous cases by extending the grid to the exterior of the segment [a, b] with four nodes
and assuming that the input flow takes arbitrary values at these nodes.

2 Hermite Type Splines

We consider a four-component vector-valued function o(t) = ([p]o(t), [2]1(t), [¢]2(t), [¢]3(t)T

with components [p];(t) in the space Cl(a, ), i = 0,1,2,3. We assume that the following
condition holds.

(A)  W(z,y;0) = det(p(x), 0" (2),0(y), ¢ () # 0 for all z,y € (o, B), T # .

Denote by X a grid of the form
X: . .. <z <xp<z1<.... (2.1)
Assume that ™ lim z; and 8= lim x;. We introduce the notation
Jj——00 Jj—o0

G (s min), 03 olzy), i (@)).
JEZ

We consider functions wj(t), t € G, j € Z, satisfying the approximation relations

Z(@}ij—l(t) + pjr1w2;(t)) = »(t), (2.2)

under the assumption that
suppwaj—1 C [T, Zj42], suppws; C [z, 2j42] Vj € Z. (2.3)
For fixed k € Z from (2.2)—(2.3) with ¢t € (zg, zx+1) we find
¢ hwak-3(t) + Prwar—2(t) @ pp1wan—1(8) + @ra1wan(t) = o(t). (2.4)
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By Assumption (A), the system (2.4) is uniquely solvable. For ¢ € (zk, zx11) from (2.4) we find

det (o(t), ks Py 1> Pht1)

wok—3(t) = :
det ((p;gvgpk7(p;g+17(pk+l)
Wop (t) . det (¢§gv¢(t)’@;g+17§0k+l)
2k—2 - s
det (@;ga(pka@;ﬁ_la@k-i-l)
det @/7¢k7§0t7§0k 1
w2k—1(t) _ ( k ( ) + )

det (90%7 Pk So;prla Sok-‘rl)’

det (¢, ks P jy1, (1))
det (¢§€,90k,90§€+1-¢k+1)

w2k(t) =

From these formulas we easily derive (subsequently setting k = ¢, k = ¢ + 1) the equaltieis

det (¢ g, g, (1), Pq+1)

w9 71(25) = , te (:L' , T +1), (2.5)
! det (94,4, 11, Pat1) e
det (@(t), Pg+1, P 419> Pat2)
w2q_1<t = det (o : q/+ . , te <$q+1,$q+2), (2-6)
et (0411 Pat1, P gras Pat2)
det (90 )y P> P 17()0(t))
waq(t) = w0 Dot L E (2g,Tg41), (2.7)
det (0, g, ¢ g41: Pa+1)
det ( 1’90(75)790, 2P +2)
waq(t) = At T € (@, Tga2), (2.8)
det (¢ q+1,<ﬂq+1,¢q+za<ﬂq+2)

for any ¢ € Z.

Theorem 2.1. Let ¢ € Cl(a,3), and let Assumption (A) hold. Then for any q € Z the
functions waq—1(t) and way(t) defined by formulas (2.3) and (2.5)—(2.8) can be continuously
extended to the whole interval (v, B) as functions of class C'(a, B). Furthermore,

wag-1(Tq) =0, woq-1(Tg+1) =0, wag—1(2g42) =0, (2.9)
Wéq—l(xq) =0, Wéq—l(xq-&-l) =1, Wl2q—1(37q+2) =0, (2.10)
woq(2q) =0, wag(zg41) =1, waq(2gi2) =0, (2.11)
leq(xq) =0, W/2q(93q+1) =0, W/2q($q+2) =0, (2.12)

where the same notation is used for the extended functions.

Proof. Computing the corresponding one-sided limits of the functions woq—1(t) and woy(t)
and their derivatives at the nodes z4, z441, and z442 by using the representations (2.3) and
(2.5)—(2.8), we conclude that all the assertions of the theorem are valid (cf. also [3]). O

Remark 2.1. If the components [¢()]; of the vector p(t) are given by the identities [¢(t)]; =
t

t', then the functions weq—1(t) and wa,(t) form the known interpolation basis for the space of
cubic Hermite splines.
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The space S}F,(X) dif{u | u =Y cjw; Vej € RY,j € Z} is called the space of Hermite type
J
splines (of the first height). By Assumption (A), the functions wj, j € Z, are linearly indepen-
dent. The set {w;};cz is called the principal basis for the space Sij (X).
Remark 2.2. The relations (2.9)-(2.12) can be written as

was—1(x) =0, why 1(25) = dsy1 (2.13)

was(25) = 05415, whs(z;) =0 Vs,j €L (2.14)

3 Calibration Relations for Hermite Type Splines

In the set (2.1), we consider the subset X: ..< T_9<T_1<ZTog<T1<To<... where
lim Z; = o and lim Z; = 5. We denote by x(s) the monotonically increasing integer-valued
j——o0 j—o0
function such that

Tj = Ty (j)- (3.1)
This function is invertible on Z* = x(Z) and generates tje mapping X=X sending a given
node Z; (in fact, its number in X) to the node z,; (in fact, its number in X) by formula (3.1).

Thus, this mapping determines the embedding of X into X. We note that the inverse mapping
x ! is defined on Z*.

Repeating the constructions (2.2)—(2.8) with the new grid X, we find functions w; such that

supp wzj_l C [fj,i’\j_ﬂ], supp @2]‘ C [fj,fj.ﬂ] Vi€ Z, (32)
Piw2i-3(t) + Gil2i—2(t)Piy1W2i-1(t) + Pitalai(t) = (t) Vt € (Ty,Tia), Vi€ Z,  (3.3)

where ¢; = ¢z, and @ = gpfx\j for all j € Z.
From formulas (3.2) and (3.3) we find (with p € Z)

. det (55;)7 @pa Sp(t)a @p-ﬁ-l)

Wop—1(t) = ——— = . t€(Tp, Tpi1), 34
D () det(SOQpSOpaSO;H_pSD}H»l) ( Py p+ ) ( )
~ det (W(t)a@ +17¢7\/ 2’(’5 +2) ~ ~
Wap-1(t) = ST TR TN e (@41, Bpra)s (3.5)
det (D54 15 Pp+1, P pras Ppt+2)

~ det(@’,@,(ﬁ’ 1790(t)) ~

wop(t) = A,p = A/p+ = ;€ (Tp, Tpya), (3.6)
det (¢p7@p7¢p+l’@p+l)

~ det(g/o\’ 1790(t>7$, 279/5 +2) ~ ~

Dop(t) = T RS € (e, Bpra)- (3.7)
det (@ p+1 Po+1, P pyos Pp+2)

We can write analogs of formulas (2.13) and (2.14) for the functions (3.4)—(3.7):

W2s-1(T5) =0, Do 1(T) = dst14 (3.8)

(:525(5/15\]) = 5s+1,j7 (:)/25(:/53) =0 vsvj € Z. (39)
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Assume that ¢ = x(¢) and ¢+ k = x(i + 1), so that between the nodes Z; and Z; 11 there are the
nodes rj, j =q+1,q+2,...,q+k—1:

/x\i =T < Tgt1 < Tgg2 < ... < Tgyg—1 < Ttk = @H. (3.10)

As is shown in [3], if one node is removed from the original grid, then the coordinate functions
w; related to the new grid are linear combinations of the coordinates funcitons connected with
the original grid (these linear combinations are called the calibration relations). Therefore, while
removing a group of nodes, the corresponding coordinate functions also have this property. To
find the coefficients of the calibration relations, we use the biorthogonal system of functionals
presented by formulas (3.8) and (3.9).

Thus, taking into account the location of supports of the funcitons @;(t), j € {2i — 3,2 —
2,2i — 1,2i} and wos_3, was—, was—1, was (cf. formula (2.3)), we have the representations

Bi(t) = D (@l gen(t) + leat)), (3.11)
(@5, @i 1) (@s,Ts 12) 7D
where t € (Z;,Z;4+1) and j € {2i — 3,2 — 2,2i — 1, 2i}.
Theorem 3.1. Let i be a fized integer, and let k = x(i + 1) — x(i) + 1. Under the above

assumptions,
q+k—1

Bi(t) = D (@(wer1)was1(t) + Bj(wsp1 was(t)), (3.12)

s=q—1

where t € (T;,Tiy1), j € {20 — 3,20 — 2,21 — 1,2i}, and g = x (7).

Proof. The relation (3.11) can be written as

q+k—1 ‘ '
Oi(t) = Y () jwas () + uns(1)), G € {20 —3,2i —2,2i — 1,23}, (3.13)
s=q—1

Substituting t = x,, r € {q,q + 1,...,q+ k} into (3.13), we find

q+k—1 ' '
Dje) = Y () wae 1 () + wsg (). (3.14)
s=q—1

Using the equalities was—1(z,) = 0 and was(z,) = 541, on the right-hand side of (3.14), we can
find at most one nonzero term; namely, the term indexed by s = r — 1:

Bj(wy) = ) _gwar () = iy,
Thus, 4
&) =Bj(we1) Vse{g—1l,q,....q+k—1} (3.15)

Differentiating (3.15) and substituting ¢ = z, into the obtained identity, we find

q+k—1 ' '
D) = Y () whe (@) + wh(x). (3.16)
s=q—1
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Taking into account the equalities wh, ;(z,) = ds41, and was(z,) = 0, we see that the right-

hand side of (3.16) contains at most one nonzero term (in this case, the “first” term); namely,

the term indexed by s =1 — 1. Thus, &’(z,) = cgjr) 5. Hence

&) =0 (asp1) Vsefg—1lg....q+k—1} (3.17)
Substituting (3.15) and (3.17) into (3.13), we obtain (3.12). O

Theorem 3.2. Under the assumptions of Theorem 2.1 the relations (3.12) can be represented
in the form

q+k—1
Woi—3(t) = wag—3(t) + Z D ;g (s Jwnsr—3(t)Dai—z(s Jwas—2(t)), (3.18)
=q+1
q+k—1
Boia(t) = waga(t) + Y (B o(ms)wasr—3(t) + Dai—a(wsrJwasr—a(1)), (3.19)
/_q+1
q+k—1
Wgi—1(t) = Z (UAJ 5i—1(Ts)wasr—3(t) + @2171(‘%8/)(}'}28/—1(t))+w2q+2k—3(t)7 (3.20)
s'=q+1
q+k—1
Boit) = Y (@hi(ws)wasr—s(t) + Bai(wsr)wasr—a(t) )wagon—2(t). (3.21)
s’'=q+1

Proof. The relation (3.12) can be written as

q+k—2

B;(t) = B (wg)wag—s(t) + Bj(wg)wag—2(t) + Y (Bf(wer1)was—1(t) + By (wsy1)was(t))

+ a;'(%—i—k)"‘}2q+2k—3(t) + @j (Tgtk)w2gr26—2(1)-
Taking into account that x, = z; and gy = Zi41, we find

q+k—2

B;(t) = B%(@i)wag3(t) + D) (Fi)wag2(t) + D> (@) (wep1)was 1(t) + Bj(wer1)was(t))

+ a3’(fi-l—l)WQq—&-Qk—Z& (t) + @j («/T\i+1)WQq+2k_2(t). (3'22)

From formula (3.22) with j = 2i — 3 we have

D2i—3(t) = © 9;_5(Ti Jwag—3(t) + Dai—3(Ti)wag—2(t)

q+k—2
+ Z (@95 5(@s1)w2s—1(t) + D2i—3(Ts1)wa2s(t))
5=q
+ D93 (Ti1 )wagyon—3(t) + D2i—3(Tiy1)wagyon—2(t). (3.23)

From (3.8) and (3.9) it follows that

Do 3(T) = 1,02-3(Fs) = DY _3(Tiy1) = D2i—3(Tip1) =0
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and, consequently, (3.23) can be written in the form (3.18).
For j = 2i — 2 formula (3.22) takes the form

Woi—2(t) = Wo;_o(Ti)wag—3(t) + Wai—2(Ti)wag—2(t)

ol
+k—
Z W2z 5534—1 W2s— 1( )+a2i—2($s+l)w2s(t))

+ D% o(Tit1)wagran—3(t) + Bai—a(Tit1)wagran—2(t)- (3.24)
Taking into account (3.8) and (3.9), we find
Wi _o(Zi) =0, Boi2(Ti) =1, ©h o(Tit1) = Bai-2(Tiv1) =0,

so that (3.24) implies (3.19).
We consider (3.2) with j = 2i — 1:

D2i-1(t) = D1 (Ti)wag—3(t) + Bai—1(Ti)wag—2(t)

q+k—2
+ Z (@51 (zor1)was—1(t) + Dai—1(wsy1)was(t))
5=q
+ @51 (Fit1)wagrok—3(t) + Dai1(Tiy1)wagrar—2(t). (3.25)

Since
B 1(Ti) = D21 (Te) =0 DY 1 (@ig1) =1, D2i1(Tiga) =0
in view of (3.8) and (3.9), from (3.25) we obtain (3.20).
Finally, let us consider the case j = 2i. In this case, (3.22) takes the form

Woi(t) = W5 (T)wag—3(t) + @ai (Ti )wog—2(t)

q+k—2
+ Y (@hi(wspr)was1(t) + Doi(@ss1)was(t))
s=q
+ © 9 (Tig1)wagron—3(t) + Doi(Fit1)wagrar—2(t). (3.26)

From (3.8) and (3.9) we find

~ A~ oy~ ~

@5 (Z;) = ©2i(Ti) = 0% (Tir1) = 0, Woi(Tiy1) =1,
and, consequently, (3.25) can be written in the form (3.21). O

Corollary 3.1. If the assumptions of Theorem 2.1 hold and k = 2, then the relations (3.12)
can be written as

Wai—3(t) = waq—2(t) + @ 5 _3(Tg1)w2q—1(t) + D2i—5(Tg11)w2q(t), (3.27)
Waj—2(t) = wag—2(t) + @ 5 _o(Tg+1)w2q—1(t) + Doi—2(Tg41)wa2q (1), (3.28)
Bai—1(t) = © 1 (Tg1)w2q—1(t) + D2im1(Tg41)w2q(t) + wag1(1), (3:29)
@2 (t) = @ 9i(Tqr1)wag—1(t) + Dai(Tqr1)waq(t) + wagr2(t). (3.30)



Proof. Setting & = 2 in the relations (3.18), (3.19), (3.20), and (3.21), we obtain the
identities (3.27), (3.28), (3.29), and (3.30) respectively. O

Remark 3.1. When implementing the algorithm, it is useful to take into account that the
case k = 1 corresponds to the mapping x under which, between the nodes Z; and Z;y1 there
are no nodes of the grid X, i.e., x(i) = ¢, x(1 + 1) = ¢+ 1, so that Z; = xg, Zit1 = xg4+1 (cf.

(3.1) and (3.10)); moreover, the formulas in Theorems 2.1 and 3.1 are also preserved in the case
n

k =1 if we agree that for m > n sums of the form ) a; are zero.
i=m

Now, we assume that ¢ = x (i), ¢+ k = x(i+1), g— k' = x(i — 1), so that between the nodes
Z;—1 and Z; there are the nodes zj, j =¢—1,¢ —2,...,q — k' + 1, whereas between the nodes
z; and 741 there are the nodes xj, j =q¢+1,¢g+2,...,¢q+ k-1

Ti1 = Tk <Tgfr'41 < ... < Tg—2 < Tg—1 < T
=Ty < Tg41 << Tg42 < ... < Tgpg—1 < Tgtk = &'\H—l- (3.31)

Theorem 3.3. If Assumption (A) holds, then fort € (o, ) and any i € Z

q+k—2
Di(t) = > (@ (@sp1)wzs1 () + Bj(zsr1)was (1)), (3.32)

s=q’
where j € {2i —3,2i — 2}, q=x(i), ¢’ =x(i —1), k=x(i+1) —q.
Proof. The supports of the functions &;, j = 2i—3,2i—2, belong to the segment [Z;_1, Zi11].

For t € (Z;,%;41) formula (3.32) is valid by Theorem 2.1. We consider the interval ¢ € (Z;_1,Z;).
Replacing i with i — 1, ¢ with ¢/, and k with k' = x (i) — x(i — 1) in Theorem 2.1, we get

q'+k’'—1
w;(t) = Z (@5 (s )wasr 1 (8) + @ (g0 41)wnsr (1)) (3.33)
s'=q’'—1

According to the notation (3.31), the nodes 44/ and xj, coincide with the node z; and ¢'+k’ =
k. Therefore, the term in (3.33) with index s’ = ¢’ + k' — 1 coincides with the term in
(3.12) computed for the index s = ¢ — 1. There are no other common terms in these sums.
Therefore, taking into account that the corresponding terms vanish at the endpoints of [Z;, Z; 1],
we conclude that formula (3.32) can be obtained by combining the sums (3.12) and (3.33). O

Remark 3.2. Replacing i’ =i — 1, we get ¢ = x(i’ + 1), ¢/ = x(@'), k = x(i’' +2) — q.
Setting s’ = s + 1, we can write formula (3.32) in the following equivalent form:

q+k—1
Bit) = Y (@(rs)wasr—s(t) + Bj(x Jwasr—a(t)), (3.34)
s'=q’'+1
where j € {2¢" —1,2i'} for all i’ € Z.
For each i € Z we consider j € {2i — 1,2i} and set ¢ = x(i + 1), ¢/ = x(i), k = x(i + 2) — q.

By (3.34), we have
x(i+2)

Bi(t) = D (@(ws)wass(t) + Bj(as)was2(t)).

s=x(7)
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Since it is obvious that O/ (zy(;)) = O (2y(i4+2)) = 0 and ©;(2y ) = ©j(Ty(i4+2)) = 0, the above

J J
relation can be written as
x(i4+2)—1
Bit)= > (Bf(re)was—s(t) + Bj(ws)wasa(t)). (3.35)
s=x(i)+1
We consider p;;, j,I € Z, defined by
P2i—1,26—1 = Wo;_1(Tst1), P2i—1,26 = W2i—1(Tst1), (3.36)
P2i2s—1 = Woi(Tst1), P2i2s = W2i(Tet1) (3.37)

for all s € {x(4),...,x(1 +2) — 2} and ¢ € Z, and assume that all the numbers p;; that are not
mentioned in this list are equal to zero:

p2i-1ke =P2ik =0 Vi€ Z, Vk ¢ {2x(i) — 1,2x(2),...,2x(0 + 2) — 4}.

We introduce the infinite matrix, SB= (p; ),z whose entries are defined by (3.36)—(3.38).
Thus, the (2i — 1)th row of the matrix 8 has the form

(3.38)

30,0,0 %1 (T (i)+1), D21 (Tyg(iy 1) - > D21 (T (i2)—1), D201 (Tyg(i42)-1)5 0,0, - .-,

and the following row (numbered by 2i) differs from the above one by only the fact that instead
of to;_1 we should write Wy;. We write the numbers of columns where these nonzero entries are
located:

2x(i) — 1, 2x(i), 2x()) + 1,2x()) + 2, ..., 2x(i+2) — 5, 2x(i +2) — 4, (3.39)

and the total number of such columns is equal to 2(x(i +2) — x(i)) — 2.

If 7 is replaced with ¢+ 1, then we have to consider the rows with numbers j € {2i+1, 2i+2}.
The set of their nonzero entries is translated in such a way that the start point turns out to be
in the column numbered by 2y (i + 1) — 1:

ox(i+1) =1, 2¢(i+1), 2x(G+1)+1, ..., 2x(i+3) — 5, 2x(i +3) — 4. (3.40)
The number of the common columns in (3.39) and (3.40) is equal to the quantity
Wi+ 1) =1, 2¢(i+1), 2x(i+1)+1, ..., 2x(i +2) — 5, 2x(i +2) — 4. (3.41)
TABLE 1
(i +1)+1 (i +1)+2 2 (i +2) — 3 (i +2) — 2
rows
20 =1 || @21 (Tyry+1) | G2i1(Ty(ig1)1) ©him1(Ty(ira)—1) | D2i-1(Ty(it2)-1)
24 W (Tx(i+1)+1) W2i (T (i+1)+1) @ 9i(x(i+2)-1) Wai (Tx(i+2)-1)
20+ 1 || @hig1(@xrn1) | D2ir1(@xrny+1) @ b1 (Tx(it2)-1) | D2it1(Ty(ir2y-1)
20+ 2 || ©hipa(Tygrny+1) | Dair2(Ty(it1)+1) @ 9ip2(Tx(ito)-1) | D2it2(Ty(ir2)—1)
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Remark 3.3. Since the multiplicity of covering by supports of coordinate functions @; is
equal to 4, the columns of the matrix ¥ contain at most four nonzero entries (in successive four
rows), whereas the matrix itself has the step-like structure.

Thus, nonzero entries of the matrix 3 can be found only on the intersection of the columns
with the above-mentioned numbers and the row with the numbers ¢ — 1, 2¢, 2 + 1, 2¢ + 2 for
all i € Z. They are the values of the functions @; and @; at nodes of the grid X. For given
i € Z Table 1 presents nonzero blocks of the matrix 8. The upper row of the table indicates the
column numbers, whereas the left column indicates the row numbers. Entries of the matrix B
are the values of the functions &; and @3 at the nodes of the grid X. Such nonzero blocks are
separated by the columns of the matrix 3 where only one entry is different from zero; moreover,
this entry is equal to 1 (cf. Table 2).

TABLE 2
2x(i4+1) =1 | 2x(e 4+ 1) || 2x(: +2) — 1 | 2x(i + 2)
TOWS
27 —1 1 0 0 0
21 0 1 0 0
214+1 0 0 1 0
2142 0 0 0 1

For the infinite-dimensional column vectors w(t) and &(t) whose components are the functions
w;(t) and W;(t) respectively we have

W(t)Z (.o woa(t), w1 (t), wo(t), wi (1), wa(t), .. )T,
SO E (., Ba(t), o1 (), Do), D1 (t), D2 (1), .. )T,
which implies that (3.35)(3.38) can be written in the form")

w(t) = P (8). (3.42)

4 Biorthogonal System of Functionals and Their Values on w;

On the space C(a, ), we consider two systems of linear functionals {g;}icz and {g;}icz
defined by

(g2p-1,0) S (@pi1). (g2 ) D ulapn) Vp €L, (4.1)

Gort ) 0" @o1)s (Gor ) Su(Frss) Vr €L (4.2)

1) Multiplication of infinite matrices is performed by the standard formulas (the indices of their entries are
taken into account here). In the cases under consideration, the sums have finitely many terms and, consequently,
there are no problems with convergence of series.
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By (2.9)(2.12),
(9s,wj) =055, (Gs,Wj) =055, 8,7 €. (4.3)

We find the values of the functionals g, on the coordinate splines w;. For this purpose we
express the functionals g, in terms of the functionals g;. Such a representation exists in view of
the structure of the functionals and the fact that the grid X is embedded into the grid X.

Lemma 4.1. Foru € Ct(a, ), r € Z,
<§2T‘—17 u> = <92x(7'+1)737 U>, (44)
(G2rs w) = (Gox(r41)—25 1) (4.5)

Proof. We denote by (a/b) the remainder after division of an integer a by b, and let [p]
denote the integer part of a real number p, i.e.,

[p] < min{k |k € Z,k > p}.
Formula (4.1) can be written as
(gs,u) = ul2)(2,01) Vs € Z. (4.6)
Similarly, formula (4.2) can be written as
(Goryuy = w7221, 97) Vo € L. (4.7)
By the mapping (3.1), from (4.7) we have
(9i,u) = U(<i/2>)($x((i/21+1)) Vi € Z. (4.8)
Let r € Z. If we set i = 2r — 1 in (4.8), then from the first relation in (4.1) we find
(Gar—1,u) = u'(Ty(ri1)) = (Fo(x(r+1)—-1)—1, U)- (4.9)
Now, setting ¢ = 2¢ — 1 in (4.8) and using the second relation in (4.1), we have
(G2r, u) = w(Ty(ry1)) = (G2(x(r41)=1)> W) (4.10)
Formulas (4.9) and (4.10) imply (4.4) and (4.5) respectively. O

Theorem 4.1. The values of the functional gor—1 and gz, on the coordinate splines w; with
j,r € Z are given by

<§2r—1,wj> = 52x(r+1),j+37 (4.11)
(G2r, wWj) = Goy(r41),542- (4.12)

Proof. By (4.4) and (4.3), we have (g2r—1,w;j) = (Gay(r+1)-3,Wj) = Oay(r+1),j4+3- Similarly,
by (4.5) and (4.3), we have (g2r,w;) = (Gay(r+1)—2>Wj) = Oay(r+1),j+2- LThus, we obtain formulas
(4.11) and (4.12). O

From (4.11) and (4.12) the following assertion holds.
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Corollary 4.1. Ifi+ j is odd, then the right-hand sides of (4.11) and (4.12) vanish:
(Girwj) =0, ((i+])/2) =1 (4.13)
We introduce the matrix Qd:ef(qij) with entries
dij = (gi>wj) (4.14)
defined by formulas (4.11)-(4.13).

Corollary 4.2. The matriz Q is the left inverse of the matriz BT .

Proof. Passing to the transposed relations (3.42), we obtain the following equality for the
row vectors

(@) T(t) = @) ()R (4.15)

e

Multiplying the equality (4.15) by the column vector g (g;)icz and taking into account the
biorthogonality property (4.1), we obtain the identity matrix I on the left-hand side and (by
formula (4.14)) the matrix 9 on the right-hand side. Thus, from (4.15) it follows that

I =987, (4.16)

which is required to prove. ]

5 Wavelet Decomposition

According to Corollary 3.1, the space S}a()? ) is contained in the space S}p (X)) which, in turn,
is contained in the space C!(a, 3).

We consider the projection operator P from the space C!(a, ) onto the subspace S}O()? )
given by the formula

Pu™> a;@; Yue Cl(a,P),a; = (Gj,u). (5.1)
J

Hence for the space S<1p (X) we have the wavelet decomposition
Sp(X) = Sy(X) 4, (52)

where W' (I — P)S,(X) is the wavelet space.

Let u € SL(X). By formula (5.2), we have?) two representations of u:

u= chwj’ (53)

JEZ
U= Z a;l; Z bjw;j = Z(Z aipij + bj)w. (5.4)
€L JEZL J  i€Z

2) In the case under consideration, all the sums have finitely many terms and, as was already mentioned, no
problems with convergence arise.

144



From (5.3)-(5.4) and the linear independence of {w;};ez we obtain the reconstruction formula

c; = Z a;p;j +bj, Jjei. (5.5)
1EL

Using (5.1) and (5.3), we find

ai = (G ) = Y _ cjGiw;) = Y dijcj. (5.6)

JEZ. JEZ

Now, from (5.5) and (5.6) we have

bj =cj — Zaipi,j =cj— Z ch<§iaws>pi,j =¢ - Z Cs Z Gi,sPij, J € L (5.7)

1€EZ €L SEL SEZL €7
Introducing the vectors a = (...,a_2,a_1,ag,a1,as,...)7, b= (...,b_2,b_1,bg,b1,bs,...)T, and
c=(...,c.a,c_1,c0,c1,C2,...)T, we write the reconstruction formula (5.5) in the form
_ T
c=Pa+b. (5.8)
Using the relations (5.6) and (5.7), we obtain the decomposition formula
a = Qc,
(5.9)
b=c—-P"Qc.
The vectors c, a, b are called the original, basic, wavelet flows respectively.
Theorem 5.1. For the basic flow the following relation holds:
2r—1 = Cox(r+1)—3> 02r = Coy(r4+1)—2 Vr € Z. (510)

Proof. From (4.14) and (5.6) we have

a; = (G, i) = Y ¢;(Gi,w;). (5.11)

JET

For ¢ = 2r — 1, using formula (4.11), we get

a2r—1 = Z Cj</g\27"—17(;j> = Z Cj52X(T+1),j+3 = Cox(rt1)-3-
JEZ JEZ
Setting ¢ = 27 in (5.11) and using (4.12), we find
@2r = ch52x(r+1)7j+2 = Cox(r+1)—2-
JEZ

Thus, formula (5.10) is proved. O

Thus, we have obtained the first formula for computing the decomposition. To obtain the
second formula, we need to compute entries of the product matrix BTQ. The entries will be
denoted by [BT1] j.s» where j is the row number and s is the column number.
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Theorem 5.2. For j,p € Z the following relations hold:

BTQj20-1 = Poy-1(ps1)-3; Vp+1€Z,

(5.12)
B Qljop1=0 Vp+1eZ\Z*,
B2 = o2y P H1EL (5.13)
BT Qlj0p-1 =0 Vp+1eZ\Z"
Proof. Using formula (4.14), we have
B9 = Zpi,jqi,s = Zp%fl,j (G2r—1,ws) + Zp2r,j(§2r,ws>

1EZL rez r€Z

= P2 1300153 T D P20y (ri1),s42- (5.14)
TEL reZ

We consider the cases of odd and even s. If s = 2p — 1, then from (5.14) and (4.11)—(4.12) it
follows that

[BTQj2p-1 = Z P2r—1,502y(r41),2p4+2 T Z P2r 02y (r41),2p+1- (5.15)
r€Z reZ

The second sum in (5.15) is equal to zero since the indices of the Kronecker symbol cannot
coincide there (cf. also formula (4.13)). Therefore, looking for 7 = x~*(p+1)—1 from x(r+1) =
p+1 with p+1 € Z* and using (5.15), we find

B Q201 =D P2r1,502(r41),2p12 = P2(x=1 (p1)— 1)1, (5.16)
rel

for p+1 € Z* and [PBTQ]j2,-1 = 0 for p+ 1 € Z\Z*. Considering the case s = 2p and using
(4.11)—(4.12) in the relation (5.14), we have

BT Qljop = Y Por100x(rr1)2p+3 + D P2r02y(r41) 2p42- (5.17)
rEZL reZ
It is easy to see that the first sum in (5.17) vanishes. Thus, for p+ 1 € Z*

[‘BTQ]J}ZP = Zp2r,j52x(r+1),2p+2 = Pox—1(p+1)-1),5 (5~18)
reZ

and [PTQ);9, = 0 if p+1 € Z\Z*. Formulas (5.16) and (5.18) are equivalent to formulas (5.12)
and (5.13). O

Theorem 5.3. For the wavelet flow

bi=ci— > (Pax1(pr1)-35C2—1 T Pox1(pr1)-25¢2) Vi€Z (5.19)
p+lez>

Proof. In the representation 7 Qc] j» we extract summation with respect to even and odd
indices

BT Acl; =D B0 = > B Q010291+ Y B Q0500

SEZ PEZL PEZL
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Using formulas (5.12)—(5.13), we find

(B7Qc; = D (Pax-t(pen-3402-1 + Po-1prn)-202n) Vi € Z. (5.20)
p+1eZ*
Using the second equality in (5.9) and applying (5.20), we obtain (5.19). O

Corollary 5.1. The following relations hold:

bas—1 = C25-1 — Z (A /2X_1(p+1) 3(xs+1)62p 1+ ng—l(p+1) ($5+1)62p), (521)
p+1eZ*
bos = o5 — Z (azx‘l(p+1)—3($s+1)c2p—l + @2X—1(p+1)—2(ﬂfs+1)c2p)' (5.22)
p+1eZ*

Proof. For p + 1 € Z*, substituting i = x~!(p + 1) — 1 into (3.36)(3.37), we find the
numbers p, , for p € {20 — 1,24}, ¢ € {25 — 1,2s} and substitute them into formula (5.19) with
j € {2s —1,2s}. Then we obtain the relations (5.21)—(5.22). O

Theorem 5.4. The reconstruction formulas have the form

C2s=1 = Z Agi-1w 91 (Ts41) + Z a2iw 5;(Ts+1) + bas—1, (5.23)
i€Z i€Z
C2s = Z agi—1w2i—1(Ts+1) + Z a2iw2;i (Ts41) + bas. (5.24)
i€ i€Z

Proof. Using the relation (5.5), we find

C2s5—1 = E aipr2s—1 + bas—1 = E a2i—1P2i—1,2s—1 + E a2iP2i 2s—1 + bas_1,
IeZ i€z i€z

Cos = Z apros + bos = Z a;—1P2i—1,2s + Z a2iP2;i2s + bas.

lEZ 1EL 1EL

Applying formulas (3.36) and (3.37), we obtain the representations (5.23)—(5.24). O

The case where the grid X is obtained from the gird X by removing one node was considered
in [3]. The results obtained in this paper, generalize the corresponding assertions in [3] (cf., for
example, Corollary 3.1). Let us illustrate this generalization by discussing formula (5.10) for
determining the basic flow {a;};cz from the initial flow {¢;};cz. Without loss of generahty we
can assume that the grid X is obtained from the grid X by removing the node &< xk 41> Where

k is an integer. In the notation (3.1), we can write

: Js j<k,
x(j)=1" .
J+1, j=2k+1
The following relations were proved in [3]:
Ci, 1< 2k — 2,
a; = -~ (525)
a; = Ciya, t©2=22k—1
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We show that (5.25) follows from the relations (5.10) in Theorem 5.1. Indeed, if 7 + 1 < k, then
x(r+1) = r+ 1. Hence from (5.10) it follows that ag,—1 = Co(r4+1)—3 = C2r—1 and ag, = cay,
which implies

aj=c¢j, j<2k—2. (5.26)

Ifr+1>k+ 1, then x(r+1) = r +2. Consequently, az,—1 = Ca(r12)—3 = C2r+1 and ag; = Cr42,
which implies
a; = Cj, ] = 2k — 1. (527)
(

Thus, formulas (5.26) and (5.26) coincide with (5.25).

Similarly, in the case k = 2, from the results of this paper we obtain the decomposition and
reconstruction formulas established earlier in [3].
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