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1. Introduction

Let ©Q be an arbitrary domain in R" = {x = (z1,22,...,2,)}, & € R", n > 2. Consider the
Dirichlet problem for the equation
n
Z(ai(m,u, Vu))z, = ap(x,u), x €, (1.1)
i=1
with the following inhomogeneous boundary condition:

u@)|, =v@)| . (1.2)

Since the 1980s, second-order nonlinear elliptic equations of the form

n

Z(ai(m,u, Vu))z, —ap(x,u, Vu) = f(x), f€ Ly, (1.3)

i=1
with measures in the right-hand side have been intensively examined. Weak solutions of Egs. (1.3)
with power nonlinearities in the space R,, with f € Ljoc(Ry,), were studied by H. Brezis (see [10]),
L. Bokkardo, T. Galuet, and J. Vazquez (see [8]), M. Bendahmane and K. Karlsen (see [3]), et al.
The existence of weak solutions of the Dirichlet problem in a bounded domain  with a function
f € L1(Q2) was found by L. Bokkardo and T. Galuet (see [7]) and L. Bokkardo, T. Galuet, and
P. Marcellini (see [9]).
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F. Benilan, L. Bokkardo, T. Galluet, R. Garieri, M. Pierre, and J. Vazquez (see [4]) and L. Bokkardo
(see [6]) in their works proposed the concept of an entropic solution of the Dirichlet problem and proved
its existence and uniqueness for elliptic equations with power nonlinearities and an Lq-right-hand
side. These authors pointed out that instead of entropic solutions first proposed by S. N. Kruzhkov
(see [18]), renormalized solutions can be considered for first-order equations. Such solutions belong
to the functional class containing entropic solutions, but, in contrast to them, renormalized solutions
satisfy another family of integral relations. In some cases, the concepts of entropic and renormalized
solutions are equivalent. The problems on the existence and uniqueness of renormalized solutions of
elliptic problems in Orlicz spaces were studied in [2, 13].

Summability properties and estimates of entropic solutions for the Dirichlet problem in bounded
regions for the nonlinear elliptic equation (1.3) satisfying the condition of degenerating coercivity were
found by A. A. Kovalevsky (see [15]).

In [5], A. Benkirane and J. Bennouna studied the existence of entropic solutions for the Dirichlet
problem in Orlicz spaces for elliptic equations with second-order nonpolynomial nonlinearities and
f € Li(2) (2is a bounded domain).

Note that in the works familiar to the author, the results are obtained for entropic and renormalized
solutions of elliptic problems in bounded domains (except for [4]) with homogeneous boundary condi-
tions. In [4], the authors proved the existence of entropic solutions of the Dirichlet problem (1.1), (1.2)
in anisotropic Sobolev—Orlicz spaces without the assumption of the boundedness of the domain €.

2. N-Functions and Orlicz Spaces

In this section, we present necessary information from the theory of N-functions and Orlicz spaces
(see [20]). A nonnegative, continuous, downward-convex function B(z), z € R, is called an N-function
if it is even and satisfies the relations

B
lim (2) =0, lim — =00
z—0 z z—00  Z

Note that B(ez) <eB(z), z € R, for 0 <e < 1.
An N-function

B(z) = sup(ylz| — B(y)), z€R,
y>0

it called complementary to N-function B(z). The following Young inequality holds:
|zy| < B(y) + B(z), z,y€R. (2.1)
In addition, we have the equality
2B'(z) = B(B'(2)) + B(z), z€R, (2.2)

where B'(z) is the right-hand side derivative of the N-function B(z).
For N-functions B(z) and M (z) we write B(z) < M(z) if there exist numbers { > 0 and zp > 0
such that

B(z) < M(lz), |z| > zo.
We say that an N-function B(z) grows considerably faster than an N-function M (z) and write
M(z) << B(z) if
. M(z)
1 —
500 B(12)

for any number [ > 0.
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We say that an N-function B(z) satisfies the Ag-condition for large values of z if there exist numbers
¢ > 0 and zp > 0 such that B(2z) < ¢B(z) for any |z| > zp. The Ag-condition is equivalent to the
inequality

B(lz) < c¢()B(z) (2.3)

for |z| > 2o, where [ is any number greater than one and ¢(l) > 0.
An N-function B(z) satisfies the Ag-condition if and only if there exist numbers ¢ > 1 and zy > 0
such that for |z| > 2y the following inequality holds:

2B'(z) < ¢B(2) (2.4)

(see [20, Chap. I, Sec. 4, Theorem 4.1]). In the sequel we assume that all N-functions considered
satisfy the Ag-condition for all values of z € R (i.e., zo = 0).

For an N-function B(z), due to the convexity and the inequality (2.3), there exists ¢ > 0 such that
the following inequality holds:

B(y+z) <c¢B(z)+cB(y), =zyeR. (2.5)
Assume that @ is an arbitrary domain of R™. We consider the Orlicz space Lp(Q) with the

Luxembourg norm
/B (“(“’)> de < 1
k
Q

The following inequalities hold (see [20, Chap. II, Sec. 9, inequalities (9.21) and (9.12)]):
/B <L‘”)> de <1, (2.6)
2 lollB.q

lolls.g < /B(v)dac b1, 2.7)
Q

|lvllB,g =inf ¢ k>0

Moreover, if an N-function B(z) satisfies the As-condition, then the inequality

/ Bz < e(|v]5.0) (2.8)
Q

is fulfilled for v € Lp(Q). For functions v € Lp(Q) and v € Lyx(Q), the Holder inequality holds
(see [20, Chap. II, Sec. 9, inequalities (9.24) and (9.27)]:

/ w(@)o(@)dz| < 2ulsolvls.o (2.9)
Q

We denote the norm in the spaces L,(Q), p € [1,00], by || - [|p,o. For brevity, we will omit the
subscript @ = € in the notation | - ||,,¢ and || - ||B,g. For any N-function B(z), if mes@ < oo, then
Lp(Q) C Li(Q) and the following inequality holds:

vl < Ao(mes Q)|v]|B,q, v e Lp(Q). (2.10)

For N-functions Bj(z),...,By(z), let us define the anisotropic Sobolev-Orlicz space HE(Q) as the
completion of C§°(Q) with respect to the norm

n
”v”ﬁé(Q) = Z [v2; 1B,
i=1
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We recall the following embedding theorem for the anisotropic space Hé(Q) Let

n 1)\ "
i=1
1
h(6)
|5
0

converges. Then we can define the N-function B !(z) by the formula

|z
[ h(®)

Lemma 2.1 ((see [14])). Let v € HL(Q).

Assume that the integral

(1) If
/@d@ = o0, (2.11)
1
then Hé(Q) C Lp,(Q) and
[ol3..0 < Arlloll gy o (2.12)
(2) if
/%Q)de < o0, (2.13)
1
then Hé(Q) C Loo(Q) and
ol < Azlloll ) (2.14)
Here
A=t Azz/@de.
n 0
0

3. Assumptions and Statement of Results

Let N-functions Bj(2),...,Bn(2) and their complementary functions Bi(z),..., B,(z) fulfil the
As-condition. We denote by Lg(2) the space Lp, () x ... x L, (2) with the norm

[vls = lloille, + -+ llonllB,, v =(vi,...,vn) € Lp(Q). (3.1)
Similarly we define the space L(2). We assume that ¢(x) € Loo(€2), Vi € L(9).
Let s -t be the scalar product of the vectors s = (s1,...,,) and t = (t1,...,t,) € R™ and
a(z, 50,8) = (al(m,so,s), an(m,so,s)). (3.2)

Introduce some conditions on the functions that are involved in Eq. (1.1). Assume that the functions
ap(x, so) and a;(x, sp,s), « = 1,...,n, are measurable with respect to € Q for sp € R and s € R"
and continuous with respect to sgp € R and s € R" for almost all x € 2. We also assume that the
function ag(x, sg) is nondecreasing with respect to so € R.
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Assume that there exist nonnegative measurable functions ¢(x), ®(x) € L1(€2), a continuous posi-
tive function a(k), and a positive constant @ such that the following inequalities hold:

B(a(x, s0,8)) < a(k){®(z) +B(s)}, B(a) =) Bi(a:), B(s) =) Bils:); (3.3)
=1 =1

(a(m, s0,8) — a(z, so,t)) (s—=1t)>0 (3.4)

for almost all & € Q and any sg € [—k, k], s,t € R™, s # t. Assume that the following inequality holds
for almost all € 2 and all sg € R, s € R™

a(x,so,s) (s — Vi) >aB(s) — ¢(x). (3.5)

The functions a;(x, sg, s), i = 1,...,n, satisfy the Holder condition with respect to the variable sg:
there exist a continuous function A\(R, p), R,p > 0, which increases with respect to each of its argu-
ments, and a number « € (0,1) such that for any € Q(R) = {x € Q : |z| < R}, so,to € R, [so]| < p,
lto] < p, s € R™, the following inequalities hold:

§4 ‘ai(w75078) _ai(m7t078)‘
' |0 — to|®

> < A(R,p)B(s), i=1,...,n. (3.6)

Here N-functions By(z),..., Bn(z) and their complementary N-functions Bi(z),..., B,(z) satisfy the
As-condition. The nonclassical condition was used in [1] for nonlinear elliptic variational one-sided
problems in Orlicz spaces.

We set ag(x, so) = ao(x, ) + b(x, s0). Assume there exists dy > 0 such that

ap(x, ), ag(x,vp £60) € L1(9). (3.7)

The function b(x, sg) is a Carathéordory function, which is nondecreasing with respect to sy € R,
b(x,1)) = 0 for almost all € 2, and hence for almost all € Q and sp € R the following inequality
holds:

b(x, so)(so — 1) > 0. (3.8)
Assume that
sup |b(z, s0)| = Gi() € L1 10c(£2). (3.9)
[so|<k
The condition (3.7) implies
b(, v + ) € L1 (). (3.10)
We introduce the function
k forr >k,
Ti(r) = r for |r| <k,

—k forr < —k

[v] = /vda:.

Q

and the notation

Definition 3.1. A measurable function u : Q — R is called an entropic solution of the problem (1.1),
(1.2) if it satisfies the following conditions:

1) Ap(x) =ao(z,u) € L1(),
2) Tp(u—1) € Hy(Q) forall k>0,
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and for all k > 0 and &(z) € C}(9), the following inequality holds:
ao (e, u)Ty(u — 9 — &) + a(x, u, Vu) - VIi(u — ¢ = §)| <0. (3.11)

Theorem 3.1. Assume that the conditions (2.11), (3.3)-(3.7), (3.9) are fulfilled. Then there exists
an entropic solution of the problem (1.1), (1.2).

4. Preliminary Information

In the sequel, all constants are assumed to be positive.
Consider Carathéordory functions

aiu (@, 50,8) = ai (@, 50 + V(@) 5+ VU(@)), i=1,....m,
agy(®, $0) = ag(z, s +¥(x)), =€Q, speR, seR"™

The function agy(x, sp) is nondecreasing with respect to sg. Applying (3.3), (2.5), and (3.4) for the
vector-valued function

ay(x,so,s) = (alw(m,so,s), e anw(m,so,s))
for almost all € Q and any s € [k, k], s,t € R", s # t, we obtain the inequalities
E(aw(mvs()vs)) :E(a($,30+¢( S—|—V1[) )
<k + [¥lloc) {@(@) + B(s + V(@) } <@k +[|0lloo) { @(@) + cB(Vis(@)) + B(s) |
< ay(h){@y(@) +B(s)} (3.30)
and
<a¢(:13, 50,8) — ay(x, so,t)) “(s—t)>0. (3.4v)
Using (3.5) and (2.5), for almost all z € Q and all sy € R, s € R", we obtain the inequalities
ay(x,s0,8) -8 = a(a:, so +¢(x), s+ Vi/}(w)) -8
B~ B(VU@) — 6() = @B(s) — dule). (350)

Obviously, the functions ¢y (x), Py(x) € L1(£2) are nonnegative, the function ay(k) is positive and
continuous, and @y, is a positive number.

>aB(s + V) — é(x) >

It follows from (3.6) that there exist a continuous function gw(R, p) and a number « € (0, 1) such
that for any « € Q(R), so,to € R, |so| < p, |to] < p, and s € R", the following inequalities hold:

— [ laip(T, 50,8) — aip(T,to, S A
, (1el®0 =00 ) < AR p+ 0le)B(s + 1)

< Ay(R,p)(B(s) +B(V¥)), i=1,....n. (3.60)

Assume that aO’L/)(wv'SO) = aow(w70) + bﬂJ(w?SO)? aow(‘”70) = aO(w7¢)7 de(waSO) = b($780 + 1/})
According to (3.7), we obtain

AQy () = agy(x,0) € L1 (). (3.7¢))
The function by (x, sg) is a Carathéordory function, which is nondecreasing with respect to so € R and
by(x,0) = 0 for almost all & € €2; therefore, for almost all € 2 and sy € R we have

by(x, 50)s0 > 0. (3.8¢)
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From (3.9) we obtain

sup |by(x, s0)| < sup |b(, 50 +¥)| = Crpg)oe (®) € L110c(9). (3.99)
Isol<k [so+¢|<Ek+([Y]loo

Finally, it follows from (3.10) that there exists 6y > 0 such that
bw(m, :|:50) S Ll(Q). (3.101[))

Let u be an entropic solution of the problem (1.1), (1.2). Assuming w = u — v, we can reformulate
Definition 3.1 as follows.

Definition 3.1%. An entropic solution of the problem (1.1), (1.2) is a measurable function wu :
2 — R satisfying the condition u(x) = w(x) + ¢(x) and the following conditions:

(1) Agy(x) = agy(z,w) € L1(Q),
(2¢) Th(w) € HL(Q) for all k > 0

and for all & > 0 and &(x) € C}(R), the following inequality holds:

agy (T, )Tk (w — &) + ay(z, w, Vw) - VI (w — §)| < 0. (3.11%)

Let x(P) be the propositional function which is equal to 1 if P is a true proposition and to 0 if P
is false.
It follows from the item (21)) of the definition of an entropic solution that

x(Jw| < k)Vw € L(9) (4.1)
for any k > 0. Hence, applying (3.3¢), we find that
X(|w| < k)ay(z, w, Vw) € Lg(Q) (4.2)
for any k£ > 0.

Lemma 4.1. If u = w + v is an entropic solution of the problem (1.1), (1.2), then for all k > 1, the
following inequality holds:

|B(VTw)||, = / B(Vw)dx < Cik. (4.3)
{Q:|w|<k}
Proof. According to the inequality (3.11%) for & = 0 and the condition (1%), we obtain
ay(x,w, Vw) - Vwdr = /aw(m,w,Vw) VT (w)de < —/aow(m,w)Tk(w)dm < E||Agy]|1-

{Q:|w|<k} Q Q
Applying the inequality (3.5¢)), we obtain the inequality

a [ BVwde < kAol + 6ol

{Q:|w|<k}

which implies (4.3). O
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Lemma 4.2. Let the condition (2.11) hold. Assume that for a measurable function v : Q@ — R
satisfying the condition Tiv € Hé(Q) for all k > 1, the following inequality holds:

IB(VTw)|, = / B(Vv)da < Cyk. (4.4)
{Q:|v|<k}
Then
mes ({Q | > k}) —0, k— oo (4.5)

Proof. For an N-function B satisfying the As-condition, the following relation holds:

lim Bl _
lwllp—oo  [lwllB

(4.6)

(see [12, Lemma 3.14]). According to the inequalities (2.12) and (4.4), taking into account (4.6) we
obtain

”TkUHB* § AlHVTkUHB S Alc"(/{})HB(VTkv)Hl S Cgké(k), k Z 1, (47)

e(k) - 0as k — oo.
The inequality (4.7) is obtained under the condition

IVTiv||g — 00, k — o0;

otherwise,
IVTv|g < Cy = Cyke(k), k>0,

so that the inequality (4.7) is also valid.
From (4.7) we obtain

k 1
B.[— ) >B, o0, k= oo. 4.8
<||Tkv||3*> <cgs<k>> (4.8

Further, applying (2.6), we have

1> | Bi| ——)de>B,| ———— |mes ({Q:|v| >k} ).
_! <HTk’UHB* [ Tyvl| 5. <{ o })

Using (4.8), from the last inequality we conclude (4.5). O

Remark 4.1. If u = w+1 is an entropic solution of the problem (1.1), (1.2) and the condition (2.11)
is fulfilled, then Lemmas 4.1 and 4.2 imply

mes ({Q s w| > k}) -0, k— . (4.9)

Lemma 4.3. Let the condition (2.11) be fulfilled. Assume that for a measurable function v : Q@ — R
satisfying the condition Tyv € H5(Q) for all k > 1, the inequality (4.4) holds. Then

mes ({Q : B(Vv) > p}) —0, p—oo. (4.10)
Proof. We set
O(k,p) = mes{Q v >k, B(Vv) > p}, k,p>0.
We have proved above (see (4.5)) that

®(k,0) >0, k— .
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Since the function p — ®(k, p) is nonincreasing, we have the following inequalities for k, p > 0:
1 i 1 i
8(0.0) < 5 [ 20,000 < 2(0) + 5 [ (2(0.0) ~ ¥(b.0))de (4.11)
0
Note that
®(0,0) — ®(k, 0) = mes {Q :|v] <k, B(Vo) > g}.

Therefore, from (4.4) we obtain

7(@(0, 0) — ®(k, g))dg = / B(Vv)dz < Cok.
0 {Q:|v|<k}

Now (4.11) implies
Cok

(0, p) < B(k,0) + 2.
p
Choosing k such that ®(k,0) < e, we can achieve the fulfillment of the inequality ®(0,p) < 2¢ by
selecting p. Therefore Lemma (4.10) is proved. O
Lemma 4.4. Let an N-function B(z) satisfy the Ao-condition and v™(x), m = 1,...,00, and v(x)
be functions of Lp(Q)) such that
W™ <C, m=12,...,
"™ — v almost everywhere in Q, m — oo.

Then v™ — v weakly in Lp(Q) as m — co.

The proof of Lemma 4.4 for B(z) = |z]%, a > 1, an be found in [19, Chap. I, Sec. 1.4, Lemma 1.3];
for the N-function B(z) the lemma can be proved similarly.

Lemma 4.5. If u = w + ¥ is an entropic solution of the problem (1.1), (1.2), then the inequal-
ity (3.11%) is valid for any function & € HE(Q2) N Loo(S2).

Proof. According to the definition of the space Hé(Q), there exists a sequence ™ € C3°(2) such that
Ve - VE in Le(Q2) for m — oo.

Hence, according to (2.12) and (2.10), we conclude the convergence £™ — £ and VE™ — VEin Ly 1o.(2)
as m — oo, which means that one can select a subsequence (denote it by the same symbol) that £ — ¢
and VE™ — V¢ almost everywhere in (). Then for any & > 0 we have the convergences

Te(w—E€") = Tp(w—=E), VIg(w—¢&")— VIi(w—¢&) almost everywhere in Q as m — oo. (4.12)
Let

o~

E=kt sup (I oer el )

then o
VT (w— &™) < [V (w)| + [VE™], €, m=12,....

Since the converging sequence VE™ is bounded in Lg(f2), we conclude that, according to (4.1), the
norms ||VTi(w — &£™)||p are bounded. Using (4.12) and Lemma 4.4, for any k£ > 0 we obtain

VT(w—E&m) = VIg(w—¢) in Lp(Q2) as m — oo. (4.13)
Now we pass to the limit as m — oo in the inequality

agy (T, w)Tk(w — &™) + ay(x,w, Vw) - VI (w —£™)| <O0.
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Since agy (z, w) € L1(€2), using (4.12), according to the Lebesgue theorem, we can pass to the limit as
m — oo in the first term. Due to the inclusion

ay(x,w, Vw)x(jw| < 2) € Lg(Q)
(see (4.2)), using (4.13), we conclude that the second term of the last inequality also has a limit as

m — 00. O

Remark 4.2. In the sequel, in order to avoid awkwardness in arguments, instead of statement like
“we can extract a subsequence from the sequence u™ (denote it by the same symbol), which converges
almost everywhere in 2 as m — o0” we simply write “sequence u™ selectively converges almost
everywhere in {2 as m — 00.” Moreover, we will use the term “selective weak convergence.”

Let us denote by F the following class of functions 7' €: C?(R) N Lo (R):
TO0)=0; T'(r)>0,reR; T'(r)=0, |r|>k;
T(—r)=-T(r), reR; T"(r) <0, r>0.
Lemma 4.6. An entropic solution u = w + 1 of the problem (1.1), (1.2) satisfies the inequality
[anT(w — &) +ay VT(w—¢€)] <0 (3.1147T)
for any € € C3(Q) and all T € F.

Proof.  Obviously, (3.11¢9T') is valid for T(r) = > a;Ty,(r), a;j > 0. In the general case, we can
approximate functions 7' € F in the norm of C*(R) by linear combinations (see [4, Lemma 3.2]). O

Lemma 4.7 (see [17, Lemma 4]). Let Q be a bounded domain and, in addition, if the condition (2.13)
is fulfilled, then let M(z) be an arbitrary N -function, whereas if the condition (2.11) is fulfilled, then
let M(z) <= B.(z). Then the embedding operator H5(Q) C Ly (Q) is completely continuous.

Lemma 4.8 (see [7, lemma 2|). Let (X, T ,mes) be a measurable space such thatmes(X) < oco. As-
sume that v : X — [0, +00] is a measurable function such that mes ({x € X : y(x) = 0}) = 0. Then
for any € > 0, there exists § > 0 such that the inequality

/W(ac)dac <6
Q
implies mes(Q) < e.

5. Existence of Generalized Solutions

Consider the Dirichlet problem for the following second-order anisotropic quasilinear elliptic equa-
tion:
n

Z (ai(z,u, Vu))zl —ao(x,u, Vu) =0, x € Q; (5.1)
i=1
u| =0. 5.2
o 52
Assume that the functions a;(x, sg,s), ¢ = 0,...,n, are measurable with respect to € 2 for s =
(50,8) = (s0,81,...,5,) € R"! and continuous with respect to s € R**! for almost all € Q. Let

s -t be the scalar product of the vectors s = (59, 8) and t = (tp,t) € R*™! and

a(x,s) = (ao(m,s), ay(x,s), ..., an(m,s)).
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Assume that there exist nonnegative measurable functions ¢(x), ®(x) € L1(f2) such that for almost

all x € Q and any s = (sg,8) € R""L, the inequalitiy (3.4) holds, and

B(a(z,s)) <aB(s) + ®(z), B(a)=)» Bi(a), ZB si) = Bo(so) + B(s);  (5.3)
=0

a(zx,s) -s > aB(s) — ¢(x), (5.4)

:B,
where the N-functions By(z), B1(2), ..., Bn(z) and their complementary N-functions Bo(z), B1(z),. ..,
B, (2) satisfy the Ag-condition.
We denote by Lg(f2) the space Lz () x L, (€2) with the norm
vl = llvollg, + lvrllz, + - +llvallg,, v =(vo,v1,...,vn) € Lg().
We define the Sobolev—Orlicz space WB(Q) as the completion of the space C§°(£2) with respect to the
norm
ol = ol + 0] 73

If the condition (2.11) holds, we assume that

By(z) <= By(2), (5.5)

whereas (2.13) holds, let By(z) be an arbitrary N-function.
We assume that
Bi(z) < Bo(z), i=1,2,...,n. (5.6)
From the condition (5.3), using (2.7), for u € W]13(Q) we obtain the estimate

HawuVu ZHaZwuVu{

3

< /Ei(ai(a),u, Vu))de +n+1< ?:ZHB(VU)Hl +6HBO(U)H1 +[|®]1 +n+1. (5.7)
=0
Introduce the notation v, = v. Further, by an element a(x,u, Vu) € Lg(Q2), for v(x) € W]13(Q) we
define the functional A(u) by the formula

n

(A(u),v) = [a(m,u, Vu) - (U,Vv)] = Z [aiva, ] (5.8)

1=0

Using the Holder inequality (2.9), for functions u(x),v(x) € Wé(Q) we obtain the inequality

(A1) <23 faillg, o 15, < 2l[a@, u, Vo)l|glollig o) (5.9)
=0

It follows from (5.9) and (5.7) that the functional of A(u) defined by (5.8) in the space Wé(Q) is
bounded.

Definition 5.1. A generalized solution of the problem (5.1), (5.2) is a function u(x) € Wé(Q) satis-
fying the integral identity

(A(u),v) =0 (5.10)
for any function v(x) € W]%(Q)
Theorem 5.1. If the conditions (3.4), (5.3)—(5.6) are fulfilled, then there exists a generalized solution
of the problem (5.1), (5.2).
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The existence of a solution of the problem (5.1), (5.2) with a monotonic operator A is proved in [16].
For anisotropic equation with power nonlinearities, the existence of a solution of the Dirichlet problem
was proved by F. Browder (see [11]); it was based on an abstract theorem for pseudo-monotonic
operators.

Definition 5.2. An operator A : V — V' is called pseudo-monotonic if

(i) A is a bounded operator;

(ii) the conditions “u/ — u weakly in V" and

lim sup(A(uw’), v’ —u) <0
j—o0

imply that for any v € V, the following inequality holds:
lim inf(A(w’),w’ — v) > (A(u),u — v). (5.11)

j—o00
Lemma 5.1 (see [19, Chap. II, Sec. 2, Theorem 2.7]). Let V be a reflexive, separable Banach space.
Assume that an operator A : V — V' is pseudo-monotonic and coercive, i.e.,

(A(u), u)

— 00, |ul| = oo. (5.12)
[l

Then the mapping A : V. — V' is surjective, i.e., for any F € V' there exists u € V such that
A(u) = F.

Before checking the conditions of Lemma 5.1, we present some additional estimates and remarks.

Remark 5.1. It follows from (2.7) and (2.8) that, if a N-function B(z) satisfies the As-condition,
then the boundedness of the set of functions in the space Lp(£?) is equivalent to the boundedness on
the average. Therefore, the boundedness of the set © C W]%(Q) with respect to the norm is equivalent
to the boundedness of the set {||B(u)|1, u € ©}.

Remark 5.2. The space Wé(Q) is a reflexive, separable Banach space.

Proposition 5.1. Assume that the conditions (3.4), (5.3)~(5.6) are fulfilled. Then the operator
AT ©) - (@),

defined by (5.8), is pseudo-monotonic.

Proof. The boundedness of the operator A follows from the estimates (5.9) and (5.7). Consider a
sequence {u’ }524 in the space W5 () such that

W —u  weakly in Wg(Q), j — oo; (5.13)
jli_}nolo sup(A(u’),u! —u) <0. (5.14)
We show that
A(u) = Au) weakly in (Wé(@))', § = oo; (5.15)
(A(u?),w! —u) =0, j— oo. (5.16)

Obviously, (5.15) and (5.16) imply (5.11).
First, the convergence (5.13) and the inequality (2.8) imply the estimtes

| Bo(w?) s + IB(VUd)| < Cay 5 =1,2,.... (5.18)
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In addition, combining (5.7) and (5.18), we obtain the estimate
(@, u, V)5 =D [lai(@, v/, V)5 <Cs, j=1,2,.... (5.19)
=0

Fix arbitrary R > 0. In the case of (2.11), by Lemma 4.7, the space Wé(Q(R + 1)) is compactly
embedded in Lp(2(R + 1)) for any N-function M(z) satisfying the condition M (z) << B(z). In
the case of (2.13), for any N-function M(z), by Lemma 4.7, the space W(Q(R + 1)) is compactly
embedded in Ly (2(R + 1)). Under the conditions (5.5) and (5.6), in both cases (2.11) and (2.13),
the space W(Q(R + 1)) is compactly embedded in the space Lp, (Q(R + 1)), i =0,...,n.

From the condition (5.6), using (2.3), we establish the existence of zy > 0 such that

BZ(Z) < O4Bo(z), |Z| > 20, 1= 1, 2, e, . (5.20)
Let nr(r) = min(1, max(0, R + 1 —r)). Using (2.5), (5.20), and (5.18), we deduce the inequalities

/ <B<V(ujn3(|wl))) +Bo(uj77R(lwl))) da = / (B(VujnRJrujWR) +BO(Uj77R)) dx

Q(R+1) Q(R+1)
< /)(%{MVM%H%M&+BMMde§C%L/ (B(Vu?) + B(z0) + Bo(u!)) da
Q(R+1) Q(R+1)

< 06(|yBO(uJ)Hm(R+1) + HB(vuj)Hm(RH)) + CrmesQ(R+1) < Cs(R), j=12,....

Therefore (see Remark 5.1), the sequence {u’ nr}32, is bounded in the space WE(Q(R +1)). Due to
the compactness of the embeddings

WE(QR+1)) C Ly, (UAR+1)), i=0,...,n,
the following strict convergences hold:
wnr — ung in Lp (QRA+1)),i=0,1,...,n, j— oo.

Therefore, we conclude the strict convergences

uw —u in Lg,(QR)),i=0,1,...,n, j— 00, (5.21)
and the selective convergence u’ — u almost everywhere in Q(R). The convergence
w — u  almost everywhere in Q, j — oo, (5.22)
can be proved by the diagonal process.
We set
Al(x) = Z (ai(m,uJ,Vu]) — ai(z,u, Vu))(uj — W)y, Jj=1,...;
i=0
then

(A(uj)—A(u),uj—u>:/Aj(a:)dac, j=1,....

According to (5.13), (5.14), we have

lim sup/Aj(ac)dac <0. (5.23)
j—00

We write A7(x) as follows:
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Al(x) = z”: (ai (:I:,uj,Vuj) —a; (:D,uj,Vu))(uj — U)q,

i=1

+ z”: (ai (af:, u?, Vu) —a; (1‘, u, VU)) (Uj — U,

i=1
+ (ao(w,uj,Vuj) — ao(w,u, Vu))(uj —u)
=¢(x)+ri(x)+s(x), j=1,.... (5.24)
We show that
r/(x) = 0 almost everywhere in Q, j — oo, (5.25)
s/(x) — 0 almost everywhere in Q, j — oo. (5.26)

Consider the Nemytsky operators A;(u) = a;(x,u,Vv), i = 1,2,...,n, for fixed v € Hé(ﬂ) for
x € Q(R), R > 0. Applying the estimate (5.3), we deduce the inequality

Bi(a;i(x,u, Vv)) < aB(Vv) + By(u) + ®(x),

with the function aB(Vv)+®(x) € L1(€2). According to [20, Chap. III, Sec. 17, Theorem 17.5], the op-

erators A; act from Lp,(Q(R)) into Lz (2(R)). Moreover, from [20, Chap. III, Sec. 17, Theorem 17.3]

we conclude the continuity of the operators A;, i =1,2,...,n, in Lp,((R)) for any R > 0.
Applying the inequality (2.9), we obtain

/ ‘Tj(:n)‘dw < 2213‘
i=1

Q(R)

a; (:D,uj, Vu) — a; (:Iz,u, Vu)‘

H(u] - u)xz

B, Q(R) Bi,Q(R)

Due to the convergence of uw/ — u in Lg,(Q(R)) as j — oo (see (5.21)) and the continuity of the
operators A; : Lp,(R)) — Lg (UR)), i = 1,2,...,n, the first factor tends to zero and the second
factor is uniformly bounded (see (5.17)). Thus, we see that for any R > 0

rj(a:)—>0, j — o0,

in L1 (2(R)). Hence, using the diagonal process, we conclude the convergence (5.25).
Using the inequality (2.9), we deduce

— ||Uj - U||BO,Q(R)-

[ ol <ouonss5v) -t

Q(R)

The first factor is uniformly bounded (see (5.19))), while the second factor tends to zero (see (5.21));
therefore, for any R > 0

sl(x) =0, j— o0,
in L1 (2(R)). Hence, using the diagonal process, we conclude the convergence (5.26).
Next, we write A7(x) in the form

Al(x) = Zai(:n,uj,Vuj)uéi +a0(:n,uj,Vuj)uj —¢(x), j=1,..., (5.27)
i=1
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where

n

J(x) = Zai(w,u,Vu)(uj )z, + ao (@, u, Vu) (u! — u)
i=1

+ Zn:ai(:n,uj,Vuj)uxi +a0(:1:,uj,Vuj)u eL1(), j=1,....
i=1
Using the inequality (2.1) for € € (0, 1), we obtain
¢ ()| < E(Bo(uj) +B(VW!) + Bla(x, wﬂ'))) + Cole) (Bo(u) +B(Vu) + B(a(z, u, Vu))) .
Applying (5.3), we deduce the inequality
¢/ ()] < Cho (B(Vuj )+ Bo(uj)) +C(e) (B(Vu) + Bo(u) + CI>(:13)>. (5.28)
Using (5.4), from (5.27) we deduce the inequality
Al(2) 2 a(B(Vw) + Bo(w!) ) - é(x) - |¢' ()] (5.29)
Combining (5.28), (5.29) and choosing € < @/C1g, we obtain the estimates
Al(z) > C’12<B(Vuj) + Bo(uj)> dyu(x), j=1,..., (5.30)
with the nonnegative function
o, (z) = o(z) + Oy (B(vu) + Bo(u) + @(m)) e L1 (Q),
which is ﬁnite almpst everywhere in Q. ‘ '
Let A (x) = ATt (x) — AV~ (x), where A’"(x) and A’ (x) are the positive and negative parts of
A’ (), respectively. From (5.30) we have the estimates
At (z) > Clg(B(Vuj) + Bo(uj)) ~dy(x), j=1,.... (5.31)
If X/ (x) is the characteristic function of the set {x : A7~ (z) > 0}, then
—AIT = quj + XjTj + stj’
and, according to (5.25) and (5.26),
Yri(z) =0, xs'(x) =0

almost everywhere in Q as j — oo. Due to (5.4), x’¢’(x) > 0 almost everywhere in ; then A7~ (z) — 0
almost everywhere in 2 as j — oo.
Therefore, from (5.30) we obtain the estimate

Al(x) > —Dy(x), j=0,1,....
Hence we have A7~ (x) < ®,(x), j = 1,.... Then according to the Lebesgue theorem,

A7 (x) -0 in L1(Q), j — oo. (5.32)
Therefore, according to (5.23),

0 < lim sup/AJJr )dx = lim sup/AJ )dx + lim sup/Aj_(:I:)da: <0.

Consequently,
AT (x) =0 in Li(Q), j— oo. (5.33)
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Thus, from (5.32) and (5.33) we conclude the convergence
Al(x) =0 in Li(Q), j— oo, (5.34)
and also the selective convergences
At (x) -0, A/(x) =0 almost everywhere in Q, j — ooc. (5.35)
Now we prove the convergence
ugcl (x) = uy,(x) almost everywhere in Q, a=1,2,...,n, j — oco. (5.36)

We denote by €' C € the subset of points of full measure for which the convergences (5.22) and (5.35)
hold and the inequalities (3.4) (5.3), and (5.4) are valid.

On the contrary, assume that at some point z* € Q' the convergence is violated. We introduce the
notation

sj = (3]17 8%7 ceey qum) = (uél(m*), uég(m*)v ceey u]wn(m*))v
5= (51 52 s n) = (1 @), wna(@), - (@),

Assume that the sequence {B(s’) 721 is unbounded. Then the estimate (5.31) implies the un-
boundedness of the sequence A7+ (x*), j = 1,2,..., which contradicts (5.35). Therefore, the sequence
{s7}32, is bounded. | o '

Let s* = (s}, s3, ..., s};) be one of the partial limits of s/ = (s}, s}, ..., sh) as j — oo. Then,
taking into account (5.22), we obtain

S%—)So, sg =85, i=12...,n, j— oc.

Therefore, using (5.25), (5.26), and (5.35) from (5.24) and the continuity of a;(x*, so, s) with respect
to s = (sg, 8) we obtain

A](m*) — zn: (ai(m*ws(]v S*) - (Ii(w*,S(], S)) (8:( - Si) = 0)
=1

therefore, according to (3.4), we have s = s*. This contradicts the fact that there is no convergence
at the point x*.

Thus, from (5.22) and (5.36) and the continuity of a;(z, so, s) with respect to s = (s, s) we conclude
that as 7 — o0

a; (:L',uj, Vuj) — a; (ar:,u, Vu) almost everywhere in 2, i=0,1,...,n.

In addition, the boundedness of a; (:I:,ui,Vui) in LE(Q), i=0,1,...,n, follows from (5.19). Using
Lemma 4.4, we find the weak convergences

ai(ar:,uj, Vuj) — a; (:I:,u, Vu) in LR_(Q), 1=0,1,2,...,n. (5.37)

The weak convergence (5.15) follows from (5.37).
To complete the proof, we note that (5.16) is implied from (5.13) and (5.34):

<A(uj),uj —u) = <A(uj) - A(u),uj —u) + (A(u),uj —u) — 0, j— o0.
Proposition 5.1 is proved. U

Proof of Theorem 5.1. The coercirity of the operator A is proved in [17]. From Proposition 5.1,
according to Lemma 5.1, it follows that there exists a function v € W () such that A(u) = 0. Thus,
for any v € Wg(€2) the identity (5.10) is valid. O
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6. Existence of Entropic Solutions

Proof of Theorem 3.1.
Step 1. Choose a sequence of functions Ay (x) € C§°(€2) such that

Apy — Agw in L1(92), m — oo, (6.1)
and
14T < 490, m=1,2,.... 6.2)
Consider the equation
(z,w,Vw)) = af'(z,w), xecQ, (6.3)

T4

7,:1
with the functions af"(, s0, 8) = ajy(x, T s0, 8) and ag'(x, s9) = Afy, (2)+0™ (2, s0)+By(so)/m. Here
b (x,50) = Tinby(x, 50)km () and Ky, (x) is the characteristic function of the set Q(m) = {x € Q :
|z| < m}. We assume that continuously differentiable N-functions By and By satisfy the As-condition
and the requirements (5.5), (5.6) are fulfilled.
Obviously,

b (, s0)| < |by(x,50)], s0€R, @€ (6.4)
In addition, applying (3.8¢), we obtain the inequalities
b™(x,50)s0 >0, soBy(s0) > Bo(sp) >0, speR, xe. (6.5)

A generalized solution of the problem (6.3), (5.2) is a function w™ € Wé(Q) satisfying the integral
identity

05 (®) + Tinby (2, W™ ) i () +

[ Bj(w™) + ay, (:L',mem, Vwm) . Vv] -0 (6.6)

for any function v € W]13(Q)
For the functions a™(x, sg, 8) = (a’ln(ac, 50,8), ..., ap'(x, s, s)) and ag'(z, so), we verify the con-
ditions (3.4) (5.3), and (5.4). Obviously,

Bo(b™(x, s0)) = Bo (Tmbw(ax, so)mm(a:)> < Bo(m)km(x) € L1(Q).

Therefore, using (2.5), (2.2), and (2.4), we obtain

Bolaf . 50)) < BalAf (@) + Bulb" . 50)) + B (221 )
§a (30) (I)m(w)ﬂ (I)m(w)eLl(Q)’ (67)

From (3.3%) and (6.7) we obtain the inequality (5.3).
Then, applying (2.1) and (6.5), we obtain

o so)so = (A7 @) + 07 (o) + 220 ) gy > OO ey - e B4,

Hence, choosing ¢ < 1/m, we obtain the inequality

ag'(x, 50)s0 > amBo(s0) — dm(x), dm(x) € L1(). (6.8)

Combining (3.5¢) and (6.8), we deduce the inequality (5.4).
In addition, taking into account (3.41), we see that (3.4) is valid. According to Theorem 5.1, there
exists a generalized solution w™ € W} () of the problem (6.3), (5.2).
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Step 2. Consider the function T}, ,(r) = Tj(r — Ty (r)). Obviously,

0 for |r| < h,
Tipn(r) =< r—nhsignr for h <|r| <k +h,
k signr for |r| > k + h.

Setting v = T}, ,w™ in (6.6) and taking into account (6.5), we obtain

/ m
ay (:B,mem’ Vwm) -Vuwdx + k / (‘bm(a:,wm)‘ + M) dx

m
{Q:h<|w™|<k+h} {Q:|wm™|>k+h}
+ V" (x,w™) + — (w — hsignw )dm <k |Agyldx.  (6.9)
{Q:h<|w™|<k+h} {Q:|wm|>h}

Due to (6.5), the following inequality holds for h < |w™|:
B/ m
<bm(a:,wm) + 0(7w)> (wm — hsign wm) > 0.
m

Taking this into account, from (6.9) we deduce

ay (:L', Tw™, Vwm) -Vw™dx

{Q:h<|w™|<k+h}

Lk / <‘bm(m7wm)| X M) de < k / | Al |da. (6.10)

{Q:|wm™|=k+h} {Q:|w™|=h}

Applying (3.5¢) and taking into account (6.2), we reduce the inequality (6.10) to the form

Ty, / B(Vw™)dx + k / (‘bm(a},wmﬂ + M) dx

m
{Q:h<jw™|<k+h} {Q:|w™|>k+h}
<k / AT |z + / buda < KA + [ éplh. (6.11)
(Q:|w™|>h} {Q:h<|wm|<k+h}

Now, taking Tpw™ as a test function in (6.6), we obtain

Bl m
/{aw (:D,mem,Vwm) -VTw™ + < gl’b(a:) + 0" (x,w™) + OE;U )> Tkwm} = 0.
Q
Applying (6.2) and (6.5), we deduce

B/ m
ay (@ Ty Vu) - Vurda vk [ (‘bm(w,wm)‘+4‘ o M)dw
{Q:jwm|<k} (|wm >k}
< K AG 11 < kI AG I

Hence, using the inequality (3.5¢), we obtain

B (w™
W [ Bk [ (!bm<m,wm>\ +w> do < KAl + 6l (6.12)
{Q:|wm|<k} {Q:)wm|>k}
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According to (6.4) and (3.9¢) we obtain

/

sup <|bm(m,wm)‘ + M) < sup <‘bw(ac,wm)‘ + ‘Bé(wm)D

< Grp g (@) + [By()| € Lijoc(R). (6.13)

Combining (6.12) and (6.13), we conclude that for any compact Q C 2 the following inequalities are
valid:

B/
67 (. w™)][ | O(U;)HLQ <, om=12,.... (6.14)
We prove that
0™ (z,w™)||, < Cay m=1,2,.... (6.15)

Choosing k = g (dp from (3.10¢)) in (6.12), we obtain

b (@, w™)|de < C5, m=1,2,.... (6.16)
{:|wm|=d0}
From (6.4) and (3.10¢)) we obtain

/ 0" (, w™) |da < / |by (2, w™)|da

{Q:|wm| <50} (Q:|wm| <o}
< / bw(%,éo)dm + / |bw($, —50)‘d$ < Cy. (6.17)
{Q2:0<w™<dp} {Q:—dg<w™ <0}

Combining (6.16) and (6.17), we obtain (6.15).
Step 3. From (6.12) for any k > 0 we obtain the estimate
/ (VI,w™)dx = / B(Vw™)dx < kCs+Cs, m=1,2,.... (6.18)
{Q:|wm <k}
Hence, according to Lemma 4.2, we obtain
mes ({Q: [w™| > k}) — 0 is uniformly in m, k — oc. (6.19)
We prove the following convergence:
w™ — w almost everywhere in Q, m — oo. (6.20)
From the estimate (2.5), using (6.18), we deduce
/B(V(nR(|m|)Tkwm))dm <c / B(Vw™)dx + c/B(TkmenRﬂmD)dac < C7(k,R).
Q (2w | <k} 9)

Hence for any fixed k, R > 0, we obtain the boundedness of the set {ngTw™} in Hé(Q(R +1)). For
an N-function M << B,, according to Lemma 4.7, we obtain the compactness of the embedding

HE(Q(R+1)) C Ly (QUR+1)).

Thus, for any fixed k, R > 0, the selective convergence npTw™ — v in Ly (2R + 1)) as m — oo
is proved. This implies the convergence Tpw™ — v, as well as the selective convergence L (Q(R))
almost everywhere in Q(R) as m — oo for k = 1,2,.... By the diagonal process, we can prove that
there is a measurable function w :  — R such that v = Tpw and w™ — w almost everywhere in Q(R)
for all R > 0. This implies the convergence (6.20).
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The convergence w™ — w almost everywhere in Q(R) for all R > 0 implies the local convergence
in measure and, therefore, the local Cauchy property of w™ in measure:

mes {Q(R) ™ — wl| > V} — 0 for m,l — oo for any v > 0. (6.21)
Step 4. From (6.18) and (3.3%)), for any k > 0 we have the estimate
Hﬁ(aw(m,mem,Vwm))x(|wm| < k:)Hl <Cgs(k), m=1,2,.... (6.22)
From (6.18) according to Lemma 4.3 we obtain
mes {Q :B(Vw™) > p} — 0 uniformly in m, p — oc. (6.23)
First, we prove the convergence

Vuw™ — Vw locally in measure, m — 00. (6.24)
Consider the set

ELo,(R) = {Q(R) w! — w™| < v, B(Vw!) < p, B(Vu™) < p,
!l < po ™| < py V(! = w™)| > 6.
Due to the embedding
{Q(R) V(! — ™) > 9} c {Q :B(Va) > p} U {Q L B(Va™) > p}
U {Q(R) b — W™ > y} U {Q | > p} U {Q ™| > p} UE,g,(R)
and (6.19) and (6.23), by an appropriate choice of p we obtain the inequality
mes{Q(R) V(! — ™) > 9}
<4e +mesE, g ,(R)+ mes {Q(R) st —w™| > 1/}, m,l=1,2,.... (6.25)

According to the condition (3.47)) and the well-known fact that a continuous function on a compact
set achieves the lowest value, there exists a function y(x) > 0 almost everywhere in € such that for
B(s) < p, B(t) < p, |so| < p, and |s — t| > 0, the inequality

<a¢(ar:, 50,8) — ay(x, so,t)> (s—1t) > y(x) (6.26)

holds. We introduce the notation

Af () = Ay () 4 b (w,w™) + Bog“l”m).

The uniform boundedness of Af'(x) in Ljjoc(€2) with respect to m follows from (6.2) and (6.14).
Writing (6.6) twice for w™ and w' and subtracting the second relation from the first, we obtain

[(aw(m,mem, V™) — ay(z, Tiw', le)) Vo 4+ (A7 — Abw| = 0.
Substituting the test function
v = nr([])m,(Jw' )0, (lw™ )T, (w™ — w'),

we obtain
[ (au(@ Tow™, V™) = ay (@, T, Vo)) - Vnr(ll)m(w ), (o™ )T (™ = u)|

= [ = Abynr(@n, (u! n, (W™ DT (w™ — )| < Co(R)w. (6.27)

277



Next, using (6.26), we deduce

/ ~y(x)dx < / (aw(a:, Trw™, V™) — ay(z, Tyw™, le)> -V (w™ - w)de
Eu,e,p(R) Eu,9,p(R)

< / T]R(|:D\)77p(\wl|)77p(|wm\) (aw (w,mem, Vwm) —ay (:D,mem, le)> . V(wm — wl)dw

[wm—wl|<v

= / 773(|:E|)77p(|wl|)17p(|wm|) (aw(m,mem,Vwm) —aw(m,lel,le)) -V(wm —wl)dm

[wm—wt|<v
+ / nR(|w\)np(\wl|)np(|me (aw(w,lel,le) —aw(a},mem,le)) -V(wm—wl)da:
lwm—wh|<v

To estimate [;, we use (6.27) and (2.1):

11<Z /

=Hwm|<pt,
lw!|<p+1,
|w|<R+1

+ /
= oclwl|<pt1,
[w™|<p+1

+Z / (

=l wm|<pt,
lw!|<p+1

+Co(Rw < v (3]Blaw (@ T, Tum)x (] < o+ 1)

4
+ 3|]E<aw(a},lel,le)>x<\wl| <p+ 1) Hl + 2“B(Vwm)x(\wm| <p+1) H1

aw x, Tw™, Vw™ )‘4—

o) (ar:,lel, le) D

,,(wm - wl) ‘dar:

aw x, Tw™, Vw™ )‘4—

!
Wy,

aiw(ac,lel,le)D

T, (w™ — wl) ‘dm

m

wy

Qo) (a:, Tw™, Vwm)‘ +

(o (:B,lel, le) D

. Tl,(wm — wl) ‘da}

+ 2HB(W)X(\wl\ <p+1) Hl +C1o(R)).
Using (6.12), (6.22), we deduce

I < Cu(R, p)v. (6.29)
For m,l > p+ 1, from

W <p+1, |w" <p+1, [w"—w|<v

we obtain |Ty,w™ — Tyw'| < v. Applying the Holder condition (3.61)) and the inequalities (2.1), (2.5)
for m,l > p+ 1, we obtain

I B iﬁjl((}lg(}z, PB(vu! + ) (Ju| + [ul,|)de

lw™—wt|<v,

'Ll)l (07 m

A <1013 / (B(le)+B(Vw )+B(w)>dw
lw!|<p+1,
lw™|<p+1
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Taking into account (6.12), we obtain the estimate
|Ix] < Cia(R, p)v™, m,l>p+1. (6.30)
Combining (6.28)—(6.30), we deduce

| @de <CuRppt ve @1,
Ey0,p(R)
For any § > 0, for fixed R and p, by selecting v we can obtain the estimate
Ci5(R, p)v™ < 0.
Applying Lemma 4.8, for any € > 0 we establish the inequality
mes B, ,(R) <&, m,l>my. (6.31)
In addition, according to (6.21), we can select ma(v, R) such that
mes {Q(R) : |wl —w™| > 1/} <e, m,l>ma. (6.32)
Combining (6.25), (6.31), and (6.32), we deduce the inequality
mes {Q(R) |V (w!h = w™)] > 9} < 6e, m,l>mgy=max{my, ma}.
This implies Hence the Cauchy property in measure of the sequence {Vw™} on the set (R) for any
R > 0; hence this implies (6.24) and the selective convergence
Vuw™ — Vw almost everywhere in £, m — oo. (6.33)
Step 5. We prove that
b (x, w™) = by(x,w) in Ly 6c(€2), m — 00, (6.34)
b (x, w™) = by(x,w) almost everywhere in Q, m — oo. (6.35)
From (6.11) we obtain for h = k:
<‘bm(m,wm)‘ + 7‘Bé(wm)|) dx

m
{Q:|w™|>2k}

m 1
{Q:|w™| >k} {Q:)wm| >k} {Q:k<L|w™| <2k}
Due to the inclusions Ang ¢y € L1(£2), the convergence of (6.1), and the absolute continuity of the

integrals in the right-hand side of this inequality, taking into account (6.19), for any £ > 0 we can
choose a sufficiently large k such that

Bl m
<|bm(m,wm)\ + M) de <e, m=12,.... (6.36)
m
{Q:|lw™|>2k}
The continuity by (x,s0) in sp and the convergence w™ — w almost everywhere in 2 imply the
convergence (6.35).
Now we establish the Cauchy property of the sequence {0 (x,w™)} in the space Lq joc(£2): for any

compact set Q C
/ o7 (™) — a0 d 0, m, L oo, (6.37)
Q
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To do this, we introduce the notation
A™ () = ‘bm(w,wm) — b, w)

and write the relation

/ A™ (@) dx = / A™ (z)dx + / A™ (x)dx
Q

{Q:|w™|>2k, {Q:|w™| <2k,
lw!|>2k} lw!|<2k}
+ / A" (z)dz + / A™(x)dx =1 + I + I3 + I4.
{Q:|lw™|<2k, {Q:|w™|>2k,
|wt|>2k} |w| <2k}

According to (6.36), for any € > 0, by choosing k the estimate I; < 2¢ is valid and uniform in m and [.
Using (6.35) and (6.13) and the Lebesgue theorem, by choosing mg one can prove the inequality
I, < / A™(x)dx < e, m,l>mg.

{Qilw™ <2k,
|wt|<2k}

We estimate the integral I3. For the integration domain in I3, the following embedding is valid:
{Q ™| < 2%, Jwl| > 2k} c {Q ™| >k, ut] > Qk} U {Q ™| <k, u| > Qk}.

According to (6.36), by choosing k one can establish the estimates

I = / ‘bm(w,wm) - bl(w,wl)‘da: < 2e,
{Q:|w™ |2k,
|w'|>2k}
I35 = / ‘bm(m, wm) — bl(m7 wl)‘dm < / Gk+||w||oo($)d$ + ¢,
{Q:|w™[<k, {Q:w™|<k,
|w!|>2k} |w!|>2k}

which are uniform in m and [. Since
mes{Q Cw™| < K, wt] > Qk} — mes {Q: lw| <k, |w| > Qk} =0, k,l— o0,

Gt () € L1(Q), and the integral is absolutely continuous, by selecting mg we can obtain the
inequality
Gt (@)dT <2, m,1 > my.

{Q:w™|<k,
lw!|>2k}

Thus, I3 < 4e for m,l > mg. The integral I, can be estimated similarly.
Combining the estimates for I;, i = 1,2,3,4, we establish (6.37). Due to the completeness of the
space L1(Q), there exists a function v € L1(Q) such that

b (x,w™) = v in L1(Q), m — oo. (6.38)

In addition, the convergence b (x,w™) — v, m — o0, is selective almost everywhere in 2. Hence,
in view of the convergence (6.35), we see that v(x) = by(x,w) almost everywhere in Q. Thus, the
convergence (6.34) is proved.
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Next, we prove the convergence
By(w™)

- 0 almost everywhere in Q, m — oo, (6.39)
B/ m
% S0 in Lyjo(Q), m — oo. (6.40)

According to (6.36), for any € > 0 we can choose k such that

/ m
de<€, m=1,2,....
m

{Q:|lw™m|>2k}
In addition, by choosing mg one can obtain the inequality

By, 1Bo(2K)
m m

mes@ <e, m>mg.
{Q:|lw™|<2k}

From these estimates we obtain the convergence (6.40), which implies (6.39).

The estimate (6.15), in view of (6.35), according to the Fatou theorem, implies by (x,w) € L1(£2);
this implies the validity of the condition (1) of Definition 3.1.

Step 6. We show that Tw € Hé(Q) for any k£ > 0. Combining (6.18) and (2.7) for any fixed k& > 0,
we deduce the estimate

HTkw )= HVTkmeB < Cir(k), m=1,2,....

mHIfIé(Q
The reflexivity of the space Hé(Q) allows one to select a subsequence Tpw" — v weakly convergent in
ﬁé(Q), m — 0o, where v € Hé(Q) The continuity of the natural mapping Hé(Q) — Lp(Q2) implies
the weak convergence

VTiw™ — Vv in Lg(2), m — oo. (6.41)

Using the convergences (6.20) and (6.33), for any fixed k£ > 0 we obtain
VTiw™ — VTyw almost everywhere in Q, m — oo.
Hence, applying Lemma 4.4, we have the weak convergence
VTiw™ — VIyw in Lg(Q), m — oo. (6.42)
The relations (6.41) and (6.42) imply the equality
v=Tew € H5(Q).
Step 7. To prove the inequality (3.11%)), we take functions 7" € F and § € C§°(§2) and apply the
test function v = T'(w™ — &) in the identity (6.6). So we obtain

J = [aw (z, Tow™, V™) - VT (w™ — 5)}

_ - Kbm(m,wm) L Bolw™) | Ag;) T(w™ — g)} - I (6.43)
The left integral can be written as follows:
J= [aw (m,mem, Vwm) V™ (w™ — €)
— ay(z, Tpw™, V™) - VET' (w™ — g)] = Jy — Ja. (6.44)
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Due to the convergences w™ — w, T,w™ — w, and Vw™ — Vw almost everywhere in  (see (6.20)
and (6.33)), and due to the continuity of the function a(x, so, s) with respect to sg, s, and 7"(r), we
obtain

ay (:D, Trw™, Vwm)T’(wm —&) = ay (:D, w, Vw) T'(w—¢) almost everywhere in 0, m — oo.
Hence, by the Fatou lemma we obtain

[aw (2, w, V) - VuT' (w — £)d} < lim inf Jj. (6.45)

m—ro0

From (6.22) we obtain the boundedness of the sequence of norms:
HB(aw z, T, w™, Vw™ T' >H
< 018HB<% x, Tw™ ,Vwm)>x(|wm| <k+ H{HOO)Hl <Cy, m=12....
Applying Lemma 4.4, we prove the weak convergence:
ay (z, Tpw™, V™) T' (W™ — &) = ay(z, w, Vw)T'(w — €) in Lg(Q), m — .
Passing to the limit in Jo, we have

lim Jy = [aw (2, w, Vw) - VET' (w — {)] (6.46)

m—00

The integral I is also divided into two summands. The first integral

h=| (@) + 2 ) 7m - ¢

m

is estimated as follows. Consider an increasing sequence {K'} of compact subsets of © such that

UKZ Q. Let

supp C KL 1>y, vm=wm—¢ v=w-—¢ M(e,w™) =b0"(x,w™) +

then taking into account (6.5), for [ > Iy, we have
I, = / cm(w,wm)T(wm)dw—i—/cm(w,wm)T(vm)da: > /cm(w,wm)T(vm)d:n = 1.
Q\K! Kl Kl

Consider the integral

T = / (bo (. w)T(0) — " )T (")) de

K
= / (bw(w,w) — cm(w,wm))T(v)d:D + /cm(w,wm)(T(v) —TW"))dx = Iy + Lo
Kl Kl
In view of the convergences (6.34) and (6.40), we conclude that I;; — 0 as m — oo, and for Ijy we
obtain
Pa= [ @I - T)de

(Kt 2L) + / ¢ (a2, w™)(T(v) — T(™))dz = Tya1 + Tro.

{K!:jwm|<L}
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Due to (6.36), by choosing large L, we obtain the inequality |Ij21]| < e (uniformly in m). For fixed L,
in view of (6.13), using the Lebesgue theorem, we find that

|T122| <eg, m>=mg.

So, I, — 0 for m — oo; therefore,

m—ro0

/ by (x, w)T(w —&)dr = lim I; < lim _inf Iy, (6.47)
Kl
Passing to the limit as [ — oo, we replace K; by €.

Applying (6.1) and (6.2) and using the Lebesgue theorem, we pass to the limit as m — oo in the
second integral. We obtain

I = [A%T(wm - g)d] = [Ang(w —9)). (6.48)
Combining (6.43)—(6.48), we deduce (3.11%)). O

Example 6.1. Consider the equation

i (éh‘(u — ) B (ug, — ba,) + fi(a:))

i=1

= golu— ¥)pl@) — folw) = 0 (6.49)
with continuously differentiable N-functions By(z),..., B,(z) satisfying the As-condition such that
B! (z),...,Bl(z) are strictly monotonic for z > 0, and (2.11) is fulfilled. The functions g;(z), z € R,
i =0,...,n, are nondecreasing and continuous; in addition, g;(z), ¢ = 1, ..., n, are Lipschitz, positive,
and bounded below. If f;(z) € L5 (), i =1,2,...,n, fo(z), p(x) € L1(12), then for functions

ai(z, s0, 8) = gi(so — ¥)Bj(s; — ¥z,) + fi(x), i =1,2,...,n,
ao(x, s0) = go(s0 — ¥)p(x) + fo(x),

the conditions (3.3)—(3.7), (3.9) are fulfilled. According to Theorem 3.1, there exists a solution of the
problem (6.49), (1.2).
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