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RELATIONSHIP GRAPHS OF REAL CAYLEY-DICKSON
ALGEBRAS

A. E. Guterman* and S. A. Zhilina' UDC 512.554

The paper studies the anticommutativity condition for elements of arbitrary real Cayley—Dickson
algebras. As a consequence, the anticommutativity graphs on equivalence classes of such algebras
are classified. Under some additional assumptions on the algebras considered, an expression for
the centralizer of an element in terms of its orthogonalizer is obtained. Conditions sufficient for
this interrelation to hold are provided. Also examples of real Cayley—Dickson algebras in which
the centralizer and orthogonalizer of an element are not interrelated in this way are considered.
Bibliography: 28 titles.

1. INTRODUCTION

Studies in the area of graphs determined by relations in algebraic systems have originated
from group theory, see, e.g., [7]. Rings and algebras were first studied in this way in 1988
by Beck [11], where the zero divisor graph of a commutative ring was introduced. In Beck’s
definition, the vertex set of the graph coincides with the set of all elements of the ring. Then
Anderson and Livingston [6] gave another definition, which excludes zero and all zero divisors
of the ring. Mulay [26] considered a new zero divisor graph, whose vertex set consists of
the equivalence classes of the zero divisors of the ring. As to the zero divisor graphs of
noncommutative rings, they were introduced by Redmond [27] (namely, I'z(R) and I'z(R)).
In [12], Bozic and Petrovic studied the diameters of the zero divisor graphs of matrix rings
over commutative rings and their relationship with the diameters of the zero divisor graphs of
the ground rings.

In addition to the zero divisor graphs, commutativity graphs of matrix rings and some
other rings were also intensively studied, see [3] and the references therein. In particular,
in [2, 4, 16], different authors explored the connectivity and diameters of the commutativity
graphs of matrix rings, and also the way they are determined by the ground rings. In [9, 10, 19],
the orthogonality graphs (I'o(R)) of matrix rings were studied.

In this paper, we consider relationship graphs of non-associative algebras and focus on their
combinatorial characteristics, such as the diameter, clique number, and description of cliques.
The paper is organized as follows. Section 2 contains main definitions and notation concerning
relationship graphs and some basic facts of graph theory. The Cayley—Dickson process is
described in detail in Sec. 3. In Sec. 5, we establish the anticommutativity condition for
the elements of an arbitrary real Cayley—Dickson algebra and present some auxiliary lemmas.
Theorem 6.3 in Sec. 6 provides a classification of the anticommutativity graphs on equivalence
classes of real Cayley—Dickson algebras. Some particular cases of this theorem for quaternions,
split-complex numbers, and split-quaternions are considered in Sec. 7. An expression for the
centralizer in terms of the orthogonalizer and some sufficient conditions for this expression to
hold are provided in Sec. 8, where we also demonstrate that these conditions are essential.
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2. DEFINITIONS AND NOTATION

Let F be an arbitrary field and let (A, +,-) be an algebra with the identity 14 over the field
F. The algebra A is not assumed to be commutative and associative. Given a,b € A, we say
that

a and b commute if ab = ba;

a and b anticommute if ab + ba = 0;

a and b are orthogonal if ab = ba = 0;

a is a left zero divisor if a # 0 and there exists a nonzero b € A such that ab = 0;
a is a right zero divisor if a # 0 and there exists a nonzero b € A such that ba = 0;
a is a two-sided zero divisor if it is both a left and a right zero divisor;

a is a zero divisor if it is a left or a right zero divisor.

Definition 2.1. The center of an algebra A is the set C4 = {a € A|ab = ba for all b € A}.

The centralizer of a subset S C A is Ca(S) = {a € A|as = sa for all s € S}, i.e., the set of
all elements in A that commute with every element of S. For an arbitrary a € A, we denote

Ca({a}) by Ca(a).

By Z*(A) we denote the set of zero divisors of A, and Z**(\A) is the set of two-sided zero

divisors of A. The set AC*(A) = {a € A\ {0}|3be A\ {0}: ab+ ba =0} is the set of all
nonzero elements a € A such that ¢ anticommutes with a certain nonzero b € A.

Definition 2.2. The anticentralizer of a subset S C Ais the set Anca(S) = {a € Alas+sa =0
foralls € S }, i.e., the set of all elements in A that anticommute with every element of S. For
an arbitrary a € A, we denote Anc4({a}) by Anc(a).

Definition 2.3. The left annihilator of a subset S C A is the set
LAnny(S) = {a € Alas =0 for all s € S}.
Similarly, the right annihilator of S is
r.Ann,(S) = {a € A|sa=0for all s € S}.
For an arbitrary a € A, we denote .LAnn4({a}) by LAnn 4(a) and r.Ann 4({a}) by r.Anny4(a).

Definition 2.4. The orthogonalizer of a subset S C A is the set O4(S) = {a € Al as =sa =0

for all s € S }, i.e., the set of all elements in A that are orthogonal to every element of S. For
an arbitrary a € A, we denote OA({a}) by OA(a).

Now we introduce some equivalence relations that will be used below.

Definition 2.5.

(1) Let a,b € A\ Ca. We say that a and b are C-equivalent (a ~¢ b) if C4(a) = C (D).
The equivalence class of a is denoted by [a]c:.

(2) Let a,b € AC*(A). We say that a and b are AC-equivalent (a ~ac b) if Anca(a) =
Anc(b). The equivalence class of a is denoted by [a]ac.

(3) Let a,b € Z*(A). We say that a and b are Z-equivalent (a ~z b) if LAnng(a) =
L.LAnny(b) and r.Ann4(a) = r.Ann4(b). The equivalence class of a is denoted by [a]z.

(4) Let a,b € Z**(A). We say that a and b are O-equivalent (a ~o b) if O4(a) = O4(b).
The equivalence class of a is denoted by [a]o.

Remark 2.6. Let S C A. It is readily seen that C 4, C4(S), Anc4(S), .Ann4(S), r.Anny4(.5),
and O4(95) are vector spaces over F.

Now we can introduce some relationship graphs that will be studied in this paper.
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Definition 2.7. For an algebra A, we define the following structures:

(1) The commutativity graph Tc(A): its vertex set is A\ C 4, and distinct vertices a and
b are adjacent if and only if ab = ba.

(2) The commutativity graph on the equivalence classes TE(A): its vertex set is {[a]c|a €
A\ C4}, and distinct vertices [a]c and [b]¢ are adjacent if and only if ab = ba.

(3) The anticommutativity graph T sc(A): its vertex set is AC*(A), and distinct vertices
a and b are adjacent if and only if ab + ba = 0.

(4) The anticommutativity graph on the equivalence classes T (A): its vertex set is
{[a]ac|a € AC*(A)}, and distinct vertices [a]ac and [b]ac are adjacent if and only if
ab + ba = 0.

(5) The orthogonality graph T'o(A): its vertex set is Z**(A), and distinct vertices a and b
are adjacent if and only if ab = ba = 0.

(6) The orthogonality graph on the equivalence classes T§(A): its vertex set is {[a]o|a €
Z**(A)}, and distinct vertices [a]o and [b]o are adjacent if and only if ab = ba = 0.

(7) The directed zero divisor graph T'z(A): its vertex set is Z*(.A), and distinct vertices a
and b are connected by an arc going from a to b if and only if ab = 0.

(8) The directed zero divisor graph on the equivalence classes TZ(A): its vertex set is
{[a]z|a € Z*(A)}, and distinct vertices [a]z and [b]z are connected by an arc going
from [a]z to [b]z if and only if ab = 0.

(9) The undirected zero divisor graph T z(A): its vertex set is Z*(A), and distinct vertices
a and b are adjacent if and only if ab = 0 or ba = 0.

(10) The undirected zero divisor graph on the equivalence classes TZ(A): its vertex set is
{[a]z|a € Z*(A)}, and distinct vertices [a]z and [b]; are adjacent if and only if ab = 0
or ba = 0.

Proposition 2.8. The graphs TE(A), TE(A), TE(A), TZ(A), and TZ(A) are well defined.

Proof. As is readily verified, adjacency in these graphs is independent of representatives of the
equivalence classes. O

We will need the following definitions of graph theory.

Definition 2.9. Let I' be an undirected graph.

e T' is said to be connected if for every pair of vertices {x,y} there exists a path going
from x to y, that is, x and y are connected. Otherwise I is said to be disconnected.
A connected component of ' is a maximal connected subgraph of I'.

The distance d(x,y) between two vertices x and y in I" is the number of edges in a
shortest path connecting them. If there is no path connecting x and y, i.e., they belong
to different connected components, then d(z,y) = oco.

The diameter d(I") of I is defined as sup d(z,y).
z,yel
A cliqgue C in T is a subset of vertices of I" such that every two distinct vertices in C

are adjacent. 3 3 3
A clique C is said to be mazximal if for any clique C such that C C C we have C = C.

3. CONSTRUCTION OF CAYLEY—-DICKSON ALGEBRAS

In this section, mainly based on [22, 28], we recall a classical construction of non-associative
algebras, which is called the Cayley—Dickson process.

Definition 3.1 ([22, p. 139, Definition 1.5.1]). Let (A, +,-) be an algebra over a field F. An
involution a — a in A is an endomorphism of the vector space A such that for all a,b € A we
have a = a and ab = ba.
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Definition 3.2. Let (A, +, ) be an algebra over a field F with the identity 1 4 and an involution
a +— a. This involution is said to be regular if it satisfies the conditions a + a € F1 4 and
aa € F14 for any a € A.

Henceforth, we assume that A is an algebra over a field F with a regular involution a + a.
Consider the following definitions, which are analogous to those for complex numbers.

Definition 3.3. The real part of an element a € A is Re(a) = #; the imaginary part of a is

Jm(a) = 252; the norm of a is n(a) = aa = aa. An element a is said to be pure if Re(a) = 0.
The norm of a is often defined as v/aa; however, in this paper, we use the norm n(a) = aa.
Note that most of the results can easily be extended to the norm modified in this way.

The next proposition describes some properties of the above notions. Its proof is based on
properties of endomorphisms of vector spaces.

Proposition 3.4. Let F =R, a,b € A, r € R. Then the following equalities hold:

Re(a + b) = Re(a) + Re(b), Re(Re(a)) = Re(a),

Jm(a + b) = Jm(a) + IJm(b), Re(Im(a)) =0,
Re(ra) = rRe(a), Jm(Re(a)) =0,
Jm(ra) = rIm(a), Jm(Jm(a)) = Jm(a)

Now we turn to the Cayley—Dickson process itself.

Definition 3.5 ([28]). The algebra A{~} produced by the Cayley—Dickson process applied to
A with the parameter v € F is defined as the set of ordered pairs of elements of A with the
operations
a(a,b) = (aa, ab),
(a,0) + (¢,d) = (a+ ¢, b+ d),
(a,b)(c,d) = (ac + ydb, da + be)

and the involution o

(a,b) = (a,—b), a,be,d e A, a €F.
Proposition 3.6 ([28]). The algebra A{v} is an algebra over F with the identity 14,y =
(14,0) and a regular involution.

Proposition 3.7 ([28]). Let A be an n-dimensional algebra and let {e;} be a basis in

i=1,...n
A. Then A{~} is a 2n-dimensional algebra, and {(e;,0), (0,¢;)} is a basis in A{v}.

i=1,...,n
Thus, starting with a one-dimensional algebra and successively applying the Cayley—Dickson

process to it, at the nth step we obtain a 2"-dimensional algebra.
Lemma 3.8 ([28]). Let a,b € A, (a,b) € A{y}. Then

Re((a, b)) = Re(a),

Jm((a,b)) = (Im(a),b),

n((a,b)) = n(a) —yn(b).

Proof. Consider the following strings of equalities:

Re((a,b)) = (a,b) ;— (a,b) _ (a,b) ~|—2(&, —b) _ (a —|—2d, 0) _ (29%;@, 0) — Re(a)ggy) =Re(a):

(@,b) — (@,b) (a,b)— @ —~b) (a—a2b) (2Im(a),2b)

Jm((a,b)) = 5 = 5 = 5 = 5 = (Jm(a),d);
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n((a,0)) = (a,b)(a,b) = (a,b)(@, —b) = (aa — ybb, ~ba + ba) = (n(a) — yn(b), 0)
= (n(a) —yn(b))(14,0) = (n(a) = yn(b))Lagyy = n(a) = yn(b). .

Definition 3.9. Let b,c € A, a = (b,c) € A{y}. An element a is said to be doubly pure if
Re(b) = Re(c) =

Proposition 3.10. If a € A{~} is doubly pure, then a is pure.
Proof. If a = (b, c), Re(b) = Re(c) = 0, then Re(a) = Re((b,c)) = Re(b) = 0. O
Notation 3.11. A{vyi,...,v,} denotes (... (A{m})... ) {m}

The question whether this construction is correct naturally arises. In particular, does the
order of application of the Cayley—Dickson process with different values of ~ influence the
result we obtain? The following lemma contains an observation concerning this issue.

Lemma 3.12. If A is a commutative algebra, then for any 1,72 € F the algebras A{y1,v2}
and A{y2,m} are isomorphic.

Proof. Consider the mapping ¢ : A{v1,v2} — A{v2,71} such that for all a,b,c,d € A,
¢ : ((a7 b)’Yl ’ (07 d)’Yl )’Yz = ((a7 c)’Yz’ (_b7 d)’Yz)’Yl

Obviously, ¢ is bijective. Show that ¢ preserves multiplication, whence ¢ is a homomorphism.
Indeed, we have

(@B erd)sn) (@), (1))

2
“/1 a b/ ’71 +’72(C d )M(C d)’hv (C dl)% (a, b)’n (c, d)% (a/ab/)ﬂﬂ)w

“fl CL b/ ’Yl + ’72( d/)“{l (Cv d)“{l ) (Cl, d/)’ﬂ ((I, b)"/l + (67 d)’n (CZ/, _b,)’n)

(a,b)
(a,b)

Y2

(aa' + b, Va+ba')y, +y2(cc —ydd ,dd — d'é),,

(da+ybd b +da),, + (ca/ —y1bd,—b'c+ da )w)
_ ((aa + 310 + yac — yradd , (Va + ba!) + yo(de’ — d@))_,

((da+ ca’) + 7 (bd — bd), (b —b'c) + (da + da’) )

It follows that
O (0o (e ), ) )0 (((@ V) (1)) )
= (@) (brd)sy ) (@) (. )s)

— ((aa’ + yacc + yb'b — yoy1dd , (da + ca’) + v (—db + d/l_)))w,

7

—ba—ba') + y(ed — d), (—cb + b) + (d'a+ dd’
2 o

_ ((aa' + b+ yacc — nyadd', (da+ cd) + 3 (db — b)),
(= ((Ma+ba") +y(dd—ed)), (b —Ve)+ (da+ da’))w)%
— ((aa’ + bbb+ yacc — yiyedd , (a4 ca’) + vy (bd' — E’d))w,
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(= ((Wa+ba) +(d = d'0). (b ~ Vo) + (da+da')) )

71

= <l><((aa’ +71bb + Yol c — yyadd, (Va + ba!) + o (de — d'6))
((da+cd) +7(bd = ¥d), (b —bc) + (d'a+dd)), )72)
= ¢<((a7 b)’yn (C7 d)’n )72 ((a/7 b,)’yn (6,7 d/)’n )72) . 0

Definition 3.13. For every integer n > 0 and arbitrary reals 7, ...,Vvn—1, we inductively
define the algebras A, = A,{70,.-.,7n-1} as follows:

1) Ao =R, and e((]o) =1 is its only basis element.
2) If An{’yov s 77”—1} is ah"eady available, then An—i-l{,yov s 77”} = (An{’yov s 77”—1}){7?1}

Its basis elements are eénﬂ), .. ,eg;iill )_1, which are defined by

(1) _ ™0, o0<i<o-1,
: (0,e™,), 2m<i<ontl 1,
Lemma 3.14 ([28]). For every integer n > 0, the structure A,, constructed in Definition 3.13

is a 2"-dimensional algebra over R with the identity eén) and a regular involution.

Proof. This assertion follows from Propositions 3.6 and 3.7 by induction on n. g

We will use the following notation: 1 =1 = e(()n) and r = 1™ for r € R. The superscript
is omitted if it is clear from the context. From the definition of A,, it follows that real numbers
commute with all its elements, and we obtain the following result.

Corollary 3.15. For every integer n > 0, we have R C Cy,, .

Proposition 3.16 ([22, p. 161, Exercise 2.5.1]). Let 7' = a2y, with a # 0. Then A{y} and
A{~'} are isomorphic.

From Proposition 3.16 it follows that in studying real Cayley—Dickson algebras A, =
An{v0,---,n—1}, it is sufficient to consider v € {0,+1}, &k = 0,...,n — 1, because for
other values of v, the resulting algebras are isomorphic to these ones.

Assume that 0° = 1.

Notation 3.17. Let A, be a real Cayley—Dickson algebra. For every m = 0,...,2" — 1, we
set

(n) n—1
5m = H (_f}/l)cm’la
=0

n—1

where the indices ¢, ; € {0,1} are uniquely determined by the condition m = cm,l2l.
=0
Proposition 3.18. For any m=0,...,2" — 1, the value of 5,(7:”) is determined uniquely.

Proof. This assertion follows from the uniqueness of the binary representation of a nonnegative
integer. O

Remark 3.19. For any ~g,...,Vn—1, we have 5(()") = 1.

In the sequel, we will need the following lemma.
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Lemma 3.20. Let a = ag + aleln + -+ a2n_legz)_1 € A,. Then

a=ag— alegn) SE— agn_legf)_l;
Re(a) = aop;
Jm(a) = alegn) +--+ agn_leg}z)_l;
n—1
n(a) =Y oWap,
m=0
Proof. The equalities are obtained from Lemma 3.8 by direct calculations. g

4. SOME EXAMPLES OF REAL CAYLEY-DICKSON ALGEBRAS

Definition 4.1. An algebra A,{v0,...,7m—1} is said to belong to the main Cayley—Dickson
sequence if y; = —1 for every ¢ =0,...,n — 1.

Example 4.2. Examples of real Cayley—Dickson algebras of the main sequence are provided
by the complex numbers (C), quaternions (H), octonions (Q), and sedenions (S). We refer the
reader to [8] for the definitions of H and O, and to [15] for that of S.

Definition 4.3. An algebra A,{70,...,vn—1} is called a real Cayley—Dickson split algebra if
v =—1foralli=0,...,n—2and y,_1 = 1.

Example 4.4. Examples of real Cayley—Dickson split algebras are provided by the split-
complex numbers (C), split-quaternions (coquaternions; H), and split-octonions (hyperbolic
octonions; Q), all of them being defined in [13].

It is known that H is isomorphic to the algebra Ms(R) of 2 x 2 matrices over R, see [22,
p. 66], and Ois 1som0rphlc to the Zorn vector-matrix algebra, see [22, p. 158]. The constructive
definitions of C and H are given below. We will need them in Sec. 7.

Definition 4.5 ([13]). The algebra C is the algebra of elements of the form a + bf, where
a,b € R, ? =1, with the involution a + bl = a — bl.
Definition 4.6 ([13]). The algebra H is a four-dimensional algebra over R; its basis elements

are 1,4,¢,¢i. The involution in H is defined by the formula ag + a1? 4+ asf + aszli = ag — a1t —
asf — asli, and multiplication is defined by Table 1.

Table 1. Multiplication table of the unit split-quaternions.

x| 1 3 [}
111 ¢ £ Ui
i1 —1 —ti ¢
L0 /i 1 1
bi|bi —¢ —i 1

Proposition 4.7 ([23], [22, pp. 64-66]). The following isomorphisms hold:

C A -1} C = A {1}
H = Ay {—1,-1}; H e Ay{—1,1};
@2“43{_17_17_1}7 ©§A3{_1a_171};

S A f{-1,-1,-1,-1}.
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5. ANTICOMMUTATIVITY IN REAL CAYLEY—DICKSON ALGEBRAS

Everywhere below, we assume that A, = A,{70,...,v-1}, where v; € {-1,0,1}, i =
0,...,n — 1, is an arbitrary real Cayley—Dickson algebra.

Lemma 5.1. Let a € A,. Then the following conditions are equivalent:
1) a € Oy, (a), i.e., a® = 0;

2) a € Ancy, (a);

3) n(a) =0 and Re(a) = 0.

Proof. 1) < 2):: The conditions a? = 0 and 2a? = 0 are equivalent in A,,.
1) = 3):: Let a®> = 0. Then n(a) = aa = a(2Re(a) — a) = 2Re(a)a — a® = 2Re(a)a € R.
Hence either fRe(a) = 0 and then n(a) =0, or @ € R and then a = 0.
3) = 1):: Let n(a)=0 and Re(a)=0. Then a=—a and a?=—aa=—n(a) = 0. O

Lemma 5.2. Let a € A, and Re(a) = 0. Then a®> = —n(a) € R.

Proof. Since Re(a) = 0, it follows that @ = —a and a? = —aa = —n(a) € R. O
2n 1
Notation 5.3. Given elements a = ) ame,(ﬂ), b= Z bme,(ﬂ € A, we denote
m=0 m=0
on 1

A(a,b) = Zém Ambm,

where (57(7? ) is defined in Notation 3.17.

Proposition 5.4. A(a,b) is a real-valued symmetric bilinear form, that is, for all a,b € A,

a € R,
A(ay + as2,b) = A(a1,b) + A(ag, b);
Alaa,b) = alA(a,b);
A(a,b) = A(b, a);
A(a,b) e R.
Proof. All the properties can be verified directly. O

Proposition 5.5. For any a € A, we have n(a) = A(a,a).
Proof. This follows from Lemma 3.20. g
Proposition 5.6. Let a,b € A,. Then ab+ ba = 2A(a,b) € R.
Proof. Using Propositions 5.4 and 5.5, we derive
ab+ba = (a+b)(a +b) —aa — bb = (a + b)(a + b) — aa — bb

=n(a+b) —n(a) —n(b) = Ala+b,a+b) — A(a,a) — A(b, b)

= (Ala,a) + A(a,b) + A(b,a) + A(b,b)) — Aa,a) — A(b,b) = 2A(a, b). O
Corollary 5.7. Let a,b € A,, Re(a) = Re(b) =0. Then ab+ ba = —2A(a,b) € R.

Proof. This is a special case of Proposition 5.6 for @ = —a, b = —b. O

Lemma 5.8. Leta € Ay, a # 0.

(1) If Re(a) # 0, n(a) # 0, then Ancy, (a) = 0.
(2) If Re(a) # 0, n(a) =0, then Ancy, (a) = Ra.
(3) If Re(a) =0, then b € Anca, (a) if and only if Re(b) = 0 and A(a,b) = 0.
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Proof. Consider the anticommutativity condition for some nonzero elements a,b € A,:
0 =ab+ ba = (Re(a) + Im(a))(Re(d) + Im(b)) + (Re(b) + Im(b))(Re(a) + Im(a))
= (2%¢e(a)PRe(b) + IJm(a)Im(b) + Im(b)Im(a)) + 2(Re(a)Im(b) + Re(b)Im(a)).
Note that
A1 = 2Re(a)Re(b) + Im(a)Im(b) 4+ Im(b)Im(a) = Re(ab + ba),
whereas
Ay = 2(Re(a)Im(b) + Re(b)Im(a)) = Im(ab + ba).

The equality A; + A2 = 0 implies A; = A, = 0.
First assume that PRe(a) # 0. In this case,

Jm(b) = —;)::((2 Jm(a),
b= Re(b) + Tm(b) = ;):EEZ)) (Re(a) — Tm(a)) = ;::Ega. (5.1)
Thus,
B ~ Re(d), . Re(b)
0=ab+ba = Re(a) (aa + aa) = Q%e(a)n(a)' (5.2)

If n(a) # 0, then equality (5.2) implies PRe(b) = 0, and, by equality (5.1), we obtain b = 0.
Thus, (1) is proved.

If n(a) = 0, then (2) follows from equality (5.1).

The case where fRe(b) # 0 is considered similarly and leads us to the conditions of either

(1) or (2).
If Re(a) = Re(b) = 0, then, by Corollary 5.7, we obtain (3). O
Let ¢ denote the number of zero elements among ~p,...,V,—1. Now we introduce the

following subsets of the set of indices {1,...,2" — 1}:
M+:{1§mg2”—1(5,§§f) >0},
M_={1§mg2”—1(5,g’;> <0},
M0:{1§m§2"—1(5,§’;):0},
My = My UM._.

Proposition 5.9. In the above notation, My UM_ U My ={1,...,2" —1} and My N M_ =
MiNMy=MyNM_ =g2.

Proof. The relations immediately follows from the definitions of M, M_, M. O

Proposition 5.10. In the above notation, the following assertions hold:

(1) [Myg|=2""9—1, [Mo| = 2" — 2%

(2) if v0,- -y ¥n—1 <0, then |[My|=2""1—1, |M_| =0;

(3) if for a certain i € {0,...,n — 1} the condition ~; > 0 is fulfilled, then |M|=2""9"1 -1,
|M_| =2n—a 1,

Proof. The assertions follow from the definitions of M, M_, My, Notation 3.17, and Proposi-
tion 5.9. g
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We will need the following linear subspaces of A,:

Ar = @ ) A= @), A= D e,
meM 4 meM_ meMy
A=A A, A=A A
By definition, A/, = Jm(A,,), that is, this is the set of pure elements of A,,.
2n—1

Let a € Ap, a = ametr). Obviously, Jm(a) € A],. We will also need the following
m=0
notation:
ay = Z ame™ € AF, a_ = Z ame™ € A,
m€M+ meM_
ag = Z ame™ € A% ay =Im(a) —ag € AT
me Mo

Below, we present some immediate consequences of the above definitions, which will be used
in the proof of the main result.

Corollary 5.11. Leta € A}, \ {0}.
(1) Ifa € A%, then Ancy,(a) = A, and dim(Ancy, (a)) = 2" — 1.
(2) Ifa ¢ A, then Ancy,(a) C A’ and dim(Ancy, (a)) = 2" — 2.
Proof. Since Re(a) = 0, from Lemma 5.8 it follows that b € Anc 4, (a) if and only if Re(b) = 0
and A(a,b) = 0.
(1) If a € AY, then the condition A(a,b) = 0 is fulfilled automatically, whence the only
essential condition is b € A.,.
(2) Ifa ¢ A%, then the equation A(a,b) = 0 determines a proper (2" —2)-dimensional subspace
of Al,. O
Corollary 5.12. Let a € A}, n(a) #0. Then
(1) A}, =Ra ® Ancy, (a);
(2) A, =Cy4,(a)+ Ancy, (a).
Proof. (1) By Lemma 5.1, n(a) # 0 implies a ¢ Anca,(a). Moreover, from Corollary 5.11 it
follows that Ancy, (a) C A], and dim(Ancy, (a)) > 2" — 2. Therefore, Ra & Ancy, (a) C A,
dim(Ra @ Ancy, (a)) > 2" — 1 = dim(.A},), whence A}, = Ra & Anc, (a).
(2) Since 1,a € C4, (a), we have
A, =R A, =R @ (Ra® Ancy, (a)) = (R® Ra) & Ancy, (a) C Cy, (a) + Ancy, (a).
This completes the proof. O

Remark 5.13. The sum in the equality A, = C4,(a) + Ancy, (a) can be replaced with the
direct sum if and only if O 4, (a) = {0}.

Proof. C4,(a) N Ancy,(a) =04, (a). O
Example 5.14. As an example of the case where O 4, (a) # {0}, consider an arbitrary zero
divisor a in A,, = S.

Lemma 5.15. For A, the following assertions hold:

(1) An element a € AC*(A,) such that Re(a) = 0 exists if and only if either n > 2 orn =1
and o = 0.

(2) An element a € A,, such that Re(a) # 0 and n(a) = 0 exists if and only if A, # 0, that
18, at least one of the numbers Yo, ..., Yn—1 1S positive.
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(3) AC*(A,) = @ if and only if either n =0 orn =1 and vy < 0.
Proof. (1) It is known that a € AC*(A,) and PRe(a) = 0 if and only if the equation A(a,b) =0

2n—1
in the variable b= ) bmeﬁﬁ) has at least one nonzero solution.
m=1

e If n > 2, then any a € A}, \ {0} satisfies this condition.
(1)

e If n =1, then a = alel1 , and the equation in the variable b = bie;’ takes the form
—v0a1b; = 0. Since a # 0, we have a; # 0. Hence this equation has a nonzero solution if and
only if v9 = 0.

2n—1
2) If v0,...,—1 < 0, a = > ame,(ﬁ), then the coefficients at all terms of n(a) =

m=0
n

-1
> s )a%n are nonzero. Moreover, 5(()") = 1. Thus, Re(a) # 0 implies n(a) > 0.
m=0
If there exists a certain i € {0,...,n—1} such that ; > 0, then one can take a = \/7; + egf).
(3) Assume that either n =0 or n = 1 and y < 0. Then, obviously, AC*(A,) = @. Now
assume that either n > 2 or n =1 and vy > 0. Prove that AC*(A,) # @.
e Consider the case where either n > 2 or n = 1 and 79 = 0. Then, as has been shown
above, there exists a € AC*(A,) such that Re(a) = 0.
e Consider the case where n = 1 and ¢ > 0. As we have proved above, there exists b € A,
such that fRe(b) # 0 and n(b) = 0, whence b € AC*(A,). O

Corollary 5.16. Let AC*(A,) # @, a € A,.

(1) If A, #0 or AY =0, then a anticommutes with every b € AC*(A,,) if and only if a = 0.

(2) If A, = 0 and A% # 0, then a anticommutes with every b € AC*(A,) if and only if
ae Al.

Proof. Obviously, if a = 0, then ab+ba = 0 for any b € AC*(A,). We now check the existence
of a nonzero a satisfying this condition. In view of the condition AC*(A,) # &, we have
a € AC*(Ap).
(1) e Let A; # 0. Then there exists b € A, such that Re(b) # 0 and n(b) = 0. Then
b,b € AC*(A,), but Ancy, (b) N Ancy, (b) = 0, and the desired assertion follows.
e Now let A, =0 and A% = 0. Since AC*(A,,) # @, we have n > 2. Then AC*(A,)
consists of nonzero elements of A/, = A}. For an arbitrary element a € AC*(A,,) we
have Ancy, (a) C A),. Hence there exists b € AC*(A,) \ Anca, (a).
(2) If A, =0 and A2 # 0, then AC*(A,) = A, \ {0}. Now let a € AC*(A,). If a € AY,

then Ancg, (a) = A, and, consequently, a anticommutes with all elements of AC*(A,,).

If a ¢ A%, then Ancy, (a) C A}, whence a cannot satisfy the desired condition. O
Lemma 5.17. Let a,b e A.,.
(1) Assume that yo,...,Yn—1 < 0. Then a and b anticommute if and only if ax and by are

orthogonal as elements of a (2"~ 9 — 1)-dimensional Euclidean space.

(2) Assume that there exists i € {0,...,n — 1} such that v; > 0. Then a and b anticommute
if and only if ax and b+ are orthogonal as elements of a pseudo-Fuclidean space with
signature (241 —1,2n—971),

Proof. Both assertions follow from Lemma 5.8. g

Remark 5.18. The problem of finding cliques consisting of pure elements in FgC(An) has
been reduced to the problem of finding orthogonal systems either in a (2"~¢ — 1)-dimensional
Euclidean space or in a pseudo-Euclidean space with signature (27—9-1—1,27=4~1),

The following fact is well known.
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Lemma 5.19 ([18, p. 282]). Let E be a pseudo-Euclidean space and let U be a subspace of E.
By U™t denote the set of elements that are orthogonal to every element of U. Then U~ also is
a subspace of E, and the following equality holds:

dim(U) + dim(U+) = dim(E).

Corollary 5.20. Let S C AF. Then
rk(S) + dim(Ancy, (S) N AL) =279 — 1,
where 1k(S) is the cardinality of a maximal linearly independent subsystem of S.

Proof. The desired relation immediately follows from Lemmas 5.17 and 5.19. g

Lemma 5.21. Let a € AC*(A,).
(1) If Re(a) = 0, then a ~ac b if and only if b #0 and b€ (R\ {0})a+ A%, ie, b=caa+z
for some 0 # a € R and x € AY.
(2) If Re(a) # 0 and n(a) =0, then a ~ac b if and only if b € (R\ {0})a.
Proof. Now we use Lemma 5.8.
(1) If Re(a) = 0, then Ancy, (a) C Al, whence a ~¢c b implies Re(b) = 0. Thus, as it
follows from Lemma 5.8, a ~4¢ b if and only if the equations A(a,d) = 0 and A(b,d) =0 in
2n—1

the variable d = > dme,(ﬁ) determine the same solution set. From the definition of the sets
m=1

My and My it follows that My U My = {1,...,2" — 1} and, in addition, 55?) =0 for m € My,
and 5&1) # 0 for m € M. Thus,
n—1
A(a,d) = Z 5 iy = Z 55 .
m=1 meM4

A similar formula holds for A(b,d). Consequently, a ~4¢ b if and only if b # 0, Re(b) = 0,
and by = aa4 for a certain 0 # o € R. As is readily seen, this condition is fulfilled if and only
if b#0and b€ (R\ {0})a + A%.

(2) If Re(a) # 0 and n(a) = 0, then Ancy,(a) = Ra and Ancgy,(a) N A;, = 0. Thus,
a ~4c b implies Re(b) # 0, n(b) = 0, Ancy,(b) = Rb. Moreover, Ra = Rb if and only if
be R\ {0})a. O
Remark 5.22. From Lemma 5.21 it follows that for any a € A/, \ A we have a ~a¢c a.
However, if a € A% \ {0}, then ay = 0, Ancy, (a) = A’,, and Ancy, (a+) = A,.
Notation 5.23. Let Aj, # 0. Then 0/ denotes a chosen element of A) \ {0}. Also we set
A = (A7 \ {0} U {0}

Proposition 5.24. For any a € A%\ {0} we have a ~ac 0.
Proof. Since a,0’ € A%\ {0}, we have Ancy, (a) = Ancy, (0') = A, whence a ~4¢ 0. O

Corollary 5.25. (1) Let AY = 0. Then for any a € Al \ {0} we can choose a representative
of the equivalence class [a]ac that lies in AF \ {0}.
(2) Let A% # 0. Then for any a € A}, \{0} we can choose a representative of the equivalence

class [a]ac that lies in Ay
6. ANTICOMMUTATIVITY GRAPHS OF REAL CAYLEY-DICKSON ALGEBRAS

Notation 6.1. In order to describe the connected components of the graph I’EC(AH), we will
need the following types of induced subgraphs of FEC(An) on the vertex sets listed below:
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(C1) =2 {la],[a]}, where Re(a) # 0 and n(a) = 0;

(Co) = {la] | a € A\ {0}};

(C3) =2 {la] | ae A%}
Notation 6.2. In order to describe the cliques of the graph FgC(An), we will need the
following types of subsets of the vertex set of I'f(A,):

(Q1) =2 {[a],[a]}, where Re(a) # 0 and n(a) = 0;

(Q5) =+ {[riar + - +rrar] | (r1, - 7) € REN{0}} U {[ba],. .., [bon—ox 1]}, where
e 0 <k<2"!—1 (if k=0, then this set takes the form {[b1],...,[bon_1]});
® ai,...,ap,b1,... ban_9,_1 € AF anticommute pairwise and form a linearly inde-

pendent system;
e n(aj) =0forall j=1,... k;
e n(bj) #0forall j=1,...,2" =2k — 1;

Q%) = {01} U{lriar + -+ + rag] | (r1, ... r) € RFA{0}} U{[ba],.. ., [bon—a_op 1]}
where
e 0<k<2"971 —1 (if k = 0 this set takes the form {[0], [b1], ..., [ban—a_1]}),
® aj,...,a5, b1, ..., bon—q_op 1 € A,ib anticommute pairwise and form a linearly in-

dependent system;
e n(a;) =0forall j=1,... k;
e n(bj)#Oforall j=1,...,2"79 -2k — 1.

We now proceed to the classification of anticommutativity graphs of the algebras A,,.

Theorem 6.3. Let vg,..., -1 € {—1,0,1}, A, = A {70, -, Yn-1}-

(A) Let eithern =0 orn =1 and yo < 0. Then the vertex set of I'f(A,) is the empty set.

(B) If n=1 and vy > 0, then I'§(A,) is a complete graph on two vertices.

(C) If n>1 and g = n, then the vertex set of TF.(A,) is a singleton.

(D) Ifn>2,q=0, and A, # 0, then the vertex set of T5.(Ay) is the set of equivalence
classes of the elements of {a € A, | Re(a) # 0,n(a) = 0} and AF\ {0}.

The connected components of this graph are of the form Cy and Co. The diameter
of every connected component of the form C1 equals 1, whereas the diameter of every
connected component of the form Cy equals 2.

The mazimal cligues in FgC(An) are of the form Q1 and Q5, 0 <k <21 —1.

(E) If n > 2, q =0, and A,, = 0, then the vertex set of I’EC(AH) is the set of equivalence
classes of the elements of AF\ {0}.

This graph is connected, and its diameter is equal to 2 (that is, T'E(A,) consists of
the only connected component, namely, Cs ).

The mazimal cliques in T (A,) are of the form QY.

(F) Ifn>2,0<qg<n, and A, #0, then the vertex set of FgC(An)i_sthe set of equivalence
classes of the elements of {a € A, | Re(a) # 0,n(a) = 0} and of Ax.

The connected components of this graph are of the form Cy and Cs. The diameter of
every connected component of the form Ci equals 1, and the diameter of every connected
component of the form Cs equals 1 ifg=n—1, and 2 if g <n—1.

The mazimal cligues in FgC(An) are of the form Q1 and Q, 0 <k <2n—a~1 1,

(G) Ifn>2,0<qg<mn, and A;_: 0, then the vertex set of T (Ay) is the set of equivalence
classes of the elements of AF.

This graph is connected; its diameter is equal to 1 if g=n—1 and to 2 ifg<n—1
(that is, T%(Ay) consists of the only connected component Cs).

The mazimal cliques in T (A,) are of the form QY.
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Proof. (1) Case (A) immediately follows from Lemma 5.15.
(2) In Case (B), we have AC*(A,) N A}, = & by Lemma 5.15. Then, as it follows from

Lemma 5.8, we have AC*(A,,) = {a € A, |Re(a) # 0,n(a) =0} = (R\{O})(\/%—I—egl)) U(RY\

{0})(\/%—69)). Thus, the vertex set of 'Y (A,,) consists of [\/’%—Fegl)]AC and [\/%—egl)]AC,
and these two vertices are adjacent.

(3) In cases (C), (E), and (G), from Lemma 5.15 it follows that AC*(A,) C A.,. Therefore,
by Lemma 5.8, AC*(A,) = A}, \ {0}.

(4) In case (C), we have A = 0, whence AC*(A,) = A%\ {0}. Thus, the vertex set of
I'E(A,) contains the only one element [0'] s

(5) Cases (F) and (G) can be inferred from cases (D) and (E), respectively, by adding the
element [0'] 4c and changing dim(AF) from 2" — 1 to 2"~7 — 1. It should also be noted that
if n — ¢ = 11in cases (F) and (G), then dim(A}) = 1, whence the connected component C3
consists of two elements, and its diameter is equal to 1. If n — ¢ > 2, then dim(AF) > 3;
therefore, in C3 there are at least two nonadjacent elements.

(6) Thus, it only remains to consider cases (D) and (E), where n > 2 and ¢ = 0. The
distinction between them is discussed in Lemma 5.17.

(7) First consider case (D). From Lemma 5.8 it is clear that the equivalence classes of the
elements {a € A, | Re(a) # 0,n(a) = 0} and those of the elements in AF \ {0} lie in different
connected components.

(a) From Lemma 5.8 it follows that the equivalence classes of the elements of
{a € A, | Re(a) #0,n(a) =0}

are contained in connected components of the form C4, and their maximal cliques coincide
with the connected components themselves and are of the form Q.

(b) Now we show that the subgraph of '}, (A,) on the vertex set {[a]ac|a € AE\ {0}} is
connected and its diameter equals 2. We use Lemma 5.17. The subspace of the elements of
A that are orthogonal (in the sense of a pseudo-Euclidean space) to a given a € A \{0} is
of dimension 2" — 2. Since dim(A) = 2" — 1, the intersection of the orthogonal subspaces
of any two elements from A;: is of dimension at least 2" — 3 and hence nonzero. It follows
that Cy is connected and d(C3) < 2. Moreover, since dim(AF) > 3, there exist two vertices
that are not adjacent, and we also have d(Cs) > 2.

(c) Now consider the maximal cliques in the connected component Cs.

Note that if r1,...,r; € R and distinct vertices [a1], ..., [ag],[r1a1 + - + rrag] form a
clique, then from r; # 0 it follows that a; anticommutes with itself. Then, by Lemma 5.1,
n(aj) = 0 and Re(a;) = 0. Hence n(riay + --- + rray) = 0.

Let @ be a maximal clique in Cy. For every equivalence class in ¢ we choose its
representative from AF. Let S denote the set of these representatives, whereas Sy is the
subset of S consisting of elements with zero norm. Lin(S) and Lin(Sp) are linear spaces
generated by S and Sp, respectively; Lin(Sg) C Lin(S) C AF. Let

m = rk(S) = dim(Lin(5)), & =rk(Sp) = dim(Lin(Sp)), m > k.

Obviously, So C Anc4, (S) N AL, whence dim(Ancy, (S) N AEF) > k. Moreover, from the
above remark it follows that

Lin(S) N (Ancg, (S) N AF) = Lin(Sp).

By using Corollary 5.20, we obtain that m + dim(Ancy, (S) N AF) = 2" — 1, whence
2k < k+m < 2" — 1. Consequently, k < 2"~! — 1. Furthermore, if £k +m < 2" — 1, then
there is an element b € (Ancy, (S) NAF) \ Lin(S), and QU {[blac} also is a clique. Since
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the clique @ is maximal by assumption, we have k +m = 2" — 1, and thus Q is of the
form Q’;.

Now we present examples of cliques of the form Q'g for all possible values of k, 0 < k <
2n—l 1.

(n) (n)

aj = ey 1 + ey, j=1,...k,
b = el .. j=1,...,2" — 2k — 1.

(8) In case (E), all elements of AC*(A,,) are pure and have nonzero norms. The anticommu-
tativity relation in this case can be expressed in terms of orthogonality in a (2" —1)-dimensional
Euclidean space. In a similar way, we prove that the subgraph of FEC(An) of the form Cy
(which is, in fact, ['E(A,) itself) is connected, and its diameter equals 2. The explicit form
of the cliques (Q9) follows from the fact that any orthogonal system in a Euclidean space can
be extended to an orthogonal basis. (]

7. SOME EXAMPLES OF ANTICOMMUTATIVITY GRAPHS

In the cases of quaternions, split-complex numbers, and split-quaternions, Lemma 5.8 and
Theorem 6.3 take the following forms.

Lemma 7.1. Let a € H, a # 0. Then Ancg(a) # 0 if and only if Re(a) = 0.

If Re(a) = 0, then dim(Ancg(a)) = 2, and b € Ancg(a) if and only if Re(b) = 0 and
a1b1 + agbs + agbs = 0, where a = a1i + asj + ask, b = byt + boj + bsk.

Proof. This is a special case of Lemma 5.8, corresponding ton =2, v = —1,and vy = —1. O

Theorem 7.2. The vertex set of FgC(H) is the set of equivalence classes of the nonzero
elements of Ri ® Rj ® Rk. The graph FfC(H) is connected, and its diameter equals 2.

The cliques correspond to the orthogonal systems in Ri®Rj B RE free of zero elements (with
Euclidean inner product in R?). Every mazimal clique has three vertices.

Proof. This is a special case of Theorem 6.3, corresponding ton =2, 9= -1, 1 = —-1. 0O

Lemma 7.3. Every nontrivial pair of anticommuting elements in C consists of a + al and
b — bl, where a,b € R\ {0}.

Proof. This is a special case of Lemma 5.8, corresponding to n =1, 9 = 1. O
Theorem 7.4. T'5,(C) is a complete graph on the vertex set {[1+ ac,[1 = fac}-
Proof. This is a special case of Theorem 6.3, corresponding to n =1, v = 1. O

Lemma 7.5. Let a € H, a # 0.

(1) If Re(a) = 0, then dim(Ancg(a)) = 2, and b € Ancg(a) if and only if Re(b) = 0 and
albl — CLng — a3b3 = 0, where a = alz' + CL2€ + agéi, b= bli + bgﬁ + bg&'.

(2) If Re(a) # 0 and n(a) = 0, then dim(Ancg(a)) = 1, Ancy(a) = Ra. Any nonzero
b € Ancy(a) satisfies the condition Re(b) # 0.

(3) If Re(a) # 0 and n(a) # 0, then Ancg(a) = 0.

Proof. This is a special case of Lemma 5.8, corresponding to n =2, 79 = —1, 71 = 1. O
Theorem 7.6. The vertex set of I'§(M(R)) is the set of equivalence classes of the nonzero

elements of Ma(R) that have either zero trace or zero norm. The vertex sets of the connected
components of this graph have one of the following two forms:

(1) the equivalence classes of all nonzero elements with zero trace; the diameter of such a
connected component is equal to 2;
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(2) {[Alac,[Alac}, where tr(A) # 0 and det(A) = 0.
The mazimal cliques of T'§ . (Mz(R)) are as follows:
(i) {[A]AC, [A]AC}, where tr(A) # 0, det(A) = 0;

(ii) {[A]AC, [Blac, [C]Ac}, where
e A B,C are linearly independent and anticommute pairwise,
o tr(A) =tr(B) =tr(C) =0,
o det(A),det(B),det(C) # 0;
(iii) {[Alac,[Blac}, where
e A and B anticommute,
o tr(A) =tr(B) =0,
e det(A) =0, det(B) # 0.

Proof. This is a special case of Theorem 6.3, corresponding ton =2, 9 = —1,and vy = 1. [
8. RELATIONSHIP BETWEEN THE CENTRALIZER AND ORTHOGONALIZER

Definition 8.1. The associator of three elements a,b,c € A is the element [a,b,c] = (ab)c —

a(be).

Proposition 8.2. The associator is a trilinear function of its arguments.

Proof. This assertion follows directly from the definition of an algebra over a field. O
Definition 8.3. An algebra A is said to be flexible if (ab)a = a(ba) for all a,b € A.

Lemma 8.4 ([28, Theorem 1]). For alln € NU{0} and all yo,...,vm—1 € R, the algebra A,
is flexible.

Corollary 8.5. For all a,b,c € A, we have [a,b,c] = —[c, b, a].
Proof.
0=[a+c¢ba+d=labal+[a,bc]+][cbal+[cb,C]
=0+ [a,b,c] + [¢,b,a] + 0 = [a,b,c] + [¢, b, al. O

Definition 8.6. An algebra A is said to be alternative if the relations a?b = a(ab) and
ba? = (ba)a hold for all a,b € A.

Lemma 8.7 ([5, p. 172]). The algebra A{~} is alternative if and only if A is associative.
Corollary 8.8 ([28, p. 436]). The algebra A, is alternative if and only if n < 3.

Corollary 8.9. For n < 3 the associator in A,, is skew-symmetric, that is, it changes its sign
as its arguments are transposed.

Proof. The proof is similar to that of Corollary 8.5. g
Lemma 8.10. Let a € A,, Jm(a) # 0. Then
Ca,(a) =R® O4,(Im(a)) dV,
where dim(V') < 1.
Proof. Obviously, Cy,, (a) = C4,(Im(a)), and thus we need to show that
Jm(Ca, (Im(a))) = Oa,(Im(a)) &V,
where dim(V') < 1. From Lemma 5.8 it follows that Anc, (Jm(a)) C AJ,. We have
O, (Im(a)) = Cy, (Im(a)) N Ancy, (Im(a)) = Im(C4, (Im(a))) N Ancy, (Im(a)).
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Moreover, if b € Jm(C 4, (IJm(a))) (and thus Re(b) = 0), then the condition b € Ancy, (Jm(a))
is given by a linear equation (maybe trivial). Therefore,

dim(Im(Ca, (Im(a)))) — dim(O4, (Im(a))) < 1. 0

Lemma 8.11. Let a € A,, Jm(a) # 0.
(1) If n(Om(a)) = 0 and, in addition, either Jm(a) € A% or n < 3, then Cy,(a) = R®

O, (Im(a));
(2) if n(Im(a)) # 0, then C4,(a) =R@®Ra® O4,(Im(a)).

Proof. Obviously, for any a € A,, we have C 4, (a) D R+Ra+ O4,(Im(a)). As it follows from
Lemma 5.1, the conditions n(Jm(a)) = 0 and IJm(a) € O4,(IJm(a)) are equivalent. By the
lemma assumption, Jm(a) # 0. Therefore,

(1) if n(IJm(a)) = 0, this relation takes the form Cy,(a) D R® O4, (Im(a));
(2) if n(Jm(a)) # 0, it is of the form C 4, (a) D R B Ra ® O4, (Im(a)).
Now we show that in the above-mentioned cases, the reverse inclusion also holds. Let
be Cy,(a), then Jm(b) € Cy, (Im(a)).
(1) First assume that n(Jm(a)) = 0, i.e., (Jm(a))? = 0.
e If Jm(a) € A%, then from Lemma 5.8 it follows that Jm(b) € Ancy, (Jm(a)), whence
Jm(b) € Ancy, (Im(a)) NCy, (Im(a)) = O4, (Im(a)).
e If n < 3, then the algebra A, is alternative by Corollary 8.8. Note that
Jm(a)Im(b) = Im(b) - Im(a) = Im(b)Im(a) = Im(a)Im(b),
that is, Jm(a)Im(b) = r € R. Therefore,
0 = (3m(a))23m(b) = Im(a)(Im(a)Im(b)) = rIm(a),
and we have r = 0, i.e., Im(b) € O 4, (Im(a)).
(2) Consider the case where n(Jm(a)) # 0, i.e., (Jm(a))? # 0. By Corollary 5.12, there exists
a unique decomposition

Jm(b) = kIm(a) + d,
where d € Ancy, (Jm(a)). Note that

d =Jm(b) — kIm(a) € C4, (Im(a)),
.(Im(a)) N Cy, (Im(a)) = O, (Im(a))
Jm(b) € RIm(a) & O4, (Im(a)). O

Example 8.12. If A, belongs to the main sequence, then any a € A, IJm(a) # 0, satisfies
the assumption of Lemma 8.11.

Lemma 8.13 ([1], [23, Lemma 1.2]). Let A be an arbitrary algebra. Then for arbitrary
x,y,z,w € A the following relation holds:

zly, z, w| + [z,y, 2lw = [vy, 2, w] — [2,y2,w] + [2,y, 2w].
Lemma 8.14 ([28, Lemma 2|). For any x,y,z € A, we have Re([x,y, z]) = 0.

Proposition 8.15. Let a € Ay{—1,—-1,-1,1} = O{1} = S, n(Im(a)) = 0. Then Cy(a) =
R & Og(Im(a)).

Proof. Let b € Cg(a) \ (R ® Og(Im(a))). Then Jm(b) € Cg(a), and therefore

m(a)IJm(b) = Im(b) - Im(a) = Im(b)Im(a) = IJm(a)Im(b),
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that is, Jm(a)Im(b) = r € R. Since Jm(b) ¢ Og(Im(a)), we have r # 0. Assume, without loss
of generality, that r = 1.
Denote Jm(a)= (a1, a2), Im(b)= (b1, ba), where ay,as,b1,b2 € O, Re(a;)=NRe(b;)=0. Then

0= (a1,a2)? = (af + daz, aza1 + azar) = (af + n(az),0),
(1,0) = (a1,a2)(b1,b2) = (a1b1 + baag, baar + azbi) = (a1by + baasg, baar — agby).

By using the equalities boa; = agb; and n(ag) = —a% € R and also the alternativity of O, we
obtain
_n(ag)bg = —bga% = —(beai)ay :_—(agbl)al,
n(a2)b2 = n(a2)b2 = —(CLle)al = —a‘l(bla_g) = —al(bla_g).

Now we Ir_lultiply the equality 1 = a1by + byas by as on the right and substitute the expression
for n(ag)by. In this way, we obtain

az = (a1br)dy + (baag)az = (a1br)da + ba(azdz) = (a1br)da + n(az)bs
= (a1b1)az — ay(braz) = [a1, b1, az].
From Lemma 8.14 it follows that PRe(dz) = 0, whence d2 = —ay and ag = [a1, b1, az]. Recall

that the associator in O is skew-symmetric. Then, by applying Lemma 8.14 to x = w = ag,y =
a1,z = by, we obtain

—QTL(CLQ) = 2&% = a2[a1,b1,a2] + [ag,al,bl]ag = [a2a1,b1,a2] — [ag,albl,ag] + [aQ,al,blag].

The real part of the right-hand side is zero; therefore, n(as) = 0, whence n(a;) = 0, implying
that a1 = ag = 0 and Jm(a)Im(b) = 0. Thus, we have a contradiction. O

Show that the additional conditions in item (1) of Lemma 8.11 are essential. We will need
the following notation and some related assertions.

Notation 8.16. Consider a,b € A, such that ba = 0, a # 0, b # 0, Re(a) = 0, and
n(a) = yn(®) # 0.

(1) Set ¢ = (a,b),d = (0,b) € Apt1 = Apn{ M}

(2) If we also have =, > 0 and ab = 0, then, for any r € R, |r| < 1, we denote ¢(r) =

(a,7(y/An) ta+ V1 —1r2b) € Apy.

Proposition 8.17. Let a,b € A,,, ba =0, a # 0, Re(a) = 0. Then the conditions ab =0 and
Re(b) = 0 are equivalent.

Proof. Since a # 0, this assertion follows from the equality string

ab = ba = —(2Re(b) — b)a = —2Re(b)a + ba = —2Re(b)a = 2Re(b)a. O

Proposition 8.18. Let a,b,c,c(r) be introduced in Notation 8.16. Then
(1) Re(c) =0, n(c) = 0;
(2) Re(e(r)) =0, n(c(r)) =0.

Proof. (1) From Lemma 3.20 it follows that
Re(c) = Re((a,b)) = Re(a) =0
n(c) =n((a,b)) =n(a) — yun(b) = 0.
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(2) Obviously, Re(r(,/7n) ta+ V1 —r2b) =0, Re(c(r)) =0. Now we verify that n(c(r))=0.
Indeed,

2
o(er) = n(0) = (= 1—r2>=%<n<b>+<ﬁ 1_T2>>
= ﬁ(ﬁ rivl—rz a a — )2
—%(n(b)Jr% + NG (ab + ba) + (1 )b>
= Y (n(b) — r*n(b) — (1 = r*)n(b)) = 0. 0

Proposition 8.19. Let a,b,c,c(r),d be introduced in Notation 8.16. Then

(1) Capyr () =RBRAS O, (c);
(2) Canin(e(r)) = RORAD Onyyy (e(r))-

Proof. (1) It is readily seen that
ed = (a,b)(0,b) = (a0 + b, ba + b0) = 7,1 (b) € R\ {0}.

Furthermore, Re(c) = Re(d) = 0, whence dc = d¢ = cd = cd. Thus, d € Ca, ., (c). However,
d ¢ R®O4,,,(c) because d ¢ O 4, ,(c) and for any r € R\{0} we have Jm(c(d—r)) = —rc # 0.
From Lemma 8.10 We infer that C4, ,(c) = R®Rd® O4,,,(c).
(2) Show that ¢(r)d € R\ {0}. Indeed,
> (0,0)

-
<a0—i—’yn 1—r2>ba+<\/:_ 1—r2>0)

_ —r\/%ba—i—’ynmbb ba) =7, V1 = r2n(b) € R\ {0}.

The fact that C4, ,(c(r)) =R®Rd ® O4,_,(c(r)) is proved similarly. O

1—r2

Example 8.20. Both conditions of Notation 8.16 are satisfied, for instance, whenever

a=(e1,e4), b=(ez,e7) €S=Ay{~1,-1,-1,-1}, and 4 =1

9. CONCLUSION

The commutativity graphs of real Cayley—Dickson algebras are of special interest; however,
a number of difficulties arises even for n = 4. It is conjectured that the commutativity graph
of the algebra of sedenions possesses the following property:

Conjecture 9.1. The elements of S whose imaginary parts are zero divisors form a connected
component in I'c(S), and its diameter equals 3.

In the case of real Cayley—Dickson algebras of the main sequence, Lemma 8.11 completely
describes the relationship between the centralizer and orthogonalizer of an arbitrary element.
Moreover, it is obvious that I'o(A) always is a subgraph of I'c(.A). In this connection, the
following question arises:

Question 9.2. What is the relationship between I'p(A,,) and I'c(A;,) for a real Cayley—
Dickson algebra A, of the main sequence? For an arbitrary real Cayley—Dickson algebra?

Remark 9.3. The authors have recently discovered that the orthogonality graphs of formally
real Jordan algebras (FRJAs for short) are studied in [17]. In particular, their clique numbers
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are computed, and it is proved that two FRJAs are isomorphic if and only if their orthogonality
graphs are isomorphic.

Note that every real Cayley—Dickson algebra (A,,+,-) can be transformed into a Jordan
algebra (Ap,+,0), where aob = £(ab+ ba). Then the anticommutativity graph of (A,,+, ")
is isomorphic to the orthogonality graph of (A, +,0). It can readily be seen that (A, +,0) is
formally real if and only if (A,,+,-) either belongs to the main sequence or is isomorphic to
the split-complex numbers. Thus, the classes of algebras discussed in [17] and in this paper do
not coincide; however, they have a nontrivial intersection. It can be verified that the results
obtained for the algebras from the above-mentioned intersection agree.

This work was supported by the Russian Science Foundation (project No. 17-11-01124).
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