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AXTALLY SYMMETRIC VIBRATIONS OF ELASTIC ANNULAR BASES AND A
PERFECT TWO-LAYER LIQUID IN A RIGID ANNULAR CYLINDRICAL VESSEL

Yu. M. Kononov, V.P.Shevchenko, and Yu. O. Dzhukha UDC 533.6.013.42

We deduce a frequency equation for the natural coupled axially symmetric vibrations of elastic bases
(in the form of annular plates) and a heavy two-layer incompressible perfect liquid in a rigid annular
cylindrical vessel. We consider different limiting cases: the case of degeneration of annular plates
into membranes, the case of absolutely rigid or circular plates, and the case of absence of the upper
plate (liquid with free surface). For a broad range of parameters of the analyzed mechanical system,
we investigate the frequency spectra and obtain a series of mechanical effects in the problem of hy-
droelasticity.

Introduction

The problem of vibration of an incompressible perfect liquid placed in a rigid cylindrical vessel with two
elastic bases can be regarded as a generalization of the problem of vibration of liquid in a rigid cylindrical vessel
with an elastic membrane (or a plate) on the free surface. The intense investigations of the last mentioned prob-
lem were originated more than 35 years ago [6, Sec. 5] and, at present, there are sufficiently many available pub-
lications dealing with problems of this kind (see, e.g., [2, 15]). The problem of vibration of a perfect liquid in
a rigid cylindrical vessel with elastic bases was, apparently, first considered from the viewpoint of functional
analysis in [1, 13 (pp. 167-178)] and later in [5, 7-9, 11, etc.]. A large number of works was devoted to the vi-
bration of liquids with free surface in rigid cylindrical vessels with elastic bottoms (see the surveys in [9-11]).
The interest in the problem of axially symmetric vibrations of the elastic bottom and liquids in cylindrical ves-
sels is connected with the necessity of taking into account the static deflections of the bottom and longitudinal
vibrations of the liquid as a whole. The axially symmetric vibrations of elastic bases and a single-layer perfect
liquid in a rigid cylindrical vessel were investigated in [11]. In [9], the results obtained in [11] were generalized
to the case of a coaxial cylindrical vessel. The axially symmetric vibrations of a two-layer liquid were studied
in [3, 4, 14] published relatively recently, as applied to the problem of capillary phase separators. Among the
works published in English, we should especially mention [15-18].

In the present work, we generalize the problem studied in [9] to the case of a two-layer perfect liquid where
the contours of the plate are fixed. The aim of the present work is to deduce a frequency equation and analyze
the frequency spectrum of the mechanical system under consideration. We consider the case of degeneration
of the plates into membranes, the case of absolutely rigid plates, the case of circular plates, and also the case of
liquids with free surfaces. We performed numerical investigations for wide ranges of the parameters of mechan-
ical systems: elastic characteristics of the plates, densities, depths of filling, as well as for the zero-gravity case.
The obtained results can be used to determine the natural forms of vibrations and for the analysis of forced vi-
brations in the "solid—liquid—elastic plates" system.
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1. Statement of the Problem

We consider coupled axially symmetric vibrations of elastic bases and a heavy two-layer incompressible
perfect liquid with densities p; and p, that completely fills a straight annular cylindrical vessel with rigid lat-

eral surface of the outer radius a and inner radius ae, 0<e<1. The bases of annular cylindrical vessel are
annular isotropic plates with flexural stiffnesses D, subjected to the action of tensile forces T; in the median
plane, i=1,2. The subscript i=1 corresponds to the upper base and upper liquid with density p,, whereas
the subscript i =2 corresponds to the lower base and lower liquid with density p,. We introduce a cylindrical
coordinate system Or@z so that the plane Or9 coincides with the interface of the liquids, and the Oz-axis is
directed along the axis of the cylinder in the direction opposite to the vector of gravitational acceleration g. We
consider the linear statement of the problem under the assumption that the motion of liquid is potential and the
joint vibrations of the plates and liquid are not separated.

The equations of the motion of the analyzed mechanical system take the form [9, 11, 12]

9°W, oD
ko1 5+ DI AW, =T\ AW, +p W, = p, Ql—a—tl —gh |, (1)
ot =
W od
ko2 8t22 + DzAng —TLA,W, —prgW, = —p, (Qz—a—f +ghzj, ()
z=—h,
We solve Eqgs. (1) and (2) with regard for boundary conditions
0P, _ 0D, o
ar o T or o -
r=a,r=at¢ r=a,r=a¢
8<I)1| W, 8<I>2| _ W,
az |Z:h1 or’ aZ |Z:—h2 ot ’
3)
0P 0P
p1(Q1_a—tl _gC]zpz(Qz_a—tz _gC]7
z=0 z=0
99, _ 00, _ 9
9z |, 92|, Of
[wyds = [¢ds = [w,ds, )
S S N
oW, o
Wi|yj =0, or =0, l,]—l,2. (5)

Yj
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Here, ky; =po;90i3 W;» Po;» and §,; are the deflection, density, and thickness of ith plate, respectively;
®, is the velocity potential of the ith liquid; z={(r,r) is the equation of interface between the liquids (inner
surface); Q, are arbitrary functions of time;

are the two- and three-dimensional axially symmetric Laplace operators, respectively, and S is an annular
domain. Here, for the sake of convenience, we introduce an additional subscript j and the notation of the

contours. The subscript j=1 corresponds to the outer contour Yy, and j=2 corresponds to the inner con-
tour sY,.

2. Procedure of Solution

In view of the axial symmetry of the function @;, we represent W, and { in the form of generalized

Fourier series in the eigenfunctions , (r) as follows [9, 11, 12]:

®,(r,z,1) = aOi(t)+ali(t)z+§[Al-n(t)ek”Z + B, (1) |y, (r), (6)
W.(r.,t) = W,-o(t)+§W,-n(t)wn(r), (7)
C(r.t) = Co(t)+§1Cn(t)Wn(r), (8)
where
Wi = Wirw dr, W, = N%fjgrw’w” dr,
=0 )az J dr, ¢, = N%%ircwndr, Ny = irwﬁdr-

In the case of axial symmetry, the eigenfunctions , (r), which form, together with an arbitrary constant,
a complete orthogonal system of functions on the segment [a, ag] are given by the formulas

v, (r)=Jy(k,r)+ v, Y (k,r),

where vy, =-J, (Em )/YI(E_W), Jy. Jy, and Y, Y, are Bessel functions of the first and second kind of orders
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zero and one, vk, =& /a are eigenvalues, and &, are the roots of the equations

for €20 and J,(§,)=0 for £€=0.
Substituting expressions (6)—(8) in the boundary conditions (3) and using the orthogonality of the func-
tions y, (r), we find

. S . -
A = Wln_cne " B = Wln _Cne "
1n 2k, sinhx,, ’ In = 2k, sinhk,, ’
. A N : . —K
— _WZn_Cne 2 B. = _W2n_Cne > K. =kh
2n 2k, sinhx,, ’ 2n 2k, sinhk,, ’ in ni>

ap =ap = WIO = Wzo =Co.  P1(Q1—dg; —8C0) = P2(Qr—dg, —&C0)-
Equations (1) and (2), as well as the equation of the interface of liquids (inner surface), take the form

*W,

2
ko, —aﬂ + D\ AW, =T\ AW, +p,gW,;

oo

. i W, coshk —f;
=P1[Q1_a01_h1(co +g)—z Mk sinhllcnl n\V,,), ©)]

n=

*W, 5
koo % + Dy ASW, =T, A W, —prgW,

oo

. 3 W, coshik —é
:_p2 (QZ —d02+l’l2(co +g)+2 2nk Slnh]i’; . wn], (10)
n=1 n n

én—i_GiCn_aL(banln—}_bZnWZn) = 0’ (11)
n

where Gi = gk,Ap/a, is the squared frequency of vibration of the inner surface for the rigid bases; a, =
p, cothx,, +p,cothx,, , Ap=p, —p,, and b;, =p,/sinhk;, .

3. Derivation of the Frequency Equation
Consider the problem of natural joint vibrations of elastic plates and a liquid. For this purpose, we set

W, (r.t)= ei(')twl- M+W (), p(Q—dgy)= 06, and o = we'®
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In this case, by virtue of (11), Egs. (9)

Here, Wi” is the static deflection of the plates considered in [13].

and (10) take the form

DiAgwi —T,Ayw,; — [kOi")2 + (_l)ipig]wi

= (D™ Q+[piho? + (3 ~DgAplw+p,0 Y W, v,, =12, (12)
n=l1
where, in view of (4),
w, (coshk,, —®?b, )— b, w
= 1n 1n 1n 2n""2n
In k,_sinhk ’
n 1n
w, (coshk, —?b, )—0°b, w
W _ "on 2n 2n 1n""1n
2n k, sinhk, , ’
(13)
o by
in an((ﬂ2_0,21)
1 a
w;, = —zjrwi\yndr,
n ae
2T 2
= —5—— | rwdr = rwydr, (14)
az(l—ez)i az(l—sz)aj8

and §;, is the Kronecker delta.
We seek the solution of each equation in (12) as the sum of the general solution of homogeneous equation

and a partial solution of the inhomogeneous equation [6, 7,9-11]
i=12. (15)

W, —ZkalkwLp(o ZZ v, +hy (=) O+ [p.hw* + (5. — DgAp]wl,

n=1

mn

Here, ky; =—1/(ky;0> +(=1)'p,8); d,, =(D;k> +T,)k> —[ky;0> +(=1)'p,g], and AS, w,, O, and w are

unknown constants, i=1,2, k= 1,2,3,4.
Substituting (15) in (14), we get two equations for AS{, 0, and w:

4
D (Wi Ay = WaAge) + (ko + koz)Q+[(Plh1k01 ~Pahyky )0 + kongP]W =0 (16)
k=1

4
D gAY —kgpQ +kyw = 0, (17)
k=1
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T 2
where k, = kq, (p,h,®" —gAp)—1 and

a

~0 2 0

w, =———— | rw., dr.
ik (1—82)a2 _[ ik

ag

Substituting (15) in (13) and solving the system of two linear equations for w,;, and w,,, we arrive at the
final expressions for plate deflections:

4 oo
0 0 0
wy = Z|:(Wlk + Zal lnElknwn]Alk

k=1 n=1

+£Za12nE(2)knwn )Agk}f 1201 O+ Plh1‘”2W)7

n=1
(18)
(< 0 0 0, - 0 0
Wy = Z[(ZaZInElknwnjAlk +(W2k + ZaZZnE2knwnjA2k:|
k=1L\n=1 n=1
+ ko [—Q +(pyhy0° ~ gAP)W] :
Here,
1 2 2 1 4
Aip = A_(D bln(alnd2n+w bchn)’ Aoy = _A_O‘) knblnb2nd2n’
n n
1 4 1 2 2
Dy = _A_‘” kybyybyndyys Gy = &_(D by, (ay,d,, +®°by,c,),
n n
a, = a,(0*-c%), b, = b, coshk,, +b, coshk,,,
(19)

— 2 ~
¢, = ®° b, —a, coshx,, coshk,, ,

X 1.2~ 2 2
An - knandlndZn -0 (alnblndZn +a2nb2nd1n T+ blnb2n6n>’
1 a
— ~ 2 0 _ 0
a;,, = k,(a,coshx;,, —0°b,), E,, = — erik\pn dr.
n

age

In view of the conditions of fastening of the plates (5), the expressions for deflections of the plates (18), and
the additional equations (16) and (17), we arrive at the following frequency equation for the natural joint ax-
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isymmetric vibrations of the elastic bases and two-layer liquid:

10
I, [ |=o. (20)
r=1
where
_ 0 * _ 0 «
Civj1x = Bk +Zai1nE1knBjn’ Civjcijra = Za[ZnEanBjna
n=1 n=1
—7 _7 2 _
Civjo19 = ko1, Civjotgo = koip o=, Civix = Cijr>
Ciojusa =0, Cpjyg=0, =1 j=1 k=1234,
— 0 p* _ 0 *
Civjk = Bijx +Zai1nE1knBjn’ Civjhra = zaiZnEanBjn’
n=1 n=1
-7 _7 2 _ _
Cirjo = kot Cijyo = koo™, Cppyg = Cis Cipjrigea =0,
Ciijoto =0, Ciipo=0. i=1 j=2, k=1234,
_ 0 p* _ 0 *
Cirjurk = zailnElknBjn’ Citjrouhea = By +Zai2nE2knBjn )
n=1 n=1
— _7 7 2
Civjiao = — ko2, Cisjra10 = ko2 (pyh,0” — gAp),
Ci+j+3,k =0, Ci+j+3,l<+4 = Cijk’ Ci+j+3,9 =0, 2D

Ci+j+3,10 = 07 l=2’ .]=1’ k:1’273’47

_ 0 * _ 0 *
Civjrzg = ZailnElknBjn’ Cisjr3pra = Bijp +zai2nE2knBjn>
n=1 n=1

z = 2
Citjuzo = ko2, Cijizi0 = ko2(pyh,w” = gAp),

Ci+j+4,k =0, Cy jrak+4 = Cijk’

Ciojeao =0, Cpjggo=0. =2, j=2, k=1234,

_ =0 _ =0 T
Cox =Wik»  Copya = —Wpn  Cog = ko1 +ko2,
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Cy10 = (P11y ko1 _chz%OZ)mz +];028Al3’ Ciox =0,

Crok+a = VT}(Z)k’ Cio9 = ~koz. Cio10 = k2, k=12,34.

Here,

0

0 dw;,

B.. =w: C.., =
ijk ik ’ ijk

J Y, J dr

Yj

and
Z,(x)=J,E,x)+7,Y,(E,x).

Equation (20) describes joint natural vibrations of elastic annular plates and a two-layer perfect liquid in
an annular cylinder under the conditions of rigid fastening of the outer and inner contours of the plates. It can be
expected that the frequency spectrum consists of four sets of frequencies corresponding to the vibrations of the
upper and lower elastic bases, liquid column as a whole, and the inner interface of the liquids. For a single-layer
liquid, the frequency spectrum contains three sets of frequencies.

4. Special Cases of the Frequency Equation for Joint Natural Vibrations of Elastic Bases and a Liquid

The obtained equation (20) is fairly general and covers numerous special cases that are of independent in-
terest.

Upper plate degenerates into a membrane. In this case, it is necessary to delete the second and fourth rows
and the second and fourth columns in the determinant of Eq. (20) and set D, =0 in relations (19).

Lower plate degenerates into a membrane. By analogy with the previous case, it is necessary delete the
sixth and eights rows and the sixth and eights columns in the determinant of Eq. (20) and set D, =0 in rela-

tions (19). In this case, Eq. (20) takes the form

5,7.9,10
o

q.,r=5,79,10

where

C5,5 - B211 +2a22nE21nBln’ C5,7 - B212 +2a22nE22nBln ’

n=1 n=1

C5,9 = _7‘02’ CS,IO = lpéoz(chz(’)2 —gAp),

— 0 * _ 0 *
C7,5 - 3221 +za22nE21nB2n’ C7,7 - B222 +Za22nE22nB2n ’

n=1 n=1
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C7,9 = _];02’ C7,1o = %Oz(chzmz - gAp),

_ _ 50 . ~0 = ~
Cos =—wy,  Coy =—wy, Cog = kot+koz,

Cy10 = (P11y ko _chzleZ)")z +1202gAp, Cios = W(z)l’

_~0 _ _ 7 _ 7
C10,7 = Woos C10,9 = —koz, C10,10 = k2.

Lower and upper plates degenerate into membranes. In this case, it is necessary to delete the second,
fourth, sixth, and eighth rows and the second, fourth, sixth, and eighth columns in the determinant of Eq. (20)
and set D; =D, =0 inrelations (19).

The case of presence of free surface on the liquid. This case is realized if the upper plate is absent. In this
case, it is necessary to delete the first, second, third, and fourth rows and the first, second, third, and fourth col-
umns in the determinant of Eq. (20) and set k,; =0, 7, =0, and D; =0 in relations (19).

Either the lower plate or the upper plate is absolutely rigid. 1f the upper or lower plate becomes absolutely
rigid, then w; =0 (vT/?k =0) or w, =0 (vT/gk =0). Passing to the limit in Eq. (20) as T} = (a;;, =0,
a5, =0, w?k =0) oras Ty, —» o (ay, >0, a,,, —0, W(Z)k =0), we get the following frequency equa-

tions:

— in the first case (as T} — ),

— in the second case (as T, — o),

le.

1,2,3,4.9.10
=0.

qr=12,3,4910
The coefficients C gr are given by relations (21).

Degeneration of the annular cylinder into a circular cylinder (€ =0). In this case, the frequency equa-
tion (20) takes the form

6
q.,r=1

=0, (22)

<.

where

_ 0 * _ 0 *
Cix = By +zai1nE1kan’ Cixs2 = Zaianzlmb

n=1 n=1
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_ I _ I 2 _
Cis =ky, Cig =kppiho™,  Ciyp =Cy.

Ciigs2 =0, Ciy5=0, Ciye=0, i=1, k=12,

_ 0 * _ 0 *
Civix = ZailnElkan’ Ciniksa = By +zai2nE2kan’

n=1 n=1

~ ~ 2
Civis = —kops  Cipe = kpa(Prhy0™ —gAp),  Cipy =0,

Civojrr =Cir Cipns =0, Cipe =0, =2, k=12,

_~0 . ~0 7 ~
Csi = Wik Cspun = =Wy Css = ko +kpy,

~ ~ 2.7 ~0
Cse = (Piykgy —P2hykoy )™ + kg 8Ap,  Cop =0, Cgppn = Woys

C6,5:_];02’ C6,6=/€2, k=12,

0
By = wyl _ > ik = "gr )
For the nonstratified liquid (p; =p,), this case was investigated in detail in [11]. It is worth noting that

Eq. (22) differs from Eq. (20) as € — 0. Note that, as € — 0, Eq. (20) describes the vibrations of the analyzed
mechanical system in the case of immobile (fastened) centers. This is a new problem of the axially symmetric
vibrations of liquid and elastic circular plates with fixed centers, which follows from the problem analyzed

above.
Suppose that the upper and lower bases are perfectly elastic (7} =7, =0) and kol.wz +(—1)ipig >0.

In this case, we get
wO—J(r) wO—Y( ) 0 -1 0 - K
i1 = Jol;r), i =Yor),  wia=ILiwr), wy =Kyr),

Jl(fli)—ﬁfl(i-ll:ti) Yl(]:li)—eYl(S]:Li)

~0 B
il }1,(1_82) i2 lll(l_gz)
g,lQS - 211(1{1‘)_8112(3!1;')’ ﬁ)& _ _2K1(M~,-)—8Ké(eui)
Hi (=€) i (1-€)
- Ji()Zy () —eJ,(ef;)Z, (e
Eioln = “i l(ul) 0~(2) 21(~§’Lz) 0( ) (23)
(u,' _E_,n)Nn

- Y (1)Zy (1) —eY,(en;)Z, (e)
EO = o[ 70 1~ /%0
N R
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- 1 ()7 ()= el (6L, Zy (€)

0 _
Fion = 2 (7 +E)N,
- K ()2, ()~ ek, (e1;)Zy (¢)
ElQ4n = - 2{. 1 0 1 0

’ (07 +EDN,
where

uf=Di(k01co2—p1g), u;‘=Di2(k02w2+p2g), Ny =Z5()-€Z; (¢),
1

ﬂi =al;, and J > Y iy 1 e and K p are Bessel functions of the first and second kinds of real and imaginary

arguments. We now introduce dimensionless variables as follows:

2 N D. . T.
2 ®a
Q=04 p=— T =—t
8 pr8a pr8a
# ko, ~ N Py
ko; = p,a’ h; = o> P2 = E

The dimensionless quantities take the following form:
A, = p;, cothk,, +cothk,, ,

1 7 1

65 = ALnEm(l—Pu)’ 51/1 = P12m’ by, = m
l;n = b, coshk, +b, coshk, , A = A”(Q2 —Gﬁ),
d~1n = (Dlgi +fl )ﬁﬁ - (kg192 —P12)> d~2n = (Dzii +f2 )E.»i —(kgzgz +1),
i, =& (A coshk,, —Qzl;m), ¢, = Qzl;n — A, coshk,, coshx,, ,
A, = E2A,d)dy, — Q% (), by,dy, + by ,dy, + Q2B E),
koy = — (kg1 Q% —ppo) s kgy = — (kg QP+ 1),

1 27 ~ 3 27 ~ 1 4 T
Aiip = TQ bln(alnd2n+g bZnCn)’ Aoy = _?Q gnblanndZH’

n n

1 ~de 7 7 5 1 ~27 ,~ 5 27~
Aoy = _A_*Q &ib1nbrndy,s Ay = A_*Q by, (a,,d,, +7by,C,).,

n n
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- 9~
ky = kor (Q7hy —14+pyp)—1,

* 2
4 _ k01Q~_Plz

L4 k,Q7 41
Th oy =

D, ? D,
If e=0 and p;, =1, then expressions (23) can be rewritten as follows [11]:

2

- - . 2 - . -
W = JO(uié)’ wh = IO(“ié)’ W = E‘Il(“i)’ W = M.Il(“i)’
0 20,7, (1) o _ _ 205

@2, @A HEDE)

5. Numerical Investigations and Conclusions

109

In view of the complexity of the analyzed problem, we performed numerical investigations for two most in-
teresting cases: the absence of the upper base (the presence of free surface of the liquid) and the case of weight-
less (g =0) homogeneous liquid (p, =p,). Despite a significant number of available publications, these cases

are studied quite poorly.

In the absence of the upper base (ky; =0, 7}, =0, and D, =0), for the absolutely elastic bottom (7, =0)

and the introduced dimensionless variables, we find:

~ - ~ o4 . - 1
dln =P12- dzn =D2§n _kOZQ -1, and kOl =E'

The functions wg ¢ and the expressions vT/(z) ¢ and E(z) w are given by relations (23).

In the absence of gravitation (g =0), we introduce different dimensionless variables:

2 I 2 5 D <4 1
12

* 2 ~4 % ~2
D, L

If T,#0 and k,; =k, =0, i.e.,in the case of inertialess plates, we obtain
0 0 r 0 r 0 r
wip =1 wip =1, (Yoz'g)’ wip = In (gj’ wir = Ky (701' 5)’

2 1 2 2 1 2
Yo = ~1a”, Yo, ==-T,a".
01 Dll 02 D22

(24)

As follows from relations (15)—(17) and (24) and the numerical results, for the inertialess plates and also
in the case where one of the plates is absolutely rigid (7; — o) and the other plate is inertialess, the frequency



110 YU.M.KONONOV, V.P.SHEVCHENKO, AND YU.O.DZHUKHA
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Fig. 1. Dependences of Q%l on k5<2 for different /2 .
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Fig. 2. Dependences of Q%l on ¢ for different /.

equation has no real roots. In addition, the frequency equation has no real roots also for the inertial plates.
Hence, in the absence of gravitation, there are no axially symmetric vibrations if one of the plates is absolute-
ly rigid.

Numerical investigations of the frequency equation (20) in the presence of bulk forces were carried out for
the following values of the dimensionless parameters: €=0.001-0.9, h=05-1 .5, kg2 =0-10, Dz =1,
fz =0, and p;, =1, where h= le + fzz. In this case, three sets of frequencies are preserved and they corre-
spond to vibrations of the upper base or of the free surface, of the elastic bottom, and of the liquid column. The
calculations were performed by taking into account five terms in the series in Eq. (20), n=1,2,...,5, in the case
of the free surface. We present the dependences of the squared first dimensionless frequency from the third set
(frequency of vibration of the liquid column as a whole) Q%l on the mass characteristic of the bottom

k0*2:0—10 in Fig. 1 and on £€=0.001-0.9 in Fig. 2.
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The results of our analytic and numerical investigations enable us to make the following conclusions:

1. The frequency spectrum consists of four sets of frequencies corresponding to the vibrations of the upper
and lower elastic bases, of the liquid column as a whole, and of the interface of liquids. For a single-layer lig-
uid, the frequency spectrum contains three sets of frequencies.

2. In the absence of gravitation, there are no axially symmetric vibrations if one of the plates is absolute-
ly rigid.

3. In the presence of free surface of the two-layer liquid, the frequency spectrum consists of four sets of
frequencies corresponding to vibrations of the free surface, elastic bottom, liquid column, and inner surface.
In a broad range of the parameters of mechanical system, we observe weak variations of frequencies from the
first and fourth sets and noticeable changes in the frequencies from the second and third sets; moreover,

— the dependence of the squared first frequency from the third set on the dimensionless stiffness is al-
most linear in most cases;

— as the depth of filling increases, we observe an insignificant decrease in the frequencies from the first
and fourth sets and a significant decrease in the frequencies from the second and third sets;

— asignificant increase in the frequencies from the third set takes place as the depth of filling decreases.

4. The series of frequency equations converge fairly rapidly. As a rule, it is sufficient to take two or three
terms in series in order to attain the accuracy acceptable for practical calculations. If the mass characteristics of
the plates are taken into account, then the period of solution of the frequency equations noticeably increases.

In our opinion, it is reasonable to devote subsequent investigations in this field to the generalization of the
analyzed problem for different conditions of fastening of the contours of annular plates, to the determination of
the natural forms of vibrations, and to the analysis of forced longitudinal vibrations of a cylindrical vessel with
elastic bases and a two-layer liquid.

The present paper contains some results of investigations supported by the grant of the State Foundation for
Fundamental Research within the framework of the Competitive Project F71/80-2016.
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