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LEONTOVICH-FOCK PARABOLIC EQUATION METHOD
IN THE NEUMANN DIFFRACTION PROBLEM ON
A PROLATE BODY OF REVOLUTION

A. S. Kirpichnikova* and N. Ya. Kirpichnikova' UDC 517.9

This paper continues a series of publications on the shortwave diffraction of the plane wave on
prolate bodies of revolution with azial symmetry in the Neumann problem. The approach, which
is based on the Leontovich—Fock parabolic equation method for the two parameter asymptotic ex-
pansion of the solution, is briefly described. Two correction terms are found for the Fock’s main
integral term of the solution expansion in the boundary layer. This solution can be continuously
transformed into the ray solution in the illuminated zone and decays exponentially in the shadow
zone. If the observation point is in the shadow zone near the scatterer, then the wave field can be
obtained with the help of residue theory for the integrals of the reflected field, because the incident
field does not reach the shadow zone. The obtained residues are necessary for the unique construc-
tion of the creeping waves in the boundary layer of the scatterer in the shadow zone. Bibliography:
16 titles.

We consider a shortwave diffraction of a plane incident wave on the strictly convex, prolate
body of revolution. The geometric characteristics of the scatterer (i.e., radii of curvatures of
the surface of body of revolution) are assumed to be much larger than the incident wavelength.
The incident wave propagates along the axis of revolution. The total wave field U is the sum
of the incident U and reflected U*®f waves, U = U3¢ + U*®f, The field is constructed in
the vicinity of the light-shadow border (i.e., in the penumbra of Fock’s region, [1]), which is
the “seed” zone for fields both in the vicinity of the limit rays and in the shadowed part of
the body. The shortwave field in the illuminated area near the scatterer is described by means
of the ray method. The field U satisfies the Helmholtz equation with Neumann or Dirichlet
boundary conditions. Fock’s boundary layer O(sk%) = 0(1), O(nk%) = O(1) is introduced
in a neighborhood of point s = 0, which belongs to the geometric border (Equator) of the
shadow; here k is the wavenumber, n is the distance along the outer normal on the scatterer,
and s is the arclength of the geodesic. The ray method does not work in the vicinity of the
light-shadow border, i.e., in the Fock’s boundary layer. The total wave field in the Fock’s
zone can be represented as U = e?*s(Wirc  W*ef) where ¢'** is the oscillating factor of the
wave field along the geodesic; the function W is called the attenuation function. Introducing
dimensionless coordinates o, v instead of s and n, and rewriting e’** in the new coordinates
o, v, we obtain the first three terms of the expansion W3¢ in the form

. Winc Winc
W(U7 V) = WOmC + 11 + 22
k3 k3

+ O™, k>1,

here W3¢ is the main, Wi is the first, and W3 is the second terms of the asymptotic
expansion. The functions W¢, ¢ = 0,1, 2, have the form of integrals of linear combinations
of the Airy function v(t) and its derivative v/(¢) with polynomials in the dimensionless normal
coordinate v in Fock’s region. We apply the Leontovich-Fock parabolic equation method [1,4]
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to the function under investigation

Wref Wref
L+ 2 4+0o0k™), E>1.

Wref (O‘, I/) — gef +

3 k3
The functions W7t i = 0,1, 2 satisfy the system of recurrence equations (1)
LoWG®t =0, LoWP*t + LiWG* =0, (1)

LoW3E + LW + LoWE® =0,  and so on.
The attenuation functions WFet i = 0,1,2, are also integrals of the Airy functions wy (¢) and
w)(t) (in Fock’s definition) and polynomials of v.

These formulas give a continuous transition from the field in the illuminated area (ray
expansion) to the full shadow, where the solution decays exponentially as o > 0. Moreover,
the integrals WF*f, i = 0,1,2, can be represented as a sum of residues of the roots of the
denominators of the integrand in the shadow. The latter allows one to generate creeping waves
from the initial data taken from the asymptotic expansion. Owing to the prolate character of
the body, the constructed two-parameters asymptotic expansion in the Fock’s region allows
one to obtain an approximate expressions for the wave field, depending on the large parameters
of the problem. Thus the system of recurrence differential equations (1) keeps its asymptotic
nature, provided that the prolongation parameter is equal to

1
k 3
Ag=2M2>"5 0<e<2, AO:%, M0:<$> : 2)

Here the prolongation parameter Ag equals the ratio of curvature radii along the geodesics
and along the Equator, and M| is the Fock’s parameter.

1. STATEMENT OF THE PROBLEM AND GEOMETRY

We follow the statement of the problem from [2, 3], however the solution was constructed
based on a set of completely different methods [1, 4, 5], which allowed one to observe the
influence of both curvature radii of the body of revolution on the wave field.

X
L (1) T
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Fig. 1. The figure presents five main areas of irradiation in the plane wave
diffraction on the body of revolution : illuminated region 1, region 2 is a
neighborhood of the point of contact of the limit ray (Fock’s region), region
3 is a penumbra zone in the vicinity of the limit ray, region 4 is the shadow
region, region 5 is the surface layer in the shadow region, where the creeping
waves are formed.

Assume that the surface 92 of the scatterer (2 is generated by rotating a flat strictly convex
curve = f(z) about the z axis. The cross-section of 92 by the plane z = 0 is called the
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Equator and coincides with the light-shadow border, which appears as a result of the incidence
of the plane wave U*™¢ = exp(ikz) onto €. Here k > 1 is a wavenumber, and k = 2{, where
A is a wave length (see Fig. 1).

The wave field U satisfies the Helmholtz equation with the Neumann boundary condition
on the surface 02, i.e.,

0
(A + KU =0, 5-Uln=o =0, (3)

also U satisfies the limiting absorption principle, which suggests that for small Imk > 0,U — 0
for large distances from the penumbra region. The Dirichlet boundary condition has been con-
sidered in papers [4,5], and we present those results in this paper for convenience of comparing
the Dirichlet and the Neuman wave field.

Together with the Cartesian coordinates {z,y, 2} and the polar coordinates r = /22 + y2,
x=rcosp,y=rsinp, 0 < <21, we introduce new curvilinear coordinates {s,n, p} in the
vicinity of the Equator, where s is the arclength along the geodesics (meridians), measured
from the Equator (i.e., s = 0), so that, s < 0 corresponds to the illuminated area of 92, while
s > 0 corresponds to the shadowed part of the surface. The relationship between s and z is
clear from the formula

s= [VIF TGP (4)
0

The radius vector of a point M outside 2 in the polar coordinates (r, ¢, z) has the form
R(M) = rcos pe, + sin pe,| + ze,.
If a point belongs to 0, then r = f(z), and the unit outward normal to 0f2 is
V- f(2) = 0] _ (cosges +singe,) — f1()e.
Vr = 7(z) = 0] L+ ()2 '
The radius vector of a point on the surface 02 is equal to
R(s) = f(z(s))[cos pe, +sinpe,| + z(s)e, = f(2(s))e, + z(s)e;,

where the unit normal vector is e, = (cos ¢ e, +sin p e, ). Morevover, the tangent vectors along
the meridians are orthogonal to tangent vectors along parallels on the surface of the scatterer.
In {s,n, ¢} coordinate system, the radius vector takes the form

€r — f,;ez
VI+()?
In order to find the Lamé coefficients, we use the total differential dR(M):
OR(s) OR(s)
d
0z at dy

R(M) =R(s) +nn=R(s) +n

dR(M) = dR(s) + d(nn) = dyp 4+ dnn + ndn.

Thus,

n 2 n 2
(dR(M),dR(M)) = (1 + @> ds® + dn® + <f - W> dp?.

The function p(s) is the curvature radius of a meridian at a point s. The square of a linear
distance element, which is equal to

dS? = h2ds* + dn® + h’dg?,
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defines the Lamé coeflicients

) o
R T ) e M
n 1

he = F(2(s)) + - (“Q§ (5)

L+ (FGE6)P el [ ( '(2(s))2]¥%
We note that z in formula (4) is taken to be a function of s, i.e., z = z(s) can be obtained as
an inverse of (4). Hence, finding the inverse of (4) we get

s 3p) A —11(ph)% + 4popy + 1
2(s) =s— 3172 —1-4' 3 + P

Here pg = p(s)|s=o is the radius of curvature of the geodesics (meridians) on the light-shadow
border. Multiplying the radius vector in the (s,n,¢) coordinate system by e., we obtain the
expansion of z with respect to s and n :

s° 4+ O(s9).

)
T IEO)E

Taking into account the expansion of f(z(s)) with respect to s, we have

3 /4 2/ 5
smot (-t )+ (B —“?%(E—ﬁ“>wmnﬂ (6)

z=2z(s)+n(n,e;) =z(s)+n

3o po 4103 2!p; Sl 3lp3
Next from ,
I A C0) I 1
pls) L+ (f'(2(s)))2]3/2 ds 1+ (f'(z()))%
we get
" 1 " d 1
0)=0, fO=f0)=-— fO=f0)=-> ,....
SO =0, = FL0) =~ = L) = )

Throughout this text all the expressions that describe the Fock’s region, contain functions of
s, evaluated at s = 0. The coefficients a, § in (6) have the form

2 2
a=4popy —11(po)” +1, B = popy — 2(pp)” + 1. (7)

We note that we consider an axially symmetric case for the sake of simplicity, similarly to
papers [2,3], i.e., we are interested in a solution that does not depend on the angle ¢, which
means that g—g = 0. Therefore, the solution in the three-dimensional case can be constructed
in any cross-section over ¢, say, ¢ = 0.

In the vicinity of the points on 9€) that belong to the light-shadow border, i.e., to the
region 2 (see Fig. 1), we introduce scaling factors s and n as in the Leontovich-Fock parabolic-
equation method: sk3 = O(1), nk3 = O(1), k > 1, where O(1) means that the right-hand
sides of the equalities are proportional to constants. These constants are parts of the formulas
for the dimensionless variables 0 = O(1) and v = O(1),

k'3s My 2V/3k2/3n  2ME
= saB 5 s, v= e 5 n. (8)
2 o 0 Po 0

The width of the penumbra region |s| < {7-|o| is of order O(ﬁo)v here M is Fock’s dimen-
sionless parameter (2), My > 1.

In the shortwave diffraction of a plane incident wave from a strongly prolongated scatterer,
the field expansion inherits not only the properties of the large Fock’s parameter M, but also
the properties of the second parameter of body enlongation Ay (2), see [4,5].
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The solution in the surface layer 2 was constructed by the two-scale expansion; the parameter

Ag appeared in the system of recurrence equations for the boundary layer in the ratio 21]:;2

0

and its positive exponents. The asymptotic nature of the expansion is not broken if 2’]}22 is of
0

order O(M®) for 0 < & < 2. If ¢ = 2, then Ag = 2M327° = O(1) and both curvature radii do
not differ (which is not the case of a prolate body).

When e = 0, the parameter Ag compensates Fock’s parameter and the system of recurrence
equations in the boundary layer looses its asymptotic nature and all the equations in the
system get some singularity in their coefficients, see [4,6].

In this research we have found the wave field near surface 92 in the Fock’s region 2, see
Fig. 1. The solution in the illuminated region 1 was found by the ray method [1,4,7]. The
region of the limit ray 3 was investigated in the monography by V. A. Fock [1] and in book [8];
Fridlander-Keller diffracted rays are developed in the shadowed region 4 far from the border.
The asymptotics of the solution in region 2 generates initial data for creeping waves in the
boundary layer 5. Regions 4 and 5 will be considered separately.

2. INCIDENT FIELD IN FOCK’S REGION

2.1. Field U expansion with respect to ¢ and v. Consider the incident wave U™¢ =
exp(ikz), which satisfies (3) with boundary conditions of either Dirichlet, or Neumann type
on the surface of the scatterer 0€). We need an expansion of the incident wave in s and n
coordinates in Fock’s region in order to construct the reflected wave U*®f. The incident wave
expansion (8) has the following form in the dimensionless coordinates (o, v):

1
: ; iks ’L'l/O'—ﬁ . 2 3 0
[rinc — ezkz — e[k +i( 3 )] (1 +1 <k;—p0> [%(0‘4 — 21/0'2):|

2
2 \3 [2iao® iBved  (ph)?, 6 9 4 1
+<k—po> [ e — (ot —dve +41/U)}—|—0<E) . 9)

Here expression (6) with respect to s,n was rewritten in the new stretched coordinates o, v.
One should notice that the terms in the square brackets is of the same order with respect
to the wavenumber k, and the order of each term is k=3, The latter implies the following
expression for the attenuation function of the incident wave W3ine:

Uinc — eiksVVinc — eiks Z Wwi@nck_% _ eiksW(;an Z k—%PT:';an’ (10)
m=0 m=0
where the P2 are polynomials with respect to o and v, and the attenuation coefficient Wire =

eiro=%/3) ig outside of the sum. This paper presents first three terms of expansion (10) for

the incident and reflected waves. We omit cumbersome calculations in order not to overload
the paper.

2.2. Three terms of the expansion W11 with respect to o,v. We start by finding three
terms of expansion (10) of the incident field e?** = Uirc = eiksyine,

Winc — 0:i.nc + k—%Wlinc + k,—% 2:i.nc: 4
= Wi [P kP R 4 00
. . 3
where W3?¢ = ¢'*7=%) is the attenuation function (9). Comparing the obtained result with

(9), it is clear that the amplitude of the incident wave equals one, i.e., Pi*® = 1. Hence the
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main term of expansion (10) has the form

wito.n) = e {i(ov-7) } - 7/ e a

where v({ — v) is the real-valued Airy function in the form defined by V. A. Fock [1]. The
representation for the first term

. 0'3 l /
WlnC( ) _ ez(ua—?) [Z <3> 3 %(0_4 . 2V0'2)]

Po
implies that Pi"¢ takes the form

1 /
Pi* (0, 1) = i <3> T (6t 9y0?),
po) 4

One of the most important technical moments is that in the Fock’s region, the scaled co-
ordinates ¢ and v turn the region where the reflected wave is found, into the half-plane
{—00 < 0 < o0, v > 0}. Thus it is convenient to single out the coordinate o in the Fourier
transform, see (11). Such a transform can be applied owing to the following fundamental
equality (its full mathematical justification can be found in [8]):

(—io)™ exp{ <ay—§>} = / i ;Z; —v)dC. (12)

Airy functions satisfy the Airy equation v”(t) = tv(t), which can transform relation (12) in
such a way that

o3

iy e {i(ov -5 ) b= 7&”@“ PalC)o(C = 9) + QuC/ (¢ - wldC, (13)

where P,, and @,, (polynomials with respect to v with coefficients dependent on () get more
complicated as m grows.

Therefore we obtain a formula for the next term of the attenuation function
Wire(o,v):

%OO . " — 2 _ .2
Wlnc( ):%Z’plo <%> /ewg |:’U(<2 V)_i_C 4V ’U(C—I/) dc, (14)

— o0

and thus the polynomials take the forms
<2 _ 1/2 1

11’1C(<7 ) 4 11’1C(<7 ) 2

The polynomial P3¢ looks more complicated, since it includes o8 and v?, however it can
be explicitely written from (6) in the expansion for exp(ikz). The representatlon

. -3 3 57 FU /)2
WlnC( V) = pilvo—%) [<3> 3 <2040' [ Bivo B (po) (0_4 B 2]/0_2)2)

0 51 3! 2. 42 e

implies that

win

2a0%i  Bived  (ph)?
( 5 3l _;-0i2("4_2WQ)2>'
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The second term Wi (and further terms as well) of the incident field expansion has form
(13) in the Fock’s region. The term for m = 2 (we are interested in it) in expansion (10) has
the form

Wy(ov) = % <%> 5 / €7 [P30(¢ = v) + Q5" (¢ — v)] dC,

—0o0

whereas the polynomials P3¢(¢,v) and Q3"¢((,v) are equal to

’ 2
PG 0) =~ (¢ v) = by = PO 3 w) (-0 (¢ 0P 4 2 0)?)
72
) = (P = D) = B (v st - )07,

where, as before, «, 3 are defined by (7). The formulas presented above for Wi*¢(o,v), m =
0,1,2, give an idea of the analytic structure of the reflected field.

3. THE REFLECTED WAVE IN FOCK’S REGION

3.1. Axially symmetric solution. Among the solutions of the Helmholtz equation (3), we
are interested only in the axially symmetric ones (because of the symmetry of the scatterer),
i.e., a solution that satisfies the condition ?)_g = (0. We seek the solution in the form U =
exp(iks)W (s,n), where exp(iks) describes the main oscillations of the field, and W is an
attenuation function (it slowly changes the amplitude, i.e., the relative change in amplitude
is small compared to the wavenumber k). Upon separating the factor e*s the Helmholtz

equation can be rewritten for the attenuation functions
(A + k2)etksW] = etk g~ (AW + BW) = 0,

where g = (4M{)/p2, and the operators A and B are equal to

2 2
AW = E*(1 — h;2)W + (21’k8w 0 W>h_2 Ll

s 952 )T T g2

< 8W> _5,0Inhy  OW Olnh,
_ hs +

ZkW—i_E 0s on On ’

1 [df 1
O0s on On

(Z_kWJr aw> L Ohy aW}
h’@

AW +BW =g> k™5 Ly,

m=0

We note that the operator A corresponds to the two-dimensional diffraction problem on a
convex body in the plane ¢ = const, whereas B is responsible for the three-dimensional
properties of the solution. Therefore, we are mostly interested in the operator B. Regarding
the two-dimensional problem, the detailed discussion of the asymptotic expansion construction
can be found in [1]; the mathematically rigorous construction scheme can be found in [8-10]
and [11].
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3.2. Reflected field series expansion. The mathematical justification of the results pre-
sented in this section can be found in the previous papers on shortwave diffraction on a strictly
convex body (see [10,12] and [13]). The reflected wave U™t = ¢#*s1¥/7 is constructed in the
form of an asymptotic series with respect to the powers of k~™/3 m = 0,1,2, ..., similarly to
series (10):

Wt =y Wtk (16)

m=0

We introduce a system of recurrence equations for Wt and then write down the coefficients
of the expansion.

3.3. System of equations for the reflected field. Expanding the coefficients of the initial
Helmholtz equation (3) with respect to the powers of s,n, we pass to the stretched coordinates
o,v, as in (8), and eventually obtain

(A + kQ)eiksWref _ eiksg—lg Z k—%ﬁmwref =0, (17)
m=0

where g = (4M{)/(p3). The differential operators £,,, m =0, 1,2, ..., (of the first and second
order) with respect to o and v, contain polynomials in o and v as their factors. When m
increases, the explicit formulas for £,, become cumbersome. We present them here only for

the cases of m = 0,1, 2.
Substituting the series for Wt (16) into (17), and equating the coefficients at equal powers
of k to zero, we find a system of recurrence equations (1). In order to solve system (1), we
supply it with boundary conditions on the surface of the body v = 0, hence the solutions are,

respectively, WXt In the case of the Neumann problem, the required boundary condition will
be

0 )
E(W,fff + W2 ,0=0, m=0,1,2,.... (18)
For the Dirichlet problem,
(Wret pwiney| =0, m=0,1,2,..., (19)

here we have also taken into account the conditions on the field as v — +o00, and hence W¥et
describes the wave leaving the body of revolution. A discussion on supplying correct boundary
conditions can be found in [1,4,8,9].

3.4. The main term of the reflected field. The first equation of system (1) has the form

. 9 82 ref _
(za—a + P +I/>WO (o,v) =0.

The last equation has its variables ¢ and v separated, and thus, under the Fourier transform,
one can have the Airy equation in v. The solution is taken in the form

+00
Worefw,u):% / €7 Bo(C)un (¢ — v)dC, (20)

where By(() is an arbitrary function (for now), wi(¢ — v) is the Airy function in Fock’s
definition [1]. The choice of the exact form follows from the limiting absorption principle,
namely, we claim that for the small positive imaginary part of the wavenumber k, Imk > 0,
the Airy function wq(¢ — v) goes to zero as v — +o00, see [1]. Equivalently we can say that
formula (20) now describes the wave leaving the scatterer as v — +o0.
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The function By(¢) can be found from boundary condition (18) or (19), where we take
m = 0, for the Neumann and Dirichlet problems, respectively,

PO =~k B0 =~

The main term of the expansion of the reflected wave WI®f can be uniquely determined.

(21)

3.5. Nonhomogeneous equations. The remaining equations in (1) are nonhomogeneous,
and we want to construct the general solution for each of them, while the homogeneous equation
is already solved and its general solution has form (20) with its own function B,(¢), m =
1,2,.... (in addition different for the Dirichlet and Neumann problems). The particular
solution can be found by the method used in [4], where instead of v({ — v) and its derivative
V(¢ — v) we take wy(¢ — v) and w}({ — v).

We mentioned that the variables separate in system (1), and after o has been singled out,
we can use the Fourier transform in (12) implying explicit formulas for the operators Em, thus
obtained from the operators L£,,. We took into account the fact that v({ — v) is replaced by
w1 (¢ — v), and the contour of integration should be regularized:

2

~ 0
ﬁo—er(V—C),

where 88—52 + (v — () is the Airy operator;

o Yo
2
o (2) o2, 2w C 10 Mo 0
£2_<p0> [ > Yo 1 T Ve 4+2a + o o

3.6. The first term in the reflected field Wi®. Copying the expression for the first term
in the expansion of the incident field Wi*°(o,v) (see (14)), we assume that the first term of
the reflected field has the form

1 O

Wi (o, >—z(76> <3> [ e wrEnac, (22)
where :
WE (¢, )= By(Chwr (¢ — 1)+ Py (€ 1)ws (€ — 1) 4G (€ 1)k (€ = v), (23)

the term Bj(¢)w; (¢ — v) satisfies the nonhomogeneous equation:

ﬁoBl(C)'wl(C — I/) = 0.
The polynomials P;(¢,v) and @Q1(¢,v) are polynomials in v of the first and second degree,
respectively, with coefficients dependent on (. These polynomials (and also W{®*) can be
found from the equation
EoWl + 21W0 = 0.
To this end we rewrite the last equation in expanded form

2+ 0-0] (Pewmc -+ @ omitc—n)

[0

2 un(c =) + BalQut(¢ - )|
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On the other hand,
2
[% + (v — C)] <P1(C, wi (¢ —v) + Q1(¢, v)w (¢ — 1/)>

— (¢~ v) (Pl” 9l¢ - @ + @1) (- u><— 2P + Q’1’>-

We equate both sides in the last two equations (since the left-hand sides are equal), and collect
the factors of w; (¢ — v) and w}({ — v) in order to get the required polynomials:

0By(¢)

o and — 2P + Q7 =v By(Q).

Pl =2[(-v]Q1+Qi=v

The choice of degrees of P;((,v),Q1((,v) (the second and the first degree, respectively) is
made in line with the form of the incident field. Equating the left-hand and right-hand side
coefficients with equal powers of v in the last relations, we get polynomials

P, = V2P1(2) and Q= le)u + ng).
Let us find B1(¢). The coefficients follow from the condition

2M2 a inc re
n=0 pOO 5 (Wl + Wl f) |1/=0 - 0’

ov 0 ;

=~ (Winc Wref

on Ov (Wi + W) |
here the function Wj»¢(o,v) is defined by formula (14), and the attenuation function W{®* is
expressed by (22), (23). Omitting cumbersome calculations, we present the final form of the
correction term Wiet(o,v) of order (’)(k_%) of the reflected field in Fock’s region Wt (o,v)
for the Neumann boundary conditions:

2 1/3z'p’ s
witon) = (2) 02 [ e mouic - v

+ PPv2wn (¢ - v) + Qv + Q7w (¢ — v)}dc. (24)

The coefficients By, P1(2), le), and ng) have the form

Neu/ -\ __ _<2’U/(C) _§ ¢ g<3wl(<) . (2)Neu _ 'U/(C) .
B0~ |~5d ~ mor s B0 ma
(1)Neu (_C) (0)Neu . _242 _ UI(C)

QO = goE @ (O‘<3<wa<<>>2 2wa<<>>'

In the case of the Dirichlet problem, the same coeflicients B, P1(2), le), and ng) have the
form

Dir(,~\ _ _C%(C) 1 1 _ECw’l(C)
b (O‘[ 1wi(©) " 2uf0) 3 wd(()

(1)pir . r (0)Dir . 2¢ _ v(C)
0 = g DO = (5~ 3m(©)

We note that we used the following identity in the expressions for the coefficients:

} ;PP = 45}(1((2) ;

v (w(t) —v(t)w)(t) = —1.
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3.7. The second term WZ®f of the reflected field. Finally, we obtain the asymptotic
expansion for W®f (o, ), which consists of the general solution of the homogeneous equation
and a particular solution of the nonhomogeneous equation, namely, the third equation in
system (1). We present it here again

ﬁ Wref _El ref ﬁ Wref
We look for Wi®t(o,v) in the form

2 OO

ref 1 3 3 io(yysref
W ( ) ﬁ <p0> _/6 W2 (C» V)dC> (25)
where

W35 (¢, v)=B2(Qwi (¢ = v)+Po(C v)wi (¢ — v)+Qa(¢, v)wi (¢ — v).

As before the first term satisfies the homogeneous equation

LoBs(Qur (¢ —v) =0.

We choose the form of the polynomials P and ()2 using the form of the polynomials of the
incident wave

Py(¢,v) =P+ PP 4+ P2 4 PMu: Q=@ 3+ QP12+ QM v+,

Similarly to the way in which we found the polynomials P; and @y for WFet((, v), after some
cumbersome computations, for both Dirichlet and Neumann boundary conditions, we find

Py(¢,v) and Q2(¢,v):

(@ _ (p)*'(¢)
P = w0
p® _ )] 1 2Cw(Q)
2 18 [ (0P QP
@ _ (pp)? Cwi(Q)  (p)*¢V'(©Q) ¢
R TS A T SR A
m _ Y0 S
(72 = Gouy (g (0"~ deort + 4] =
@ _ ()%
2 T T RO
@ _ v " (py)2¢2
2 = Jowy () [P0~ dporls = O] = G
6)) :g(p/)zC4[w1(C)]2 5 Cpo)®  Cwi(Q) T(ph)* + 3popy
23 Wl 36 (O [wi(Q)P 9 26)
O L) porb 4] 1 [(ph)* + 3ot
wi(C) 30 PAGE 18
o _ 400’ Clwn(QF 5 ()" Cunl(Q) [23(6)* + 6popf]
2 3 WO BWAOP  [WQOP 9
L V() 23000 + Spor +2) |, ¢ [Ao, [25(oh)* + 30popi]
{ wh(€) 120 [w} ()2 [ 2 36
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Similarly to the way in which we obtained B1((), we find By((), which together with formulas
(25)-(26), gives the required second term Wi®fof the reflected field. Finally, the coefficient
By (() equals

mwi(Q) o Cwi(¢)

Ba(Q) = @ + Y - 0 i

U(C) |:804 6+3(p6)2 C3 ( )<3:|

w(@ 515t s
ik “r (7“&)*?} 0

where o and 3 are given by (7). The prolongation of the body reveals only in the second large
parameter Ag (2), which appears only in the operator B (see (15)) and in the coefficient ng) <€)
(26), which occurs in W3 (¢,v) at wi({—v) and at wy((—v)(— guqfil(g)) in the coefficient By((),
see (27).

4. THE TOTAL FIELD
The first term in the expansion of the total field can be expressed as
Uo(s,n) = e**Wy(o,v) = e*s(Wire 4 WEet).

Substitute the representations for the main term of the incident (11) and reflected (20), (21)
waves, in order to obtain the total field

etks )
Ua(svm) = = [ o [v« )= Bo(Qun(¢ — v) |dc, (28)

where the function By(¢) (21) is substituted according to the type of the boundary conditions.

I, on the'roots of Airy function w; ()

Iy

Fig. 2. Integration contour I' = I'y UT'9 goes along the straight line from coet T
to 0, and then from 0 to co along the positive real axis in the complex plane of
¢. This contour envelops the roots of the Airy function wq({;),q = 1,2,... in
the first quadrant, or the roots of its derivative w}((,),p = 1,2,.... The roots

of the Airy function w;(¢) and its derivative belong to the ray €'s.

It is important to choose the contour of integration I', which should go around the first
quadrant of the complex plane of ¢ in the positive direction. All the zeros of the integrand in
(28) belong to the first quadrant of the complex plane of ¢. For example, we may assume that
the contour I' goes from the infinity along the ray arg ( = %’T toward zero, and then from zero
to oo, along the positive real axis (see Fig. 2).
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We rewrite integral (28), using the relations between the Airy functions: v(t) can be ex-
pressed via the functions wi(t), we(t) according to the formula

_ wi(t) —ws(t)
o(t) = %7

and then integral (28) can be rewritten as follows:

Uh(am) = 2= | 67 ¢ =) = BofQun (¢ =] .

and By(() is chosen according to the type of the boundary conditions: Neumann or Dirichlet:

Neu/ -\ _ _wé(C) Dir ,\ _ _w2(C)

5. COMPARISON WITH THE RESULT BY V. I. IvANOV [14]

We found three terms of the asymptotic expansion of the wave filed using the Leontovich—
Fock parabolic equation method

. Wi W
U = eihs <W0 + k;_él + k—gz + O(k—1)>, k> 1. (29)

Compare expansion (29) with the solution found by V. I. Ivanov [14]. Paper [14] contains

numerical comparison of the exact solution and the asymptotic correction term eikSWQk_%
(the second term) to the Fock’s formula (e?**W) near a circle (or a circular cylinder in the
orthogonal cross-section) and a sphere. Here py = a, where a is the radius of the circle or the
sphere. Consequently, we should assume pj, = p{j = 0, f(0) = 0o, Ag = 0 with the operator B
vanishing in formulas (25)—(27). By the axially symmetric nature of the problem, Ay =1 for
the sphere, since py = f(0) = a.

In the case of a diffraction problem for a plane wave on a circle, formulas (25)—(27) coincide
precisely with formulas (10), (11) from [14], namely:

UNeu — Ugeu

iks 3
[ v v —v VW (¢, v) — C;Gw .y e
(¢ v)=v(¢—v) - ;}l,l((%wl@ —-v), U= —88—\11//.

Here

etks )
Ulew = — / €W (¢, v)d¢
ﬁ T

is the Fock’s asymptotics, and all the other terms in (29) are correction ones. We can choose
a broken line (see Fig. 2) as a contour I, since the roots of the integrand belong to the first
quadrant. In the case of diffraction on a sphere, there is similarity in the results neither for
the incident nor for the reflected wave. By the axially symmetric nature of the problem, the
incident wave formula should coincide with the two-dimensional formula on a circle. The latter
is not the case in the results presented in [14]. This conclusion is true for both Dirichlet and
Neumann cases.
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6. THE BOUNDARY CURRENT IN THE NEUMANN PROBLEM g—g|n:0 =0
Ao

2M3%°
of the field in the Fock’s region allows one to obtain the approximate formulas for determin-
ing the wave field depending of the ratio between the large parameters in the problem: the
Fock’s parameter M and the prolongation parameter Ay of the body of revolution (2). This
2’]};3 and its integer
powers. The parameter Ay firstly appears from the operator B (15) in the third equation
of system (1) after expanding the Lamé coefficient h! (5) as a series in powers of ¢ and v.

6.1. Correction terms with factor The constructed two-scale asymptotic expansion

parameter appears in the system of recurrence equations (1) only as ratio

Therefore, the solution of system (1) will keep its asymptotic nature with respect to M;™,
m = 0,1,2, provided that Ag = 2M 3_5, 0 < € < 2. The magnitude of € depends on the actual
values of the parameters k, pg, f(0) in the region 2 (see Fig. 1), i.e., in the Fock’s region.

6.2. Dimensionless currents: the Fock’s current and the Fock’s current with a
correction term. The following value IPi* is called the current for the attenuation function
W = Wine 4 W= for the Dirichlet boundary condition (see [4], we present these formulas
here in order to compare them with a similar result for the Neumann boundary conditions)

on po Ov
For further comparison we present the form of the dimensionless current with the correction
term
1 €' Ao [ ¢ [P
I / d¢+ / ewf{ e d¢| . 30
Moz | )o@ oz ) @ T m©F 0

We note that the current that Corresponds to the Fock’s field is
i 2Mj 1 et dg“.
po T s w1 (C)

The following value IV is called the current for the attenuation function W = Winc 4 jy/ret
for the Neumann boundary conditions

INeu — (Winc + Wref)

I/ZO'

The dimensionless current, corresponding to the total field W{¢*, which is equal to

Neu __ L eiO'C v(C =) — UI(C) w — Vv
w, —ﬁ[ (¢ =) = (¢ = I,

P:fﬂﬂ R \F/MdC

since the Wronskian v({)w} () —v'(¢)w1(¢) = 1. The current with the correction term is equal

to

1| [ et Ao [ iwc] € <2w2<c>]

[Neu — d 10(¢ _ 1 d )

Z‘, <+2Nﬁlé T e (31)

has the form
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Consider the illuminated area 1 (see Fig. 1). The total wave field U = U3¢ + UTet =
'R (TWine L Wret) can be represented by formulas for the Dirichlet and Neumann cases of the
following type:

3
inc _ _i(vo—%
wine —eilvo—75),

5 vo 4 3
wret = | ——o® 3v)2 < 0.
qE\/:a 3\ﬁ+3y [ ( AT G ”)2>]"’

The minus sign in front of the radical corresponds to the Dirichlet, and the plus sign to the
Neumann boundary condition. V. A. Fock showed [1] that as ¢ — —o0, the reflected field
W=ret coincided with the reflected wave in the boundary layer. Constraining the problem by
v=0(1),0 - —oo, W** is simplified, and the total wave field can be represented by the
relation

V2ol +v . o3
B S P i(vo+ o )
V202 + 3v

The dimensionless current, generated by ray formula (32), has the following form for the
Neumann conditions

. 3
W_oo = €7 %) (32)

;o
If;; =2""'3, o0— —o0. (33)
For the Dirichlet condition, the dimensionless current is equal to
210 _, o8
1 yDi —iZ
k™ Ir;;—Moe 5, o — —oo. (34)

6.3. Fock’s dimensionless currents. Thus the Fock’s dimensionless current for the Dirich-
let and the Neumann conditions are

k‘_llgir _ w( dC

Mof (35)

(I)\Ieu_ \/_/ zcrg“ dC . (36)

is Fock’s parameter (2).

=

here M, = (i)

7. PENUMBRA AND SHADOW REGIONS 4,5

Recall that the light-shadow border on the surface of the scatterer 92 corresponds to s = 0,
and for small n and s growing, the observation point (s,n) gets into a shadowed zone near the
scatterer (Fig. 3). The latter condition corresponds to o — +oo and to the boundedness of v =
O(1) in the stretched coordinates (o, v). The wave field can be obtained using residue theory,
since the function exp(io() decays exponentially with o > 1 in the upper half-plane Im { >
0, in the same manner as the function exp(—oIm (). The integration contour in diffraction
formulas for WEet, Wret Wit can be moved to the upper half-plane. Hence the residues at
the roots of the mtegrands Wlll be singled out. The integrals Wy, Wy, W5 (20), (21), (24), (25)—
(27) can be represented as sums of residues, at the roots of the Airy function (wi(¢;) =0, ¢ =
1,2,...) for the Dirichlet and at the roots of the derivative of the Airy function (wj(¢,) =
0, p=1,2,...) in the case of the Neumann problem on 9.

Then the full solution in the shadow region

Wo

UDir, Neu _ eikzs W()(S,TL) + +

|5
“CI.)
2

wl

(‘zan) + O(k‘_l)
k3
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is given by functions (from Fock’s formula for W)

ir . wi1(Cg —V) o
WL R &)
and
plen _ o /x wl(qa —v) io!
I Do 3%)
and so on. Roots (4, ¢ =1,2,... belong to ray arg( = % and increase in magnitude (Fig. 2).

Here ¢f and (; take the values

¢l = 101879 - €5, ¢ = 2.33811 - €'5.

plane ¢ = const

limiting ray

Fig. 3. Penumbra and shadow regions. The field in the shadow region 4 between
regions 3 and 5 has ray nature of a leaving wave. Region 5 is the creeping waves
zone with v = O(1),s = O(1) (37), (38).

Using the asymptotic expression for w;(¢ — v) with v large compared to the roots

1 .2 3, .7
wi(¢ —v) o o =0 eXP(Zg((V —¢)2)+ Zz),
we get approximate values for W3** and Wye™:
6z'ksVVDir ~ —ieiZZﬁ . ei(a—ﬁ)cl . ez‘%y% . ez‘ks (39)
O vt [wh(G1)Y ’
eiksW(I)\Ieu ~ ieiZQﬁ . ei(o—\/ﬁ)q . e%u% . tks (40)

v=+o0 [wy ()]

Let us analyze formulas (39) and (40), see [1]. We note that the inequality o —+/v = 0 gives the
geometric border for the shadow. Increasing positive values of o — /v correspond to the points
positioned further deep in the shadow. In the area, where o — /v is not large (and can be both
positive or negative), we have penumbra region. Thus, when o — /v increases, functions (39)
and (40), as well as the field, decay exponentially. Moreover, the highest oscillating factor is

exp(iks + %wg) in formulas (39) and (40) as v — +00. Moving away from the boundary 052,
the ray field in both the Dirichlet and the Neumann cases is a sum of rays of the leaving wave,
which has the surface of the scatterer as its caustic (see Fig. 3). Note that the formal solution

673



corresponding to the creeping waves was found by Friedlander and Keller [15]. Moreover,
diffraction rays in region 4 were first introduced by J. B. Keller in paper [16].

Looking again at formulas (37), (38) for residues, one can see that e*W2iT and eksTylieu
give us exactly the creeping waves. Formally, the creeping wave is taken in the following form
in the layer v = O(1),s = O(1):

. !
U =e*s . e* o) ZVm(s, I/)k‘_%,
m=0
where for the Dirichlet case

P73 (s)ds, Vog = Ao(s)wi (¢ —v),

A

—~

»

~—

I
[\)
le|:é\
O\Cfa

P(s) = / p 3 (s)ds, Vo, = Ag(s)wi (¢, —v).
0

If we pass from the coordinate o to s, in the vicinity of s = 0, formulas (37), (38) will give us
the creeping waves.

8. CONCLUSIONS

The shortwave diffraction of a plane incident wave from a strictly convex body of revolution
is under investigation. Geometric properties of the body of revolution (curvature radii of the
surface of the scatterer) are assumed to be much bigger than the incident wavelength. The
problem’s solution gives a clear physical picture of shortwave diffraction. The field is described
by the formulas of the ray method in the illuminated region of the scatterer. The ray method
fails in the vicinity of the light-shadow border, where the ray are tangent to the boundary. In
the latter region, Fock’s boundary layer method is applied, which gives another asymptotic
expansion. The expansion of the field there has a form of integrals with linear combinations
of Airy functions and its derivatives and polynomials of the normal coordinate as integrands.
Fock’s asymptotics is used for the initial data to construct creeping waves in the shadowed
part of the boundary, for the diffraction rays (first introduced by Keller) in the shadow far
from the surface, and for the construction of the wave field in the limiting ray vicinity, where
light turns into shadow.

The authors are grateful to Professor M. M. Popov for valuable ideas and comments and
N. M. Semtchenok for help in numerical analysis.

This work was partially supported by the Russian Foundation for Basic Research (RFFR)
17-01-00529.
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