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ASYMPTOTIC BOUNDS FOR THE SOLUTIONS OF A FUNCTIONAL-DIFFERENTIAL
EQUATIONWITH LINEARLY TRANSFORMED ARGUMENT

D. V. Bel’skii and G. P. Pelyukh UDC 517.929

We establish new properties of solutions of a functional-differential equation with linearly transformed
argument.

In the present paper, we investigate the equation

x0.t/ D ax.t/C bx.qt/C cx0.qt/C f .t/; (1)

where a 2 R; a ¤ 0; fb; cg ⇢ C; 0 < q < 1: For c D 0; this equation was studied in [1]. In what follows, the
numbersMi are nonnegative constants.

We need the following lemma [1]:

Lemma 1. Suppose that

(1) � < 0; � > 0; and l is a complex number such that jl j D e��I

(2) W.s/ is a solution of the difference equation

W.s/ � lW.s C �/ D G.s/;

where G.s/ is a continuous function such that

jG.s/j  M1e
�ˇs; s � s0;

for some positive quantities ˇ; s0; and jW.s/j  M2 for s 2 Œs0 C �; s0ç:

Then:

(i) jW.s/j  M3e
��s; s � s0 for � < ˇI

(ii) jW.s/j  M3se
��s; s � s0 for � D ˇI

(iii) jW.s/j  M3e
�ˇs; s � s0 for � > ˇ:

We prove the following theorem:

Theorem 1. Suppose that
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(1) a < 0 and bc ¤ 0I

(2) for the parameter j 2 N
Sf0g; the inequality

v0
dfD
ln
⇣
jbj
a

⌘

ln q�1
� vmin

dfD
ln
✓ˇ̌

cqj
ˇ̌
q�1 C jbqjCacqj q�1j

a

◆

ln q�1

is true;

(3) the function f .t/ belongs to C jC1Œ1;C1/ and f .m/.t/ D O .t˛�m/ ; t ! C1; ˛ 2 R; m D 0; j C 1:

Then, for each j C 2 times continuously differentiable solution x.t/ of Eq. (1), the following estimates are

true:

(i) if ˛ < v0; then x.t/ D O .tv0/ ; t ! C1I

(ii) if ˛ D v0; then x.t/ D O .tv0 ln t / ; t ! C1I

(iii) if ˛ > v0; then x.t/ D O .t˛/ ; t ! C1:

Proof. Differentiating Eq. (1) j times, we get

x.jC1/.t/ D ax.j /.t/C bqjx.j /.qt/C cqjx.jC1/.qt/C f .j /.t/:

By the change of variables x.j /.t/ D tvy.t/; where v
dfDmax fvmin C "; ˛ � j g and " > 0 is an arbitrary

number, we obtain

y0.t/ D
⇣
a � v

t

⌘
y.t/C

 
bqj qv C vcqj qv�1

t

!
y.qt/C cqj qvy0.qt/C t�vf .j /.t/;

y.t/ D ea.t�t0/
¸
y.t0/ � cqj qv�1y.qt0/

π
C cqj qv�1y.qt/

C
tZ

t0

ea.t�s/

º⇣
bqj qv C acqj qv�1

⌘
y.qs/ � v

s
y.s/C vcqj qv�1

s
y.qs/

Ω
ds

C
tZ

t0

ea.t�s/s�vf .j /.s/ ds; t0 � 1:

By using the inequality v � ˛ � j and conditions (i) and (iii), we estimate jy.t/j for t0  t  T as follows:

jy.t/j  ea.t�t0/
ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇC jcjqj qv�1jy.qt/j

C
tZ

t0

ea.t�s/

ºˇ̌
ˇbqj qv C acqj qv�1

ˇ̌
ˇ jy.qs/j C jvj

s
jy.s/j C jvcjqj qv�1

s
jy.qs/j

Ω
ds
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C
tZ

t0

ea.t�s/
ˇ̌
ˇs�vf .j /.s/

ˇ̌
ˇ ds  ea.t�t0/

ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇ

C jcjqj qv�1 sup
qt0uT

jy.u/j C
tZ

t0

ea.t�s/

º ˇ̌
ˇbqj qv C acqj qv�1

ˇ̌
ˇ sup
qt0uT

jy.u/j

C jvj
t0

sup
qt0sT

jy.s/j C jvcjqj qv�1

t0
sup

qt0uT

jy.u/j
Ω
ds C M6

jaj


ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇC

 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0

!

⇥ sup
qt0uT

jy.u/j C M6

jaj 
ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇ

C
 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0

!
sup

qt0ut0

jy.u/j

C
 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0

!
sup

t0uT

jy.u/j C M6

jaj :

This yields

sup
t0tT

jy.t/j 
ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇ

C
 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0

!
sup

qt0ut0

jy.u/j

C
 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0

!
sup

t0uT

jy.u/j C M6

jaj :

Since v > vmin; the inequality

jcjqj qv�1 C
ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌ D qv

 
jcjqj q�1 C

ˇ̌
ˇ̌bq

j

a
C cqj q�1

ˇ̌
ˇ̌
!
< 1

is true and, for sufficiently large t0; we get

jcjqj qv�1 C
ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌C jvj

jajt0
C jvcjqj qv�1

jajt0
< 1:
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Therefore,

sup
t0tT

jy.t/j 
º
1 � jcjqj qv�1 �

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌ � jvj

jajt0
� jvcjqj qv�1

jajt0

Ω�1

⇥
º ˇ̌
ˇy.t0/ � cqj qv�1y.qt0/

ˇ̌
ˇC

 
jcjqj qv�1 C

ˇ̌
ˇ̌bq

j

a
qv C cqj qv�1

ˇ̌
ˇ̌

C jvj
jajt0

C jvcjqj qv�1

jajt0

!
sup

qt0ut0

jy.u/j C M6

jaj

Ω
:

Since T is arbitrary, we conclude that y.t/ D O.1/; t ! C1; and x.j /.t/ D tvy.t/ D O .tv/ ; t ! C1:

Performing the change of variables

x.j�1/.t/ D tv⇤y.t/;

where v⇤ � maxfv; ˛ � .j � 1/g and

v⇤ >

ln
✓
jbqj�1j

a

◆

ln q�1
D v0 � .j � 1/;

in the equation

x.j /.t/ D ax.j�1/.t/C bqj�1x.j�1/.qt/C cqj�1x.j /.qt/C f .j�1/.t/;

x.j�1/.t/ D �b

a
qj�1x.j�1/.qt/ � c

a
qj�1x.j /.qt/C 1

a
x.j /.t/ � 1

a
f .j�1/.t/

dfD�b

a
qj�1x.j�1/.qt/C g.t/;

we obtain

y.t/ D �b

a
qj�1qv⇤y.qt/C t�v⇤g.t/:

We define an auxiliary coefficient

c1
dfD�b

a
qj�1qv⇤

and an inhomogeneity g1.t/
dfD t�v⇤g.t/ and estimate them, in view of the choice of v⇤; as follows:

jg1.t/j D O
⇣
tmaxfv;˛�.j�1/g�v⇤

⌘
 M7; t ! 1;
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jc1j D exp

8
<

:

0

@
ln
ˇ̌
ˇbq

j�1

a

ˇ̌
ˇ

ln q�1
� v⇤

1

A ln q�1

9
=

; < 1:

Then

y.t/ D c1y.qt/C g1.t/

and, for q�1  t  T; we find

jy.t/j  jc1j jy.qt/j CM7  jc1j sup
q�1tT

jy.qt/j CM7

 jc1j sup
1tq�1

jy.t/j C jc1j sup
q�1tT

jy.t/j CM7:

This yields

sup
q�1tT

jy.t/j  jc1j sup
1tq�1

jy.t/j C jc1j sup
q�1tT

jy.t/j CM7;

sup
q�n�1tT

jy.t/j  .1 � jc1j/�1

 
jc1j sup

q�ntq�n�1

jy.t/j CM7

!
;

where T is an arbitrary number. Hence,

x.j�1/.t/ D tv⇤y.t/ D O
�
tv⇤

�
; t ! 1;

where

v⇤ D max fv0 � .j � 1/C ";max fvmin C "; ˛ � j g ; ˛ � .j � 1/g

D max fv0 � .j � 1/C "; vmin C "; ˛ � .j � 1/g :

Repeating this process, we conclude that

x.j�2/.t/ D O
⇣
tmaxfv0�.j�2/C"Imaxfv0�.j�1/C";vminC";˛�.j�1/g;˛�.j�2/g

⌘

D O
⇣
tmaxfv0�.j�2/C";vminC";˛�.j�2/g

⌘
; t ! 1:

After several repetitions, by the condition of the theorem v0 � vmin; we get

x.t/ D O
⇣
tmaxfv0C";vminC";˛g

⌘
D O

⇣
tmaxfv0C";˛g

⌘
D O

⇣
tmaxfv0;˛gC"

⌘
; t ! 1:
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Similarly, the derivative can be estimated as follows:

x0.t/ D O
⇣
tmaxfv0�1C";˛�1g

⌘
D O

⇣
tmaxfv0C";˛g�1

⌘
D O

⇣
tmaxfv0;˛gC"�1

⌘
; t ! 1:

For the sake of brevity, we define h dfDmaxfv0; ˛g C "; � D ln q and perform the change of variables

t D es; W.s/ D t�hx.t/

in Eq. (1). Then x.t/ D ehsW.s/ and

W.s/ �
 
bqh

�a

!
W.s C �/ D a�1

⇣
hW.s/CW 0.s/ � c

¸
heh�W.s C �/C eh�W 0.s C �/

π
e��

⌘

⇥ e�s � a�1e�hsf
�
es
�
:

Since W.s/ D t�hx.t/ D e�hsx .es/ D O.1/; s ! C1; we find

W 0.s/ D �he�hsx
�
es
�
C e�hsx0 �es

�
es D O.1/; s ! C1:

Let

l
dfD bqh

�a
and

G.s/
dfD a�1

⇣
hW.s/CW 0.s/ � c

¸
heh�W.s C �/C eh�W 0.s C �/

π
e��

⌘
e�s � a�1e�hsf

�
es
�
:

Thus, we get

W.s/ � lW.s C �/ D G.s/;

where

jl j D
ˇ̌
ˇ̌
ˇ
bqh

�a

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ
bqh

bqv0

ˇ̌
ˇ̌
ˇ D qh�v0 D e.h�v0/�; jG.s/j  M8e

�s CM9e
.˛�h/s; s � s0 > 0:

The subsequent reasoning in the proof of Theorem 1 coincides with the proof presented in [1].

Case (i): ˛ < v0: If v0 < ˛C1; then we choose h such that v0 < h < ˛C1: Then jG.s/j  .M8CM9/e
.˛�h/s;

s � s0:We define

�
dfD h � v0 and ˇ

dfD h � ˛:

Thus, � < ˇ: By Lemma 1, we conclude that jW.s/j  M10e
.v0�h/s; s � s0; i.e., x.t/ D ehsW.s/ D O .tv0/ ;

t ! C1:
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If v0 � ˛ C 1; then we choose

h D v0 C
1

2
:

Hence, jG.s/j  .M8 CM9/e
�s; s � s0:We define

�
dfD h � v0 and ˇ

dfD 1:

Then � < ˇ: By Lemma 1, we conclude that jW.s/j  M11e
.v0�h/s; s � s0; i.e., x.t/ D O .tv0/ ; t ! C1:

Case (ii): ˛ D v0:We choose

h D v0 C
1

2
:

Then jG.s/j  .M8 CM9/e
.˛�h/s; s � s0: By Lemma 1, we get

jW.s/j  M12se
.v0�h/s; s � s0;

i.e., x.t/ D O .tv0 ln t / ; t ! C1:

Case (iii): ˛ > v0:We choose

h D ˛ C 1

2
:

Then jG.s/j  .M8 CM9/e
.˛�h/s; s � s0 and

�
dfD h � v0 > ˇ

dfD h � ˛:

By Lemma 1, we find jW.s/j  M13e
.˛�h/s; s � s0; i.e., x.t/ D O .t˛/ ; t ! C1:

Theorem 1 is proved.

Theorem 2. If a > 0 and f .t/ D O .t˛/ ; t ! C1; ˛ 2 R; then, for each continuously differentiable

solution x.t/ of Eq. (1), the limit limt!1 e�atx.t/ 2 C exists.

Proof. We now rewrite Eq. (1) in the form

d

dt

¶
e�atx.t/

·
D be�atx.qt/C ce�atx0.qt/C e�atf .t/

and integrate it. As a result, we obtain

e�atx.t/ D e�aq�n

x
�
q�n

�
C cq�1

¸
e�a.1�q/te�aqtx.qt/ � e�aq�n.1�q/e�aq�.n�1/

x
⇣
q�.n�1/

⌘π

C
�
b C acq�1

�
tZ

q�n

e�a.1�q/se�aqsx.qs/ ds C
tZ

q�n

e�asf .s/ ds:
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We define

sup
t2Œq�nC1;q�nç

ˇ̌
e�atx.t/

ˇ̌ dfDJn:

Further, let q�n  t  q�n�1: We choose a sufficiently large number n such that the inequality aqt > ˛ ln t
is true. This gives

ˇ̌
e�atx.t/

ˇ̌

ˇ̌
ˇe�aq�n

x
�
q�n

�ˇ̌
ˇC

ˇ̌
ˇ̌ c
q

ˇ̌
ˇ̌
¸
e�a.1�q/t

ˇ̌
e�aqtx.qt/

ˇ̌

Ce�aq�n.1�q/
ˇ̌
ˇe�aq�.n�1/

x
⇣
q�.n�1/

⌘ˇ̌
ˇ
π

C
ˇ̌
b C acq�1

ˇ̌
tZ

q�n

e�a.1�q/s je�aqsx.qs/j ds CM14

tZ

q�n

e�ass˛ ds

 Jn C 2

ˇ̌
ˇ̌ c
q

ˇ̌
ˇ̌ e�a.1�q/q�n

Jn C
ˇ̌
b C acq�1

ˇ̌
Jn

e�a.1�q/q�n

a.1 � q/
CM14

e�a.1�q/q�n

a.1 � q/

 max fJn;M14g
º
1C

 
2

ˇ̌
ˇ̌ c
q

ˇ̌
ˇ̌C

ˇ̌
b C acq�1

ˇ̌
C 1

a.1 � q/

!
e�a.1�q/q�n

Ω
;

which yields the inequality

max fJnC1;M14g  max fJn;M14g
º
1C

 
2

ˇ̌
ˇ̌ c
q

ˇ̌
ˇ̌C

ˇ̌
b C acq�1

ˇ̌
C 1

a.1 � q/

!
e�a.1�q/q�n

Ω

and the estimate x.t/ D O
�
eat

�
; t ! 1:

Hence, by using the identity

e�at2x.t2/ � e�at1x.t1/ D cq�1
¸
e�a.1�q/t2e�aqt2x.qt2/ � e�a.1�q/t1e�aqt1x.qt1/

π

C
�
b C acq�1

�
t2Z

t1

e�a.1�q/se�aqsx.qs/ ds C
t2Z

t1

e�asf .s/ds

for some constantM such that

ˇ̌
e�atx.t/

ˇ̌
 M and jf .t/j  Mt˛  Meaqt ; t � q�nC1;
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we arrive at the inequality

ˇ̌
e�at2x.t2/ � e�at1x.t1/

ˇ̌

 
jcjq�1

¸
e�a.1�q/t2 C e�a.1�q/t1

π

C
¶ˇ̌
b C acq�1

ˇ̌
C 1

· e�a.1�q/t1 � e�a.1�q/t2

a.1 � q/

!
M:

By the Cauchy principle, the limit lim
t!1 e�atx.t/ 2 C exists.

Theorem 2 is proved.

If a partial solution of Eq. (1) is known, then the difference between the required and partial solutions is the
solution of the homogeneous equation whose properties were studied in [2, 3].
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