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ASYMPTOTIC BOUNDS FOR THE SOLUTIONS OF A FUNCTIONAL-DIFFERENTIAL
EQUATION WITH LINEARLY TRANSFORMED ARGUMENT

D. V. Bel’skii and G. P. Pelyukh UDC 517.929

We establish new properties of solutions of a functional-differential equation with linearly transformed
argument.

In the present paper, we investigate the equation
xX'(t) = ax(t) + bx(qt) + cx'(qt) + f(1), (1)

wherea € R, a # 0, {b,c} C C,0 < g < 1. For ¢ = 0, this equation was studied in [1]. In what follows, the
numbers M; are nonnegative constants.
We need the following lemma [1]:

Lemma 1. Suppose that
(1) n<0,y>0,and!l is a complex number such that |l| = e"*;

(2) W(s) is a solution of the difference equation
W(s)—IW(s + p) = G(s),
where G(s) is a continuous function such that
1G(s)] < Mye ™. s =50,

for some positive quantities 3, sg, and |W(s)| < M5 for s € [so + K, So].
Then:
(i) [W(s)| = Mze™"%, s > 50 fory < B;
(ii) |W(s)| < Mzse™VS, s > so fory = B;
(iii) |W(s)| < Mze P55 > s fory > B.

We prove the following theorem:

Theorem 1. Suppose that
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(1) a <0andbc # 0;
(2) for the parameter j € N| J{0}, the inequality

i bq’ +acq’ q7! |
16| In ( |cq/ 1+|—)
an(3) (’ 7’14 a

Z Umin =

Ing~1

is true;
(3) the function f(t) belongs to CIH1[1, +00) and f™(t) = O t*™),t - 400, €R,m =0, j + 1.

Then, for each j + 2 times continuously differentiable solution x(t) of Eq. (1), the following estimates are
true:

(i) ifa <wvg,then x(t) = O (t"0),t - +o0;
(ii) ifa = vo, then x(t) = O (t"1Int),t — +o00;
(iii) ifa > vg, then x(t) = O (t%),t — +o0.

Proof. Differentiating Eq. (1) j times, we get
x(j'H)(t) — ax(j)(t) + bqjx(j)(qt) + qux(j+1)(q[) + f(j)(t).

By the change of variables x/)(r) = r¥y(r), where v & max {Umin + &, — j} and ¢ > O is an arbitrary
number, we obtain

. J -1 ‘ .
Y (t) = (a —~ ;) y(t) + (bq’q” + %) y(qt) +cq’ g’y (qt) + 7V fD @),

y(t) = 20710 {y(to) -~ cqfq”‘ly(qto)} +eq/ " My(gr)

t
. , v
n /ea(t—s) {(bqqu + acqqu—l) v(gs) — E)’(S) +

fo

chqu—l
—y(QS)} ds

t
+ /e“(t_s)s_”f(j)(s) ds, to>1.

o

By using the inequality v > « — j and conditions (i) and (iii), we estimate |y (¢)| for to <t < T as follows:

()] < et

y(to) — cqjq”‘ly(qto)‘ +lelg?q"ty(gqt)|

t
+ /e“(’_” {’bqjq” + acqjq”_l‘ 1y (g)] +

to

v luelg/ g1

ly(s)] + Iy(qs)l} ds

s
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t

+ / ea(t—s)

to

s_vf(j)(s)‘ ds < e4(t=10)

y(to) —cq’q"~ ly(qto))

t
+lclg?q"™" sup Iy(u)|+/ alt s’{‘bq’q +acq’q"!

sup |y (u)]

qto<u<T qto<u<T

to

v luelg” v~
+— sup |y)|+—— ssup [y(u)|,ds + —
0 gto<s<T to gto<u<T la |

+

ba’
< |y(t0) —cq’q"~ 1y(qto)‘ (ICIq’ v 1+‘%q”+cq’q” !

|lalto |lalto

v velg/gv—!
ol Ivcla’q )

x s [yl + 1 < [yiio) —cg " y(gn)|
qto<u<T | |

— b J . v ve J v—1
+{lelg?q" ™ + |2 ¥ + eq/ gt + ol lela’q sup  |y(u)|
a |a|t0 |a|ZO qto<u<tgy

— bq’ — v velglq™! Ms
+{lelg? g + |2 ¥ + gl g + vl lvela’q sup [y ()| + —.
a la|to la|to to<u<T la|

This yields

sup |y(t)] < ‘y(to)—cq’ "1y (qto)

to<t<T

—_

sup  |y(u)]

; bq’ - v velg/ gv!
+ (Icm’q”‘1 T g LU | )
a qlo<u=io

|alto |alto

bq’ lv|  Juclg/q’! Mg
lelg?q" ™t + |——q" +cq?q" | + + sup |y ()| + —
a |la|to |lalto to<u<T la|

Since v > vy, the inequality

. ba’
lclg”g"~! + ‘iq“ +eq/q!
a

. ba’ .
q" (ICIqu‘1 + ‘% +cq’q™!

)<1

is true and, for sufficiently large #o, we get

lv|  Jvclg/q??

lalto |lalto

Jj v—1 bqjv jv—1
lclg” q |4 tedlq +
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Therefore,

sup [y(1)] < {I—ICIqjq ‘—q +cq/q"!

to<t<T

- lalto |alto

. —1
v |vc|qfqv—1}

ba’
X{|y(to)—cq’ v 1y(qto)‘ (ICIQ’ v 1+‘%q”+cq’q” !

v velgd gv—1!
vl lvcla’q )

lalto lalto

Mg
sup |y(u)| + a |}

qlo=<u=Ilo

Since T is arbitrary, we conclude that y(r) = O(1), t — 400, and X (1) = V() = O (t¥), 1 — +o0.
Performing the change of variables

x(j_l)(t) = 1" y(1),

where v« > max{v,a — (j — 1)} and

|bg’ "
In (T

Ve > ————— =vo—(j - 1),
Ing

in the equation
x(j)(l) — ax(j_l)(t) +bqj_1x(j_1)(qt) +qu_1x(j)(qt) + f(j—l)([)’

U= 1)(t)__b =10~ 1)(qt) J 1 (])(qt)+—x(1)(t)——f(1 1)(;)
a

a b i o
=——¢q/ kU0 + 5 ).

we obtain

b
Yoy =—- ¢’ 'q" y(qt) + 17" g (0).

We define an auxiliary coefficient

. . df . o .
and an inhomogeneity g; (¢) = ¢~ V*g(¢) and estimate them, in view of the choice of vy, as follows:

|g1(l)| -0 (Zmax{v,a—(j—l)}—v*) < M7, t — 00,
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bg/—!
ln‘—qa )

1

-1

lc1| = exp —vx | Ing < 1.

Ing~

Then
y(@) =c1y(qt) + g1(1)

and, for q_l <t <T, wefind

ly@)| < lcilly(@t)| + M7 < |c1| sup |y(qt)|+ M5
g l=<t<T

<le1| sup |y(@)|+lc1| sup |y()| + M7.

1<t<q~! g~ l<t<T

This yields

sup |y(@)| <lc1] sup |y(@)|+|c1]l sup |y(®)|+ M7,

g 1<t<T I<t<g~! g 1<t<T

sup Iy(t)|§(1—|61|)_1<IC1| sup Iy(t)|+M7),

q " '=<t<T g "<t=q—"~!
where T is an arbitrary number. Hence,
V@) = y@) =0 (%), 1 — oo,
where
vy =max{vo— (j — 1) + e, max{vmin + &, — j}, 0 — (j — 1)}
=max{vo—(j — 1) + & Umin + &, — (j — 1)}.

Repeating this process, we conclude that

U2y = 0 ([max{vo—(j—2)+8;maX{U0—(j—1)+8,vmin+8,a—(j—1)},0!—(1'—2)})

-0 (Zmax{vo—(j—2)+8,vmm+s,a—(j—2)}) .t — oo.

After several repetitions, by the condition of the theorem vg > vy, We get

x(t)=0 <tmax{vo+s,vmm+e,a}) -0 (Zmax{vo—i-s,a}) -0 (tmax{vo,(x}—f-s) .t = 00.
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Similarly, the derivative can be estimated as follows:

x'(t) -0 ([max{vo—l-l-e,a—l}) -0 (tmax{vo+s,(x}—l) -0 (tmax{vo,a}+s—1) .t — 0.

For the sake of brevity, we define A a max{vg,a} + &, 4 = Ingq and perform the change of variables
t=e%, W(s)=1"x()
in Eq. (1). Then x (1) = e"SW(s) and

h

W(s) — (b_ia) W(s+p) =a! (hW(s) LW (s)—c {he’wW(s )+ P (s + u)} e_”“)

x e S —ale™s f ().
Since W(s) = t "x () = e " x (¢%) = O(1), s — +00, we find

W'(s) = —he ™ x (') + e sy (e') e’ = 0(1), s— +oo.

Let
ar by"
T —a
and
G(s) a1 (hW(s) +W'(s)—c {heh“W(s +p) + MW (s + u)} e_“) e S —alef ().
Thus, we get
W(s)—IW(s + pn) = G(s),
where
bg" bg"
1| = A [P iy g0 = VR G (s)| < Mge™ + Moe @S 5> 59> 0.
—a quO

The subsequent reasoning in the proof of Theorem 1 coincides with the proof presented in [1].

Case (i): o < vg.If vg < a+1, then we choose /& suchthat vy < & < a+1. Then |G(s)| < (M8+M9)e(°‘_h)s,
s > 5o. We define

ygh—vo and ,th—oe.

Thus, y < B. By Lemma 1, we conclude that [W(s)| < Mjoe®0™5 s > g4 ie., x(t) = e™W(s) = O (1Y),
t — +o0.
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If vo > @ + 1, then we choose

1
h = —.
vo-i—2

Hence, |G(s)| < (Mg + Mg)e™5, s > s9. We define
yd=fh—v0 and ,Bd=f1.

Then y < B. By Lemma 1, we conclude that |W(s)| < My1e®0™Ms s> gy ie., x(t) = O (t*),t — +o0.
Case (ii): @ = vg. We choose

1
h=U0+§.

Then |G(s)| < (Mg + Mg)e("‘_h)s, s > so. By Lemma 1, we get
(W(s)| < Mypse@oMs 5> g,

ie,x(t) =0 @{"Int),t — +oo.

Case (iii): oo > vg. We choose
h=o+ —.
Then |G(s)| < (Mg 4+ Mg)e@ M5 s > 53 and
yd=fh—v0 >,8d=fh—a.
By Lemma 1, we find |W(s)| < M13e(°‘_h)s, s > sp,ie,x() =0 (%) ,t - +oo.

Theorem 1 is proved.

Theorem 2. Ifa > 0 and f(t) = O (t%),t — +oo, a € R, then, for each continuously differentiable
solution x (t) of Eq. (1), the limit lim; o0 e~ %' x(¢) € C exists.

Proof. We now rewrite Eq. (1) in the form

% {e™x(1)} = be ™ x(qt) + ce” X (qt) + e~ (1)

and integrate it. As a result, we obtain
e x(t) = e~ " x (q_") +cq7! {e_a(l_q)’e_aq’x(qt) — e (=) pmaq= "7V | (q_(”_l))}

t

t
+ (b +acqg™) / e (1=0)s =4S \ (g5) ds + / e % f(s)ds.

q q"
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We define
sup le™ x(1)| Sy
te[q_"‘H,q_”]

Further, let ™" <t < ¢7"~!. We choose a sufficiently large number n such that the inequality aqt > o Int
is true. This gives

E {e—a(l—q)t }e—ath(qt)‘
q

le™x(1)| < ‘e_“‘f”x (") +

t+eea™"(0-q) ‘e—aq*(”*”x (q—(n—l)) |}

t t
+ b+ acq_l‘ / e DS 1,709 x (g5)| ds + M4 / e ¥s%ds

q q—"

n —a(l—q)g™" —a(l—q)g™"
<Jy+2 H e DT p b tacq Ty e My
q a(l —q) a(l —q)
b+acg ' +1 “n
< max {J,, M4} {1 + (2 2 | a(lq—q}) ) o—a(1-a)g } ,

which yields the inequality

c
max {Jp4+1, M14} < max {J,, M14} {1 + (2 c_] +

-1
‘b + acq ‘ +1 —a(l-0)g™"
a(l—q)

and the estimate x (1) = O (%), 1 — oc.
Hence, by using the identity

e_atzx(tz) _ e—atlx(tl) — cq—l {e—a(l—q)tze—aqtzx(qtz) _ e—a(l—q)tl e_aqtl)C(QZl)}

2] 123
+ (b +acg™t) / e 105 ,=aqs \ (45) ds + /e_“sf(s)ds

n n

for some constant M such that

le™x(t)| <M and |f(1)] < M1* < Me®', 1 =q7"F
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we arrive at the inequality
|€_alz)€([2) o e—atlx(tl)‘ < |c|q_1 {e—a(l—Q)lz 4 e—a(l—Q)tl}

) . . e—a(l=q)t1 _ ,—a(l-g)r> o
+ +acqg |+ .
b +acqg™ [+ 1 0=

By the Cauchy principle, the limit tlim e~ x(r) € C exists.
—00

Theorem 2 is proved.

If a partial solution of Eq. (1) is known, then the difference between the required and partial solutions is the
solution of the homogeneous equation whose properties were studied in [2, 3].
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