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We consider problems governing a contact between an elastic plate with a thin elastic
inclusion and a thin elastic obstacle and study the equilibrium of the plate with or without
cuts. We discuss various statements and establish the existence of a solution. We
analyze the limit problem as the rigidity parameter of the elastic inclusion tends to
infinity. Bibliography: 14 titles. Illustrations: 5 figures.

At present, the solvabililty of the equilibrium problem is established for various models describing
cracks in solids (cf. [1]—[3] for details). In particular, various cases of thin inclusions in elastic
bodies were studied in [4]-[11]. There is a huge literature devoted to contact problems, in
particular, obstacle problems. The obstacle problems for a plate were analyzed in [12, 13]. The
contact problem for a plate with a beam being a thin obstacle was first studied in [14].

In this paper, we are interested in the equilibrium of a plate (the Kirchhoff-Love model)
with an obstacle and an inclusion (the Bernoulli-Euler beam model).

The paper is organized as follows. A plate without cuts (Figure 1, I) is considered in
Section 1. We formulate the equilibrium problem and establish its unique solvability by using
the variational approach. In Section 2, we study the equilibrium problem for a plate containing
a cut (Figure 1, II). In Section 3, we study the dependence of solutions to the problem about
a plate without cuts on the rigidity parameter of the inclusion. Then we pass to the limit as
the rigidity parameter tends to infinity and find a complete collection of the boundary contact
conditions for the limit problem.

1 Plate without Cuts

Assume that z1, x2, 2z denote the Cartesian coordinates and consider a plate occupying a
bounded domain © C R? in the zjz9-plane (Figure 2). We assume that the boundary I' of
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Q) is smooth. Assume that 7, and ~;, are segments in {2 intersecting under a nonzero angle.
We also assume that the sets v,, and ~;, are open and have no common points with I'. In the
problem under consideration, the sets 7., and ~;, are interpreted as an obstacle and an inclusion
respectively. We introduce the notation: v = v Uin, Qg = Q\7, Yob = Yob \ Vin, Yin = Yin \ Yobs
¥ = Yob U Yin. We denote by n = (n1,n2) the outward unit normal to I' and by v = (v, 2) the
unit normal to 4. The functions w = w(z1,z1), v = u(n1), v = v(n2) are unknown. They are
defined on the sets €0, Yo, Vin and characterize displacements of the plate, obstacle, inclusion
along the z-axis respectively.

B

1I

F1GurE 1. Contacting bodies: a thin obstacle — 1, a thin inclusion — 2, a plate — 3.

n

FIGURE 2. Geometry of the problem: the plate €2, the obstacle 7,5, and the inclusion ~;,.

We study the boundary value problem

(bijriw k)5 = [ in Qy, (1)

w0 0n Y, w=vonym, ] =fu,] =0on4, ®

[my] =0 on 7, /[ty]w + /U,nu,u + /0,22?1,22 =0, (3)
'3/ Yob Yin

/[t’/]ﬁ"‘ /u,llﬂ,ll + /'U’225722 >0 V(w,u,v) €K, (4)

¥ Yob Yin

w:w,nzoon F, U= 1uq =0 on 8701” (5)
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where
feL*Q), byu € L™Q), (6)

bijki = bjikt = briijs  bijt9mij = col9)?, co >0, V0 =95, i,5.k1=12 (7)

9*w dw du dv
W,ij = ma Wy = v’ Ul = d_771’ Vo = d—772; [w] = w|fy+—w|%,
my(w) = —mgj(w)vjvs,  t7(w) = —myjj(w)vy — myj k(W) T304,
mij(w) = =bjjrw g in Q,  (11,72) = (—v2,11).

Equation (1) is the equilibrium equation for a plate. We will use the standard convention about
summation over repeated indices. In (6) and (7), f is the distributed load and b;j;; are the
moduli of elasticity of the plate. We note that the equilibrium equation does not hold on the
set v, where the contact conditions (in particular, (2)) are given. The conditions (3) and (4)
for the bending moment m, and shearing force t¥ express the virtual work principle. The set of
admissible displacements is defined by

K = {(w,u,v) € Hg(Q) X Hg(fyob) X Hz(fym) cw—u>0o0n Yy w=0von Yp}

The conditions (5) mean that the plate is fixed on the edge and the obstacle is fixed at the
endpoints.

1.1. Variational statement of the problem. The boundary value problem (1)—(5) can
be formulated as the variational problem

inf  Il(w,u, 8
i (w,u,v) (8)

with the total potential energy functional
1 1 , 1 )
M(w,u,v) = 5 [ bguwmwi; — [ fut5 [(wi)”+5 [ (022)" (9)
Q Q Yob Yin

We note that the functional II is convex and differentiable; moreover, it is minimized over a
convex set. Therefore, the problem (8) is equivalent to the variational inequality

(w,u,v) € K, ¥Y(w,u,v)eK:

/bijklw,kzl(w - w),ij - /f(w — w) + /U,n(ﬂ — U),ll + /U,Qz(ﬁ — U)722 > 0. (10)
Q Q Yob Yin

We show that the problems (1)—(5) and (10) are equivalent for smooth solutions. For this
purpose we use the Green formula

/bz‘jklw,kl@,ij - /(bijklw,kz),ijfﬁ = —/[myfﬁ,y] + /[t”ib] + /mn@,n - /t”fﬁ, (11)
r r

Q.f] QQ :Y :}/

valid for w, m;j(w), w € H%().
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Let functions w, u, v satisfy (1)—(5) almost everywhere on the corresponding sets, and let
these functions be sufficiently smooth so that u € H?(v,), v € H?(7i,) and the Green formula
(11) is valid for w. We prove that the triple (w,u,v) is a solution of the variational inequality
(10). By (2) and (5), we have (w,u,v) € K. We choose arbitrarily (w,u,v) € K. Multiplying
both sides of (1) by W — w and integrating over €y, we find

/(bijklw,kl),ij (W —w) = /f(w —w).
Qg Qq
Taking into account the Green formula (11) and the first condition in (5), we get

[ viwsatw - w) /fw w) /[my<w .+ [t @= ).

Qg ol

Y

Using the last condition in (2), we obtain the identity
/szklwkl W —w) /f W — w) /[my](w w ,1,+/t” W —w).
Q 7 7

From (3) and (4) it follows that

= [iml@- v+ [#@-w) = [#1@-w) >~ [un@-un- [on@- o

o 0 5 Yob Yin
Thus, the variational inequality (10) is valid.

Let (w,u,v) be a solution of the variational inequality (10). It is obvious that it satisfies (2)
and (5). Let us prove (1) and (3), (4). Substituting (w,%,7) = (w + ¢, u,v), ¢ € C5°(Qy) for
test functions into (10), we get

/bijkzw,kzﬂp,ij = /f%
Q

Qg
which means that w satisfies the equilibrium equation (1) in the sense of the theory of distri-

butions. Taking into account this equation, we can apply the Green formula (11) to (10) and
obtain the inequality

—/[my](w—w),y—&-/[t”](w w)+/u,n(a—u),n+/m(@—v),m >0 Y@,a,7) € K. (12)
o 5 Yob Yin

To prove the first condition in (3), we substitute (w,u,v) = (w =+ ¢4, u,v), where ¢4 = 0 on
4, for test functions into (12), where

pa€ H*(Q), suppps CA, AcCQ, A=A, (13)

and for A we take the set shown in Figure 3. Then we obtain the equality

[l =0

fy
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F1GURE 3. Neighborhoods of points of the set 4.

By the arbitrariness of ¢4, we obtain the required condition in (3). Finally, taking (w,w,v) =
(0,0,0) and the (w,u,v) = 2(w, u,v) for test functions in (12), we find

- /[ml/]w,u + /[tu}w+ /u,nu,n + /U,Q2U,22 =0,

'%’ '3/ Yob Yin
- /[my]ﬁw + /[t'j]@—l— /u,uﬂ,n + / V220 29 = 0 V(w,u,v) € K.
07 0 Yob Yin

Taking into account the proved condition in (3), we obtain the remaining relations in (3) and
(4). Thus, a smooth solution of the variational inequality (10) satisfies all the conditions (1)—(5)
of the boundary value problem. Thus the problems (1)—(5) and (10) are equivalent on the class
of sufficiently smooth solutions.

Since the variational inequality (10) and the minimization problem (8) are equivalent, the
problems (1)—(5) and (8) are equivalent on the class of sufficiently smooth solutions.

1.2. Unique solvability of the problem. We prove the solvability of the minimization
problem (8). The energy functional II is weakly lower semicontinuous since it is convex and
continuous. We note that if

(W™ u"0") e K, (w",u",v") — (w,u,v) strongly in Hg(Q) X HOQ(fyob) X Hg(ym),

then

("], u" ") — (w] ,u,v) strongly in L*(y) x L*(yop) X L*(7in)

in view of the embedding theorem. Passing to a subsequence, if necessary, we can set
(w"|7,u",v”) — (w}y,u,v) a.e. on Y X Yop X Yin-

Since w™ — u™ > 0 almost everywhere on 7, and w™ = v™ almost everywhere on ~;,, we have

w —u = 0 almost everywhere on 7,, and w = v almost everywhere on ~;,. Hence the set K

is closed. Since K is convex, we conclude that K is weakly closed. Consequently, to prove the

solvability of the problem (8), it suffices to verify that the functional II is coercive. For this

purpose we prove the following assertion.
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Lemma 1. There exists a constant ¢ > 0 such that

/bijklw,klw,z‘j + /(u,11)2 + /(0,22)2 > d|(w,u,v) | V(w,u,v) € K,
Q Yob Yin
where ||(w, u, )|

= Hw”2 + ||u”}]2 + HU”%{Q(’Y'LH)'

(Yob)

Proof. By the conditions (7) and the Poincaré-Friedrichs inequality, there exist constants
c1 > 0 and ¢y > 0 such that

[+ @ > allolgq + colulg,,,
Q Yob

Using the condition w = v on ~;, and the embedding theorem, we can choose a constant c3 > 0
such that

€1 2 2
5”“}”}13(9) —03/11 > 0.
Yin
According to the theory of Sobolev spaces,

03/U2+/(U,22)2 204””‘@{2(%71)’
Yin Yin

where ¢4 > 0 is a constant. Adding the above inequalities, we find

C1
[vimwsws+ [@n?+ [ @ > Slolye + g, + el

Yob Yin

For the constant ¢ > 0 we can take the least of the constants ¢1/2, co, and ¢;. ]

By Lemma 1, it is easy to see that

I?

c
(w, u,v) = —H(w u, 0)|> = esllwll g2y = 5 ll(w,u,0)|1* = esll(w,u,0) ||, es > 0.

2

Hence II(w,u,v) — oo as ||(w,u,v)|| — 0o. Thus, the functional IT is coercive on the set K
and, consequently, the minimization problem (8) is solvable.

To prove the uniqueness of a solution to the problem (8), we assume that there are two
different solutions (w',u!,v!) and (w?,u?,v?). Then

[viawa@ -ty + [s@-ut)+ [uba@— i+ [oh@— otz >0

Q Q Yob Yin
2 (o 2y — 2 2 (= 2
[vounu@—u?) i+ [ f@-u?)+ [d@- i+ [ om0
Q Q Yob Yin
where (W, 7,7) € K is arbitrary. Substituting (@, 7, 7) = (w?, u?,v?) into the first inequality and
(w,u,v) = (w!,ul,v!) into the second one, we summarize the results and obtain the estimate
/bijk@,klﬁ,ij + /(17,11)2 + /(5,22)2 <0,
Q Yob Yin
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where (w,u,7) = (w? — w',u? — u',v?> — v!'). Moreover, we have the estimate

(@, %P2 < / bt @ 55 + / (i) + / (522)?
Q Yob Yin

which is proved in the same way as Lemma 1 (the key role is played by the condition w = v on
~in which follows from the construction of (w,u,v)). Hence ||(w,u,v)|| < 0 and, consequently,
(w,w,v) = (0,0,0). Thus, the solutions (w',u!,v!) and (w?,u?,v?) are equal, which contradicts
our assumption. Thereby we have proved that the problem (8) is uniquely solvable.

2 Plate Containing a Cut

In this section, we study the case where displacements of the plate can be discontinuous on
a given line. We introduce the set of admissible displacements

K. = {(w,u,v) € HE(Qg) x HS(Yop) X H*(Yin) : w—u>0on 4}, w=wvon 4},

where HZ(Qy) = {w € H*(Qy) : w =w,, =0 on I'}, and consider the equilibrium problem for
finding w, u, v such that

(bijrw )i = f in Qy, (14)
w—u>0on%L w=wvon4, (15)
m,=0on%", m,=t"=0o0n%", (16)
/t”w + /u,nu,n + /’0,220,22 =0, (17)
’:)’/+ Yob Yin

/tl/@—F /u711ﬂ711 + /1)722@722 >0 Vv (@, u, 5) e K., (18)
e ,

w=w,=0onl, u=u;=0o0n0vm. (19)

The contact conditions on 41 are described by (15), (17), (18) and the first relation in (16).
The second relation in (16) means that the plate edge is free on the other cut side.

The boundary value problem (14)-(19) admits the variational statement
me {5 [0 [roes [wn?+g [ew?) (20)
in = LW W 5 — w+ = [ (u = [ (v .
(wu)eKe 9 gkl W ETW 45 2 11 2 ,22
Qg Qg Yob Yin
The problem (20) has a unique solution satisfying the variational inequality
(w,u,v) € K. VY (w,u,v) € K.:
/bmklw kl w — w /f w — w /u711(ﬂ - U)711 + /0722(@ — 0)722 2 0. (21)
Qg Yin
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Indeed, the functional in (20) is weakly lower semicontinuous and the set K. is weakly closed.
Let us show that the functional is coercive. Assume that the set 7 can be extended to the
exterior boundary I', dividing €4 into the subdomains Q;, mes(9Q; NT') # 0, i = 1,...,4
(cf. Figure 4). For the restrictions of w on €;, and their generalized derivatives the Poincaré—
Friedrichs inequality holds. Hence there exist constants cg > 0 and co > 0 such that

2 2 2 2 2
[vsuesws+ [@n?+ [ @ > alolip, + e, + [ @
Qg Yob Yin Yin
Since w = v on "’y;;, we can choose a constant ¢y > 0 such that

co
[+ [@p+ [0m? > Plolng, + el + el

Qg Yob Yin

This estimate, together with the inequality

_/fw > —eslwllza,) >0,

implies the coercivity of the functional on K.. Hence the problem (20) has a solution. The
uniqueness of a solution can be easily proved by contradiction.

FIGURE 4. Geometry of the problem about a plate containing a cut.

Let us show the equivalence of the problems (14)—(19) and (20), (21) on the class of suffi-
ciently smooth solutions. Assume that w, u, v satisfy (14)-(19), u € H?(ye), v € H?(7;p), and
w is sufficiently smooth so that the Green formula (11) holds. We show that (w,w,v) satisfies
(21). It is obvious that (w,u,v) € K.. Let (w,w,v) € K.. Multiplying both sides of (14) by
w — w, integrating over €y, and using the Green formula (11) and the conditions (19), we get

[ viwsa(w ) /fw w) /[my<w .+ [t ).

Qg ¥ o

Applying (16), we obtain the identity

/bz]klwkl W — w) /f W — w) /tu(m—w)

Qg
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which implies (21) in view of (17) and (18). On the other hand, for a smooth solution to the
problem (21) all the relations (14)—(19) hold. Indeed, (15) and (19) are valid by the definition
of the set K.. The equilibrium equation (14) in the sense of the theory of distributions can be
easily obtained by taking (w,w,v) = (w % ¢, u,v) in (21), where p € C5°(€,). By the Green
formula (11) and (19), from (21) we find

—/[my(w—w),y] +/[t"(m—w)] + /u,n(ﬂ—u),n + /v,m(@—v),gz >0 VY(w,u,v) € K.
¥ ¥ Yob Yin

Taking the test functions (w,w,v) = (0,0,0) and (w,w,v) = 2(w, u,v), we obtain the relations

- /[m,,ug,,] + /[tuw] + /U,nu,u + [ v22022 =0,

o' ol Yob Yin
(22)
— /[mm,y] +/[t”m] + /u,uﬂ,u + /vmmg >0 VY(w,u,v) e K,.
PQY '3/ Yob Yin

Let us prove (16) and thereby prove (17) and (18). For this purpose we take
(wv u, ﬁ) = (i¢B+7 07 0)7 (w7 u, E) = (i¢D+707 0)7 ¢B+ ‘:y-&-: ¢D+ },°y+: O?
(w,w,v) = (£¢p_,0,0), (w,u,v)=(+¢p_,0,0)

for test functions in (22), where ¢4 € H?(£),), supp ¢a C A, A C Q, A= A, and the sets By
and Dy are as shown in Figure 4. Then

/ mo(65,) = 0, / mu(6D.) v =0,
i

2+
Yob

/mu(¢3),u - /tV¢B =0, /mu(¢D),u - /tV¢D =0,
Yob

Yin Yin Yob
which implies (16) because (¢5, )., (¢p0.)v, (¢B_)v, (¢D_)w, ¢p_, ¢p_ are arbitrary. Thus,
a smooth solution of the variational inequality (21) satisfies (14)—(19). Hence we proved the
equivalence of the problems (14)—(19) and (21) on the class of sufficiently smooth solutions.

3 Limit Problem as the Rigidity Parameter Tends to Infinity

We come back to the case of a plate without cuts, studied in Section 1. Now, we consider
the equilibrium problem with the positive parameter A:

(bijriwiy)ij = f in Qg (23)

wt —ut 2 0 on 7op, w* =v* on Yin, [w)\] = [w,)z\/] =0on %, (24)

[m,,(w)‘)] =0 on 7, /[t”(w)‘)]w)‘ + /U,)\nu,)\n + A / vg2v?§2 =0, (25)
'O}’ Yob Yin

/[t”(uﬂ)]w+ /uﬁlﬂ,ll + A / VT2 >0 Y(W,7,7) € K, (26)

5 Yob Yin
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w)‘_w =0onT, u)‘:u?‘l:Oonﬁ%b, (27)

The parameter A characterizes the inclusion rigidity. Indeed, taking the test functions (w, @, v) =
(£¢,0,t¢p), where ¢ = ¢ on Yin, ¢ € C5(2\ Yob \ OVin), in (26), we get

/ () + A / Pz =0 ¥ € C5°(iim).

This means that a solution to the problem (23)-(27) satisfies the equation
*)\U,A2222 = [t"(w)] on in

in the sense of the theory of distributions. Within the framework of the theory of Bernoulli-Euler
beams, the equation obtained expresses the connection between the beam bending and the load
on the beam. With each fixed A € (0,00) we can associate a unique solution (w?,u*,v?) to the
boundary value problem (23)—(27). Indeed, this problem can be formulated as the minimization

problem
. 1 1 A
ot {5 [rowdondy = [ 1ot +5 [+ 5 [0do?) (28)

Q Q Yob Yin

and as the variational inequality

(wt, v, vt) € K, Y(w,u,7) € K :

/bmklw’kl w—w /f w—w /uj\n(ﬂ—u )11+)\/v22(v—1})‘) 2220, (29)

Q Yin

The equivalence of the problems (23)—(27) and (29) on the class of sufficiently smooth solutions
is proved in the same way as in Subsection 1.1. Furthermore, the minimization problem (28) is
uniquely solvable. The proof is the same as in Subsection 1.2.

3.1. The limit as A — oo. We study the behavior of the solution (w*,u*,v*) to the

problem (29) as A — oo. We show that it is possible to extract a converging subsequence

from the family (w)‘ u)‘,v’\),\e(opo). Substituting the test functions (w,w,v) = (0,0,0) and

(@, 7, 7) = 2(w*,u*,v*) into (29), we obtain the equality

/bijklwﬁclw,)z\'j —/fw/\“‘/( )? +)\/(U 59)? = 0. (30)
Q 0

Yob Yin

Applying Lemma 1 and the Cauchy-Bunyakowsky inequality to the left-hand side of (30), we
obtain the uniform estimate

”w)\H%{(%(Q) - HU))‘HHg(Q) + HU/\”H2 (vop) T HU/\H#(W) <0

with respect to A € [Ag,00), where A\g > 0. This estimate implies the boundedness of the
solution:

Mgz < s 10200, < o0 10 E20,) < 10, €s,¢9,¢10 > 0. (31)
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In turn, from (30) and (7) it follows that

Je e

which implies the estimate

/(vj\22)2 < % c11 > 0. (32)
Yin
By the estimates (31) and (32), there exists a subsequence such that

(AA)\

w,ut, vY) — (w,u,v) weakly in HZ(Q) x HE(Yop) X H?(Yin), A — 00, 33

(
v22 =0 on ypn. (34
(

)
)
We clarify some properties of the limit functions. Since the set K is weakly closed, from (33)
we have w —u > 0 on 7, and w = v on 7;,. The relation (34) means that the function v(ns)
is affine on ~;,. By the linear connection between the coordinates 79 and x1, x2, the restriction
w belongs to the space of rigid displacements

L(vin) = {l : l(x1,22) = ap + a1x1 + agxs on v, a; € Ry =0,1,2}.

The space L(7;,) consists of all functions possessing the affine structure on the set ~;,. Thus,
for the limit functions we have (w,u) € K, where

K, = {(w,u) € HOQ(Q) X Hg(fyob) cw—u >0 on 'yob,w|%_n€ L(fym)}.

We deduce the variational problem corresponding to the limit case. For this purpose we pass to
the limit in (29). Let (w,u) € K, be arbitrary. It is obvious that (w, E,E’V, ) € K. Therefore,
(29) implies

/bijklwi@,zﬁr/umﬂ,n —/f(@—wx) > /bijle,Amwﬁj +/( 1) +)\/(vgz)2-
Q

Yob Q Q Yob Yin
Taking into account (33) and (34), we pass to the lower limit on both sides of the obtained

inequality. Then
hmmf{ /bijklw’\klw,ij + /’LLAHE’H — /f(@— wk)}
A—00 ’ ’
Q Q

Yob

= /bijkzw,kz@,ijJr/U,nﬂ,n —/f(@—w).
Q Q

Yob
On the other hand,

liminf{ /bijklw)}dw);-j+/( )? +A/(v2z)2}
A—00 ’ ’
Q

Yob Yin

> liminf/bijklwf}flwﬁj +liminf/(u:\11 )"+ o hmmf (v 3o)?
A—00 A—r00
Q

Yob Yin
2
> /bijklw,klw,ij+/(u,11) .

Q Yob
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As a result,
(w,u) € K,, Y(w,u)e€ K, :

/bz]klw k(W — w) /f w—w) /U,n(ﬂ—u),n > 0. (35)
0

Thus, we obtain the variational inequality corresponding to the limit case. We note that it is
equivalent to the minimization problem

) 1 1
(w}f)‘im {§/bijklw,klw,ij - /fw—l- 3 /(U,11)2},

Q Q Yob

the solvability of which can be proved independently from the above arguments since the func-
tional is coercive.

The boundary value problem corresponding to the variational inequality (35) is to find
functions w, u and constants ag, a1, as € R such that

(bijriw k) i; = [ in Qg, (36)
w—uz=0o0n-vy [w=w,=[m]=0o0n4%, (37)
w = ag + a1Ty + azrs  ON Yin, (38)
/ e + / wartg =0, (39)
'OY Yob

/[t”]w+ /u711ﬂ711 >0 VY(w,u)eK,, (40)
'OY Yob

w=w,=0onl, u=u;=0o0n0dvm. (41)

The equivalence of this problem and the variational inequality (35) on the class of sufficiently
smooth solutions is proved in the same way as in Subsection 1.1.

The system (36)—(41) describes a contact of a thin elastic obstacle with a plate containing a
thin rigid inclusion. The inclusion in the plate is described by the condition (38) which can be
interpreted as the fact that the plate displacements on the set ;, have a certain structure.

3.2. Differential statement of the limit problem. The problem (36)-(41) obtained as
the limit of the problems (23)—(27) as A — oo is equivalent to the following problem: Find
functions w, u and constants ag, a1, as € R such that

(bijriw k) ij = f in Qg, (42)
w—u>00n 7, [w]=[w,]=[m]=0on% (43)
w = ap + a121 + agry  ON Yin, (44)
] = —uans, [#]>0, [#])(w—u) =0 on du, (45)
[u(0)] = [u,1(0)] = [u,11(0)] =0, (46)



/ ] + [u111(0)] = 0, / )2 + w1 (0)]6 = 0, &= 1,2, (47)

'?in '%/in
[1,111(0)] <0, [u,111(0)](w(5e1, 522) — u(0)) =0, (48)
w=w,=0onTl, wu=u; =0 on 0y, (49)

where vYop N Vin = {(321, 32) }, and [u(0)] = u(0+) — u(0—). The contact conditions on the plate,
obstacle, and rigid inclusion are given on the set . In particular, the first condition in (45) is
the equilibrium equation for the obstacle. The load on the obstacle is realized by the jump of
the shearing force [t”] on 4. At the same time, by the remaining conditions in (45), the jump
[t"] vanishes at points where there is no contact between the plate and obstacle. The conditions
(47) mean the equilibrium of the rigid inclusion. The inclusion is subject to the action of [t¥]
on ¥y from the side of the plate and the action of [u 111(0)] at the point (3¢, sr2) from the side
of the obstacle. From the mechanical point of view, the conditions (47) mean that the principal
vector of the above forces and the principal momentum vanish. By the condition (48) the jump
[,111(0)] vanishes if there is no contact between the obstacle and inclusion.

F1GURE 5. Neighborhood of a point of the set .

We show that the problems (36)-(41) and (42)-(49) are equivalent on the class of sufficiently
smooth solutions. For this purpose we assume that w, m;;(w) € H*(y), u € H* (7). Let w and
u be smooth solutions to the problem (36)—(41). We prove that they satisfy (42)—(49). It suffices
to obtain the conditions (45)—(48) since the remaining ones are involved in the formulation of
the problem (36)—(41). We substitute the test functions (w,u) = (:t¢D,j:¢D|%b) into (40),
where D is the closure of a small neighborhood of some point in 4, (functions of the form ¢4
are defined by (13) and the set D is represented in Figure 5). Integrating by parts, we get

@1+ uanon =0

Yob
where the values of ¢p are arbitrary on .. Thus, we obtain the first condition in (45). To
prove the last condition in (45), we assume that w > u at some point zy € 4,,. For D we take
the closure of a small neighborhood of this point and choose a small parameter €4 > 0 such that
(w,u) = (wEegop,u) € K, where ¢p > 0 on 7p. Then (40) implies

/ w + ey / )60 + / w3 0.

v Yob Yob
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The last inequality, together with (39), leads to the equality

/ )6 = 0 (50)
Yob
which means that [t”] = 0 near the point xg. At the same time, if [t”] > 0 at xg, then w = u at
xo. Indeed, assuming that [t¥] > 0 and w > u at the point z¢ and repeating the above procedure,
we obtain the identity (50) which contradicts our assumption. Thereby the last condition in
(45) is proved.
Taking the test functions (w,u) = (+¢, £¢), (¢, ¢) € K, where ¢ = ¢ on v, ¢ = ag +
171 + Ao On Yip, do, d1, d2 € R in (40), we get

/[tVMH— /[t”](p + /U,1190,11 = 0.

'OY'Ln Yob Yob

Integrating by parts the last term and taking into account the first condition in (45), we find

@ / 7] + / [#7]21 + @ / 7] — [u.11(0)]21(0) + [t.111(0)]0(0) = 0.

By the choice of the test functions, we have p(0) = @y + a12r; + a2sr2. Therefore,

o[ 17+ [uana () + ([ 1903+ e (0)4) = w1 0))a() = 0.

’% n :Yz n

Since ao, a1, az, ¢,1(0) are independent and arbitrary, the conditions (47) and (46) hold.
At the next step, we take the test functions (w,u) = (¢, 0), ((,0) € K,, where ¢ > 0 on 7y,

1 (40). Then
Q/[t”]<+ﬁ/m< >0,

Yin Yob

Moreover, ¢ ‘7‘ € L(7in). Hence, taking into account (47), we obtain the inequality

~fuan @G )+ [ 116> 0
':/ob
The test functions can be taken in such a way that ((se,30) = 0. Therefore, the second

condition in (45) is valid. Let us prove the first condition in (48) by contradiction. We assume
that C(%l,zg) > (0 and [u7111(0)] > 0. Then

Ji#10 fean @), 2) > 0.
%/ob
Applying the Cauchy-Bunyakowsky inequality, we get

<N 2265, . [win(0)]

> > 0.
Cloer,222) — (I[N 22(5,)
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The values [[C][z2(5,,); C(31,72) do not depend on each other and on the values [u111(0)],
11t £2¢5,,)- Therefore, the function ¢ can chosen in such a way that the obtained chain of
inequalities fails. Hence the assumption [u 111(0)] > 0 leads to a contradiction, which means
that the first condition in (48) is valid. To prove the second condition in (48), we integrate by
parts in (39). Then we have the identity

/[t”]u) + /[t”]w + /u71111’u, — [u,n(O)]UJ(O) + [u,111(0)]u(0) = 0.

Applying the above-proved conditions (44)—(46), we obtain the identity

a / ] + a1 / ()21 + a / ()22 + [111(0)]u(0) = 0.
’%n 'E/in ’%n
y (47), from the last identity it follows that
—[u7111(0)](a0 + ay1 + agso — U(O)) =0.

By (38), the obtained equality means that the second relation in (48) is valid. Thus, we have
proved that a sufficiently smooth solution to the problem (36)—(41) satisfies (42)—(49).

Now, let functions w and u be smooth solutions to the problem (42)—(49). We show that
they satisfy (36)—(41). In fact, it suffices to prove (39) and (40) since the remaining relations
are contained in (42)-(49). Let (w,u) € K, be arbitrary. We multiply both sides of the first
relation in (45) by T and integrate over 7. Integrating by parts and taking into account (46),
we arrive at the equality

/[t”]ﬂ =— / u 117,11 + [u,111(0)]a(0)

'QYOb Yob
which implies
Jew+ [unan= [0+ 9@ -0 + e ©)a0).
'DY Yob 'OY'Ln :Yob

By the condition w| € L(vin) and Equation (47), we get

Jerws [unmn = [1#1@ -0 - wmO)@ea, ) - w0).

’3/ Yob ’OYOb
The right-hand side of the obtained identity is nonnegative because of the second condition in
(45), the first condition in (48), and the inequalities W —u > 0 on Y, and wW(s¢1, 22) —u(0) = 0.
The relation (40) is proved. On the other hand, taking (w,u) = (w, u), we have

S [unun = [#1w -0+ O)wea, =) - o)

¥ Yob Yob
which implies (39) in view of the last conditions in (45) and (48). Thus, the conditions (39)
and (40) are proved and, consequently, a smooth solution to the problem (42)—(49) satisfies
(36)—(41). Thus, we have proved the equivalence of the problems (36)-(41) and (42)—(49) on
the class of sufficiently smooth solutions.
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