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THE VOLUME FRACTION OF ONE OF THE PHASES
IN EQUILIBRIUM TWO-PHASE ELASTIC MEDIUM

V. G. Osmolovskii* UDC 517

The relationship between the volume fraction of one phase of an equilibrium two-phase medium
and other characteristics of the equilibrium state is studied. Bibliography: 9 titles.

1. INTRODUCTION

In the quadratic approximation, the energy density of the deformation of each of the phases
“+” of a two-phase elastic medium occupying the bounded domain 2 C R™, m > 1, is given
by the functions

FE(M) = (A% (e(M) — ¢F),e(M) = ¢F),

M + M* (L.1)
MeR™™, e(M)=———, (*eR™™,
where R™*™ is the space of m x m-matrices, R7**™ is the space of m X m-symmetric matrices,

the quantity (P,Q) = tr PQ, P,Q € R!"*™, is the scalar product in R"*™, and the linear
maps AT : R™X™ — RMX™M are symmetric and positive definite with respect to the specified
scalar product.

The deformation energy functional corresponding to densities (1.1) is defined by

Tolus . 1] = / ((FFH (V) + ) + (1 — ) F (V) } de, (1.2)
(9}

where the m-dimensional vector-valued function u(z) corresponds to the displacement field,
(Vu)i; = uéj, e(Vu) is the tensor of deformation, and the matrices (* and the parameter t € R
are interpreted as the tensors of residual deformation and the temperature, respectively. The
phase distribution in the domain (2 is given by the characteristic function x(z), = € £2; the
phases with index “+” and “—” are located on the support of this function and its complement,
respectively. As the domain of definition of functional (1.2), we take the sets

ueH, xeZ, 13)
. 1.3
H = W3 (2,R™), 7 is the set of all measurable characteristic functions.

Under the equilibrium state of a two-phase medium for a fixed ¢, we mean the solution i,
X: of the variational problem
[O[Qt,i\t,t] = inf IO[U, X,t], u € H, 5& eZ. (14)
H,xeZ’

uel,

The equilibrium state 4y, X is said to be single-phase if ¥; = 0 or X = 1, and two-phase
otherwise. Obviously, for a single-phase equilibrium state u;, X¢, the equilibrium displacement
field equals zero, u; = 0.

The above described approach to determine the equilibrium displacement field u; and the
equilibrium phase distribution Y; is traditional, see [4]. An extensive literature is devoted to
investigation of problem (1.4) and those close to it (see [1,7] and references therein). Our goal
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is to study some properties of the volume fraction of the phase with the index “+” in the
equilibrium state, i.e., the quantity

O(t) = ﬁ / Ru(a) de (15)
(]

(here and below, the module of a set in R™ denotes its m-dimensional Lebesgue measure) com-
puted on all the solutions %, Xy of problem (1.4) for a fixed value ¢. For a better understanding
of the nature of quantity (1.5), we make several preliminary remarks.

For problem (1.4), it is known that there exist temperatures ¢4 of phase transitions that
are independent of the domain {2 and satisfy the relations

to <ttt <ty t"=—[(AC Q)] (1.6)

([a] = ax — a_ is the jump taking two values ay of the quantity «, in (1.6) both equalities,
if they are, hold simultaneously), and are characterized by the following conditions [6]:

if t <t_, then

only the single-phase equilibrium with ¥; = 1 is realized,
it t > t4, then

only the single-phase equilibrium with ¥; = 0 is realized, (1.7)
if t =t4, then

there are single-phase equilibriums with ¥; = 0 and X; = 1, respectively,

if t € (t_,ty), then there are no single-phase equilibriums.

For t € (¢ ty), solutions (of course, two-phase solutions) may exist or not depending on the
parameters of the problem [2,5]. From what said, it follows that for quantity (1.5),

Qt)y=1 if t<t_, QE)=0 if t>t,. (1.8)
There is a criterion for the coincidence of the temperatures ¢4 [8],
ty =t* if and only if [A(] = 0. (1.9)
In the case [AC] = 0, functional (1.2) is of the form
Io[u, x,t] = |2[{A7C7,¢7)

+ / {x(A+e(Vu), e(Vu)) + (1 — x)(A"e(Vu),e(Vu)) + (t — t*)x} dz.  (110)
Q
Therefore for ¢, = t_, the set of all the solutions of problem (1.4) is exhausted by the relations
=0 forall teR,
xe=1 for t<t",
Xt =0 for ¢>t", (1.11)
X#+ is an arbitrary element of 7’
Consequently in the case ty =1_,
@(t) =1 for t<t",
Qt)=0 for t>t* (1.12)
Q(t*) is an arbitrary number from the interval [0, 1].
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From (1.7), (1.8), and (1.12), it follows that function (1.5) does not have to be definite for all
values of ¢, and under certain conditions it can turn out to be many-valued.

2. FORMULATION OF RESULTS

We give the formulations of the results to be proved below and comment on them.

(1) Independence of quantity (1.5) from the domain (2. Since the phase transition tempera-
tures (1.6) do not depend on the domain (2, function (1.5) takes values (1.8) for t ¢ (t_,t4)
in any domain. The description (1.12) does not also depend on the domain 2. Therefore the
change of domain is reflected in the function (1.5) (if does) on the interval (¢ ¢y) only. Recall
that the domain (2 in (1.2) is always considered as bounded.

Theorem 1. (a) If for t = ty problem (1.4) has a solution in some domain {2 = w with
|Ow| = 0 and such that Q(to) = Qo, then for t = to problem (1.4) is solvable in an arbitrary
domain §2 and has a solution such that Q(ty) = Qo.

(b) If for t = tg problem (1.4) has solutions ﬂgé), )?g), 1 = 1,2, in some domain {2 with

0
|002| =0, and Q(ty) = Qi, Q1 < Q2, then in this domain there exists a solution U, X, with
any Q(to) € (Q1,Q2).
Statement (a) of the theorem leads to the independence of function (1.5) from the domain (2.

Statement (b) says about the structure of the possible ambiguity of this function, which is
confirmed by description (1.12) in the case t_ = ty. For the densities

m=1, Fi(M) :ai(M—ci)2, at,c+ € R, ax >0, (2.1)
m>2, FE(M)=atr(e(M) — ci)® + by tr’(e(M) — cii),
a,by,c. € R, a>0, by >0, (2.2)

i is the identity matrix in the space R™,

function (1.5) was found in explicit form in [7]. Tt turns out that for ¢t_ < t,, it is single-valued.
The situation changes if one takes into account the surface energy of the phase boundary,
proportional to its area, in the energy functional, by replacing functional (1.2) with

I[’LL, Xatva] = Io[’LL, X)t] +JS[X]7 (23)

where S[x] is the area of the phase boundary for x € Z = Z'N BV ({2). For problem (1.4) with
functional (2.3), the temperatures of the phase transitions ¢+ = ti (o) are also introduced.
The points ¢ = t4 (o) are the points of multivaluedness for the function Q(t,o), but (in any

case for densities (2.1)) the set of values @(ti (0),0) for each of the signs consists of only two
points, and does not fill the interval between them. For details, we refer to [7].

(2) The connection between the equilibrium displacement field u; and the equilibrium phase
distribution X;. The following theorem discusses the question of the unique determination of
one component from the pair {u, x;} through another.

Theorem 2. (a) For any t, the function uy is uniquely determined by the function X.
(b) Ift_ =t4, but t #t* ort_ <ty, and

[A¢] & Im[A], (2.4)
or
[AC] € Im[A] and either [A] > 0, or [A] <0, (2.5)
then X is uniquely determined by uy.
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Since the function u; is the minimizer of the functional J[u,t] = Iy[u, X¢,t], u € H, the first
statement of the theorem follows from the strict convexity of this functional. To explain the
second one, we rewrite functional (1.2) in the form

Iylu, x,t] = /F_(Vu) dx + /X(F+(Vu) — F~(Vu) + t) dx. (2.6)
n n
From (2.6), it follows that

_ 1 if R(x,t) <0,
Xt(z) = .
0 if R(z,t)>0, (2.7)
R(z,t) = FT(Viy(x)) — F~ (Viig(z)) +1,
Xt(z) is an arbitrary characteristic function
on the set By, = {z € 2: R(x,t) = 0}.
Owing to (1.11), in the case t4 = t_ the equality R(z,t) =t — t* holds. Therefore, |Eg,| =0

fort; =t_ and t # t*, and Ej, = {2 for t; =t_ and ¢t = t*. Hence to prove the theorem it
remains to verify that

if (2.4) or (2.5) holds and t_ < t4, then |Eg,| =0 for any t. (2.9)

(2.8)

Thus if the conditions of the theorem are satisfied, then function (1.5) cannot have two different
values for the pair {u;, X;} with fixed first component. By virtue of (1.11) and (1.12), if the
condition (b) of the theorem is violated (i.e., for t_ = ¢, and t = t*), then u = 0, but the
values of function (1.5) at the point ¢t = t* fill the interval [0, 1].

(3) Smooth dependence on the temperature of the equilibrium energy and the point of single-
valuedness of function (1.5). For a fixed domain (2, we set

i(t)= inf I . 2.1
i(t) e, olu, X 1] (2.10)

Function (2.10) is called the equilibrium energy of functional (1.2). If for ¢ = ¢y problem (1.4)
is solvable, then i(to) = Io[tUt,, X, to] for any of its solutions u,, Xt,- Owing to (1.7),

i(t) = |2t +(ATCT¢h)) for t<t,

R (2.11)
t(t)=|21(A"¢,¢7) for t>ty4.
In the case t; = t_, the relation (2.11) can be refined as follows:
i(t) = |Q|(t + (AT¢H,¢T)) for ¢ <t
(t) = [2[(t +{AT¢,CT)) (2.12)

i(t) =|21(A ¢, () for t>t".
From the definition (1.6) of the number t*, the continuity of function (2.12) follows.
Theorem 3. (a) There exists a set of full measure L C R such that function (2.10) has a
finite classical derivative @' (t) in the points of this set; this derivative is continuous on L and

decreases monotonically. In each point t € R\ L, function (2.10) has finite one-sided classical
deriwatives i'(t — 0) > ¢’ (t +0), and also

./ . _ . ./ ./ _ . ./
i'(t—0) Thenﬁl i'(r), (t+0) rhencl i'(T). (2.13)
T, Tt T>t, 71

(b) If problem (1.4) is solvable for a given t = to, then for all its solutions U, Xty
121Q(to) = i'(to) for to € L, (2.14)
[21Q(to) € [ (to +0),7'(ts = 0)] for to€ E\L. |
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For arbitrary energy densities in the case t_ = ¢, from (2.12) it follows that
L=R\{t}, i'(t)=192 for t<t*,
i'(t)y=0 for t>t*, (2.15)
i'(t*—0) = |02, {t"+0)=0.
Relations (1.12) and (2.15) confirm the statement of the theorem. For densities (2.1), (2.2)

with ¢_ < t4, the function i(¢) can be written out in explicit form, see [7]. For this function,
L = R. The same holds for the density,

FEM) = atr(e(M) — cp. P82,

2.16
MeR™™, a,cy€R, a>0 1<k<m, (2:16)

where P®*) is an orthoprojector in R™ onto a k-dimensional subspace. However if ¢ € (tty),
then problem (1.4) does not have solutions for these densities [8].

3. PROOF OF THEOREM 1
(a) Given a domain w, we construct a family of domains
wer={r€R": x=X+¢ Tew}, A>0, £€R", (3.1)

obtained from w by a stretching in A times and a subsequent shift to the vector £. Let us define
sets H, Z' and consider the domains of the functions v and y as arguments of the functional Ij.
Given u € H(w) and x € Z'(w), we define the functions

WA z) = (@), xMNz)=x(@), TEw, z=IT+ECwen (3.2)

Obviously, ué* € H(wg 1), X5 € Z/(we 1), and every function from H(wg ») and Z'(wg,y) is ob-
tained with the help of procedure (3.2) from some function from H(w) and Z'(w), respectively.
After changing coordinates, we have

To[uf?, XS’)‘,t,w&A] = N"Iy[u, x, t,w]. (3.3)
Since |wg x| = A" |w/|, from (3.3) it follows that
1 1
—IO[u&)\an’)\auw ,)\] = —IO[U, X7t7w]' (34)
e T Tl

The quasi-convex hull F(M,t) of the function
Finin(M,t) = min{F* (M) +t,F~ (M)}
does not depend on the domain w and is defined by the equality

1
FOLO = inf o / [MF* M+ Fu) 1) 4+ (=) P~ (M+Vu) Lo, M e R, (3.5)
uelhl(w),
XEL' (w) @
see [3]. Then uy, € H(w), Xt, € Z/'(w) is a solution of problem (1.4) for the functional
Iy[u, x, to,w] if and only if

IO[at()v;(\tmtva] = |w|‘F(07t0) (36)
In view of (3.4),
L[5, R we ] = [we Al F (0, o). (3.7)
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Therefore the pair ut(;)‘ € H(we,n), )’(ft())‘ € Z'(we,\) is a solution of problem (1.4) for the
functional Iy[u, x, to,we,)]. Taking into account (3.1) and (3.2), we have

Xt dﬂC /X
|w|/ 0 |W§>\| fo

wg/\

m |L4.) 7)\| ~ e~ ~
JCAC IS / Vi, @) i = 2 [ Vi, (@) dz.

We A
From the first relation of (3.8), it follows that quantity (1.5) for the solutions uy, € H(w),
Xto € Z'(w) and ut(;)‘ € H(we,z), )’Zf(;)‘ € Z/(we,y) is the same.

From definition (3.1) of the domains w y, it follows that the sets we ) satisfy all the require-
ments in [9, Chap. 4, Sec. 3] for constructing the Vitali cover of an arbitrary domain 2 C R™:

(3.8)

namely, there exist A = X, € = ¢, i = 1,2,..., for which B! = @ and w' = wei i are such
that
E'c, ENE =@ for i#}j, |2\ U;E'| = 0. (3.9)
Since |0w?| = 0, we have |E?| = |w’| for all i. Therefore,
2| = Zi|E| = Zlo|. (3.10)
Set

i LN i LA i
WD (@) =35 (2), xD@) =33V (@), zew
% the extension of these functions by zero to the domain 2. Obviously,
% e Z/(£2). From (3.8) and (3.10), it follows that the series

u=xa", yx=xx®
converge in the spaces H({2) and Ly ({2), respectively. Consequently, @ € H({2) and x € Z'(£2).

In view of (3.10),
1 / 1 ey g~
— X(az)dm:—/x () dz. (3.11)
2 o S

Taking into account (3.7) and (3.10), we obtain
IO[a7>_<7t07 “Q] = ZZI(][’LL(Z), X(i)vt())wi] = (22|w2|)‘/—..(07t0) = |Q|‘F(O7t0) (312)

Therefore, the pair @, Y is a solution of problem (1.4) for the functional Iy[u, X, to, {2]. By
(3.11), quantities (1.5) for this and initial functionals u;, and X¢,, in the domains (2 and w,
respectively, coincide.

(b) For each v € R, we divide the domain {2 by the hyperplane

Teyp={z€R":z-e=v}, ecR", |e=1

Denote by @),
a® e H(2) and

into the two parts
W={reR:z-e>v}, N={zxecN:z e<v}

Obviously, the 24 are open sets, [{27| depends on v continuously, and [2| = 2| + |27 ].
Then for any p € [0,1], there exists v such that [£25| = p[f2| and 2% ] = (1 — u)||£2].

In the sequel, we use the technique used in the proof of the part (a) of the theorem and the
notation from the statement of the part (b).

For each connected component W’ of the set 27, we construct a solution u X of prob-
lem (1.4) for the functional Iy[u, X, to,w’, | with quantity (1.5) equal to Q1. For each connected
component w® of the set 27, let u; , X; be a solution of problem (1.4) for the functional
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Io[u, X, to, w’ ] with quantity (1.5) equal to Q2. Analogously to (3.12), we arrive at the conclu-

sion that the pair ﬂg’), XEO) such that

ﬂgg)(x) = a; (), )?ES) (2) == (z) for ze€uw,
ﬂg’) (z) = u; (z), >?(3) () ==x; (z) for =z € Wt

is a solution of problem (1.4) for the functional Iy[u, x,to, 2] for which

121Q3 :/yg’) da;:EZ-/XZF dm+2i/xi_ dr = Q154|w" | + Q2.5 |w" |
2 .

7 7
wh w*

= Qul2L] + Q2| 2%] = [2|(pQ1 + (1 — 1)Q2).

4. PROOF OF THEOREM 2

As has already been established, only statement (2.9) needs justification. We divide the
proof into a number of steps.
(1) For almost all x € Eg,,

[Ale(Vui(z)) = [Ac]. (4.1)
Let the pair u;, X; minimize functional (1.2) rewritten in the form
Tolu, x. 1] = / P (Vu) de + / N(F*(Vu) — F~(Vu) + 1) da
2N\Eg,

+ / X(FH(Vu) — F~(Vu) + t) dz.
E;

(4.2)

t

Then the pair uy, X},
Xi(x) =xi(z) for ze€ 2\ Eg,, Xi(z) =v¢(x) for =z € Eg,

with any measurable function v characteristic on Ej, also minimizes this functional. Varying
functional (4.2) over u at the point 4, X}, we arrive at the conclusion that for all h € H (the
subscript of F* means the derivative with respect to the matrix argument M ),

/ Fro (V) Vhde + / RUEL (Vi) — Fop (Vi) Vhde
o O\E;,

(4.3)
/ W(FE(VE) — Fro (V) Vh da.

Taking the function ¢ = 0 in (4.3), we see that the left-hand side of this relation is zero.
Therefore for all 1,

[ X 9 (980) = Fy (V) Thdo = o (4.4)
2

where x g, is the characteristic function of E, .
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Fix 20 € 2 and set
hz) = ¢(z) Bz,
() to be the characteristic function of g, N B, (z?),
p€CF(R), ¢(x)=1 in B,y(a), BeR™™, re(0,p).

Since the matrix B is arbitrary, formula (4.4) implies that

XEﬁt(FAJZ,(Vﬂt) — F,(Vuy))de =0 forall re(0,p).
B, (z9)
Therefore the integrand vanishes at each of its Lebesgue points 2°. Consequently,
F;[(Vﬁt(ﬂc)) — F;(Vig(z)) =0
almost everywhere in Ej,, which coincides with (4.1).

(2) Proof of statement (2.9) under condition (2.4). If condition (2.4) is satisfied, then equal-
ity (4.1) is satisfied almost everywhere on Ej, if and only if |Eg,| = 0.

(3) Determination of the value t for which equality (4.1) is possible in the case of [AC] € Im[A]
and |Eg,| > 0. From the quadraticity of the energy densities F* (M), it follows that
1
(ACE ¢ =FH(0)=F*(M — M)=F*(M) — Fi;(M)M+ 5 Fyj, (M, M).
Then

t—t" = (F"(M) = F~ (M) +t) = [Far(M)IM + S [Farna] (M, M).

1
2
Set M = Vu,. Taking into account definition (2.8) of the set Ej, and equality (4.1), we obtain
1 ~ ~
t—t*zi[FMM](e(Vut), e(Viuy))

=([Ale(Vuy), e(Vuy)) = ([A(], e(Vuy)) almost everywhere on Ey,.

(4.5)

In some cases [2], the energy functional (1.2) can be simplified if the equality (T = ¢~ holds
true. When implementing this statement, we make use of the scheme proposed in [§].
Under our assumptions, there exists a solution & € R7**™ of the linear equation

[AJ¢ = [Ad]. (4.6)

The presence of this solution makes it possible to represent the functional (1.2) in the following
way (the tensors of residual deformation are temporarily considered as its arguments):

Iolu, x, t.¢F] = Tolu, x, ', €] + [2[((A7¢7, ¢ (-)A7€,€)),
t'=t+ [(AC, Q)] — ([4]§, €).

Obviously, the set of minimizers @z, Y; of the functional Iy[u, x,t’, €] coincides with the set of
minimizers Uy, Yy of the functional Iy[u, x,t',&], and

(4.7)

t*+ [<AC7 <>] - <[A]§7§> = t/* = _<[A]€7€>7 t—t" =1t — t/*a Eﬁt = Eat/' (48)
Using (4.1) and (4.6), we obtain
([AC], e(Vuy)) = ([A]€, &) almost everywhere on  Ej,. (4.9)

Integrating both sides of equalities (4.5) and (4.9) over the set Ej,, taking into account the
positivity of its measure and the second relation of (4.8), we come to the conclusion that
t'—t"" = ([A]¢,€). Then by the second equality, from the first relation of (4.8), we have ¢’ = 0.
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Thus,
for [A¢] € Im[A] the inequality |Eg,| > 0 can be true only for ¢’ = 0. (4.10)

(4) Calculation of the minimizers of the functional Iy[u, x,0,&]. We write Ip[u, x,0,&] in two
different ways

Iy[u, x,0,&] = / {F_(Vu) + x(F*T(Vu) — F_(Vu)} dx
2

_ / {FH(Vu) = (1 = )(F* (Vu) - F~ (V) } do.
Then ’

IO[U>X707£] - |Q|<A_£7£>
= /(A‘e(Vu),e(Vu)) +

(9}
I(][U, X 07 g] - |Q|<A+£7 £>

- / (A*e(Vu), e(Vu)) - / (1= ) {([Ale(Vu), e(Va)) — 2(AJE, e(Vu)) +{[AJE,€)} da
(9} (9}
Therefore,

IO[U> X 07 g] - |Q|<A_£7 £>
- / {{A=e(Vu), (V) + X|[A]Y2(e(Vu) — £) 2} da for [A] > 0,
(]

x{({[Ale(Vu), e(Vu)) = 2([A]¢, e(Vu)) + ([A]¢, §)} dz,

b\

IO[U>X707£] - |Q|<A+£7£>
= /{<A+€(Vu),€(Vu)> + (1= X)|[=A]"2(e(Vu) — &)} da for [A] <0,
2

Consequently, the minimizers of the functional Iyfu, x,0,£], i.e., the functions @, Xo, have
the form

Go=0,%=0 for [A]>0 and [A]'/2¢£0,

0
(4.11)
Uo=0,Xo=1 for [A]<0 and [—A]Y%¢+£0.

(5) Proof of statement (2.9) under condition (2.5). Since t_ < t, from (1.9) it follows that
the matrix [A]¢ is nonzero on the solution of problem (4.6). By symmetry and assumptions on
the sign of the mappings [A], the quantity ([A]£, &) is nonzero, which proves the inequalities
in (4.11). Then the functional Iyfu, x,0,&] has a unique (one for each of the signs of mapping
[A]) minimizer (4.11). Consequently, the function R(z,0) = ([A],€), defined in (2.7), is
nonzero, which makes the realization of (4.10) impossible.

5. PROOF OF THEOREM 3

(a) For fixed u and x, the function Ip[u, x, t] is linear in ¢ € R. Consequently, function (2.10),
as the infimum of the family of concave functions, is concave. From the concavity and (2.11),
it follows that it is uniform Lipschitz. Therefore, i(.) € WoloJOC(R) and is locally absolutely
continuous. It has the Sobolev derivative Di(t), and for almost all t € R, the classical deriva-
tive ¢'(t), and also 4'(t) = Di(t) almost everywhere on R.

427



Further arguments are traditional and are based only on the properties of concave functions.
For the sake of completeness, we discuss them briefly.

We fix a representative of the function Di(¢) with a uniformly bounded module. Denote
by L’ the set of all Lebesgue points of this representative, i.e., the set of points ¢t € R for which

t+h
2h/|D2 i(t))d¢ -0 as h—0.

Averaging preserves the concavity property. Therefore, i,(t) is a smooth concave function.
Hence, (i,)(t2) < (i,)'(t1) as t1 < ta. Since D(i,) = (Di), and (Di),(t) — Di(t) as p — 0
and t € L', we arrive at the monotonicity of the Sobolev derivative,

Di(ty) < Di(t1), for t; <ty, t1,to€ L. (5.1)
In view of the absolute continuity of the function i(t),

t+h

th—
(+ i(t /Dz

Then as h — 0, for any ¢t € L' we have

w_pz()(<2ﬁ / |Di(§) = Di(t)| do — 0.

[t—¢I<|h]
Consequently, at each point ¢ € £’ there exists a finite classical derivative and the equality
i'(t) = Di(t) is fulfilled.
Let t € R and 7 € £. From (5.1), it follows that the limits below exist and are finite:

. oy _ S
T_l}lgqu@(T) a-, hHTl>tDZ( T) =0y, Q- >oy. (5.2)
Since for ( € R, ( # t,
t
i)~ i(0) Sy (e
T T e-=i ¢ _)d¢ for (<t
t—¢ —¢
C (5.3)
g — Z(ti / ))d¢  for (>t
relations (5.2) imply the existence of the limits
i'(t—0)= lim i) —ie) =a_
¢(ote<t t—C ’ (5.4)
S () Bt (SN ’
i'(t+0) = C_l}ltr’lcl>t I~ .
If «- = ay = «, then at the point ¢ there exists a finite classical derivative i'(t) = «.

We redefine the function Di(t) at these points by setting Di(t) = i'(t). Obviously, the set £’
contains only Lebesgue points of the redefined function. By virtue of the sign-definiteness
almost everywhere on the integration intervals of the integrands in (5.3), the points ¢, for
which oy = «, are also Lebesgue points of the redefined function. Denote by £ the union
of £" with these points. From (5.3), it follows that the points of R\ £ are not Lebesgue points
for it.
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For oy = a_, relations (5.2) mean the continuity of the function #'(¢) on the set £, and for
ay < a_, they express the validity of (2.13).

Thus, the set £ from Theorem 3(a) is the set of all Lebesgue points of a special representative
of the function Di(t).

(b) For an arbitrary t € R and any solution w,, X, of problem (1.4), for the functional
I[u, x,to] we have

Z(t) < -[O[atoa X\toat] = IO[atoa X\toatO] + (t - tO)“Q‘@\(tO) = Z(to) + (t - t0)|9|@(t0)
Consequently,

M < |Q|@(t0) for ¢ > to,
t— 1o

W) 510G for ¢ <ty
t— 1o

For ty € L, the left-hand sides of the last inequalities have the same limit ¢'(¢9). For ¢y € R\ L,
these limits coincide with #'(¢y £ 0), respectively.

This research was supported by the RFBR, grant No. 17-01-00678.

Translated by I. Ponomarenko.
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