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ON THE ASYMPTOTIC PROPERTIES OF SOLUTIONS OF FUNCTIONAL-DIFFERENTIAL
EQUATIONS WITH LINEARLY TRANSFORMED ARGUMENT

D. V. Bel’skii and G. P. Pelyukh UDC 517.929

We establish new properties the of solutions of functional-differential equation with linearly transformed
argument

In the present paper, we consider an equation
x'(t) = ax(t) + bx(qt) + cx'(qt), (1)

where {a,b,c} C R and 0 < g < 1. Special cases of this equation were studied by numerous mathematicians.
Thus, the asymptotic properties of solutions of the equation y’(x) = ay(Ax) + by (x) were investigated in [1], new
properties of solutions of the equation y’(x) = ay(Ax) were obtained in [2], the conditions for the existence of
analytic almost periodic solutions of the equation y’(x) = ay(Ax)+by(x) were established in [3], a representation
of the general solution of Eq. (1) for |c| > 1 was constructed in [4], a series of new results on the existence of
bounded and finite solutions of equations with linearly transformed argument was obtained in [5], the behavior
of solutions of Eq. (1) in a neighborhood of the point t = 0 was studied in [6], the existence of solutions of the
equation x’(t) = F(x(2t)) with periodic modulus was proved in [7], and Eq. (1) was investigated fora = 0 in [11]
and for a < 0 in [12]. Nevertheless, despite these results and extensive applications of the analyzed equations in
various fields of science and engineering (see [8] and the references therein), numerous problems of the theory of
the functional-differential equation (1) are studied quite poorly. First of all, this is true for the asymptotic properties
of solutions of this equation as t — +00.
In what follows, we need the following particular solutions:

< 1, then one of the solutions of Eq. (1) has the form

b
Example 1. 1f ‘—
a

+o00
n
x(t) = ane“q ’
n=0

where x9 = 1 and

_ b+ acq™!

Xp—1, n>1,
a(q”—l) n—1 -

Xn

or, in the expanded form,

400 -1
b+ac)(b+acqg)...(b+acq”
=t fig Yy el bacq) (b rac") qqgni |
et a”(l—q)(l—q)...(l—q”)
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Example 2. One more particular solution of Eq. (1) convergent for ¢ > 0 is given by a series

+o00
x(t) = Z Xt 021,

n=0

where the quantity v, is determined from the equality ¢¥2 = a and satisfies the condition v, # —n Vn € N,
c

xo = 1, and

a +bqv2+n
X
1 —cqvtm) (v +n+1)

xn+1=( n, n>0.

In the expanded form, we can write

b b , b
+o00 a+gq a+Eq a—|—zq
x@) =114+ o

(1-=q)(1=¢2)...(1—¢") (2 + D(v2 +2)...(v2 +n)

n=1

By using methods proposed in [1], we prove the following theorem:

Theorem. Suppose that the following conditions are satisfied:

(i) a>0,bc #0;

Inc

(ii) a+bq”;é0Vn€NU{0}0rc>O,1—|—1 #1VIl eZ,

ng!
(iii) the quantity v € C is determined from the equality a + bg'' = 0;

(iv) for the parameters {j, m} C N| J{0}, the inequalities

. bg’ +acq’ g !
ln(@ m(‘cqqq HLM)
df a df
= = Revy > Umin =

Ing—! Ing

Vo —1 ’

g (|4 2+ E) <1 and (7| +2facT 4 gbe ) g R <1,

are true.

Then any continuously differentiable solution of Eq. (1) possesses the property x(t)e~ " — L ast — oo,

where L is a constant and, for any number L, there exists a solution with the indicated property and, in addition,
for bc < 0, the following assertions are true:

(i) for any m + 1 times continuously differentiable periodic function fo(u) with period 1, there exists a
continuously differentiable solution of Eq. (1)

+o00

Int Int Int
) =tV (vt A b — f), t>0,
w0 = (ot ) + 7 (gt ) e () + 2 20
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where fp(u), 1 < p < m, are periodic functions with period 1 given by the recurrence formula

_ (bg”*! +ac) 0<p<m_1
Jo+1(u) = m ((Ul p)Jpu )+ 71 fp(u)) p=m—1

Zl(l) — ( -2 —v1+m+1 bc—l)

+oo

_ 1 Int -
Xe—bc 1y / [uvl—mfm (1 nlil) (1 mf ( n 1)]ebc 1y du,
nqg Ing—

t

+o00

Znt1(t) = ¢ 'qzn (¢7't) + (ac™ + gbc™?) embeTl / zn (g u) Mgy n=1,2,3,...,
t

+o0
the functional series E | on () is continuously differentiable and has the asymptotic property
n=

+oo
Y@ =0 ")
n=1

ast — +oo;

(ii) every m + j + 4 times continuously differentiable solution x(t) of Eq. (1) is identically equal to the
sum x(t) = Lxq(t) + xz(t), where L is a constant, x1(t) is a solution of Eq. (1) with the property
x1(t)e™ — last — oo, and xz(t) is the solution from the previous item constructed on the basis of a
certain m + 1 times continuously differentiable periodic function fo(u) with period 1;

for be > 0, the following assertions are true:

(i) for any m + 1 times continuously differentiable periodic function fo(u) with period 1, there exists a
continuously differentiable solution of Eq. (1)

Int Int
t) =" 11
X () Jo (mq‘l) " /i (mq‘l)

Int
+.o o+t (—) Zzn(t)-i-yx*(t) t>p>0,
Ing

where p is a sufficiently large constant independent of the function fo(u), fp(u), 1 < p < m, is a periodic
function with period 1 given by the recurrence formula

b p+1
Jp+1(u) = (q(qp—_,_j__a(:l;((vl p) fp(u )+ _lf (u)) 0<p=m-—1,
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- Int
21(t) = (¢ lgtml ) [e—bc L—p)pvi—m 4 (1n1;—1)

t
_ 1 Int
_bc—l /e—bc Lt—u) {uvl—mfm ( nl_ll) —tvl_mfm ( n_l)} du | .
Ing Ing
0

Zn+1(1) = C_lqzn (q_lt)

t
— (qbc—2 + ac_l) / e_bc_l(t_“)zn (q_lu) du, n=12,3,...,
0

+o0
the functional series E L on () is continuously differentiable and has the asymptotic property
n=

400
D @) =0 ("), 1> oo,
n=1

and the function x«(t) is a particular solution of Eq. (1) given by the formula

= _Qq—nl
x*(l) = ane ¢ ,

n=0
where

ac+bq—n+1
anmxn—l, n=>1, xo =1,

and y is an arbitrary constant;

(ii) everym + j + 4 times continuously differentiable solution x(t) of Eq. (1) is identically equal to the sum
x(t) = Lx1(t)+xz(t), where L is a constant and x ¢ (t) is the solution from the previous item constructed
on the basis of a certain m + 1 times continuously differentiable periodic function fo(u) with period 1
and a certain constant y.

Proof. We rewrite Eq. (1) in the form
d ( —ar —at —at s
o {em¥x(1)} = be ™ x(qt) + ce ' x'(q1)

and integrate it:

e Yx(t) = e 29 " x (q_”) +cq7! {e_“(l_q”e_aq’x(qt) — e " (=) p—aq™ "D (q_(”_l))}

t
+ (b +acq™) / e~ a1=0)8, =445 x (45) ds.
q*”
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We define

_ df
sup ‘e “tx(t)| =M,.
te[q—”“"l,q—”]

Letg™™ <t < g "' Thus, we get

!e_‘”x(t)} < ‘e—aq—nx (q—n)

c
i
q

% {e—a(l—q)t |99 x (q1)| + ¢4 " (1-0) ‘e—aq*‘”*”x (q—(n—l)))}

t
+ |b —i—acq_l‘ / e 2U=D)5 o799 x (45)| ds

q

_ — —n
e—a(l—q)q

<M, +2 ‘E‘ e~ a=a)a™" pp 4 ‘b + acq_l}Mn—
q a(l —q)

c

=M, {1+ [2]5] +
q

This yields the inequality

}b + acq_l}) e_a(l_q)qn} _

a(l —q)

c

q

M, <Ml 2
= { +( a—q)

N acq—w) (>}

and the estimate x () = O (e“’) as t — oo. By using the identity

e—atzx(tz) _ e_ath(tl) — Cq_l {e—a(l—q)tze—aqtzx(qtz) _ e—a(l—q)tl e—aqﬂx(qtl)}
1)

+ (b +acg™t) / e~ aU=0)5, =445 x (45) ds,
151

for some constant M such that
‘e“”x(t)! <M, t>q "t

we arrive at the inequality

6792 (1) — e~ x (1) < (|c|q—1 femeatizn 4 gal-an



230 D. V. BEL’SKII AND G. P. PELYUKH

+ }b + acq_l}

e—al=q)t1 _ ,—a(l-q)r2
a(l—gq)

By using the Cauchy principle, we conclude that the limit tlim e~ x(r) € C exists.
—00

The particular solution of the first example exists for

b

a

< 1.

We differentiate Eq. (1) p times to guarantee that the inequality |bg?| < a is true. As a result we obtain
x(p'H)(t) — ax(p)(t) + bqpx(p)(qt) + cqpx(p+1)(qt).
By yp(t) we denote the solution of the equation

yp(t) = ayp(t) +bq”yp(qt) + cq? y,(qt) 2)

at

with the property y,(t)e™
‘We define a function

— aP, t — oo. This is a solution of Eq. (2) for from first example multiplied by a?.

t

Yp—1(t) = /yp(u) du + hyp
1

and integrate Eq. (2) over the segment [1, 7] :

Yp1 () = ayp1 (1) + bg? yp_1(qt) + cq?y, 1 (q1) — hp (a + bg?™)

1

T bgP! / Yo ) dit — cqP yp(q) + yp (D).
q

If a + bgP~! # 0, then, selecting the corresponding /1,,, we obtain

Ypo1(t) = ayp—1(t) + bg? yp-1(qt) + cq? " y,_ 1 (q1).

at

It is easy to see that y,_1(t)e” %" — aP~! ast — oo. Repeating these arguments several times, we get

x(t)e™ = yo(t)e ™ =1, t — oo.
Assume that a 4+ bg"™ = 0, n € N J{0}, but ¢ > 0 and

1
I+ —— 21 Viez
Ing—
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Thus, as a result of replacement of the coefficients » and ¢ by the quantities bg" and cg”, the solution from the
second example becomes the unbounded infinitely differentiable solution x5 (¢) of the equation

x(n+1)(t) _ ax(”)(t) + bqnx(n)(qt) + cqnx(n—H)(qt).

In what follows, we show that the assumption xM (@) = o (e‘” ) as t — oo for a sufficiently smooth solution
implies the estimate x™ (1) = O(1) as t — oo. Hence, x»(t)e™* — h # 0 as t — oo. Multiplying the last
expression by the corresponding quantity, we arrive at a solution with the property y,(t)e”%" — a™ ast — oo.
The subsequent reasoning is similar to the previous arguments. The first part of the theorem is proved.

Assume that x(t) = o (e‘” ) as t — oo. In the identity

e_atlx(l‘l) _ e—atx(t) — cq—l {e—a(l—q)tle—aqtlx(qtl) _ e—a(l—q)te—ath(qt)}

151
+ (b+acq—l)/e—a(l—q)se—aqsx(qs) ds

t

we pass to the limit as the argument 71 tends to co. This yields

+o0
x(t) = cq 'x(qt) — (b +acqg™ ") e / e~ 2(=D)5 ;=445 x (45) ds.
t

If
lx(t)] < Me%', t>U,
where M and U are constants, then, for t > q_l U, the inequality

+o0
Ix(@)] < lelg™ Ix(@D)] + |b +acqg™| e / e a7 ¢=adS | ¢ (g5)|ds
t

+o00
<|clg ' Me®" + b+ acq_l‘ et / e 1=Ds pr g

t

_ b+ acqg™!
:M{Iclq 1y ot aca ] P }}e“qf

is true. Repeating the process, for ¢t > ¢~ U, we obtain

- b +acg™! b +acg™! b +acgTH | o,
|x(t)|_M{|c|q +W} :lclq +W ...%clg +W %4t
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Thus, in the intermediate segment ¢ "U <t < ¢ "~ 1U, we get

1 ‘b—i—acq_l‘ 1 !b —i—acq_l‘
lx(@)| =M {|c|q + a(l——q)} {lclq + a(sz)

b+ acqg™! _
. elg! +—| 1 | e 'U
a(l—q")

1 n
< Meaq—lU <|C|q_1 + ‘b‘f‘acq ‘) 1_[ (1 +qu>

+o0 —11\"
_ b+ac
EMeaq y | | (1+qu) <|C|q—1+‘ q ‘) ,
a

k=1
where L is a constant. It follows from the condition ¢ 7"U <t < ¢~ "~ !U that

Int InU Int InU
— 1= <n< — .
Ing—1 Ing=1 = T lng7! 1Ing71!

Then the estimate for |x(¢)| can be continued as follows:

Int
—1 lnq_1
()| < Ly (|c|q—1 y oacd™| |) = Lyt Ing~!
a

for a constant L. The function on the right-hand side of the last inequality is independent of 7.

For the sake of brevity, we define
b+acqg™!
n (|c|q—1 AL })
a df

Ing~1! -

and establish an approximate (qualitative) estimate of the derivative x’(z). We rewrite Eq. (1) in the following form:

X(t) = ex'(qt) + ax(t) + bx(gt) L ex'(qt) + £(b).

For the inhomogeneity, the following equality is true: f(z) = O (tV) ast — oo. We perform the change of
variables x'(t) = t"3y(t), vz > v:

y(t) = cqBy(qt) + 173 f(2).

We estimate the coefficient ¢ a cq"? and the inhomogeneity Y3 f(¢) a g(¢) as follows:

il = lelg™ <elg” <g < 1. |gt)] <M < +o0
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for a constant M. Then

y(@) =c1y(gt) + g(@)

and, for g™"*~! <t < T, we obtain

@] = lerlly@)l+ M <|ci|  sup  |y(gt)|+ M =|ci| sup [y(O)|+M
g~ " 1<t<T g "<t=qT

<le1] sup Iy(t)|+M=IC1|maX{ sup |y(@)].  sup Iy(t)|}+M

g "<t<T g7 <t<q=""! g7 1<t<T

< el sup ly@|+lcil sup  [y(@®)|+ M,

g "<t=q"! q " '<e<T

whence it follows that

sup |y (@)] = |ec1] sup ly@|+lcil  sup [y + M,

g"—1<t<T g "<t<q—n-1 g " 1<t<T

sup |Y(t)|f(1_|cl|)_1(|cl| sup Iy(t)|+M)'

g " l<t<T g <t<q—n~!

Since T is an arbitrary number, we get

()] < (1= ler])™ (IC1| sup ly (@] + M) Vi>qg "t

g "<t<g—"~!
ie.,
xX'(t) =t"y@) =0 ("), - o0
Differentiating Eq. (1) and successively using the above-mentioned reasoning, we conclude that

x™ @) =0 (t+2), 1 — oo,

where v < v3 < ... < Umt1 < Um42. ie., all derivatives are o (¢) as 1 — oc.
Differentiating Eq. (1) j times, we get

x(jH)(t) — ax(j)(t) + bqjx(f)(qz) + cqjx(j+1)(qf)-

As in the case of the function x (), we arrive at the estimate x/)(¢) = O (¢'mn) as t — oo, from the condition
xD@)y=o (e‘”) , t = o00. In the equation

x(j)(t) — ax(j_l)(t) + bqj_lx(j_l)(qt) + cqj_lx(j)(qt),
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P b b
xU 1)(t)= an 1,.G- D(ql)—— j—1 (J)(qt)+ (J)(t) a g’ ! xU-= 1)(qt)+f(l)

we perform the change of variables x/ =1 (r) = t* y(¢), where vy > Umin and

j—1
In (—‘bq |)
a

=v—(j—1).
g1 vo—(j—1)
This yields

b
v =-- g’ g y(qt) + 17 f(2).

We redefine the auxiliary coefficient

a b —1 v
aa=——q'"q™
a

and the inhomogeneity g(¢) &y f(¢) and estimate them in view of the choice of vy:
lg®)] = O (tvmi“_v*) <M < +00, t— 00,

for a constant M,

bqj_l
a

In

Cc1| =€
| 1| Xp lnq_l

By applying the previous reasoning to the equation y(z) = c1y(qt) + g(t), we establish the boundedness of
|v(¢)| and the property

D@y =0()=0 (lmaX{”m*"’”O_(j_l)+8}) as t — 00,
where ¢ > 0 is an arbitrary number. Repeating this process, we find
U@ =o0 (tmax{vo—(j—2)+8§max{vmimv0—(j—1)+8}}> —0 (tmax{vo—(j—2)+8,vmin})’ t— .
Further, after several steps (by the condition of the theorem, vy > vpiy), wWe get

x(t)=0 (tma"{”°+8’”mi"}) =0 (IUO+E) , 1 — oo.

Similarly, the derivative admits the following estimate: x'(r) = O (1*07'*¢) | 1 — oo.
We rewrite Eq. (1) in the form

b
€0 =2+ X0~ S L2 xan + 10
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and perform the change of variables x () = t"1 ¢ y(¢):
b v1—& —(v1—¢) —& —(v1—¢)
y(0) =——g""y(gt) + TS0 = g7 y(gh) + L),
We now estimate the inhomogeneity g(z) &—i-e) f():
g(0)] =70 (1) = 0 (r712) = 0(1), 1 — o0,

for small ¢ and |g(¢)| < M < +o0, t > 1, for some constant M. We now rewrite the identity in the form

y(t)

q °y(qt) +g()
e q—ney (qnt) + q—(n—l)ag (qn—lt)

+ ...+ q g (q%t) + 9 g(gqt) + g(t)

and select n such that the inequality gty < ¢"t < t¢ is true. Thus, we get

1y ()] Eq—na{}y (qn[)|+an_|_‘”+q(n—2)sM +q(n—1)eM+qneM}

_ M
<q ’”{ sup |Y(“)|+q_s_1}-

qlo<u=ifo
The condition gty < ¢"t < to implies the inequality

Int Intg

n <
~ Ing™! Ing

Hence, extending the estimate for |y (¢)|, we get

g 1+ 200 M
Ol <1°(¢7°) ‘""{ sup Iy(u)|+q_8_1},

qto<u=<fto
X(I) — tvl—sy(t) — tUl—SO (ts) — 0 (Zvl) , t — 00.

Repeating these reasoning for the derivative, we obtain x'(¢) = O (t”' _1) ast — oo.

Performing the change
Int
v =y (ot )
Ing—

in Eq. (1) and using the estimate deduced for the derivative x’(¢), we get

Int Int? _ —Ing—!nt_
- —1)=0(H=o0 ma=T | ¢ )
Y (lﬂf]_l) Y (lncr‘ ) =) (e ) -

235
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Int
ng!

df
Denote s = 1

andlglnq_ >0,

y(s) =y +1)=0 (e_ls), § — 00.

This implies that the sequence y(s + n) is fundamental and, hence, convergent. We denote its limit by g(s). This
is a periodic function with period 1 satisfying the equality

¥ —gls) =0 (). s o0

In view of the uniform convergence of continuous functions to g(s), this function is continuous. Returning to
the required function, we get

x(@)=1""{g(s) + O (17"}, t— oo

For the m 4 j + 4 times continuous differentiable solution x(¢) = o (e‘”) ,t — oo, of Eq. (1), we repeat this
process for the derivatives and arrive at the equalities

xX®O@) =R o)+ 0 (), 1 oo,

where 0 < k < m + 1, fi o(s) are continuous periodic functions with period 1. Further, by using the same
reasoning as in the proof of Theorem 5 in [9] (Sec. 2 ) or in [10], we obtain the representation

Int Int Int
x(t) =1t"' fo (1 _1)+tv1_1f1( _1)+tv1_2f2( —1)
ng Ing Ing

.+ lvl_m+1fm—1 In? + l‘vl_mfm In¢
Ing—! Ing—!

Int
+t”1""‘1dm+1( 1), t>1, (3)
Ing~

where f,(u), 0 < p < m, are periodic functions with period 1 such that fo(u) € C"t1(R),

b p+1 1
fpr1(u) = % ((v1 =P+ f,,’(u)) L 0<p=m—1;

In
and d,, +1(¢) is a continuously differentiable bounded function. Thus, rewriting Eq. (1) as an advance equation
x'(t) = =bc Ix(t) —ac x (gTl) + X (¢ )

and applying the reasoning used in the proof of the theorem in [12] to this equation, we obtain the equalities
x(t) = xz(t), where the functions xy (¢) are given in the condition of the theorem.

Since any solution has the property x(t)e”" — L € C,t — oo, the difference x(t) — Lx1(t) = o (e?’)
as t — 0o, where the function x(¢) is defined in the condition of the theorem. Thus, for a sufficiently smooth
solution x (), we obtain the identities x (r) — Lx1(f) = x¢(1).
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The theorem is proved.

In the proof of the theorem, the construction of the solution x;(¢) for a + bg"™ = 0, n € N[ J{0}, was based
on the solution from the second example. If it does not exist, then we can try to construct, as in [1], or again find
an unbounded particular solution of the equation

XD (@) = ax® () + bg"x ™ (g1) + cq"x TV (qr).

This solution, e.g., y(¢), has the property y(t)e 4!
the construction of the solution x1(¢).
For sufficiently smooth solutions with the property x(t) = o (e‘” ) as t — oo, representation (3) was obtained

from the formal solution

Int _ Int _ Int
xg(t) =t fo (1nq—1) +7 A (1nq—1) + 1172 (lnq_l) +...,

where fo(u) is an arbitrary periodic function with period 1,

— h # 0,t — 00, and can be regarded as a starting point in

haP+1
frorte) = 24 *“C) ((vl—m fp(u)+%f,§(u)), p=0.

ba (qgP+1 —1 In
This solution is a divergent power series for fo(1) = const # 0.
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