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We study the behavior of radial solutions to the boundary value problem

@:O on 0B, q > p,
On

~Apu+uP~t = |z|*u?t in B,
in the unit ball B and prove the existence of nonradial positive solutions for some values

of parameters. We obtain multiplicity results which are new even in the case p = 2.
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1 Statement of the Problem

Let B be the unit ball in R", n > 2. Denote S = 9B, p,q > 1, a > 0 and consider the problem

— Apu+ Pt = |z[*u?t in B,

u >0 in B, (11)
g—z =0 onlS,

where x € B, Ayu = div (|Vu[P~2Vu), and n is the outward unit normal to S. Solutions to the
problem (1.1) can be found by examining critical points of the functional

/(ywp +ulP)dz
Qp,q,a(u) =2

p/q’
( / \x|a\u|qu>
B

For the functional 2, ;. we write the Euler equation

(1.2)

0
— Apu+ |uP?u = plz|*|u/??u in B, 220 on S,

on
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where p is a Lagrange multiplier. If u, is a minimizer of the functional 2, , ., then u, is a
solution to the FEuler equation with
= inf 2 u).
H weW3(B), u0 p.g0 (1)
1
In the case g # p, the change of variable u, — pue—ru, transforms the Euler equation to the

boundary value problem (1.1), i.e., a minimizer of the functional 2, , . is a weak solution to
the problem (1.1).

We are interested in the question whether a minimizer of the functional 2, , . is radial or,
in other words, under what conditions on the parameters ¢ and « a radial function is the least
energy solution to the problem (1.1).

This question is successfully studied for the Dirichlet problem (cf., for example, [1, 2] for
p = 2 and [3] for arbitrary p > 1). Under certain conditions on ¢ and «, some results on
multiplicity of positive solutions to the Dirichlet problem in the ball are known (cf. [1] for p = 2
and [4] for arbitrary p > 1). Hereinafter, multiplicity of solutions means that it is possible
to construct any prescribed number of those solutions that are obtained from each other by
orthogonal transformations.

For the Neumann problem with p = 2 it is known [5] that positive solutions are unique
(thereby radial) for ¢ close to 2 and sufficiently large «. Furthermore, there exist nonradial
solutions if ¢ is close to the critical Sobolev embedding exponent. In this case, the behavior of
a radial minimizer is described in terms of Bessel functions. However, in the case p # 2, this is
not the case and the analysis of the problem becomes more complicated.

Repeating the proof of Proposition 1.1 in [3], we obtain the following assertion.

Proposition 1.1. For q < p, on the set of positive functions in Wpl(B), there exists a unique
(up to a multiplicative constant) critical point of the functional 2, 4. The problem (1.1) has a
unique solution, and this solution is radial.

In this paper, we study the behavior of radial solutions to the problem (1.1) in the case ¢ > p
and show that for some values of the parameters there exist nonradial positive solutions. The
multiplicity results obtained in this paper are new even in the case p = 2.

We denote by py, and p;; the critical exponents in the Sobolev embedding and trace embed-
ding in R"~™*! respectively:

1 (1 1 ) I (1 1 n 1 )
P \p nm—m+1/47 pir \p nm—m  pn—m)/+
We write p* and p** instead of p] and pj* for the sake of brevity. We note that py, > p* and
prx > p*™* if p <n and m > 2. Constants independent of « are denoted by ¢ with subscripts.

2 Radial and (m, k)-Radial Solutions

Following [6], we consider the decomposition R” = (R™)! & R¥, where n = ml + k, m > 2,
k> mor k = 0. We denote by y; (j = 1,...,l) points in R™ and by z points in R*. For
example, = (y1,...,y;,2). The spherical coordinates of y; are denoted by (r;,0;), 0; € Sm,
(hereinafter, S, is the unit sphere in R™), the spherical coordinates of z are denoted by (rg, fp).

The spherical coordinates of = are denoted by (r,0), where r = \/ 4.+ 772 +73,0 € 8"
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A function u is said to be (m,k)-symmetric if u is invariant under all permutations of
Y1,...,y and (for k # 0) depends only on 9. A function u is said to be (m,k)-radial if
u is (m, k)-symmetric and depends only on 7; and r¢. In particular, a radial function is an
(n,0)-radial function. We note that nontrivial admissible decompositions exist only for n > 4.

Let #(;k) be the subspace of (m, k)-radial functions in I/Vp1 (B). It is easy to see that the
functional 2, , o is well defined for all ¢ € (p; p*). Asis shown in [7, Theorem 1.1], the subspace
W(m, k) is compactly embedded into the weighted space Ly o = Lq(B, |z|*dx) for all ¢ > 1 such
that ¢ < p}, and ¢ < p!, = p* + pa/(n — p). Denote p = min{p},, p:}. Then p > p* for p < n.

Proposition 2.1. Assume that o > 0 and q € (p;p). Then the functional 2,4, attains a
nonzero minimum on ¥y, ) and the minimizing function Vi, o (after multiplication by a suitable
constant) is a positive weak solution to the problem (1.1).

Proof. We note that the restriction of the functional 2, 4 on #{;, ) is well defined for
all ¢ < p. Since the functional 2, ,, is homogeneous, it suffices to minimize over the set of
functions in %/, x) with unit Ly o-norm. This set is weakly closed in %, ), and a coercive
convex functional attains the minimum on this set.

By the principle of symmetric criticality [8], the first differential D2, 4 o(Vim.a;h) of the
functional (1.2) vanishes not only at increments h € %/, 1), but also at all h € WZ}(B).

We note that the Euler equation with a natural boundary condition for the functional 2, ;
coincides, after a suitable renormalization of v, o, with the boundary value problem (1.1). Using
the Harnack inequality [9, Theorem 1.1], we conclude that v,, o are positive. ]

The following assertion is similar to Lemma 2.5 in [5].
Lemma 2.1. The following relation holds
(v +mn) / |x|“|u|?de = / |u|?dd 4+ o(1), a — o0,
B S

1) uniformly on all bounded subsets of Wpl(B) for q € (p;p**) and
2) uniformly on all bounded subsets of Wm k) for q € (p;pyy)-

In particular, for radial functions this assertion is valid for all 1 < p < ¢ < +00.

Proof. We note that (o + n)|z|* = div (|z|*z). Integrating by parts, we find

(a+n)/\u|q|m|"‘dm:/|u!qdiv(x|°‘x)dx:/u|q|x|a(x,n>d9—q/|u|q_2u|x|o‘<Vu,a:>dx
B B S B

—/]u!qde—q/]u\q_Qu]x\a(Vu,@dx.

S B

We show that the last integral is of order o(1) as & — +o00. Indeed, by the Holder inequality,

1/p
< ( /|Vu]pdac> </|uy(q1)P/’x|(a+1)p’d$)
B

B

1/
/ || 2u| 2| (Vu, z)dx
B
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1/p’
< HuHWZ}(B)< /M(q—l)p |gg\(a+1)p da:) ,

B

where p’ = p/(p — 1) is the conjugate exponent.

If p<nand q € (p;p**), then

(g—1)p' < (L:__pl) —~ 1)}%1 =p".

By the Holder inequality and embedding theorem,
(a— 1)p p(n=1)—q(n—p)

(a+1)n n(p—1)
/’u|(q—1)p’|x|(a+1)p/d$ < ( ) < /|$| n—1)— q(z p)dm)
B B

< er(n,p)lullify () - olL),

and the required assertion is proved.
Ifu € #mpy, p<n—m+1,and q € (p;p;y), then (¢ —1)p" < p;,. By the Hélder inequality,

(a=1p’

E3 d2

Pm
/yu\<q1>p’\x|<a+1>p’dx < ( /\u|p7"]w\5da:> ( /\x!dldx> , (2.1)
B B B

where d; = di(a,n,p,q,0) < a as a — 400 and do = da(n, p, q,0) is independent of a. We fix

By the weighted embedding theorem [7, Theorem 1.1],

(¢— 1)17 ds
( / |x|d1dx> < caln Pl 8 - ol1),

( / |u\pm|w|5da:) g

and the required assertion is proved.
If p>noru€#ympry, p=n—m+1, then for any q € (p; +00) we have (¢ — 1)p" < p, for

sufficiently large a. Then (2.1) remains valid with p}, replaced by p¥ and some fixed

O

Then we argue as above.
By Proposition 2.1, figm,a = Wmin 0 2p q.a(v) > 0 is well defined for any o > 0 and ¢ €
ve (m,k)s U
(p; ). Hence any (m, k)-radial minimizer v, o of the functional 2 4o such that ||vimq w1 (s) =

1 is a solution to the problem
/P |z in B,

— Aput+ul Tt = Hgm,a
(2.2)

ou
6_11 =0 on S
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We consider (n,0)-radial solutions (i.e., radial) in more detail. We introduce the auxiliary
problem (the generalized Steklov problem)

—Apu+ |[uf?u=0 in B,
|Vu|P~2(Vu;n) = AufP"%u  on S.

It is known [10] that the first nonzero eigenvalue A, of this problem is simple and is expressed
" Julf
U
wl(B
A= inf e (2.3)
weW (B), w0 [[ully g
The corresponding eigenfunction ¢ is positive and radial in B. We assume that HSDHW;( B =L
The function ¢(r) is a solution to the problem

— ("N + P =0, re(0;1),
" (2.4)

From (2.4) it follows that the function ¢ in a neighborhood of zero has the structure

1 1 1

o(r) =c3(n,p) +o(1), ¢ (r)=csn p1re—1 +o(rv-1), 7 — 0. (2.5)
Without loss of generality we assume that ¢z = 1.
Theorem 2.1. Let q € (p,plr). Then
figm.a = ca(n,m,p,q)(a+n)P/4 (2.6)
as a — 0o0. Furthermore, for m =n and q € (p,+0)
Hgn,a ~ (mes S)l_p/q)\p(a +n)P/a, (2.7)
where A\, is defined by (2.3).

Proof. By Lemma 2.1, for an arbitrary nonnegative (m, k)-radial function v € #/,, 1) such
that HUHW;(B) = 1 we have

-p/q
2pg.0(v) - (a+n) P = ((a +n) /Uq\mlo‘dx>

B

_ ( /que + 0(1)> o ( /mze) o +o(1)

S S

as a — oo uniformly with respect to v. By the embedding theorem on the boundary for (m, k)-
radial functions [11, Proposition 2.1], we have

-p/q
< /’l}qd0> = HU”Z:(S) = 04(n,m,p, q)HUHI;/P;}(B) = C4(n7m’p’ q)7
S
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ie., 2pg0(v) = cs(a+n)P/9, and (2.6) is proved.
Let v be a radial function. Then

p/q
( /qu9> = (mes S)P/9(v(1))? = (mes S)P/971 /vpdﬂ,

S S

i.e.,
~1
Dy 0.0(v) - (@ +n)"P/9 = (mes S)l_p/q< /vpdﬁ) + o(1).
S

Setting v = vy, o, we find

-1
Pp.gala+ n)_p/q = Zpga(Via) - (@ + n)_p/q = (mes S)l_p/q< /Vz,ofw) +o(1)
S

||U||€Vpl(3)

> (mes S)7P/9. inf T
veW(B), llll=1 v} s

+0(1) = (mes S)'7P/9), 4 o(1).

On the other hand,

p.galc+ ”)7p/q = Zpga(Vna) (@ + ”)ﬂ)/q < Zpgale) (a+ ”)ﬂ)/q

= (mes S)l_p/q< /gopd0> _ +0(1) = (mes S)'P/9)\, + o(1), (2.8)
S

where the inequality is valid since ¢ is a radial function. Thereby the relation (2.7) is proved. [

Theorem 2.2. Assume that q € (p;+00) and v such that ||va||Wz}(B) =1 is a minimizer
of the functional 2y 4o on the set of radial functions ¥, o). Then the following assertions hold
as o — 00 :

1) vo = ¢ in W) (B),

)
2) vo = ¢ in C(B),
3) Vo are uniformly bounded in C1(B),
)

4) for any § € (0;1) vo — ¢ in CY(Bs), where Bs is the ball with radius & in R™.

Proof. To prove the first assertion, we extract a subsequence v, that weakly converges in
W, (B) to some function v € W} (B). This can be done because the functions v, are normalized.
Then vo(r) — v(r) in W, ((1/2,1)) since the weighted function is separated from zero. By the
compactness of one-dimensional embedding, we have v,(1) — v(1), i.e.,, vo, — v in Ly(S5).
Applying (2.8), we find

-p
(mes S)lp/q( /vﬁdﬁ) +0(1) = (a+n)"P12, , 0(va) < (mes 8)1P/9N, + o(1),
S
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ie.,
IVIlz,(s) = [VallL,s) = A, /P +0(1) >0, v #0.

On the other hand,

(g[S 1
»(B) = lim

< - -
P ||V||ip(5') h Hv"ip(s) Q=0 ”VQHI[)/p(S)

/q—1
= p/q—1 -p/q T (mes S/ i g0
(mes S) ah_)rgo((a +n) 2pg.a(Va) +0(1)) ah_)rgo (o )l

= )\p7

where the last equality is valid in view of (2.7). Hence HVHWI}( B) = 1 and, consequently, v = ¢
since ), is a simple eigenvalue, ie., vo — ¢ in W, (B) and ||va||W1}(B) — ||80”WI}(B)a which
implies the strong convergence in W, (B) [12, Theorem 2.11]. Assertion 1) is proved.

To prove assertions 2)—4), we first show that v, are uniformly bounded in L. (B). We
fix 6 € (0;1). Since ||va||W;(B) = 1 and v, are radial functions, the embedding theorem for
one-dimensional functions yields

IVallLo(m\Bs) < e5(0)IVallwi(s\Bs) < c5- (2.9)
On the other hand, for any = € B\ {0} (cf. [2])

Ivallwy(s) C6
[Va(z)] < co || (n=p)/p - |z|(n=p)/p”

We set fpq.a(z) = ,ug,/,f, olz|*ve™!. From the obtained estimate and (2.7) it follows that

o 1 a— (n=p)(g=1)
| fogallLo(By) < cralz]®  —f—sm—y <cra-d o =o(1) (2.10)
xT p

as @ — oo uniformly with respect to a. By (2.2), (2.9), and (2.10), the function v, is a
solution to the problem
— Ao+ VPl =f, .0 in Bs,
(2.11)
Vo < c5 on 0Bs,

where || fpg.all (1) = o(1) as a — 400 As is shown in [13], this means the uniform bound-
oo\ 2

edness of v, in C1P(Bs) with some 8(6) € (0;1). Since C'# is compactly embedded into C*,
we can assume that v, = ¢ in By, i.e.,

vo(r) = ¢(r) + o(1) (2.12)

as r — 0 uniformly with respect to a.
Let us show that
V)P = (P 1 +0(1), r—0. (2.13)

[0}

Setting (v.,)P~! = (¢')P~tu, and substituting into (2.11), we obtain the first order linear equa-
tion for wu,

-1 -1 -1
rn_1(rn @V ua) +VET = fpga
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—————— to the homogeneous equation is independent of a.
pn—l1 (w/)p— 1
Then the general solution to the inhomogeneous equation can be found by the Lagrange formula

We note that the solution u(r) =

T

U (r) = /t”l(vg1 — fpqa)dt - u(r).

Taking into account (2.12), (2.5), and (2.10), we find

T

Ua(r) = /tnl(1+0(1))dt~ﬁ(r) = (7“

n

n

(I+o0(1))+ C'> (nr~"™ +0(1))

uniformly in a. For C' # 0 the function u, does not satisfy the summability condition at zero,
which means uq(r) = 1+ o(1) and, consequently, (2.13) is proved. Hence v/, = ¢’ in Bs and
assertion 4) is proved.

In view of (2.9), it remains to show that v, are bounded in C'(B \ B;). We note that v, is
a solution to the equation

1 _ _ _ _
e (VAT VAT = VAT (1) =0,

Integrating this equation on r € [s; 1], s > 1/2, we find

1 . X
1
_/ n—1 (Tn_l(vfx)p_l)/dr + /Vg_ldr = Mg,/rgzj,oc /Tavg_ldr.
s S

r
s

Integrating by parts in the first term, we get

1 1 1
! pfld
et = -y [P oy, [revtar,
S S S
which implies
I iy 1 1
V()P < (n - 1)/% + /VgldT —|—ug7/,ﬁa/7“avg{1dr
S S S
; ! a+l !
<2 % (n—1) /T”_I(V;(r))p_ldr 4 21 /r”_lvg_ldr +epa- el ;+ -
S S S

— —1 — —1
< 2" (n = DIVvally, L gy + 2" IVally, L () + (0, 0)
< 2nHVaH€I;I}1(B) + CS(n’p) Q) =2"+ cS(”apu Q)

in view of (2.9) and (2.7), which implies |v] (s)| < ¢s(n,p,q) for any s € [1/2;1], where the
constant cg is independent of .

Thus, v/, (r) are uniformly bounded. Consequently, v, (r) are equicontinuous. By the Arzeli—
Ascoli theorem, v, = . O
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3 Multiplicity of Solutions

Throughout the section, we assume that p < n.

Theorem 3.1. Let g € (p**;p*). Then there exists a(p,q) > 0 such that for all « > @ the
(global) minimizer of the functional 2, 4 is a nonradial function.

Remark 3.1. In the case p = 2, this assertion is proved in [5].

Proof of Theorem 3.1. We consider a nonnegative function v € C§°(B). We set z, =
(1=1/;0;...;0) and va(7) = v(a(z — 24)). Then supp v C By/o(7a) and

2\« 2\«
q @ = q @ > —_ — q = -n —_— q
/va|1: dz / vl|z|*dx > (1 a) / vldr =« <1 a) /v dz.
B By /a(Ta) By /a(Ta) B

Therefore,
— p — p
aP "||V1)HLP(B)—|—04 ”Hv||Lp(B)

np
Dpgalta) < —— P < co(p, Q)Olp_mr?
a1 — 2/,
ie.,
np
inf 2, 40(u) <cgd? "0
waB\op T
On the other hand, from Theorem 2.1 we have
inf D, a(u) < al
in u) < Q.
Zr U
Since p —n + np/q < p/q for ¢ > p**, we find
inf 2 u) < inf 2 U
Wi B\ (0} b, (W) Yoo\ (0} poa,a (W)
if « is sufficiently large. O

Theorem 3.2. Let q € (p**;min{p*,p}¥}). Then there exists am(p,q) > 0 such that for all
a > Qpy, the (global) minimizer of the functional 2, 4o is not an (m, k)-radial function.

Proof. As was shown in Theorem 3.1, for ¢ < p* we have

. p7n+@
inf  2,,q(u) <coa .

Wy (B)\{0}

But (2.6) implies

p
inf 2y a(u) > cro(n,p,q)as

Wm0}~ ¢

for ¢ < p}¥. Therefore, for ¢ > p** and sufficiently large «

inf 2y.0u)< inf 2,4
wi(B)\o}y TP () S () N )

The theorem is proved. O
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Lemma 3.1. Assume that m <n and q € (p,p},). Then for sufficiently large

an+p+(m71)(1,2)
QP’Qva(vm,OZ) <o 1 a)

Proof. We note that 2,4 (Vina) < Zpga(u) for any u € #{,, ). We consider a subset
of nonnegative functions u such that supp v C {r > 1 — 1/a}. We introduce the auxiliary

functional »
HuHWZ}(B)
Lq(B)
Then
9 () = HUH’;V;(B) B HUH%/pl(B)
PeAT) plg p/q
< /]w|auqdaz> ( / |a:]auqu>
B B\Bl—l/a
||U”€V1(B) 1\ —pr/q
< (1-= < c12(p, 9)Qpq(w)-
HuHiq(B) ( a) b

We make the similarity transformation B — aB and denote £ = ax and u(§) = u({/a). We
extend w along the radial variable as follows:

seLo)  JTEHE a-i<id<a,
’ u(2a = [£],0), a<[fl<a+l.
Then
a%—nﬂi /(Va|p+a—pap)d§ / |Vo|Pd¢
o ne_n Ba+1\Ba-—
Qp.q(u) = “ e < cis(p,q)ae P o
( / ﬁqdé) ( / m&)
aB Ba+1\Ba-1

Since v is an (m, k)-radial function supported in the annulus Bay; \ Ba—1, Lemma 1.5 in [6]

yields the estimate
[ v

Bot1\Ba - < cua(p, om0,
L)
Bat1\Ba-1
Finally,
Ppgo(Vima) < Zpgalu) <cii(n,m,p, q)a%_nwﬂm_l)(l_%).
The theorem is proved. O
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Theorem 3.3. Assume that p <n—m+1 and g € (plr;pk,). Then there exists m(p,q) >0
such that for all o > oy, the (m, k)-minimizer of the functional 2, 4« is not radial.

Proof. We assume that v, 1) is a radial function. By Theorem 2.1,

P
Qp,q,a(v(m7k)) = a.

On the other hand, by Lemma 3.1,

2P —n4p+(m—1) (1—£>
Zpga(Vinm) < cna’ .

However, for g € (pi¥;pk,) we have np/q—n+p+ (m—1)(1 —p/q) < p/q. O

It is easy to see that p;* < p* for pm < n and p}; > p* for pm > n. Furthermore, in the
case pm < n, we have n—m+1—p>n—m+1—n/m=[(n—m)(m—1)]/m >0, ie., pi
and p}, are finite.

As was mentioned in Section 1, renormalized minimizers over different subspaces #/,, i) are
solutions to the problem (1.1). Theorems 3.1 and 3.2 provide sufficient nonuniqueness conditions
for this problem. A radial solution exists for all 1 < p < ¢ < 400. Figures 1 and 2 show intervals
of values of ¢ and o where nonradial solutions exist. It is important to note that the intervals
in Figures 1 and 2 depend on m.

(m, k)-radial solution for a > &,
A

w5k w3k ) * 4
p']". p pf” q
v ’/

non-(m, k)-radial solution for o > &,

FI1GURE 1. Case pm < n.

(m, k)-radial solution for o > &,

/—/%

P P Dim Pm 4

\_;vy/

non-(m, k)-radial solution for o > @m

FI1GURE 2. Case pm > n.

For n > 4 we consider the decomposition R” = RZ @ R* 2, ie., m = 2, k = n — 2. Let
G be a finite subgroup of O(2). We denote by v a function minimizing the functional 2, ,
over the subspace # of all (2,n — 2)-symmetric functions in W (B) that are G-invariant with
respect to y. Repeating the proof of Proposition 2.1, we find that all v are solutions to the
problem (1.1).

Proposition 3.1. For ¢ € (p**, min{p*, p¥*}) the function vg is not (2,n — 2)-radial.
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Proof. We consider a nonnegative (2,n — 2)-symmetric function v € C§°(B) such that
supp v C {z € B, |z| > 1—1/a}. We define

u(yi,mo) = Y vg(y1,70);

geG

where v,(y1,70) = v((r1,01) — (1,96°),70), 6°

proof of Theorem 3.1, we find

is a point of Sg. Then u € #5. Repeating the

Dp.galu) < c1s5(p, g, G)aP—mtnp/a,

Therefore, .
Qp7Q7a(VG) < 015(]7,(]7 G)ap_n+T- (31)

However, if v is a (2,n — 2)-radial function, then
Dpgalva) 2 ClOap/q

in view of Theorem 2.1, which contradicts the inequality (3.1) for ¢ > p**. O

We extract a class G providing multiplicity of solutions to the problem (1.1). Let G be the
group generated by rotation by an angle 27/t, t € N. Denote by v; the minimizer of 2, ,, on
the set #4,.

Theorem 3.4. Let ¢ € (p**,min{p*,p3*}). Then for any ty € N there exists ag(n,p,q,to)
such that for oo > ag and all t = 1,2,...,ty the problem (1.1) has a (2,n — 2)-symmetric G¢-
tmwvariant solution vy. For different t the solutions v, are different.

Proof. We consider the functions v; and vy, t' > t. Let t' = st, s € N. We introduce the
function

ve((r1,01),7m0) = Vst<(7“1, é%)ﬂ"o)-

Then v; € WI}(B) is a (2,n — 2)-symmetric function that is Gy-invariant with respect to y;. It
is easy to see that

/\vt]pdx—/vst]pd:v, /!x\“]vt|qu—/|x\a]vst\qdac.
B B B B

1
Since (vt)p, = —(Vst)o,, we have
s

1 p/2
[ 1verdn = [ (@ + 5, + w)h)" do
1

B B

1

o 11 2 2\ p
= (Vst)ry + S_Qﬁ(vst)gl + (Vst)rg de < [ |Vvg|Pdz (3.2)
B B

only if (vs)p, Z 0. However, the identity (vg)g, = 0 should mean that vy is a (2,n — 2)-radial
function, which is impossible for large « in view of Proposition 3.1. Therefore, (3.2) implies

Zpa.a(Vt) < Zpga(vt) < ZpgalVst) (3.3)
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and the assertion is proved in this case.

Vi,

In the general case, we denote by t the least common multiple of (¢,t). If v; is equivalent to
then v; is Gp-invariant with respect to y; and, consequently, 2, 4 (Vy) < 2} g.a(V¢), which

contradicts (3.3). O

In the case n = 2, only the trivial decomposition of R? is possible. In this case, an analogue

of Figure 2 looks like Figure 3.

p** p* q
\;\/4/

nonradial solution for o > @y,

FIGURE 3. Case n =2, 1 <p < 2.
Repeating the proof of Theorem 3.4, we obtain the following assertion.

Theorem 3.5. Assume that n = 2, p € (1,2), and q € (p*™*,p*). Then for any ty € N

there exists ao(p,q,to) such that for « > ag and all t = 1,2,...,ty the problem (1.1) has a

G-

006
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invariant solution vi. For different t the solutions vy are different.
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