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We study the behavior of solutions to the Dirichlet problem for the p(z)-Laplacian with
a continuous boundary function. We prove the existence of a weak solution under the
assumption that p is separated from 1 and oco. We present a necessary and sufficient
Wiener type condition for reqularity of a boundary point provided that the exponent p
has the logarithmic modulus of continuity at this point. Bibliography: 24 titles.
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1 Introduction
Let D be a bounded domain in R”, n > 2. This paper is devoted to the behavior of the solutions
to the Dirichlet problem in D for the equation
Lu = div (|Vu[f®@~2Vu) = 0 (1.1)
at a boundary point, where the exponent p is measurable and such that

l<a<plz)<p foralmostall xe€D. (1.2)

Equations of the form (1.1) first arose in works of Zhikov [1, 2] in connection with homoge-
nization of integrands of the form |Vu|P(*). Such equation also arise in mathematical modeling of
fluids whose properties change under the action of electromagnetic field or temperature [3]-[5].
To define a solution to Equation (1.1), we introduce the class of functions

W(D) = {ue W"(D): |VulP® e LY(D)},
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where W11(D) is the Sobolev space of integrable functions in D, together with the first order
generalized derivatives. We say that a sequence u; € W (D) converges in W (D) to a function
u € W(D) if uj — u in L'(D) and

lim [ |Vu— Vu;[P®dz = 0. (1.3)
j—00
D

By the Scheffe or Riesz theorem, the last convergence is equivalent to the convergence of Vu;
to Vu almost everywhere in D, together with the energy convergence

/Vuj\p(x)dx%/\vmp(x)dx.
D D

We say that u € W(D) belongs to the class Wy(D) if there exists a sequence of functions
uj € W(D) compactly supported in D such that (1.3) holds. We say that a sequence u; € Wy(D)
converges in Wy(D) to a function u € Wy(D) if (1.3) holds.

We are interested in the function classes H (D) and Hy(D) that are the completions in W (D)
and Wy(D) of smooth functions in D relative to the above convergences. Namely, we set

HD)={ueW(D): Fuj € C*(D)NW(D),u; — uin W(D)},
Ho(D) ={ueW(D): Ju; € C5°(D),u; — uin Wy(D)}.

From the results of [2] it follows that only the assumption (1.2) is not sufficient for smooth
functions to be dense in W (D) and Wy (D). The density of smooth functions in these classes is
guaranteed by the known logarithmic condition

1 —1
1p(2) — p(y)| < ko (mm)  myeD, lr—yl <172 (1.4

which was obtained by Zhikov [6].

If smooth functions are not dense in the set of solutions to Equation (1.1), then the related
boundary value problems can be understood in different senses [6].

The most important types of solutions are the so-called H-solutions and W-solutions. We
say that a function u € H(D) (u € W(D)) is an H-solution (W -solution) to Equation (1.1) if
the integral identity

/ IVulP® =2y - Vipdz = 0 (1.5)
D
holds for test functions ¢ € Ho(D) (¢ € Wy(D)).
We consider the Dirichlet problem

Lu=0in D, weH(D), feH(D), (u—f)eHyD). (1.6)

The solution to this problem is connected by the relation v = w + f with the minimizer w of
the variational problem

IV?S@ dz. (1.7)

p

inf F — min F F(v) =
el ) (w+f) piiim (w+f), F(v) /
D
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In addition to the problem (1.6), we consider the problem
Lu=0in D, uweW(D), feW(D), (u—f)eWyD). (1.8)

In turn, a solution to the problem (1.8) is connected by the relation u = w+ f with the minimizer
of the variational problem
min F(w+ f). 1.9
Jmin P+ f) (19)
The unique solvability of the Dirichlet problem (1.6), (1.8) is well known (cf. for example,
[7]). In Section 2, we present a simpler proof of this fact. If the boundary function f is only
continuous, then it is possible to construct a weak solution to the Dirichlet problem

Lu=0in D, wulsp = f € C(9D). (1.10)

For this purpose we extend the function f by continuity to the whole space. Let fi € C°°(D)
be a sequence of functions that uniformly converges to f in D. We construct solutions uj to
the Dirichlet problem (1.6) (or (1.8)) with the boundary functions f;. In Section 4 it is shown
that the sequence u; converges to a function uy, bounded by the maximum of the absolute
value of the boundary function, and wus is an H-solution (a W-solution) to Equation (1.1) in
any subdomain D’ € D. This limit function, called a weak solution to the Dirichlet problem
(1.10), is uniquely determined independently of the way of extending f and the choice of its
smooth approximation Moreover, it is unclear in what sense the constructed weak solution to
the Dirichlet problem (1.10) takes the value f on the boundary.

Definition 1.1. A boundary point g € 0D is called regular if esslimug(x) = f(zo) for

D3>z—xg
any continuous function f on 0D.

In 1913, Lebesgue [8] published an example of a boundary point for the Laplace equation
that is not regular. The notion of the regularity of a boundary point is also due to Lebesgue. The
criterion for regularity of a boundary point for the Laplace equation was obtained by Wiener,
[9, 10]. For linear divergence form uniformly elliptic equations of the second order a similar result
was obtained in [11]. A sufficient Wiener type condition for regularity of a boundary point and
an estimate for the modulus of continuity of solutions near the boundary for the p-Laplacian
were proved by Maz’ya [12]. These estimates were extended in [13] to a large class of quasilinear
elliptic equations of p-Laplacian type. The necessity of the Maz’ya condition for regularity of a
boundary point for p-Laplacian type equations was established in [14] in the casen—1 <p < n
and in [15] in the general case. The criterion for regularity of a boundary point for Equation
(1.1) with the condition (1.4) was obtained in [7].

The goal of this paper is to study the behavior at a boundary point of a solution uy to
the generalized Dirichlet problem with continuous boundary function f. This solution can be
a W-solution, as well as an H-solution. In what follows, we simply call it a solution to the
Dirichlet problem.

Assume that, in addition to (1.2), the following condition holds:

1

-1
= ), zeD, |z —x|<1/2. 111
) oo <1/ (111)

Ip(x) — p(zo)| < ko <ln

We note that for a point xg inside D the condition (1.11) guarantees the Holder continuity of
the solution at this point [16].
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To formulate the results, we introduce the notion of a capacity. First, we extend the exponent
p to the space R” with preserving the properties (1.2), (1.11) and denote by B}’ the open ball
with radius R and center xg. The H -capacity of a compact set K C Bgr with respect to Bp is
the number

) |v¢wu)
Cy(K, By zlnf/idx, 1.12
P( R) p p(m) ( )
R

where the greatest lower bound is taken over the set of functions ¢ € Hy(B7') that are larger
than or equal to 1 almost everywhere on K. The W -capacity of a compact set is defined by the
equality (1.12), where the greatest lower bound is taken over the set of functions ¢ € Wy(BR)
that are larger than or equal to 1 almost everywhere on K. By a capacity we will mean the
H-capacity in the case of H-solutions or the W-capacity in the case of W-solutions.

From Lemmas 3.1 and 3.2 below it follows that in the definition of H-solutions one can take
functions ¢ € C§°(BY’) that are equal to 1 in a neighborhood of K.

For xg € 0D we set
po = plwo),¥(t) = (Cp(B* \ D, Bgp)tro—m)H/ro=1), (1.13)

where B;° denotes the ball with radius ¢ and center .

The main result of this paper is formulated in the following theorem.

Theorem 1.1. If the conditions (1.2), (1.11) hold and

/y(t)tldt = o0, (1.14)
0

then the boundary point xg € 0D is reqular.

As is shown in [7], if the exponent p satisfies the logarithmic condition (1.4), then (1.14) is a
necessary condition for regularity of a point xg. In Section 7, we describe the slightly modified
proof in [7] to obtain the necessity of the condition (1.14) for regularity of a boundary point in
our case.

Theorem 1.2. If the conditions (1.2) and (1.11) hold, then the condition (1.14) is necessary
for reqularity of a boundary point xg € 0D.

In the case py > n, the condition (1.14) always holds, which follows from the capacity
estimate
Cp<{x0}7Bt$0> > C(”ﬂpﬁnipo'

Any point xg € 0D, where p(xg) > n and the condition (1.11) holds, is regular. Using the
Sobolev embedding theorem, for sufficiently small p and r < p/4 we can prove the estimate
esssup [up(x) — f(zo)| < osc f+C(n,p) osc f(r/p)' 7"/
DNBY0 oDNB,° oD
which implies the continuity uy at the point xo. The proof is the same as in the case of constant
exponent (cf. details in [7]).
In what follows, we assume that pg < n. In this case, the key role in the proof of Theorem
1.1 is played by the estimate for oscillation of the solution u to the problem (1.6) with smooth
in D boundary function f in balls of sufficiently small radius. In the following assertion, u is a
solution to the Dirichlet problem (1.6) with a smooth function f.
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Lemma 1.1. In the ball B;°, r < 1/16, the following inequality holds:

essoscu < (1 — dvy(r))essoscu + 0y(r) osc f+r, (1.15)
DNBo DNByO aDNBYO

where § depends only on n, max |f|, and the constant in the conditions (1.2) and (1.11).

We prove this lemma below. The following assertion is obtained in a standard way.

Theorem 1.3. Let u be a solution to the generalized Dirichlet problem (1.10). Then there
exist positive constants 0 and C that depend only on n, p, max |f| and for p < po(n,p), r < p/4

p
esssup|u — f(xo)| < C( osc_f+p+exp <—9/’y(t)t1dt>>. (1.16)
oDNB,°

DNBo ]

Here, the dependence on p is determined by the constant in the conditions (1.2) and (1.11).

We first note that for smooth boundary functions, iterating (1.15), we obtain the estimate

p
€ess 0scu < C’( osc f+4p+exp (—G/V(t)t_ldt> >
DNB;o aDNB,°
.
By this estimate, the limit of u(x) as * — ¢ exists if the condition (1.14) holds. Then it is
proved that this limit coincides with f(zg). Indeed, assume the contrary. Then there are positive
numbers p and € such that |u(z) — f(zo)| > ¢ for all z € DN BJ°. We consider the function
w = (u— f)/e. It is obvious that it takes the zero value on 9D in the sense of the corresponding
spaces, i.e., belongs to Wy (D) or Ho(D) depending on what solutions we consider. We extend w
by zero outside D and consider the function v = min(w, 1). It is obvious that v =1in DN BJ°
and v = 0 on 9D and in By° \ D. Since Vv =0 in BJ° \ D and almost everywhere in D N BJ°,
we have Vv = 0 almost everywhere in Bj°. Since 1 —v = 01in DN B}, DN Bj°| > 0 and
V(1 —wv) = 0 almost everywhere in Bg°, according to the De Giorgi-Poincaré estimate, we have

|B[”f0 \D| = / (1 —v)dz < C(n)p”“]D N Bgorl / V(1 —wv)|dz = 0.
B0 B0

Let p € C3°(B,°) be such that 0 < ¢ <1 and ¢ =1 in a neighborhood of B;°/2. The function
(1 — v)p is admissible in the definition of a capacity. Hence

_ p(z)
V(= )l

L0

BP

:/wdx: / dezo
p(z)

BJo

p(z)
o B,°\D

because the measure of the integration set is equal to zero. This contradict the divergence
of the integral (1.14) in the formulation of Theorem 1.1. This implies (1.16) in the case of
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smooth boundary functions. Passing to the limit along the sequence of solutions uj to the
Dirichlet problem (4.1) with smooth fx, we conclude that (1.16) also holds for solutions to the
generalized Dirichlet problem (1.10) (cf. details in [7]).

The paper is organized as follows. In Section 2, we prove the existence and uniqueness of a
solution to the Dirichlet problem (1.6), (1.8) with variational boundary data. Section 3 contains
auxiliary results about functions of the spaces W (D) and H(D). In Section 4, we prove the
existence and uniqueness of a weak solution to the Dirichlet problem (1.10). In Section 5, we
formulate and prove the weak type Harnack inequality. The results of this section serve as the
keystone of the proof of Lemma 1.1. In Section 6, we prove Lemma 1.1. At the end of the
paper, we formulate rather standard geometric conditions for regularity of a boundary point for
H-solutions.

2 The Dirichlet Problem with Variational Boundary Data

The existence and uniqueness of minimizers of the variational problem (1.7), (1.9) in an
arbitrary bounded domain D is established in [7, Theorem 3.1]. This implies the existence and
uniqueness of solutions to the Dirichlet problem (1.6), (1.8) (cf. [7, Theorem 3.2]). We give a
simpler proof. We first establish the strong convergence of a minimizing sequence {u;} in W (D).
For this purpose we need the Clarkson inequality in the form (cf. [17])

b—al?
3pp—1) [b—al?

16 (la] +[p])*>"
for arbitrary vectors a,b € R™ that do not vanish simultaneously. We apply this inequality

to b = uj, a = (uj +u,)/2 and b = ug, a = (uj + u,)/2 and add the results. Denoting
co = 3a(a—1)/16. we get

/ |V (1) — ug) P co / [V (u) — ug)|? da

d _
wEp(z) T2 B([Vuy| + [Vug])/2)2 P p(a)
{zeD:p(z)<2}

}
|p(z) p(x) ) p(z)
o [T [T [V )20,
p(x) p(z) p
D D D

b7 — lal” > plaP~*a(b — a) + p>2

bl — laf” > pla/P~2a(b — a) +

1<p<2,

{z€D:p(z)>2
|

( ()

By the definition of a minimizing sequence, the right-hand side of the last inequality can be
made less than any positive number € € (0, 1) by taking sufficiently large j and k. Then

IV (u; — ug,)|P@dzx < Ce.

{z€D:p(z)>2}
By the Young inequality,
o 2
/ IV (uj — wp) [P de < e 1/? / [V, uk)li e
(V| + [V |)>~Ple
{zeD:p(x)<2} {zeD:p(x)<2}

L e/ /(;vuj +IVug)P(2)dz < CVE,
D
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where the constant C' is independent of j, k. Thus, the sequence {u;} is fundamental in D. We
denote by u the limit of this sequence. Using first the mean value theorem and then the Young
inequality, for any € € (0,1) we find

p(z) |p(x)
/ [Vl dx < /de + /(\Vuj\p(@_l + [ VulP@ 1V, — Vau|dz
D

p(x) p(z)

|p(2)
< /de + g1/ (6-1) /(|vuj‘p(m) + |Vul[P@)da
S p@) J

+5_1/]Vuj — VulP®dg.
D

By the arbitrariness of € and j,

p(z) |p(@)
/|Vu\ dx éliminf/de.
p(z) j—0c p(x)

D D

Thus, u is a minimizer. The uniqueness of a minimizer is obtained by the same arguments

as those made in derivation of the fundamental sequence {u;}: for two minimizers u, v and
w=(u—v)/2 we get

/ de 49 / [Vw|? "
p() ’ (3(Vul + [Vo])/2)2-P@p(z)
{z€D:p(x)>2} {zeD:p(z)<2}

< F(u)+ F(v) —2F(u+v)/2) <0=w=0.

It is easy to verify (the integrand satisfies the assumptions of the Lebesgue dominated conver-
gence theorem) that the Gateaux derivative of the functional F' is expressed by

, . F(u+th) — F(u)
<F (u)vh>:%£% t

/ IV (u + th)[P@®) — |VulP®)
t
D

= lim
t—0

dr = / \VulP® =2y hdz
D

if h € Hy(D) (or h € Wy(D)). Thus, the constructed minimizer (1.7) ((1.9)) is a solution to the
Dirichlet problem (1.6) ((1.8)).

3 Cut-Off Functions, Inequality on the Boundary,
and Maximum Principle

In this section, we recall some facts concerning cut-off functions in Sobolev spaces. For the
Sobolev spaces with constant exponents these facts are well known, but should be proved in the
case under consideration. We begin with the following assertion.

Lemma 3.1. Let m € R. If a sequence of functions uj converges to u in the space W (D),
then there is a sequence of functions v; € W(D), v; < m, converging to min(u, m) in the same
space. If uj € C*°(D), then v; € C*(D). If m > 0 and the functions u; have compact support
in D, then vj have compact support in D. If uj > m on the set E, then vj =m on E.
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Proof. Denote f(u) = min(u, m). We construct smooth approximations of f as follows. Let

1/2
we C°(=1/2,1/2), w=>=0, w(—s)=uw(s), / w(s)ds =1, we(s) =e tw(se™).

~1/2

We define the function
t 0 m—e/2
1
he(t)=1— / we(s —m+e/2)ds = /ws(s —m+¢e/2)ds = 3 + / we(s —m+e/2)ds
—00 t t

This function is smooth, is equal to 1 for t < m — ¢, is equal to 0 for ¢ > m, and monotonically
decreases in (m — e, m). It is easy to see that

m €/2 0
1
he(t)dt = dt | =+ [ we(s)ds | =¢/2.
S ] elar]
Let -
€
g=(t) :hg(t)+§w5(t—m+a/2), fe(t) :m—/gg(s)ds.

t

It is easy to see that |g-| < 3/2, ¢g-(t) =1 for t < m — ¢ and g-(¢t) = 0 for ¢ > m. Since

/ ge(t)dt = €,

we have f.(t) = f(t) fort >mand t < m —e.

Let u; be a sequence of functions in W(D) (or C*°(D) in the case of H(D)) approximating u
in D. We consider functions f.(u;) possessing the properties indicated in the formulation of the
lemma. We show that, choosing € and j in a suitable way, it is possible to make the difference
fe(u;) — f(u) arbitrarily small in W (D). By the triangle inequality,

I:/|f€ uj) — ul + |V fe(uj) — Vf(u)PDde

/|fs u] fs |dil?+/f5 |d;1;_|_/|f‘E uj |P(z |V’LL _vu|p(z
5

/|fa uj) — fo(uw)f? x)IVulp(”")d:c+/|f5 £ @)D VS dr = 3 1
k=1

Let us estimate terms on the right-hand side of this inequality. It is easy to see that

Ilgg/]uj—u\da:, I, < Cel{m —e <u < m}|.
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Further,
I3 < (3/2)° / |Vu,; — VulP@dz, Iy < / VP dz
D

{m—e<u<m}

It remains to estimate I;. We set F. = {m — 2¢ < u < m}. Then fl(u;) — fL(u) = 0 on the
complement to the set F. U {|u; — u| > e}. Therefore,

Iy < C’/Vu|p(x)dx—|—0 / [VulP® dg.

F. {\u‘j—u|>8}

The first integral on the right-hand side converges to zero as € — 0, and the second integral
converges to zero as j — oo for any fixed € > 0. Therefore, taking sufficiently small € and then
sufficiently large j, we can made all I and, respectively, I as small as desired. ]

From Lemma 3.1 we obtain the following assertion.

Lemma 3.2. Ifu € H(D) (u € W(D)), then min(u,m) € H(D) (min(u, m) € W(D)). For
m >0, if u € Hy(D) (u € Wy(D)), then min(u, m) € Hyo(D) (min(u,m) € Wy(D)).

Thus, the set W (D), H(D), Wy(D), Ho(D) forms a lattice, i.e., for any u,v € H(D) (W(D),
Ho(D), Wo(D))

min(u,v) = u + min(v —u,0) € H(D) (W(D),Hy(D),Wy(D)),
max(u,v) = u — min(u —v,0) € H(D) (W(D), Ho(D), Wy(D)).

We recall that Vmin(u,v) = Xfu<o} VU + X{usv} Vv almost everywhere in D. Hereinafter,
x4 denotes the characteristic function of a set A. We define by uy(x) = max(u(x),0) =
—min(—u,0) and u_(x) = max(—u(z),0) = —min(u,0) the positive and negative parts of
a function. By Lemma 3.2, for v € H(D) (W(D), Ho(D), Wo(D)) we have uy € H(D)
(W(D), Ho(D), Wy(D)). Furthermore, u € Wy(D) (u € Hp(D)) implies (u — k)4 € Wy(D)
((u — k)1 € Ho(D)) for all k& > 0. Indeed, let u; be a sequence of functions with compact
support in W (D) (C§°(D)) converging to u in W (D). Applying Lemma 3.1 with m = 0 to the
function k& — u and the sequence k — u; converging to this function, we obtain the sequence of
functions v; converging to min(k — u,0) with compact support in D.

We say that a function u € W (D) (u € H(D)) satisfies the inequality v > 0 on the boundary
of D if u_ € Wy(D) (u— € Ho(D)). Respectlvely, > v on the boundary of D if u —v > 0 on
0D in the sense of this definition and v < v if v —uw > 0 on dD. If it is additionally known
that the function v € W(D) (v € H(D)) is continuous in the closure of the domain, then the
inequality u > 0 on 9D in the usual sense implies the same inequality in the sense of the above
definition. This fact is true because the functions (u + ¢)_ vanish in a neighborhood of 9D and
converge to u_ in W(D).

The natural transitivity property holds: if u > v and v > w on D in the sense of the above
definition, then v > w on dD. Indeed, it is obvious that (v —w)_ < (v —v)_ + (v —w)_. We
consider a sequence of functions ¢; > 0 in H(D) (W (D)) with compact support in D converging
to (u—v)— + (v—w)_ in W(D). Then it is easy to verify that the sequence min((u — v)_, ;)
converges to (u — v)_ in W (D). Therefore, (u —v)_ € Ho(D) (Wy(D)).

For solutions to the Dirichlet problem (1.6) the maximum principle holds (cf. [7]).
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Lemma 3.3 (maximum principle). If uj,us € H(D) (u1,us € W(D)) are solutions to the
Dirichlet problem (1.6) with the boundary functions fi, fo and fi < fa on dD, then u; < ug
almost everywhere in D.

We need another definition generalizing the above definition for inequalities on the boundary.
A set E of class Wy(D, E) (Ho(D, E)) is introduced as a set of functions in W (D) (H (D)) such
that there exists a sequence of functions u; € W(D) (u; € H(D)) vanishing in a neighborhood
of EN D and converging to u in W (D). We say that u > 0 on the set F if u_ € Wy(D, E)
(u— € Ho(D, E)). Other inequalities are defined in a similar way. In this case, the transitivity
property also takes place: if u > v and v > w on E, then v > w on E in the sense of this
definition.

We also use the following simple assertion.

Lemma 3.4. Assume that u € H(D) (v € W(D)), m < u < M, and f is a Lipschitz
function on [m, M]. Then f(u) € W(D) (f(u) € H(D)).

Proof. For u € W (D) the assertion is obvious. Let u € H(D). Assume that u; € C*°(D),
uj — u in W(D). We can assume that m < u; < M, which is proved as in Lemma 3.1. We
extend f by a constant outside [m, M]. Let f. be a smoothing of f, so that f. — f, fL — f’
almost everywhere, |f/| < sup|f’|. Using the triangle inequality, we obtain the estimate

[ 195:) = P < [ 1940 - VSO
D D

+C/\Vfa(uj) —fs'(Uj)Vuyp(w)dx+C/\(f;(uj)—f;(u))vuyp(ﬂdm_
D D

The convergence of the first integral on the right-hand side to zero as ¢ — 0 follows from
the Lebesgue dominated convergence theorem. The convergence of the second integral to zero
as j — oo follows from the choice of {u;}. For fixed ¢ the third integral on the right-hand
side can be made small as desired by the suitable choice of j in view the Egorov theorem, the
absolute continuity of the Lebesgue integral, the continuity of f!, and the Lebesgue dominated
convergence theorem. O

4 The Generalized Dirichlet Problem

If the boundary function is only continuous, it is possible to construct a solution to the gen-
eralized Dirichlet problem. The construction can be performed in different ways. For example,
one can approximate the domain by smooth ones as in [9, 10] or by using the Poincaré—Perron
method [18, 19]. For nonlinear equations the last method is presented in [20]. We will use a
simper construction described for linear equations in [21].

In this section, it is convenient to use the Lebesgue—Orlicz spaces of functions with variable
integrability exponent LP®)(Q) = {v : [v[P®) € L1(Q)} equipped with the Luxemburg norm

[0]l o) () = inf {A >0: /(f/A)P@f)dx < 1}.

Q
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Under the assumption (1.2), the space LP(*)(Q) is a reflexive separable Banach space. The dual
is the space LF'(*)(Q), p/(z) = p(z)/(p(x) — 1). We need the following assertion which is not
different from the case of a constant exponent p (cf. [22]) and is proved in the same way.

Lemma 4.1. Let f; — f almost everywhere in 2, and let

sup/|fj|p(x)dx < 00.
J
Q

Then the sequence f; weakly converges to f in LP(I)(Q).

Let us show how to construct a solution to the generalized Dirichlet problem (1.10).

We extend the boundary function f € C (9D) by continuity to D, keeping the notation for
the extended function, and consider the sequence of infinitely differentiable functions fi in R"
that uniformly converges to f on D. We solve the problem Dirichlet

Lup=0in D, wui € H(D), (ux— fx) € Ho(D). (4.1)

Denote M = max |f|. We can assume that |f| < M on D and |f;| < M on D. By the maximum

principle, |u| < M almost everywhere in the domain D. Let £ € C§°(D). Taking the test
function u&? in the integral identity (1.5), we get

/|Vuk\p(m)55dw: —/Bgﬁ_luk|Vuk|p(w)_2VuV£d$.

Applying the Young inequality, we find

/ VuP@efde < C(a / P [ P) B p(e

Hence for any subdomain D' C D

[ 1VuP@ds < Olapon, D)1+ 07).

Furthermore, by the maximum principle,

Sup [ — U | < sup | fy — finl.
D oD

Thus, the sequence {uy} uniformly converges to some function u € Wﬁ)cl (D) in D; moreover,

|lu| < M. From the properties of the Lebesgue space with variable integrability exponent it
follows that Vuy weakly converges to Vu in Lfo(c)( D). Therefore, for any subdomain D' € D

/\Vu]p(z)d:r < C(D).
D/

Consequently, v € W(D') for all D’ € D. If u are H-solutions, then, by the Mazur theorem,
a sequence of convex combinations of uy that strongly converges in W (D)’ for any subdomain
D' € D, which implies v € H(D'). We also assume that |Vuy|[P®)=2Vu, weakly converges in
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Lp/(x)(D) to some element & € Lp/(w)(D). We show that ¢ = |Vu[P(*)=2Vy by using the methods

loc loc

of [22]. Let 0 < n € C§°(D). Applying the integral identity (1.5) for u; with the test function
(ug, — u)n, we have

/(|Vuk|p(x)2Vuk — |[VulP®=2T0) - (Vuy, — Vu)nda
D

=— /(uk — )| Vug PP 2V, - Vnde — /77|Vup(m)_2Vu - (Vup — Vu)de — 0
D D

as k — co. Consequently, (|Vuy|[P®~2Vuy, — | VulP®=2Vu) - (Vuy — Vu) — 0 almost everywhere
in D as k — co. By the monotonicity property,

(P =2 — [P =2n) . (€ —n) >0 VEneERT, €#n,

we find that Vug(z) converges to Vu almost everywhere in D.

By Lemma 4.1, |Vu[P®) =2V, weakly converges to |Vu[P®)=2Vy in L) (D) for any
D’ @ D. Passing to the limit in the integral identity (1.5) for uy, we see that the limit function
u satisfies the integral identity (1.5) with test functions ¢ € Hy(D). The limit function, called a
weak solution to the Dirichlet problem (1.10), is bounded in D and is independent of the method
of extending and approximating the boundary function f. In this construction, for p the only
condition (1.2) is required.

We show that uy, also converge to the limit function w in the sense of W (D’) for any D’ € D.
We recall the Scheffe theorem.

Theorem (Scheffe). If a sequence of nonnegative functions f; converges to a function f

D/ fida — D/ fdz,

almost everywhere in D and

then fj — f in LY(D).
For n € C§°(D), using the integral identity (1.5) for uj and then for u, we write

/|Vuk]p(x)nd:1: = —/uk\Vuk\p(x)2VukVndx
D D

— —/u|Vu|p(x)2Vand:c:/|Vu|p(m)ndﬂs.
D D

By the Scheffe theorem, |Vui|P®)n — |Vu[P®)y in LY(D). Then the sequence |Vuy|P®)7 is
equicontinuous. Since

Vg, — VulP@y < CIVug P&y + C| VP,

the convergence
/ IVug — V[P nde — 0
D
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follows from the convergence of integrands to zero almost everywhere in D and the Lebesgue
theorem. Thus, with an arbitrary continuous boundary function on 9D we associate a solution
to Equation (1.1) in D. This solution is called a weak solution to the Dirichlet problem (1.10).
Depending on how the solutions uj to the original problem were regarded, as W-solutions or
H-solutions, the obtained solution is a W-solution or an H-solution respectively. However, it is
not known whether the solution takes the required value on the boundary.

We note that it is questionable if the Wiener method can be applied to the case under
consideration since the continuity of a solution is not guaranteed in any smooth domain if the
logarithmic condition on the exponent p fails.

5 The Weak Type Harnack Inequality
The proof of the estimate (1.15) is based on the weak type Harnack inequality of a special
form for the solution u to the problem (1.6) with a smooth boundary function f in D such that

0< f<MondD. We set

m= inf f, R<1/16,

dDNBLY
min (u(x),m), x € DN By,
Um (z) = 20
m, xr € By \ D,

U () = upm(z) + R.
We extend p to R™\ D by a constant pg. We show that vy, is a supersolution to Equation (1.1)
in R™.

Lemma 5.1. For any nonnegative ¢ € C§°(R™)

/|VUm|p(z)_2VUngOd:L‘ > 0. (5.1)
D

Proof. Let a nonnegative Lipschitz function ®. on the real axis be such that ®.(s) = 0 for
s<0and . >0, D.(s) =1 for s > e. Choosing a test function p®.(m + R — vy,) € Hyo(D) in
the definition of a solution, we get

/@E(m + R — 0| VulP D 2VuVpds = /gp@’s(m + R — vp)|VulP®de > 0.
D D

Letting € — 0, we obtain (5.1). O

In what follows, for a measurable set E C R" and f € L'(E) we introduce the notation

]E[ fdo = \EHE/fdx,

where |E| is the Lebesgue measure of E. We will assume that R < 1.
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Theorem 5.1. For any 0 < q <n(po—1)/(n—1) and 0 < s <t <3

1/q
( fv%dx) < C(n,p,q, M, s,t) esgziglfvm. (5.2)
sR

0
BtR

The proof of the estimate (5.2) in [7, Theorem 6.1] essentially uses the logarithmic condition
(1.4) in a neighborhood of the point xy. Since vy, is a supersolution, the proof is a slightly
more complicated from the technical point of view version of the proof in [23] of the weak type
Harnack inequality. In the case under consideration, we use the John—Nirenberg lemma so that
we need the following estimate for the solution in balls with an arbitrary small radius and centers
in a neighborhood of the sought point:

/\Vlnvm|dx < C(n,p, M)r"L.
BZ

These estimate essentially depends on the validity of the condition (1.4). If only the condition
(1.11) holds, then such estimates are available only in balls with center xg.

We propose a new method, which allows us to prove Theorem 5.1 under a weaker assumption
than (1.11). The proof is based on a modified technique of [24], where an original method for
proving the weak type Harnack inequality was proposed for nonnegative solutions to nonuni-
formly degenerate linear elliptic equations of divergence form. We note that the assertion of
Theorem 5.1 remains valid if v, is replaced with an arbitrary nonnegative supersolution to
Equation (1.1) whose the greatest lower bound is not less than R, whereas the upper bound
does not exceed M + R.

We proceed by proving Theorem 5.1. The proof consists of two parts. Let o be the greatest
lower bound of p over the ball B}

Lemma 5.2. Forany 0 <s <t <4

sR

ing U, = €Xp (C —l—][ In vmdaz> (5.3)
BI

0
BtR

where the constant C depends only on s, t, M, exponent p, and dimension n.

Proof. We set
Ink :f In vy, de. (5.4)
B/

By the Jensen inequality,

k= exp][ In v, dz <][ vmdr < m+ R.
B/p B/p
In the integral identities (1.5), we take the test function
k Y
= <ln—> vl=onp,

(L
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where v > 1, n € C§°(Br), 0 < < 1. It is clear that ¢ € Wy(D) and ¢ = 0 in By \ D. By the
integral identity, we have

k k"
/ V0, [P® v o < —) nPdx + (o —1) / V0[P 00 <ln —> nPdx
Um + Um +
CLO Qo
BR

B/|Vv pl@)=1yl= ‘T(l > F=1|Vn|dz.

Applying the Young inequality to the integrand on the right-hand side of this estimate, we find

ENY! g\ vHe@)-1
/ V0 [P, <ln U—) n’dzr < C(B) / pP@)=o <1n U—) n?=P@) |7y P@) 4y
B;O + B +

Setting

From the last inequality it follows that

/|Vw|p(z)v£§x)_aw"’_lnldx<C(ﬁ)/vf,gm) 7w TPE =1 gy P gy, (5.5)
B B

By the Young inequality,
IVw|? < |[Vw[P@yP@) =0 4o

It is clear that

pP(@) =0 < (M + 1)5’

m

Using these inequalities, from (5.5) we find

/ (V| w ' nPde < C(p, M) / (w1 P@) 4w R da.

0 0
BR BR
Hence

/ |V max(w, 1)|” max(w, 1)"~'n’de < C(p, M) / max(w, 1)+~ (|Vy|P®) + R=n%)da.

o 0o
BR BR

Using the Moser iteration, we obtain the estimate

1/o
supw < C(p, M, n,t,s) <1 —1—7[ w”d:r) . (5.6)

z0o
BSR B*0
tR
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To estimate the integral

In ﬁ dzx,
Um,

][ w? < ][
xT €T
B Big

we take the test function ¢ = (vl 7 — (m+ R)1=7)n” such that n € C§°(BJ%), 0 <n <1, n=1
in B, |[Vn| < C(n,t)(tR)~" in the integral identity (1.5). From the integral identity (1.5) and
the inequality v, < m + R it follows that

/|Vup(x)v;f77’8d:n<6 / \Vu[P@) = 1yl=onb=11vy|dz.
0o

B*0

X
4tR/3 B

4tR/3
By the Young inequality,

/ ‘va|P(m)v;LUanx < C(ﬁ) / vgl(x)fonﬂfp(x”vn’p(m)dx.
Bih

0
B4R

Since |Vu|® < [V, [P®) + 1, we obtain the estimate

/ ‘V]nﬁ
Um,

0
BtR

nPdz < C(n,p, M, t)(tR)".

By the choice of the constant k in (5.4), we have

/ In ialx =0.
Um

0
BtR

Therefore, by the Poincaré inequality,

g k e
/ In — dx < C(n,o)(tR)° / ‘Vln . drx < C(n,p, M,t)(tR)". (5.7)
R B/g

The last estimate and (5.6) imply supw < C(n,p, M,t,s). Recalling the definition of w, we

0
BsR

arrive at the required assertion. ]

We pass to the proof of the second assertion, where py = p(zo).

Lemma 5.3. For anyt/64 <7 <t<4and0<qg<n(po—1)/(n—1)

1/q
< ][ v,?nd:v) < exp <C —i—][ In vmd:v>, (5.8)

0o 0
B‘I’R BtR

where the constant C depends only on 7, t, M, q, p, n.
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v . . .
Proof. Weset w = (ln ?m) , where k has the same sense as in the previous assertion. In the
+

integral identity (1.5), we take the test function ¢ = max(w, co(y + ) (v17 — (m 4+ R)1=7)n¥,
where v > 0, n € C§°(Bjp), 0 <n <1, and ¢y = 2/(c — 1). We have

(0 1) / Vo P max(w, co(y + o)) de

Y
BtR

= / |VUm|p(m)U;”X{w>co(v+a)} max(w, co(y + g))v—lnﬂdﬂc

L]
BtR

+ 3 |va|p(x)*2(v}n*°' —(m+ R)lfa) max(w, co(y + a))”nﬁAvaVnda:,
B/p

where we used the fact that ¥ = 0 on the set, where u + R # v,. Since
v/ max(w, co(y + o)) <1/co = (0 —1)/2,
we find
/ IV 0m |[P® o max(w, ¢o(y + o)) 0’ da
B9

tR

2 [ IV ek = ot R) ) max(w, oy + o)) Vuide.
iy

~
o
By the Young inequality,

V[P o7 max w,co(y+ o)) nPdx
| m gt n

0
BtR

< O(a, B) / U%(I)_U max(w, co(y + U))Vnﬁ—p(x)‘vmp(x)dx'

0o
BtR

Since
IVul” < [VulP® +1, P&~ < (M + 1),

we obtain the inequality

/ Vo705, max(w, eo(y + o))’ de

0
BtR

< Cla, B)(M + 1) / max(w, co(y + o)) (0577 + [VnlP@)de.

o
BtR
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Hence

e O e

Y
BtR

< Ola, B)(M +1)° 4 max(w, co(y + ) 7 (tR|V|)" + (vm/R) 70 + RV P da.
B/R

We set s =n/(n —1). Applying the Sobolev inequality, we find

][ max(w, co(y + ) T dy

o
BtR

< C(a, B, M) < ][ max(w, co(y + )7 (1 + (tRVn\)p(x))dx> . (5.9)
Bflgﬂsuppn

We define cut-off functions 7 = n; as follows. Assume that 7 < s < ¢, r; = s+ (t — 8)277,

7=0,1,2,...,m; € Cg°(B°), 0 < my <1, m; = 1in B, and [V;| < 2773 (t — 5)~". We define
the sequence «y; by the relation ;11 + 0 = (y; + o), 70 = 0. Then from (5.9) with v = ~;,

n = n; we have

max(w, co(Vjt1 + 0)) T 0dr < s ][ max(w, co(y; + )+ T dx

T T

BrO B

i+ i+
w (5.10)
< Cla, B, M1 (¢ — S)B%Qjﬁ%< ][ max(w, co(yj + a))”*"d:c) :
ByO
J
From (5.7) it follows that
f w7 dx < C(p,n, M).
Bij
Consequently,
][ max(w, co(yo + ) dz < C(n,p, M). (5.11)
BiR
Iterating (5.10) and taking into account (5.11), we obtain the estimate
k=1 k=1 ] k=1 )
DN ED DN A D DN CTNEE ) P
][ max(w, co(yx + ) 7de < (Ot — s)7F%)i=t 2 =1 #I=1 . (5.12)
B
We have
k—1 %k o k—1 %k
J — k=1
Z% x—1" Zj% = (32— 1)2
7j=1 7j=1
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. Y+ o
and (since k = lo
( B0t -

k=1
s k—1—j Ye+o
%jzl(%ﬂ o) _ L Owto) _ (’Yk: + U)
Y +o

Thus,

f max(w, co(yi + o)) H0dx < (Ot — 5)~ ) ORHIIo (1 o) hte (513
B0

sR

where Ing b = B¢(y9+ 7)1 (3 —1)72. Let 7 be an integer in [y,_1 + 7,y + o). Using the Hélder
inequality and the Stirling formula for factorial, we get

W' 1 r/(Ye+o)
' dr < —'< ][ w”””dm)
7! 7!
B0

o
sR BsR

< C((C(t = 8) %) bser)"(e/r)" = C((C(t — 5)7P*) bsxe)". (5.14)

Consequently, taking sufficiently small dg = do(n,p, M, s,t), we find

][ (woo)” 1 « o,

r!

0
BSR

Using the Holder inequality, for 1 < r < 9 + o we find

, r/(yo+a)
w—dx < 1 < ][ w’yoJerx) < l
r! 7! 7!

xQ
sR BtR

Thus,

o 5 r
][ iy =3 ][ ( Oqf) dz < C(n,p, M, t, ).
k=0 o '
sR

T
o
BSR

By the definition of w, we find

1/60
( fv%’dx) < C(n,p, M,t,s)k. (5.15)

0o
BsR

We show that for any ¢ < n(po —1)/(n —1)

1/q 1/d0

o o
BTR BSR
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For this purpose, in the integral identity (1.5), we take the test function ¢ = (U}H_UJr7 — (m+
R P 0<y<o—1,0<n< 1, neC(BY). Then

w—1—7>/\v%m@wy%ﬂm

o
BSR

=B [ [VulP 2 (0t — (m+ R T Vunde
zQ

BSR

<B [ Vo PO o7 0 TV Bl da.
o

BsR

Applying the Young inequality, we obtain the estimate

/|va]p(x)v%_onﬁdx<0 / VP @)=Y |7 P dye (5.16)
B B

which, as above, implies

/ IV (/7P o) de < C(M 4 1)° / o (IVnP@) o0 4 |Vn|7)da. (5.17)
B B}

We set 3c = n/(n — 1). Using the Sobolev inequality, from (5.17) we find

][ (W) dz < C’((M+ )8 ][ o) ((R| V] P@ 1)dm> . (5.18)
B:I% B:%ﬂsupp n

Let jo be the minimal natural number such that g < y2¢7°. We set 6; = ¢z 70 and ri=s—7j(s—
7)/(jo). Assume that n; € C§°(B?), n; = Lon B° |, 0 < n; < 1, [Vn;] < 2(jo +2)/(s — 7).

Ti+1’

We write the inequality (5.18) for n;, v =; = 15, j =0,1,...,jo. Then

'on/al
][ v?ndx = 7/ UZ{OCZLU < C(n7p> MatasaQ7507j0)< ][ ’Ug%dl’)

B:?? Bf;.)o B:}%
/60
< C(n7p7M7t737q7507j0)< ][ vf,?dx) ,
B0

sR

where we applied the Holder inequality at the last step. Combining the last inequality with
(5.15), where s = (t + 7)/2, we obtain the estimate

1/q
(][”%dJU) < C(M,p,n,t,7,q)k,

zQ
BTR

which leads to the assertion of the lemma. O
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Combining the estimates of Lemmas 5.2 and 5.3, where s = 1, t = 3, 7 = 2, we obtain the
assertion of Theorem 5.1. We note that the upper bound for the exponent ¢ in the assertions
of Theorem 5.1 and Lemma 5.3 is less than that in the case of a constant exponent p: 0 <
g<nlp—1)/(n—p) forl <p<nand0 < g < +oo if p = n. This is done only for the
sake of convenience. Formulations remain valid for all 0 < ¢ < n(pg — 1)/(n — pp) in the case
1 <pp<nand0 < g < 400 in the case pg = n provided that R < Ry(n,p). The difference
in the proof of Lemma 5.3 consists in the following. Let ¢ < n. For sufficiently small R we
have ¢ < n(oc — 1)/(n — o). Using the Sobolev inequality, from (5.17) we obtain (5.18) with
»x =n/(n — o). Then we repeat the above arguments. If o = n, then for » we can take ¢/dy,
Y0 = &g, and the required estimate is obtained at one step.

To conclude the section, we formulate the weak type Harnack inequality for nonnegative
supersolutions.

Theorem 5.2. Assume that pg = p(z9), 1 < po < n, R < 1, v is a nonnegative bounded
supersolution to Equation (1.1) in ByY, such thatv > R. Then for any 0 < ¢ < n(po—1)/(n—1)
and 0 < s <t <3

0
4R BSR

1/q
( ][quac) < C(n,p,q, magiv,s,t) essinf v. (5.19)
B.’I) x

x0
Bir

This estimate is also valid if pg < n for all 0 < q < n(po — 1)/(n — po) or po = n for all
0 < g < 400 with sufficiently small R < Ry(n,p,q).

The proof repeats that of Theorem 5.1. In Lemmas 5.2 and 5.3, in test functions containing

expressions of the form v}~% — (m + R)!177 the last difference is replaced with v177 and vy,

is replaced with v in other places. Estimates of the form v,, < M + R are replaced with the

estimate v < maxw.
B9
4R

6 Proof of Lemma 1.1

We begin with an important consequence of the weak type Harnack inequality.
Lemma 6.1.

][ IV um|[P®) " de < C(n, p, M)R'"7(inf vm)po_l.
) By’
Byh

Proof. From the inequality (5.16) and Theorem 5.1 for 0 < v < o — 1 we get

/ \va|p($)v7n_‘7d:n <C vﬂx)_”+7R_p(w)d:U < CR'VPo / vgg—"ﬂvg?)—mdx
533 5y 53y

< C(n,p, M,0,7)R"P (inf vy,) "7,
B0

R

By the Young inequality, for any ¢ > 0

][ |V, [P®) 1 da <][ Vo |[P@ )= dx +][ =Py le=m(o=1)y, (e =) (p(@)=0) gp (6.1)

0 o 0
1321% 132}{ 1321%
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We set t = (inf B vm)gfwflR. Using the inequality v,, > R and the logarithmic condition
(1.11), we obtain the estimate

7tl—p(z) _ Rl—a( inf Um) (c—1-7)(1-0) Rcr—p(m) ( inf Um) (0=1=7)(o—p(x))

0 0
BR BR

< RI—U( inf Um) (U_1_7)(1_‘7)R(0—7)(0—p(ax)) < CRI—U( inf Um) (0_1_7)(1_0)‘

0 0
BR BR

Let 7 be such that (o —)(oc — 1) < n(pg—1)/(n —1). It suffices that v > 0 —n/(n —1). Thus,
we can take any v € (0 —n/(n —1),0 — 1). By Theorem 5.1, from (6.1) it follows that

][ |va|p(x)_1dx < CRl_pO( inf vm)po_l + CRI_U( inf vm)a_l
By By

zg
Byr

< C(n,p, M)lepo( inf vm)pofl.

0o
BR

Here, we used the inequality RPO™7 ( inf B vm)gfp ° < 1. O

In the following assertion, v(R) has the same sense as in (1.13)
Lemma 6.2.

(m+ Ryy(R) < C(n,p, M) inf v,
B$

R

Proof. Assume that n € C§°(B5%),n = 1in B, |Vn| < CR™!. Taking ¢ = (m+R—uvm)n°
for a test function in the integral identity (1.5), we get

/ (VU |Pn7de = o / V0P =2(m + R — vp)n” ™ Vo, Vndz

Setting wy,, = vy /(m + R), we find

/ (m + R)P® |V (wp,n)[P®) da

0
BR

<Cp)m+RR [ Vo @1 4 Clp)im + R) / V2@ -1 pp(z) (6.2)
()

o
B2R BQR
Since v,, > R, we have

(m+ R < Cp)(m+ R, RO < CER™, o™ < Clp, Moy
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in view of the logarithmic condition (1.11). Applying the last inequalities and assertions of
Theorem 5.1 and Lemma 6.1 to the estimate (6.2), we arrive at the inequality

o
BR

(m+ RP [V (wnn)P@de < Cln,p, MYR™ P (inf v,)" "
()

B2R

Let us estimate from below the left-hand side of the last expression by using the definition of
capacity:
(m + R~ 1aC,(BX \ D, B3%) < C(n,p, M)R" 7 (inf v,,)" .

0
BR

Raising both sides of the last inequality to the power 1/(po—1), we get the required estimate. [

By the definition of v,,, from Lemma 6.2 it follows that

y(R)( inf f+4+ R)<Co(n,p, M)( inf u+ R). (6.3)
dDNBY DNBE

Proof of Lemma 1.1. We set

Fr= sup f, fr= inf f, Mgp= sup u, mprp= inf wu.
8DﬂBf%0 8DQB;;O DQBTRO DﬁB;O

Applying the estimate (6.3) to the functions Myr — v and u — myp, we find
(Myg — Fur + R)v(R) < Co(Mar — Mg + R),
(far — mur + R)y(R) < Co(mr — mur + R).
Adding these inequalities, we obtain the inequality
Mg —mp < (1 - Cy'y(R))(Myg — mag) + Cy ' v(R)(Fir — far) + R.

Thus, we obtain the estimate from Lemma 1.1. ]

7 Necessary Condition for Regularity of a Boundary Point

In this section, we comment Theorem 1.2. We show that the condition (1.14) in Theorem
1.1 is also necessary for regularity of a boundary point. We argue in the same way as in [7].
Let the condition (1.14) fail. Then for some 0 < < p we consider a solution to the generalized
Dirichlet problem (1.10) with a smooth boundary function f that is equal to 3/2 on 9D N Bfﬂ%,
vanishes outside Bf°, and satisfies the inequality 0 < f < 3/2 in 9D N B \ B¥° . Then we
consider the U,—capacitory potential of the compact set Fﬁo \ D with respect to ng. We recall
that the capacitory potential of a compact set K with respect to a ball B is a function at which
the inifimum in the definition of a capacity is attained Such a function exists and is a solution
to Equation (1.1) in B\ K with the value 0 on 9B and 1 on K in the sense of the corresponding

Sobolev space.

By the results of [7, Theorem 8.1 and Lemma 8.3], if the condition (1.14) fails, then there is
a sufficiently small p and a nondecreasing sequence of numbers a; > 0 such that lim; ;o a; <1
and for all j > 1

1
{U, <a;}n B2, | > 3IB5Y, . (7.1)
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To prove this property, only the logarithmic continuity of the exponent p at the point zg, i.e.,
the condition (1.11), is used, Therefore, the estimate (7.1) remains valid in our case.

If r is sufficiently small in comparison with p, then

1
uf < 5t U, almost everywhere in D N Bgp. (7.2)

One can verify that the proof of this estimate given in [7] remains valid under the condition
(1.11). It suffices to verify that

z
BP/2 B;

sup uf(x) < C(n,p)( ][Uf(.CU)dl‘ —|—p>,

where z € 8B§2 N D. Tt is easy to see that the proof of Lemma 6.6 in [7], where the required
estimate is contained as a particular case, remains valid if the estimate (1.4) is replaced with
(1.11). Asin [7], the estimates (7.1) and (7.2) imply

. 1 .
essinf uy < - + lim a; < -.
D>z—xq j—00 2

Thus, if the condition (1.14) fails, then the boundary point z¢ is not regular.

8 Geometric Regularity Conditions

We present geometric condition of regularity of a boundary point zg for H-solutions to the
generalized Dirichlet problem (1.10). Assume that zq coincides with the origin O. Let R™\ D
in a neighborhood of O has the form

n—1

{m 0<x, < a,zﬁU% < QQ(xn)}a

i=1

where g(t) is a continuous nondecreasing function such that t* < g(t) < t for t € [0, a], where
b>1.

Theorem 8.1. Ifn —1 < pg < n, then the boundary point O is reqular. For pg <n —1 the
boundary point O is reqular if and only if the following integral is divergent at the origin:

[

0

The proof is the same as in [7]. In the case g(t) > Ct, the domain satisfies the Poincaré
exterior cone condition and the condition (1.14) for any po.
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